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Abstract: This study proposes a novel iterative scheme for an effective solution of systems of
nonlinear equations (SoNE) that improves the order of convergence of the classical methods. Along
with the proposed deterministic scheme, a hybrid computational framework is produced by combining
the proposed iterative technique with the Grey Wolf Optimization (GWO) algorithm. The goal of
integration is to combine the iterative method’s strong local search ability with the metaheuristic
optimization technique’s global search ability. This will make the process more robust and less
sensitive to initial guesses. To determine how reliable and efficient the proposed iterative scheme is,
we look at its theoretical convergence order. Additionally, a comprehensive statistical analysis is tested
to assess the efficacy of the proposed methods regarding accuracy, convergence rate, and stability.
Numerical experiments are conducted on various nonlinear problems to validate the efficacy of the
methodologies. To demonstrate their practical utility, the proposed methods are employed on real-
world chemical engineering models characterized by nonlinear dependence among process variables.
The computational results show that the proposed methods produce accurate numerical solutions with
a better convergence order.
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1. Introduction

Determining the solutions of systems of nonlinear equations (SoNE) is one of the hardest and
crucial problems in mathematics, engineering, economics, and applied sciences. A nonlinear system
is important because it can be used to model many real-world phenomena across many fields, such
as neuropsychology, combustion processes, chemical equilibrium analysis, and the generation and

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20261054


26274

distribution of electric power [1]. These practical issues are typically expressed as a SoNE in the
following manner:

G(u) = 0, (1.1)

where G : Ω ⊆ Rm → Rm, G(u) = (g1(u), g2(u), g3(u), . . . , gm(u))T such that the coordinate functions
gi, i = 1, 2, . . . ,m, are nonlinear in variables u = (u1, u2, u3, . . . , um)T . In numerous cases, obtaining
the precise solution of (1.1) via analytical methods is either not feasible or highly complex. As a
result, researchers have used different iterative methods to obtain the solutions of nonlinear system.
The Newton–Raphson method (NM) [2] is the simplest and most widely used of these methods. It can
be written as follows:

u(n+1) = u(n) − (G′(u(n)))−1 ·G(u(n)), (1.2)

where G′(u(n)) is the Jacobian matrix of function G evaluated at u(n).
Newton’s method has quadratic convergence, but it also has some disadvantages. For example,

it is sensitive to the initial approximation, and it may not work when G′(u) is almost singular. To
rectify these deficiencies and enhance convergence order, numerous researchers have proposed for
higher-order iterative techniques. Halley’s [3, 4], Householder’s [5], Ostrowski’s [6], Traub’s [7], and
Jarratt’s [8] methods are some of the most important ones that help solve nonlinear problems faster.
Over the decades, several higher-order techniques have been constructed which are capable of rapidly
solving SoNE. Examples of these types of methods include [7, 9–11], which are multistep iterative
methods, predictor–corrector schemes, and other modified Newton-type algorithms that are meant to
speed up convergence.

The SoNE represents many real-life applications with high complexity. These problems may
exhibit nondifferentiable or discontinuous functions, and potentially fall into polynomial time hard
or nondeterministic classes [12]. As a result, the solution of these systems often requires high memory
resources and considerable computational cost. Applying traditional iterative techniques to such
complex problems can be computationally expensive, prompting the development of metaheuristic
algorithms as alternative solution strategies [13]. For the past couple of decades, researchers designed
a variety of metaheuristic algorithms.

In the last few decades, researchers have achieved great progress in developing many metaheuristic
algorithms. Metaheuristic techniques are computational techniques that are inspired by various natural
principles; human behavior; hunting and foraging behavior of animals, birds, insects, mammals etc.
Some examples of metaheuristic techniques are the following: particle swarm optimization (PSO) [14],
Harris hawk optimization (HHO) [15], the Butterfly Optimization algorithm (BOA) [16], and the
Walrus Optimization algorithm (WOA) [17]. Usually, those algorithms work by three main phases:
initialization, exploration, and exploitation. The initial phase generates an initial population that forms
the basis of the search process. Exploration helps to discover the different fields of the search space,
and exploitation relies on refining candidate solutions to achieve the optimal solution. To increase the
performance of such optimization methods and obtain more accurate solutions, several modifications
and improvements have been proposed. One common strategy is the integration of two algorithms
to develop a combined approach that preserves the advantages of each method while reducing their
individual limitations. Examples of such population-based integrated approaches include the artificial
bee colony–based combined algorithm [18], PSO integrated with the Genetic Algorithm [19], and
several other variants [20, 21]. Although such combined algorithms generally improve the accuracy of
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solutions for nonlinear systems, but several issues such as entrapment in local minima and premature
convergence may still occur. The entrapment in local minima refers to the tendency of an algorithm to
get stuck at a suboptimal solution, and premature convergence occurs when the algorithm converges
too early without sufficient exploration of the search space, potentially missing the global optimum
solution of the problem.

To address these limitations, Karr et al. in 1998 [22] first introduced an integrated framework that
combined the Genetic Algorithm (GA) with NM, where the GA was used to generate suitable initial
approximations for NM. Later, Lou et al. in 2008 [23] proposed a combined strategy incorporating the
quasi-Newton method with the Chaos Optimization algorithm to solve complex nonlinear equations.
More recently, Sihwail et al. in 2021 [24] introduced a combined method known as NHHO by
integrating NM with the Harris Hawk Optimization algorithm to solve general SoNE. In 2023,
Solaiman et al., [25] constructed a modified combined technique that integrates NM with the Sperm
Swarm Optimization algorithm, yielding better solutions in fewer iterations. Subsequently, Zafar et al.
in 2024, [26] proposed a Jarratt–PSO integrated method to address power flow analysis problems.
Recently, Chandel et al. [27] in 2025 proposed a hybrid method using the Walrus Optimization
algorithm.

Motivation: In order to clarify the gap that the proposed method fills, let us remark that, usually
in iterative methods, the initial guess plays a significant role in convergence; even high-order methods
may diverge if a proper initial guess is not available. Moreover, classical iterative methods depend
on local search techniques, which may not guarantee global search capabilities starting from poor
initial guesses. On the contrary, some of the metaheuristic methods may possess strong global
search capabilities; however, they may face problems of slow convergence and low accuracy near
the optimal solution. Our aim is to avoid these problems hybridizing iterative methods and some of
the metaheuristic methods. In this manuscript, a new fourth-order iterative scheme has been developed
and integrated with the Grey Wolf Optimization algorithm. The proposed framework is expected to
reduce initial guess requirements and increase the reliability of the method along with accuracy; thus,
problems such as divergence, premature convergence, and entrapment into local optima can be avoided
in a more efficient and novel way.

The summary of this paper is as follows: The background and motivation for solving SoNE,
along with a brief overview of existing approaches in the literature, is described in Section 1. The
construction of the proposed fourth–order iterative technique and its integration with the Grey Wolf
Optimization algorithm is discussed in Section 2. Section 3 reports the experimental work carried
out to evaluate the efficiency of the proposed methods on several benchmark nonlinear systems. It
also provides the convergence and statistical analysis of the developed iterative scheme to check its
theoretical convergence properties. Finally, Section 4 shows the concluding remarks and summarizes
the main conclusions of the study.

2. Proposed algorithms

In this section, the proposed iterative and integrated Grey Wolf Optimization algorithm are
discussed.
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2.1. Fourth-order iterative method (FM)

In this section, we develop a two-step iterative method for solving system of nonlinear equations
and also establish its fourth-order convergence. The newly constructed two-step iterative scheme is
defined as: v(n) = u(n) − 2

3

(
G′(u(n))

)−1
G(u(n)),

u(n+1) = v(n) + 1
24

[
I − 9

(
(G′(v(n)))−1G′(u(n))

)2
]

(G′(u(n)))−1G(u(n)),
(2.1)

where I is the identity matrix of size m ×m, and G′(u(n)) and G′(v(n)) are the Jacobian matrix evaluated
at u(n) and v(n), respectively.

To analyze the convergence of the proposed method, we need some tools and procedures introduced
in [28]. Let G : Ω ⊆ Rm → Rm be sufficiently differentiable in an open neighborhood Ω. The lth
derivative of G at k ∈ Rm, l ≥ 1, is the l-linear function G[l](k) : Rm × · · · × Rm → Rm such that
G[l](k)(w1, . . . ,wl) ∈ Rm. It is easy to observe that

1. G[l](k)(w1, . . . ,wl−1, ·) ∈ L(Rm).

2. G[l](k)(wσ(1), . . . ,wσ(l)) = G[l](k)(w1, . . . ,wl), for all permutations σ of {1, 2, . . . , l}.

From the above properties, we can use the following notation:

(a) G[l](k)(w1, . . . ,wl) = G[l](k)w1, . . . ,wl.

(b) G[l](k)wl−1G[p](k)wp = G[l](k)G[p](k)wp+l−1.

On the other side, for (ξ + h) ∈ Rm lying in a neighborhood of a solution ξ of G(u) = 0, we can apply
Taylor’s series expansion, and assuming that the Jacobian matrix G′(ξ) is nonsingular, we have

G(ξ + h) = G′(ξ)

h +

p−1∑
l=2

Clhl + O(hp)

 , (2.2)

where Cl = 1/l!(G′(ξ))−1G[l](ξ) for l ≥ 2. It is clear that Clhl ∈ Rm, as G[l](ξ) ∈ L(Rm × · · · × Rm,Rm),
and (G′(ξ))−1 ∈ L(Rm). In addition, G′ can be expressed as

G′(ξ + h) = G′(ξ)

I +

p−2∑
l=2

lClhl−1 + O(hp−1)

 , (2.3)

where I is the identity matrix of size m × m. Therefore, lClhl−1 ∈ L(Rm). From Eq (2.3), we have

(G′(ξ + h))−1 =
(
I + B2h + B3h2 + B4h3 + B5h4 + · · · + O(hp)

)
(G′(ξ))−1, (2.4)

where

B2 = −2C2,

B3 = 4C2
2 − 3C3,

B4 = −4C4 + 6C2C3 + 6C3C2 − 8C3
2,

...
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obtained from (G′(ξ + h))−1G′(ξ + h) = I.
Let e(n) = u(n)−ξ be the error at the nth iteration. The equation e(n+1) = M(e(n))p +O((e(n))p+1), where

M is a p-linear function M ∈ L(Rm × · · · ×Rm,Rm), is called the error equation, with p its convergence
order.

Theorem 1. Let G : Ω ⊆ Rm → Rm be a function that is sufficiently differentiable in an open convex
neighborhood Ω containing a zero ξ of G, and assume that G′(u) is nonsingular at u = ξ and the initial
guess u(0) is sufficiently close to ξ. Then, the iterative scheme defined by (2.1) exhibits fourth-order
convergence with the error equation

e(n+1) =
1
9

(13C3
2 − 10C2C3 + C3C2 + C4)(e(n))4 + O((e(n))5), (2.5)

where the following notation is used:

• C j =
(

1
j!

)
(G′(ξ))−1G[ j](ξ), j ≥ 2 ,

• u(n) − ξ = e(n).

Also, in the proof, A j and B j, j ≥ 2 denote the coefficients of the Taylor expansion of G′(v(n))−1 and
G′(u(n))−1, respectively.

Proof. For calculating the error equation of first step of Eq (2.1), v(n) = u(n) − (2/3)
(
G′(u(n))

)−1
G(u(n)),

we perform the Taylor series of G(u(n)) and G′(u(n)) around ξ as follows:

G(u(n)) = G′(ξ)
[
e(n) + C2(e(n))2 + C3(e(n))3 + C4(e(n))4 + O

((
e(n)

)5
) ]
, (2.6)

G′(u(n)) = G′(ξ)
[
I + 2C2e(n) + 3C3(e(n))2 + 4C4(e(n))3 + 5C5(e(n))4 + O

((
e(n)

)5
) ]
. (2.7)

Assuming that the Jacobian matrix G′(ξ) is nonsingular, we derive the Taylor series expansion of
(G′(un))−1 as follows:(

G′
(
u(n)

))−1
=

[
I + B2e(n) + B3

(
e(n)

)2
+ B4

(
e(n)

)3
+ O

((
e(n)

)4
)] (

G′(ξ)
)−1 , (2.8)

where B2 = −2C2, B3 = 4C2
2 − 3C3, and B4 = 6C3C2 + 6C2C3 − 4C4 − 8C3

2, have been determined from
the following: (

G′(u(n))
)−1

G′(u(n)) = I.

Therefore, (
G′(u(n))

)−1
=

[
I − 2C2e(n) + (4C2

2 − 3C3)(e(n))2

+ (6C3C2 + 6C2C3 − 4C4 − 8C3
2)(e(n))3 + O

(
(e(n))4)] (G′(ξ))−1 .

(2.9)

By using (2.6) and (2.9), one can obtain(
G′(u(n))

)−1
G(u(n)) = e(n) −C2(e(n))2 + 2(C2

2 −C3)(e(n))3

+ (3C3C2 + 4C2C3 − 3C4 − 4C3
2)(e(n))4 + O

(
(e(n))5). (2.10)
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The first step of proposed scheme (2.1) can be written as

v(n) − ξ = u(n) − ξ −
2
3

(
G′(u(n))

)−1
G(u(n)). (2.11)

In view of (2.10), Eq (2.11) yields

v(n) − ξ =
e(n)

3
+

2
3

C2(e(n))2 −
4
3

(C2
2 −C3)(e(n))3 +

(
8C3

2

3
−

8C2C3

3
− 2C3C2 + 2C4

)
(e(n))4 + O

(
(e(n))5).

(2.12)
The Taylor’s expansion of G′(v(n)) around ξ can be evaluated similarly to Eq (2.7):

G′(v(n)) = G′(ξ)
[
I + 2C2(v(n) − ξ) + 3C3(v(n) − ξ)2 + 4C4(v(n) − ξ)3 + O

((
v(n) − ξ

)4
) ]

= G′(ξ)
[
I +

2C2

3
e(n) +

(
4
3

C2
2 −

C3

3

)
(e(n))2 +

(8
3

C3
2 −

8
3

C2C3 +
4
3

C3C2

+
4

27
C4

)
(e(n))3

]
+ O

(
(e(n))4).

(2.13)

Assuming that the Jacobian matrix G′(ξ) is nonsingular, we derive the Taylor series expansion of(
G′(v(n))

)−1
as follows:(

G′
(
v(n)

))−1
=

[
I + A2e(n) + A3

(
e(n)

)2
+ A4

(
e(n)

)3
+ O

((
e(n)

)4
)] (

G′(ξ)
)−1 , (2.14)

where A2 = (−2/3)C2, A3 = (8/9)C2
2 − (1/3)C3, and A4 = (1/27)(64C3

2 − 60C2C3 − 24C3C2 −C4).
By using these values, Eq (2.14) will become

(
G′(v(n))

)−1
=

[
I −

2C2

3
e(n) +

(
8C2

2

9
−

C3

3

)
(e(n))2 +

1
27

(64C3
2 − 60C2C3 − 24C3C2 −C4)(e(n))3 + O((e(n))4)

]
(
G′(ξ)

)−1 .
(2.15)

Now, using Eqs (2.7) and (2.15), we get

(
G′(v(n))

)−1
G′(u(n)) = I +

4C2e(n)

3
−

(
20C2

2

9
−

8C3

3

)
(e(n))2

+

(
16
27

C3
2 −

38
9

C2C3 −
14
9

C3C2 +
104
27

C4

)
(e(n))3

+

(
160
81

C4
2 −

124
81

C2
2C3 −

332
81

C2C3C2 −
104
81

C3C2
2

−
32
9

C2
3 +

416
81

C2C4 +
16
81

C4C2 +
400
81

C5

)
(e(n))4 + O((e(n))5).

(2.16)
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By using (2.16), one can obtain the following:

I − 9
((

G′(v(n))
)−1

G′(u(n))
)2

= −8I − 24C2e(n) + 24
(
C2

2 − 2C3

)
(e(n))2

+

(
400
3

C3
2 + 44C2C3 + 100C3C2 −

208
3

C4

)
(e(n))3

+
(
−

448
9

C4
2 +

1360
9

C2
2C3 +

920
9

C2C3C2 +
728
9

C3C2
2 + 80C2

3

−
1040

9
C2C4 −

80
3

C4C2 −
800
9

C5

)
(e(n))4 + O((e(n))5).

(2.17)

Substituting Eqs (2.10) and (2.17) into the second substep of scheme (2.1), we obtain the error equation
as follows:

e(n+1) = u(n+1) − ξ =
1
9

(13C3
2 − 10C2C3 + C3C2 + C4)(e(n))4 + O((e(n))5), (2.18)

which confirms the fourth-order convergence of the vectorial iterative scheme. �

2.2. Integrated Grey Wolf Optimization algorithm (IGWOA)

The integrated method combining the proposed fourth–order numerical method (2.1) with the Grey
Wolf Optimization (GWO) algorithm is employed to solve SoNE and real–world applications. The
Grey Wolf Optimization algorithm is defined as follows.

2.2.1. Grey Wolf Optimization algorithm (GWO)

In 2014, Seyedali Mirjalili et al. [29] introduced the GWO algorithm. It is a metaheuristic algorithm
which is based on the hunting strategy and leader hierarchy of grey wolves in the form of population-
based metaheuristics algorithm. Grey wolves like living in groups, and it is a habit of these wolves
to have a pack of five to twelve members. All members of the group abide by a highly strict social
dominance hierarchy. The exploration stage in GWO involves searching prey, and the exploitation
stage involves surrounding the prey. Attacking and hunting plans are shown in Eqs (2.19) and (2.20),
respectively:

D = |C · u(n)
p − u(n)|,

u(n+1) = u(n)
p − A · D,

(2.19)

where,
A = 2a d1 − a,C = 2d2

Dp = |C1 · up − u|,

Dq = |C1 · uq − u|,

Dr = |C1 · ur − u|,

u1 = up − A1 · Dp,

u2 = uq − A2 · Dq,

u3 = ur − A3 · Dr.

(2.20)
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Here, D represents the distance vector between the grey wolf and the prey; p, q, and r represent the top
three candidate solutions identified across the entire search domain; and n denotes the current iteration
number. The position of the prey is given by the vector u(n), and C and A are coefficient vectors. The
position vector of a grey wolf is denoted by u. The components of a decrease linearly from 2 to 0,
where the random vectors d1 and d2 belong to the interval [0, 1]. All the operations described in (2.19)
and (2.20) are pointwise.

Finally, the solution in GWO is updated as

u(n+1)
GWO =

u1 + u2 + u3

3
. (2.21)

The procedure above is continued until the condition n ≤ N, where N is the maximum number
of iterations, is satisfied. Ultimately, one gets the optimal solution and its fitness when the grey wolf
completes its hunt by catching the prey.

By incorporating the fast local exploitation capability of the iterative scheme with the global
exploration capability of GWO, the proposed approach efficiently searches complex and high–
dimensional solution spaces while reducing the possibility of being trapped in local optima. The
algorithm for the proposed Integrated Grey Wolf Optimization algorithm (IGWOA) method is
described as follows.

The stepwise algorithm for the constructed IGWOA algorithm is presented in Algorithm 1.
The procedure begins with the selection of parameters such as the population size (T ), maximum

number of iterations (N), and the upper and lower initial intervals. An initial population is generated
randomly, and the corresponding objective function values ||G(u(n))||2 are evaluated. In this framework,
grey wolves act as the search agents, and their positions are updated during the exploration phase
and the exploitation phase using Eqs (2.19)–(2.21). This updating process is repeated for all grey
wolves, resulting in their new positions obtained through the GWO mechanism. After each iteration,
the proposed fourth–order iterative technique is applied as a refinement step using Eq (2.1). The fitness
value corresponding to the refined solution obtained from the iterative method is then evaluated and
compared with the fitness value produced by the GWO algorithm. The updated value having better
fitness is selected for the next iteration. The procedure continues until the stopping criterion of the
proposed scheme n ≤ N is satisfied. The final optimal solution obtained through IGWOA represents
the best candidate solution.
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Algorithm 1 : Integrated Grey Wolf Optimization Algorithm (IGWOA)
BEGIN

1: Assign all the parameters of the GWO.
2: Set the population size of grey wolves T and the maximum number of iterations N.
3: Initialize the positions of the grey wolves u(0)

i , (i = 1, 2, . . . ,T ).
4: Evaluate the fitness of each wolf using

∥∥∥G(u(0)
i )

∥∥∥
2
.

5: Identify the best GWO candidate and assign it as u(0)
GWO.

6: Initialize the parameters a, A, and C.
7: for n = 0, 1, . . . ,N − 1 do
8: Update the GWO parameters a, A, and C.
9: for i = 1, 2, . . . ,T do

10: Calculate the updated positions of the grey wolves u(n+1)
1,i , u(n+1)

2,i , and u(n+1)
3,i using (2.19) and

(2.20).
11: Generate the GWO candidate u(n+1)

i,GWO using (2.21).
12: Evaluate the fitness

∥∥∥G(u(n+1)
i,GWO)

∥∥∥
2
.

13: end for
14: Identify the best candidate among the updated GWO population and denote it by u(n+1)

GWO.
15: Apply the fourth-order iterative method (2.1) to u(n+1)

GWO to obtain the locally refined candidate
u(n+1)

LR .
16: Calculate the fitness values

fGWO =
∥∥∥G(u(n+1)

GWO)
∥∥∥

2
, fLR =

∥∥∥G(u(n+1)
LR )

∥∥∥
2
.

17: if fLR < fGWO then
18: Accept the locally refined candidate:

u(n+1)
acc = u(n+1)

LR .

19: else
20: Retain the GWO candidate:

u(n+1)
acc = u(n+1)

GWO.

21: end if
22: Update the best solution using u(n+1)

acc .
23: Update the population for the next GWO iteration using the accepted candidate.
24: end for
25: Output: Best accepted solution and its fitness value.
END

3. Experimental setup and results

In this section, the performance of the proposed methods, namely FM and IGWOA, is evaluated on
different SoNE. These problems are widely used in the literature, making them suitable for comparative
analysis. The experimental conclusions obtained by the proposed methods are compared with known
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iterative techniques such as the Cordero et al. method (CM) [30], the Kansal et al. method (KM) [31],
and Jarratt’s scheme (JM) [8].

Jarratt’s method [8] is a major variation of Newton’s method. It is a two-step iterative scheme along
with fourth-order convergence. The scheme is described as follows:

v(n) = u(n) − 2
3G′

(
u(n)

)−1
G

(
u(n)

)
,

u(n+1) = u(n) −

[
I − 3

2

(
3G′

(
v(n)

)
−G′

(
u(n)

))−1 (
G′

(
v(n)

)
−G′

(
u(n)

))]
Ġ′

(
u(n)

)−1
G

(
u(n)

)
,

(3.1)

where G′(u(n)) and G′(v(n)) are described as the Jacobian matrix evaluated at u(n) and v(n), respectively.
In 2021, Kansal et al. [31] proposed an improvement to the Chebyshev–Halley–type methods

fourth–order by introducing two points. The iterative formula is described by (3.2):v(n) = u(n) −
2
3

(G′(u(n)))−1G(u(n)),

u(n+1) = u(n) − η(u(n))−1µ(u(n))(G′(u(n)))−1G(u(n)),
(3.2)

where

µ(u(n)) = A1I + 3A2Ω(u(n)) + 9A3Ω(u(n))2 − 27A4Ω(u(n))3,

η(u(n)) = 2A5I − 3A6Ω(u(n)) + 9A7Ω(u(n))2 − 27A8Ω(u(n))3,

Ω(u(n)) = (G′(u(n)))−1G′(v(n)),

and the coefficients are given by

A1 = 54b3 − 135b2 + 102b − 23,
A2 = −54b3 + 135b2 − 112b + 29,
A3 = 18b3 − 45b2 + 38b − 11,
A4 = (b − 1)2(2b − 1),
A5 = 27b3 − 54b2 + 33b − 4,
A6 = 27b3 − 54b2 + 35b − 6,
A7 = 9b3 − 18b2 + 11b − 2,
A8 = b(b − 1)2.

Here, b is a parameter that can vary freely, G′(u(n)) is the Jacobian matrix of function G at point u(n),
and I is the identity matrix of order m.

Cordero et al. [30] in 2025 proposed a fourth-order iterative scheme for solving systems of nonlinear
equations (using Euclidean norms) defined asv(n) = u(n) − (G′(u(n)))−1 ·G(u(n))

u(n+1) = v(n) − (G′(u(n)))−1
(
ρ(n)G(v(n)) + q(n)G(u(n))

)
, n = 0, 1, . . .

(3.3)

where

(λ, ψ) ∈ R2, µ(n) =

∥∥∥G(v(n))
∥∥∥2∥∥∥G(u(n))
∥∥∥2 , ρ(n) =

1 + ψµ(n)

1 + λµ(n) , q(n) =
2µ(n)

1 + λµ(n) .
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The comparison between the iterative methods is done on the basis of residual error ‖G(u(n))‖2,
error estimation ||u(n) − u(n−1)||2, order of convergence, number of iterations, and computational time.
On the other hand, the integrated IGWOA method is compared with modern optimization and hybrid
algorithms including GWO [29], the Tuna Swarm Optimization algorithm (TSO) [32], WOA [17],
the Hybrid Equilibrium Slime Mould Optimization algorithm (ESMA) [20], the Hybrid Adaptive Grey
Wolf Optimization algorithm (HGWO) [21], the Jarratt–Butterfly Optimization algorithm (JBOA) [33],
and the Newton–Harris Hawk Optimization algorithm (NHHO) [24]. The comparison is carried out
based on key performance indicators such as functional error (fitness)

(
||G(u(n))||2

)
, number of iterations,

and computational (CPU) time. Tables 1 and 2 represent the general parametric values, which are same
for all the methods, and the values which are fixed for the optimization methods.

Remark: Throughout the Tables 3–14, the meaning of ke − y means k × 10−y. All computations
were terminated after a prescribed maximum number of iterations (n ≤ N). No residual–based
convergence tolerance is applied. All numerical experiments were performed in MATLAB using
Variable Precision Arithmetic (VPA) with 600 decimal digits. The use of high-precision arithmetic
minimizes round-off errors, thereby enabling an accurate assessment of the theoretical convergence
order of the iterative methods. To ensure a fair comparison, all competing algorithms were executed
using the same precision level, and the reported CPU times include the computational cost associated
with multiprecision arithmetic.

Table 1. Uniform experimental setup and parameter selection across all algorithms.

Parameter Value
Population size (T ) 20
Total iterations optimization (N) 100
Total iterations iterative (N) 10
CPU time Seconds
Fitness ||G(u(n))||2
Error estimation ||u(n) − u(n−1)||2

Order of convergence ρ

Digits 600
Software MATLAB 2026a Windows 11 system;

Processor: Intel i5, 8 GB RAM

AIMS Mathematics Volume 11, Issue 8, 26273–26300.



26284

Table 2. Tuning parameters used for competing techniques.

Method Different parameters Assigned values
IGWOA a Between 2 to 0

r1, r2 Random numbers between [0, 1]
GWO a Between 2 to 0

r1, r2 [0, 1]
TSO a 0.7

rand Random number between 0 and 1
b Between 0 and 1
z 0.05

T F Random value 1 or −1
WOA rand [0, 1]

I I ∈ {1, 2}
SW Represents the best solution

ESMA q 0.2
a1 2
a2 1
z 0.6

GP 0.5
V 1

HGWO a Random number between [0, 2]
ω [0.3, 0.9]
θ 0.5

Vrand(t) [−20, 20]
JBOA Sensory modality 0.01

p (probability parameter switch) 0.8
Power exponent 0.1

NHHO β 1.5
E0 Random number between [−1, 1]

CM ψ and λ 0.9 and 0.8
KM b 1

Example 1. The first test case considered is the Modified Strictly Convex Function II [34]. Due to its
strictly convex nature, the problem possesses a unique solution, making it an appropriate benchmark
for testing the accuracy and stability of the proposed methods. The mathematical formulation of the
system is given as follows:

gi(u) =

( i
m + 1

)
eui − 1, i = 1, 2, 3, 4, 5, and m = 5. (3.4)

The results for this problem are determined in the initial guess u(0) = (1 − 1/m, 1 − 2/m, . . . , 0)T ,
and for the optimization method, the initial interval is taken as [0, 5].

The obtained approximate root for the considered problem is
(1.791759469228055 . . . , 1.098612288668110 . . . , 0.693147180559945 . . . , 0.405465108108164 . . . ,
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0.182321556793955 . . . )T . From Table 3, it is concluded that the proposed method (FM) demonstrates
competitive convergence behavior among the iterative schemes. Specifically, FM achieves a rapid
reduction in both the error norm and the residual norm regarding the known methods CM, KM, and
JM. Moreover, FM attains high accuracy with the least computational time, confirming its efficiency
and stability among the iterative methods. Although all methods exhibit fourth-order convergence,
FM shows an advantage in terms of both convergence speed and computational cost. In addition,
Table 4 shows that the proposed IGWOA achieves better results than the competing methods in
terms of solution accuracy, achieving a low fitness value of 4.0783e − 56 within only three iterations.
In contrast, other algorithms such as GWO, TSO, HGWO, and ESMA exhibit low accuracy with
relatively high fitness values and larger iteration counts. Even the hybrid methods such as JBOA and
NHHO, although yielding better fitness values, require more iterations and higher computational time
compared to IGWOA. Overall, the results demonstrate that the proposed approaches FM and IGWOA
are efficient and accurate.

Table 3. Comparative analysis of the proposed method and iterative techniques for
Example 1.

Method n ||u(n) − u(n−1)||2 ||G(u(n))||2 ρ CPU time (sec)
FM 3 3.2959e − 05 3.2959e − 05 4.000 3.663846

4 1.2019e − 20 1.1013e − 21
5 2.1258e − 78 2.1258e − 80

CM 3 2.2823e − 01 1.5191e − 01 4.000 4.176201
4 8.1286e − 05 5.2395e − 05
5 1.6071e − 22 1.0361e − 23

KM 3 1.2016e − 02 1.2088e − 03 4.000 6.813619
4 9.6113e − 10 9.6113e − 10
5 3.9508e − 38 3.9508e − 38

JM 3 1.2016e − 02 1.2088e − 02 4.000 8.219551
4 9.6113e − 10 9.6113e − 10
5 3.9508e − 38 1.2799e − 38

Table 4. Comparative analysis of the proposed method and optimization techniques for
Example 1.

Method ||G(u(n))||2 Iter CPU time (sec)
IGWOA 4.0783e − 56 3 0.314663

GWO 2.389716 97 1.314488
TSO 2.389451 95 1.002316
WOA 0.909264 10 1.548684

HGWO 2.389457 73 0.846469
ESMA 2.389457 73 0.994671
JBOA 1.4794e − 31 43 0.731146
NHHO 6.4762e − 26 10 0.954662
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Example 2. The second test problem considered in this study is the Tridiagonal Exponential
Function [34], which is a commonly used benchmark problem for evaluating numerical methods for
nonlinear systems. This problem contains exponential and hyperbolic cosine terms arranged in a
tridiagonal structure, making it computationally challenging for many iterative algorithms. For this
function, the value of m = 30 is considered, which makes a system of 30 × 30 equations given as:

g1(u) = u1 − ecos(h(u1+u2)),

gi(u) = ui − ecos(h(ui−1+ui+ui+1)), i = 2, 3, . . . ,m − 1,
gm(u) = um − ecos(h(um−1+um)),

(3.5)

h =
1

m + 1
.

The initial guess taken for the considered benchmark problem is (0, 1/m, 2/m, . . . , (m − 1)/m)T , and
for the integrated approach, the initial interval is [0, 5].

The obtained root to this problem is (2.678794257174148 . . . , 2.630997946823661 . . . , 2.632001
991493735 . . . , 2.631980954422541 . . . , . . . , 2.632001991493735 . . . , 2.630997946823661 . . . ,
2.678794257174148 . . . )T . From Table 5, FM achieves high accuracy in error and residual norms,
along with the lowest computational time among the compared iterative methods. On the other hand,
Table 6 highlights the comparison with optimization-based algorithms, where IGWOA shows better
results. The method attains a low fitness value of 4.8939e − 55 within only three iterations and the
least CPU time of 0.231161 seconds. In contrast, other algorithms such as GWO, TSO, HGWO,
and ESMA exhibit much larger fitness values and require higher iteration counts. Even relatively
competitive methods such as JBOA and NHHO, though achieving lower fitness values, still demand
more iterations and higher computational time compared to IGWOA.

Table 5. Comparative analysis of the proposed method and iterative techniques for
Example 2.

Method n ||u(n) − u(n−1)||2 ||G(u(n))||2 ρ CPU time (sec)
FM 3 2.1880e − 04 2.3207e − 04 4.000 4.034256

4 3.5575e − 23 3.7821e − 23
5 3.2969e − 98 3.5057e − 98

CM 3 4.9763e − 03 5.2480e − 03 4.000 5.453406
4 4.4627e − 13 4.5679e − 13
5 2.1624e − 43 2.2381e − 43

KM 3 6.5557e − 04 6.8173e − 04 4.000 9.780043
4 1.5928e − 17 1.6186e − 18
5 1.3625e − 70 1.3625e − 71

JM 3 6.8827e − 03 6.7180e − 04 4.000 9.076345
4 1.7414e − 15 1.7347e − 15
5 6.1589e − 63 6.0875e − 64
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Table 6. Comparative analysis of the proposed method and optimization techniques for
Example 2.

Method ||G(u(n))||2 Iter CPU time (sec)
IGWOA 4.8939e − 55 3 0.231161

GWO 14.662388 96 1.968412
WOA 0.617989 44 1.301189
TSO 13.462360 43 1.003146

HGWO 30.493743 45 0.945668
ESMA 13.58656 54 0.763346
JBOA 2.5599e − 30 18 0.593468
NHHO 1.1833e − 30 15 0.681314

Example 3. To evaluate the performance and robustness of the proposed methods, a logarithmic test
problem [34] is considered. This problem is commonly used as a benchmark due to its nonlinear
nature and the presence of logarithmic terms, which introduce additional computational complexity.
The problem statement is as follows:

gi(u) = log(ui + 1) −
ui

m
, i = 1, 2, . . . ,m, m = 40. (3.6)

The initial guess taken for the considered benchmark problem is (0.1, 0.1, 0.1, . . . , 0.1, 0.1, 0.1)T , and
for the integrated approach or optimization methods, the initial interval is [−1, 1].

The approximate root for the considered benchmark problem is the zero vector, within machine
precision. In addition, FM exhibits a rapid reduction in functional error in less CPU time and
fewer iterations. From Table 8, it is clear that the IGWOA delivers a good performance among the
optimization methods. It achieves a low fitness value of 4.7219e − 69 within only four iterations and
a minimal CPU time of 0.299130 seconds. In contrast, traditional algorithms such as GWO, TSO, and
ESMA require a higher number of iterations and produce comparatively larger fitness values. Even
though methods such as JBOA and NHHO yield relatively better fitness values, they still lag behind
IGWOA in terms of both computational cost and convergence speed.

AIMS Mathematics Volume 11, Issue 8, 26273–26300.



26288

Table 7. Comparative analysis of the proposed method and iterative techniques for
Example 3.

Method n ||u(n) − u(n−1)||2 ||G(u(n))||2 ρ CPU time (sec)
FM 3 8.0436e − 13 7.8425e − 13 4.000 3.470064

4 5.9069e − 51 5.7587e − 51
5 5.2694e − 203 5.1377e − 203

CM 3 7.2948e − 10 7.1124e − 10 4.000 4.006745
4 5.1997e − 29 5.0697e − 29
5 1.6367e − 86 1.5958e − 86

KM 3 1.4521e − 03 1.4155e − 03 4.000 8.563950
4 2.3413e − 15 2.2828e − 15
5 9.2486e − 62 9.0174e − 62

JM 3 1.4155e − 03 1.4520e − 03 4.000 7.999453
4 2.2828e − 15 2.3413e − 15
5 9.0174e − 62 9.2486e − 62

Table 8. Comparative analysis of the proposed method and optimization techniques for
Example 3.

Method ||G(u(n))||2 Iter CPU time (sec)
IGWOA 4.7219e − 69 4 0.299130

GWO 2.5533e − 05 99 2.819697
WOA 1.2000e − 14 19 2.009773
TSO 5.0500e − 13 63 1.897344

ESMA 7.3145e − 15 62 2.311454
HGWO 2.9616e − 09 21 1.999364
JBOA 9.8500e − 32 46 0.993461
NHHO 2.9507e − 23 16 0.963468

Example 4. To further assess the performance of the proposed numerical method, the Chandrasekhar
H-equation [34] is considered as a test problem. The Chandrasekhar H-equation plays a fundamental
role in the radiative transfer theory, particularly in modeling the scattering of radiation in planetary
atmospheres and stellar atmospheres. It is used to describe the reflection and transmission of radiation
in a semi-infinite scattering medium. This equation is widely used as a benchmark problem for testing
numerical algorithms designed to solve large-scale nonlinear systems. The nonlinear system is given
by

gi(u) = ui −

1 − c
2m

m∑
j=1

δiu j

δi + δ j


−1

, i = 1, 2, . . . ,m, (3.7)

where
c = 0.9, δi =

i − 0.5
m

, i = 1, 2, . . . ,m. (3.8)
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Here, m = 10 represents the dimension of the nonlinear system, and ui are the unknown variables.
The parameters δi arise from the discretization of the integral form of the Chandrasekhar equation.
This problem is challenging because each equation depends on all variables u j, resulting in a fully
coupled nonlinear system. This type of coupling results in increased computational complexities,
especially for larger values of n, which makes this a good benchmark problem in determining the
efficiency, robustness, and convergence properties of iterative numerical solution techniques. The
Chandrasekhar H-equation has important applications in radiative transfer theory, particularly in
modeling radiation scattering in stellar and planetary atmospheres. The initial guess used for this
problem is ((m − 1)/m, (m − 2)/m, . . . , 0)T , and the initial interval for the optimization method is
[−10, 10].

The obtained root of the above problem is (1.096735816834478 . . . , 1.233484021722359 . . . , 1.3
42362913031034 . . . , 1.435646349049370 . . . , 1.517868486486611 . . . , 1.591492086882111 . . . , 1.65
8105751392686 . . . , 1.718837251229592 . . . , 1.774536373739270 . . . , 1.825869482591646 . . . )T .
The numerical outcomes reported in Tables 9 and 10 show the computational efficiency and robustness
of the proposed methods. Moreover, FM requires only 3.475209 seconds for obtaining the optimal
solution. Similarly, Table 10 shows that the IGWOA algorithm yields better results than the other
optimization techniques. It achieves a low fitness value of 9.4955e − 140 in just four iterations with a
CPU time of 0.314600 seconds. In contrast, other algorithms such as GWO, WOA, and TSO require
nearly 98–99 iterations and yield fitness values of the order 1e−3 to 1e−4. Even comparatively
efficient methods such as JBOA and NHHO produce fitness values of 9.8607e−32 and 2.4652e−31,
respectively, but still fall short of the accuracy achieved by IGWOA. From this, it is concluded that the
proposed methods are efficient in solving this nonlinear system.

Table 9. Comparative analysis of the proposed method and iterative techniques for
Example 4.

Method n ||u(n) − u(n−1)||2 ||G(u(n))||2 ρ CPU time (sec)
FM 2 1.5452e − 08 9.0008e − 08 4.000 3.475209

3 8.2895e − 31 4.8344e − 31
4 6.8323e − 124 3.9846e − 124

CM 2 6.4101e − 08 1.2945e − 08 4.000 5.453428
3 1.9811e − 23 3.0482e − 23
4 5.1436e − 70 5.6612e − 70

KM 2 3.8034e − 07 2.2229e − 07 4.000 9.534268
3 2.5109e − 29 1.4737e − 29
4 9.0124e − 108 9.0124e − 108

JM 2 2.2229e − 07 3.8034e − 07 4.000 9.006347
3 1.4737e − 29 2.5109e − 29
4 2.7825e − 118 4.7407e − 118
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Table 10. Comparative analysis of the proposed method and optimization techniques for
Example 4.

Method ||G(u(n))||2 Iter CPU time (sec)
IGWOA 9.4955e − 140 4 0.314600

GWO 2.6364e − 03 98 2.314662
WOA 5.5351e − 04 99 2.00131
TSO 2.9394e − 04 98 1.981364

ESMA 1.1325e − 01 97 0.196718
HGWO 3.4200e − 02 99 0.346119
JBOA 9.8607e − 32 80 0.993168
NHHO 2.4652e − 31 10 0.813161

Example 5. Vapor-liquid equilibrium: Wilson’s equation Vapor–liquid equilibrium (VLE)
analysis [35] is a fundamental aspect of chemical engineering, particularly in processes involving
phase separation. In practical systems, mixtures rarely behave ideally due to molecular interactions
between components. Hence, in order to effectively model this phenomenon, thermodynamic relations
are required, which take into account these deviations in behavior. One such relation, which has found
wide applicability in determining activity coefficients in nonideal mixtures, is Wilson’s equation. In
this paper, the problem of VLE has been effectively modeled using a system of ten coupled nonlinear
equations with ten unknowns, which include temperature, saturation pressures, composition in the
vapor phase, and activity coefficients. Due to the presence of exponential and logarithmic terms, this
system is highly nonlinear in nature. Wilson’s equation is significant in this regard, as this equation
can effectively determine activity coefficients, which are a measure of deviations in real mixtures from
ideal mixtures. Such a model is significant in petrochemical, pharmaceutical, and chemical industries,
where exact control over mixtures is required. The vapor–liquid equilibrium problem based on Wilson’s
model can be expressed as

g1(u) = ln(Psat
1 ) − 17 +

3600
T − 54

= 0,

g2(u) = ln(Psat
2 ) − 16.5 +

3850
T − 47

= 0,

g3(u) = k1γ1Psat
1 − y1P = 0,

g4(u) = k2γ2Psat
2 − y2P = 0,

g5(u) = 1 − y1 − y2 = 0,
g6(u) = ln(γ1) + ln(k1 + k2Λ12) − k2W = 0,
g7(u) = ln(γ2) + ln(k1Λ21 + k2) + k1W = 0,

g8(u) = W −
Λ12

k1 + k2Λ12
+

Λ21

k1Λ21 + k2
= 0,

g9(u) = Λ12 −
V2

V1
exp

(
−a12

RT

)
= 0,

g10(u) = Λ21 −
V1

V2
exp

(
−a21

RT

)
= 0.

(3.9)
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The problem is based on a binary mixture and includes ten unknown variables defined by u =

(Psat
1 , Psat

2 ,T,W, y1, y2,Λ12,Λ21, γ1, γ2). The variables are represented by the following notations:
Psat

1 and Psat
2 denote the saturation pressures determined by the two components, respectively. The

temperature of the system is represented by the variable T . The variables y1 and y2 are the mole
fractions of the two components in the vapor phase. The activity coefficients γ1 and γ2 are also
considered to take into account any nonideal solution behavior. The variables Λ12 and Λ21 are the
interaction parameters of Wilson’s equation and are considered to take into account the interactions
between molecules of different components. The variable W is considered an auxiliary variable to
simplify the process of formulating the problem equations.

The parameters for the problem are also provided and are as follows: The liquid phase is considered
to have a composition of components 1 and 2 in the ratio of k1 = 0.85 and k2 = 0.15, respectively.
The total pressure of the system is considered to be P = 100 kPa. The energy interaction parameters
for the components are a12 = 440 cal/mol and a21 = 1250 cal/mol, respectively. The molar volumes
of the components is V1 = 77 cm3/mol and V2 = 18 cm3/mol, respectively. The value of the universal
gas constant is R = 1.987. The solution of the nonlinear equilibrium problem is important and plays
a significant role in practical engineering problems. The solution of such a problem is important for
the design of a distillation column and helps engineers make better decisions regarding the design and
operation of such units. The solution of the problem also helps engineers design such units efficiently
and to maintain a high level of energy efficiency, which is important for the overall operation of such
industries and helps in saving costs. The solution of such a problem is also important for ensuring the
quality of the end product in chemical and pharmaceutical industries.

The initial values taken for the considered application are (90, 50, 350, 0.5, 0.6, 0.5, 1, 1, 1, 1)T , and
the initial interval for the optimization methods is [−500, 500].

The values of the unknowns are obtained as (Psat
1 , Psat

2 ,T,W, y1, y2,Λ12,Λ21, γ1, γ2), and they are
(99.076726223908508, 34.706084739028263, 344.2264913894762,−0.794810512055846, 0.8607542
22025224, 0.139245777974776, 0.122857617866317, 0.687900967331513, 1.022088702874058, 2.67
4762058235259)T . The saturation pressures of the two pure components are obtained as
Psat

1 = 99.076726223908508 and Psat
2 = 34.706084739028263, indicating that the first

component is considerably more volatile than the second at the equilibrium temperature because
it possesses a substantially higher vapor pressure. The equilibrium temperature is found to be
T = 344.2264913894762 K, which corresponds to approximately 71.08◦ C, representing the
temperature at which both phases coexist under the specified equilibrium conditions. The auxiliary
variable is computed as W = −0.794810512055846. Although this quantity does not possess a
direct physical interpretation, its finite value confirms that the transformed nonlinear equations are
simultaneously satisfied, and this contributes to improving the numerical stability and convergence of
the solution procedure. The vapor-phase mole fractions are obtained as y1 = 0.860754222025224 and
y2 = 0.139245777974776, demonstrating that approximately 86.07% of the vapor phase consists of
component 1, whereas only 13.92% corresponds to component 2. This distribution is consistent with
the significantly higher saturation pressure of component 1, which causes it to preferentially partition
into the vapor phase. The Wilson interaction parameters are estimated as Λ12 = 0.122857617866317,
and Λ21 = 0.68790096733151. Because these values are unequal, they indicate asymmetric molecular
interactions between the two components, implying that the influence of component 1 on component 2
differs from the influence of component 2 on component 1. Such asymmetry is characteristic of
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real liquid mixtures and reflects differences in molecular sizes and interaction energies. The activity
coefficients are calculated as γ1 = 1.022088702874058, and γ2 = 2.674762058235259. The value of
γ1 being very close to unity, indicates that component 1 exhibits behavior that is nearly ideal in the
liquid phase, with only minor deviations from Raoult’s law. In contrast, the significantly larger value
of γ2 reveals substantial positive deviation from ideality for component 2, suggesting weaker attractive
interactions between unlike molecules than between like molecules. Consequently, component 2
possesses a greater escaping tendency from the liquid phase than predicted by an ideal solution model.
Overall, the computed parameter values describe a binary mixture in which component 1 is the more
volatile constituent and behaves nearly ideally, whereas component 2 exhibits pronounced nonideal
behavior due to stronger thermodynamic interaction effects, validating the necessity of incorporating
Wilson’s activity coefficient model in the vapor–liquid equilibrium formulation.

Tables 11 and 12 depict the performance of the constructed methods. From Table 11, FM achieves
high precision with ||u(n) − u(n−1)||2 ≈ 3.0177e−114 and ||G(u(n))||2 ≈ 3.0302e−116, along with a lower
CPU time of 3.113468 seconds. From Table 12, IGWOA attains a significantly lower fitness value
of 4.8809e−94 in only four iterations with a CPU time of 0.531316 seconds, whereas other methods
such as GWO, WOA, TSO, HGWO, and ESMA yield fitness values of order e+3, which means the
traditional optimization methods show the divergent results for the considered problem. Even JBOA
and NHHO produce comparatively lower fitness values of 6.3573e−30 and 3.1593e−30, respectively,
but less than IGWOA.

Overall, the proposed methods provide faster convergence and higher accuracy with reduced
computational cost compared to existing approaches. The ability to produce stable and consistent
results ensures dependable performance in engineering and scientific computations. Furthermore, the
exact estimation of the parameters of the model highlights the applicability of the proposed methods
in handling complex systems, such as thermodynamic and chemical equilibrium problems.

Remark: From the above results, it is concluded that IGWOA incorporates a deterministic fourth-
order refinement stage, which naturally provides an advantage over pure metaheuristic algorithms such
as GWO, WOA, and TSO. It is important to note that the purpose of these comparisons is not to
claim equivalence in methodological scope, but to benchmark IGWOA against widely used standalone
optimizers and to demonstrate the incremental benefit of hybridizing metaheuristics with deterministic
refinement. Metaheuristic algorithms are widely used for nonlinear optimization problems, and
comparing IGWOA against them establishes how much improvement is gained by incorporating the
refinement. The deterministic refinement is not intended to replace metaheuristics but to complement
them.
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Table 11. Comparative analysis of the proposed method and iterative techniques for
Example 5.

Method n ||u(n) − u(n−1)||2 ||G(u(n))||2 ρ CPU time (sec)
FM 3 2.4884e − 05 1.6915e − 07 4.000 3.113468

4 4.3025e − 27 3.9622e − 29
5 3.0177e − 114 3.0302e − 116

CM 3 2.0302e − 03 1.2540e − 05 4.000 5.563983
4 5.0734e − 14 2.3690e − 16
5 1.4599e − 45 1.0681e − 47

KM 3 2.2398e − 05 1.5405e − 07 4.000 7.546384
4 1.9382e − 27 1.8149e − 29
5 1.5353e − 106 1.8333e − 107

JM 3 2.2398e − 03 1.5405e − 04 4.000 8.600735
4 1.9382e − 14 1.8149e − 18
5 8.4943e − 60 8.5949e − 71

Table 12. Comparative analysis of the proposed method and optimization techniques for
Example 5.

Method ||G(u(n))||2 Iter CPU time (sec)
IGWOA 4.8809e − 94 4 0.531316

GWO 1.7501e + 03 15 2.811467
WOA 1.7445e + 03 8 1.031146
TSO 1.1279e + 03 5 1.643167

HGWO 1.6578e + 03 3 2.007346
ESMA 1.1293e + 03 12 2.370146
JBOA 6.3573e − 30 49 1.003164
NHHO 3.1593e − 30 8 1.981643

3.1. Stability and consistency

With respect to the iterative methods, the results obtained in each run are the same because the
method works based on an initial guess and results in the same output in each run. However,
considering that many optimization techniques include randomness, the results derived in one run
might not be optimal. The results derived in multiple runs help in assessing the robustness and stability
of the algorithm by comparing the results in terms of mean, standard deviation, and the best results.
This gives a precise idea about the efficiency of the algorithm. For assessing the performance of the
proposed algorithms in terms of stability and efficiency, two statistical measures, mean and standard
deviation, can be used. The mean value represents the stability of an algorithm, which works based
on the ability to provide consistent results in 30 runs. An optimization method can be considered
consistent if there is minimal variation in fitness values. The standard deviation measures the results
derived, which help in understanding the stability of the algorithm. If the standard deviation is low,
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it means that the algorithm works more stably. From Table 13, it can be observed that the proposed
algorithms provide better average fitness values compared to the conventional optimization algorithms.
Table 14 explains the standard deviation values, which indicate that the proposed algorithms provide
results with low standard deviation values. This ensures the stability of the proposed optimization
techniques compared to the existing techniques.

Table 13. Average mean of the fitness values in 30 runs for Examples 1–5.

Methods Ex 1 Ex 2 Ex 3 Ex 4 Ex 5
IGWOA 6.0722e − 56 2.4282e − 55 2.4546e − 68 3.8452e − 139 1.9868e − 94
GWO 4.8939e − 05 24.91676 0.00113 0.18323 1.7623e + 03
TSO 0.03049 13.46236 1.9698e − 07 0.00118 1.1300e + 03
WOA 1.9712e − 18 0.61796 2.1656e − 04 0.08563 1.7487e + 03
HGWO 0.15173 34.20593 0.00853 0.08896 1.1308e + 03
ESMA 0.05354 13.62951 1.4689e − 04 0.17109 1.1334e + 03
JBOA 8.1545e − 24 6.0978e − 26 8.4145e − 23 3.6998e − 27 3.8656e − 29
NHHO 6.6256e − 31 8.3266e − 32 1.4267e − 31 8.3200e − 32 3.3967e − 31

Table 14. Average standard deviation of the fitness values in 30 runs for Examples 1–5.

Methods Ex 1 Ex 2 Ex 3 Ex 4 Ex 5
IGWOA 7.6418e − 56 3.3915e − 55 3.0354e − 68 5.0417e − 139 1.7885e − 94
GWO 1.1019e − 05 0.88903 0.00123 0.04959 43.68645
TSO 0.13581 1.6869 4.5349e − 07 9.7851e − 04 1.1300e + 03
WOA 3.0596e − 18 0.20552 8.9812e − 04 0.08191 1.7487e + 03
HGWO 0.4856 1.11452 0.02153 0.020566 4.30183
ESMA 0.18737 1.23914 6.4404e − 04 0.03866 1.1334e + 03
JBOA 1.5696e − 23 1.0093e − 25 3.7964e − 22 1.2477e − 26 1.6685e − 28
NHHO 3.2444e − 31 1.2591e − 31 2.3219e − 31 1.2415e − 31 7.1236e − 31

The outcomes show that the proposed methods have an effective search strategy that can locate exact
answers. It is also capable of avoiding immature convergence and local optimal traps. Additionally,
one of the essential factors that is used in the comparison of algorithms is the convergence speed of the
method. While comparing algorithms, the convergence speed is a crucial factor. An algorithm’s ability
to find a solution is indicated by its convergence. The convergence chart shows the accuracy and speed
of an algorithm in solving a nonlinear system of equations.

Figure 1 illustrates that the convergence performance of the compared algorithms, namely GWO,
TSO, WOA, ESMA, HGWO, JBOA, and NHHO, is significantly enhanced by the proposed method,
IGWOA. In comparison to these methods, IGWOA requires fewer iterations to attain the optimal and
accurate solution, indicating its faster convergence behavior and computational efficiency.

Furthermore, Figure 2 provides a comparison of fitness values obtained over multiple runs for each
algorithm. It can be observed that the fitness values of the existing optimization algorithms exhibit
noticeable fluctuations across different runs, whereas the proposed IGWOA method demonstrates

AIMS Mathematics Volume 11, Issue 8, 26273–26300.



26295

a more stable and consistent performance. This consistency highlights the better performance of
IGWOA in producing reliable and uniform solutions across independent runs. Therefore, it can be
concluded that the proposed method shows better results than the compared algorithms in terms of
both convergence speed and solution stability.
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Figure 1. Convergence curve of the fitness value versus 100 iterations for Examples 3.1–3.5.
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Figure 2. Convergence curve of the fitness value versus 30 runs for Examples 3.1–3.5.
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4. Conclusions

In this work, a novel fourth-order iterative method (FM) has been proposed for solving SoNE, along
with its integration with the Grey Wolf Optimization algorithm (IGWOA). The developed method
exhibits high convergence speed and accuracy, requiring fewer iterations and reduced computational
effort. The hybrid approach effectively integrates the local convergence strength of the iterative scheme
with the global search capability of the optimization algorithm, resulting in improved performance in
terms of fitness accuracy, stability, and consistency. Comparative results demonstrate that the proposed
methods improve existing algorithms such as GWO, TSO, WOA, ESMA, HGWO, JBOA, and NHHO,
on the analyzed examples. Furthermore, statistical analysis over multiple runs confirms the efficiency
and reliability of the proposed method in handling complex nonlinear systems. The results highlight the
potential of hybrid optimization–iterative strategies as powerful tools for solving real-world nonlinear
problems arising in science and engineering. Moreover, in this work, the initial search intervals used
for the optimization methods have been clearly reported, and the sensitivity of the proposed approach
to these intervals has been qualitatively discussed. However, we acknowledge that a more detailed
quantitative investigation of this factor lies beyond the present scope. Future work will focus on
systematically analyzing the influence of initial search intervals to provide deeper insights into the
robustness and general applicability of the proposed method.
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13. T. Bäck, D. B. Fogel, Z. Michalewicz, Introduction to evolutionary algorithms, Evol. Comput., 1
(2000), 59–63.

14. J. Kennedy, R. Eberhart, Particle swarm optimization, In: Proceedings of
the IEEE International Conference on Neural Networks, 4 (1995), 1942–1948.
https://doi.org/10.1109/ICNN.1995.488968

15. A. A. Heidari, S. Mirjalili, H. Faris, I. Aljarah, M. Mafarja, H. Chen, Harris hawks
optimization: Algorithm and applications, Future Gener. Comput. Syst., 97 (2019), 849–872.
https://doi.org/10.1016/j.future.2019.02.028

16. S. Arora, S. Singh, Butterfly optimization algorithm: A novel approach for global optimization,
Soft Comput., 23 (2019), 715–734. https://doi.org/10.1007/s00500-018-3102-4

AIMS Mathematics Volume 11, Issue 8, 26273–26300.

https://dx.doi.org/https://doi.org/10.1109/TSMCA.2008.918599
https://dx.doi.org/https://doi.org/10.1016/0096-3003(93)90137-4
https://dx.doi.org/https://doi.org/10.1016/j.amc.2006.12.011
https://dx.doi.org/https://doi.org/10.1090/S0025-5718-66-99924-8
https://dx.doi.org/https://doi.org/10.1016/j.cam.2017.07.005
https://dx.doi.org/https://doi.org/10.3390/computation13060142
https://dx.doi.org/https://doi.org/10.3390/computation13100241
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.05.031
https://dx.doi.org/https://doi.org/10.1109/ICNN.1995.488968
https://dx.doi.org/https://doi.org/10.1016/j.future.2019.02.028
https://dx.doi.org/https://doi.org/10.1007/s00500-018-3102-4


26299
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