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1. Introduction

Eigenvalues of geometric operators play an important role in understanding the geometry and
topology of Riemannian manifolds. In [1], Perelman introduced the F-entropy functional and proved
that it is nondecreasing along the Ricci flow coupled to a backward heat-type equation, which implies
the monotonicity of the first eigenvalue of the operator −4∆ + R along the Ricci flow. Motivated by
this work, considerable effort has been devoted to studying the monotonicity for the first eigenvalue of
geometric operators under various geometric flows, especially the Ricci flow and the Yamabe flow.

For example, in [2], Cao proved that all eigenvalues of −∆ + 1
2R with a nonnegative curvature

operator are nondecreasing along the Ricci flow in dimensions two and three. In particular, Li obtained
in [3] that the first eigenvalue of −∆ + 1

2R is nondecreasing without curvature assumptions under the
Ricci flow. Furthermore, Cao showed in [4] that the first eigenvalue of −∆ + aR for a constant a ≥ 1

4 is
nondecreasing under the Ricci flow. Similarly, Ho in [5] proved that the first eigenvalue of −∆ + aR is
nondecreasing under the Yamabe flow if 0 ≤ a < n−2

4(n−1) or a ≥ n−2
4(n−1) with the scalar curvature satisfying

certain conditions.
Also, there are many results on the first eigenvalue of geometric operators involving the weighted

Laplacian ∆ϕ = ∆ − ∇ϕ · ∇. For instance, Fang et al. in [6] generalized Cao’s results to eigenvalues of
the geometric operator −∆ϕ + aR with a > 1

4 . They showed that the eigenvalues are nondecreasing
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along the Ricci flow coupled to a heat equation on a Riemannian manifold under suitable Ricci
curvature conditions. Afterward, this first-eigenvalue problem was extended to other geometric flows.
For example, Zhang in [7] considered the evolution equations for the eigenvalues of the operator
−∆ϕ + aR and obtained some nondecreasing quantities along the Yamabe flow. More generally, Ho
and Shin in [8] studied the evolution of the first eigenvalue of −∆ϕ + aRm

ϕ and proved that its first
eigenvalue is nondecreasing along the unnormalized weighted Yamabe flow, if

0 ≤ a ≤
m + n − 2

4(m + n − 1)
or

m + n − 2
4(m + n − 1)

≤ a ≤
m + n

4(m + n − 1)

provided that the weighted scalar curvature Rm
ϕ satisfies certain restrictions.

Recently, Yang and Zhang in [9] derived evolution equations for the first eigenvalue of −∆ + aRα

and proved that the first eigenvalue of −∆ + aRα for either 0 < α < 1, a > 0, or α < 0, a < 0, is
nondecreasing along the Ricci flow if

0 < Rg(t0) < (4aα)
1

1−α .

In [10], Abolarinwa and Azami used the same technique to derive the evolution equations for the first
eigenvalue of −∆ + aRα with 0 < α < 1, a > 0, and obtained some monotone quantities under the
Yamabe flow.

Inspired by these recent results, we study in this paper the evolution equation for the first
eigenvalue of the operator −∆ϕ + a(Rm

ϕ )α with constants 0 < α < 1, a > 0 and construct a monotone
quantity associated with the first eigenvalue of the operator −∆ϕ + a(Rm

ϕ )α under the unnormalized (or
normalized) weighted Yamabe flow. These results provide a framework for understanding spectral
stability along the weighted Yamabe flow and may serve as a useful tool in studying convergence and
rigidity phenomena of weighted geometric structures.

Before stating the main results, we need to introduce the geometric flow and some terminology. A
smooth metric measure space is a quadruple (Mn, g, e−ϕdVg,m) consisting of a Riemannian manifold
(Mn, g), a smooth measure e−ϕdVg determined by a function ϕ ∈ C∞(M) and the Riemannian volume
element of g, and a dimensional parameter m ∈ [0,∞). In the case m = 0, we require ϕ = 0. The
weighted scalar curvature Rm

ϕ of a smooth metric measure space (Mn, g, e−ϕdVg,m) is defined as

Rm
ϕ :=

R + 2∆ϕ −
m + 1

m
|∇ϕ|2, m > 0,

R, m = 0,

where R, ∆, and ∇ are the scalar curvature, the Laplacian, and the gradient with respect to g,
respectively.

In [8], Ho and Shin first introduced the unnormalized weighted Yamabe flow, which is the evolution
equation defined on (Mn, g(t), e−ϕ(t)dVg(t),m) given by ∂g

∂t = −Rm
ϕ g,

∂ϕ

∂t =
m
2 Rm
ϕ ,

(1.1)

where Rm
ϕ = Rm

ϕ(t) is the weighted scalar curvature. For related recent work, see [11–13].
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The main results of this paper are stated as follows. First, we obtain the evolution equation for the
first eigenvalue of −∆ϕ + a(Rm

ϕ )α under the unnormalized weighted Yamabe flow (1.1).
Theorem 1.1. Let (Mn, g) be a closed connected Riemannian manifold and let (g(t), ϕ(t)), t ∈ [0,T )
be a solution of the unnormalized weighted Yamabe flow (1.1) on a smooth metric measure space
(Mn, g, e−ϕdVg,m) with Rm

ϕ > 0. Suppose that λ(t) is the first eigenvalue of the operator −∆ϕ + a(Rm
ϕ )α

for constants a and α, and that f (t) is the corresponding eigenfunction. Then, under the flow (1.1), λ(t)
evolves by

d
dt
λ(t) = λ(t)

∫
M

(m + n
2

Rm
ϕ − 2a(m + n − 1)(Rm

ϕ )α
)

f 2e−ϕdVg

+ a
∫

M

(
2a(m + n − 1)(Rm

ϕ )α −
m + n − 2α

2
Rm
ϕ

)
(Rm
ϕ )α f 2e−ϕdVg

+ aα(1 − α)(m + n − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

+

∫
M

(
2a(m + n − 1)(Rm

ϕ )α−1 −
m + n − 2

2

)
Rm
ϕ |∇ f |2e−ϕdVg.

(1.2)

Remark 1.2. The linear weighted case α = 1 was treated by Ho and Shin [8, Proposition 5.10] under
the weighted Yamabe flow, while the nonlinear unweighted case 0 < α < 1 was studied by Abolarinwa
and Azami [10, Theorem 1.1]. Our result connects these two settings: In the limit α→ 1, our formula
formally reduces to the linear weighted case studied in [8], and when m = 0 and ϕ = 0, it recovers the
corresponding unweighted setting in [10].

Using Theorem 1.1, we can establish the monotone quantity associated with the first eigenvalue of
the operator −∆ϕ + a(Rm

ϕ )α under the flow (1.1). Although the weighted Yamabe flow shares some
similarities with the classical Yamabe flow, the combination of the weighted measure and a nonlinear
power of the weighted scalar curvature introduces additional terms into the evolution equation,
including both the gradient of the weighted scalar curvature and nonlinear curvature interactions.
Therefore, new curvature control conditions are required to recover the monotonicity property. The
pointwise curvature restrictions are chosen to control the signs of the integral terms involving (Rm

ϕ )α f 2

and Rm
ϕ |∇ f |2 in the evolution equation. In particular, the upper bound in (1.3) ensures the required

coefficient inequalities, while the two-sided bound in (1.4) yields the monotonicity of λ(t) itself.

Theorem 1.3. Let (Mn, g) be a closed connected Riemannian manifold. Let (g(t), ϕ(t)), t ∈ [0,T ),
T < 1

max
M

Rm
ϕ0

(where ϕ0 = ϕ(0)) be a solution of the unnormalized weighted Yamabe flow (1.1) and λ(t)

be the first eigenvalue of the operator −∆ϕ+a(Rm
ϕ )α. Suppose that for some constants 0 < α < 1, a > 0,

the weighted scalar curvature Rm
ϕ satisfies

0 < (Rm
ϕ )α ≤

(
4a(m + n − 1)

m + n − 2α

) α
1−α

. (1.3)

Then, along the flow (1.1), the quantity

λ(t) exp
{
−

∫ t

0

(m + n
2

y1(s) − 2a(m + n − 1)yα2 (s)
)

ds
}
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is nondecreasing, where

y1(s) =
min

M
Rm
ϕ0

1 − s min
M

Rm
ϕ0

and y2(s) =
max

M
Rm
ϕ0

1 − s max
M

Rm
ϕ0

.

In particular, if (
4a(m + n − 1)

m + n

) α
1−α

≤ (Rm
ϕ )α ≤

(
4a(m + n − 1)

m + n − 2α

) α
1−α

, (1.4)

then λ(t) is nondecreasing under the flow (1.1).

Remark 1.4. (i) It is worth comparing our result for the case m = 0 and ϕ = 0 with [10, Theorem 1.2].
In [10, Theorem 1.2], the monotonicity of the first eigenvalue requires either

a ≥
n − 2

4(n − 1)
and 0 ≤ Rg(t) ≤ 1,

or

0 ≤ a ≤
n − 2

4(n − 1)
and 0 ≤ Rαg(t) ≤

(
4a(n − 1)

n − 2α

) α
1−α

on [0,T). In contrast, our result is obtained under the curvature condition (1.3), which directly couples
the parameter a with the admissible range of the weighted scalar curvature. Therefore, the assumptions
in the two results are not directly comparable. Our result provides an alternative curvature criterion for
obtaining a monotone quantity associated with the first eigenvalue.

(ii) The case α = 1 was studied by Ho and Shin [8], who showed that the first eigenvalue of the
operator −∆ϕ + aRm

ϕ is nondecreasing along the unnormalized weighted Yamabe flow (1.1) if

0 ≤ a ≤
m + n − 2

4(m + n − 1)
and min

M
Rm
ϕ ≥

m + n − 2
m + n

max
M

Rm
ϕ ≥ 0,

or
m + n − 2

4(m + n − 1)
≤ a ≤

m + n
4(m + n − 1)

and min
M

Rm
ϕ ≥ 0.

Remark 1.5. We emphasize that the curvature conditions (1.3) and (1.4) are assumed to hold
throughout the time interval under consideration. In the present paper, we do not establish a
preservation result for these pointwise curvature conditions along the weighted Yamabe flow. Thus,
these assumptions are understood as hypotheses imposed on the flow over the time interval considered
in Theorem 1.3, rather than as conditions whose preservation from the initial data is claimed.
Determining sufficient conditions on the initial data that ensure the preservation of these bounds along
the flow, or constructing explicit non-stationary flows satisfying these conditions on a time interval,
remains an interesting problem for future investigation.

2. Evolution equations under unnormalized weighted Yamabe flow

Let ∆ϕ: C∞(M)→ C∞(M) be the weighted Laplacian operator on Mn associated to ϕ ∈ C∞(M), i.e.,
for any u ∈ C∞(M),

∆ϕu = ∆u − ⟨∇ϕ,∇u⟩,
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where ∇ is the gradient operator and ∆ is the Laplace-Beltrami operator on M. When ϕ is a constant,
∆ϕ is just the Laplace-Beltrami operator. It is formally self-adjoint with respect to the measure e−ϕdVg.

We assume that (M, g(t)) is a closed connected manifold. By eigenvalue perturbation theory [8,14],
we may assume that there exist C1 functions λ(t) and f (t) such that λ(t) is the first eigenvalue and f (t)
is a corresponding eigenfunction of the operator −∆ϕ + a(Rm

ϕ )α, i.e.,

−∆ϕ f + a(Rm
ϕ )α f = λ(t) f . (2.1)

Throughout this paper, by rescaling, we may normalize f (t) to satisfy∫
M

f 2e−ϕdVg = 1. (2.2)

Multiplying both sides of (2.1) by f , integrating on M, and then using (2.2), we obtain

λ(t) =
∫

M

(
− ∆ϕ f + a(Rm

ϕ )α f
)
f e−ϕdVg. (2.3)

In this section, we derive evolution equations for λ(t) under the unnormalized weighted Yamabe
flow (1.1). In fact, we can obtain the evolution equation of λ(t) under the general geometric flow

∂

∂t
gi j = si j,

where si j is a symmetric (0, 2)-tensor.

Lemma 2.1. Let (Mn, g) be a closed connected Riemannian manifold. Let λ(t) be the first eigenvalue of
the operator −∆ϕ + a(Rm

ϕ )α at time t ∈ [0,T ) and let f (t) be the corresponding eigenfunction. Suppose
that the metric g(t) evolves by

∂

∂t
gi j = si j, (2.4)

where si j is a symmetric (0, 2)-tensor. Assume that Rm
ϕ > 0 on M × [0,T ). Then we have

d
dt
λ(t) =

∫
M

(
si j fi j − si jϕi f j + aα(Rm

ϕ )α−1
∂Rm
ϕ

∂t
f
)

f e−ϕdVg

+

∫
M

(
si j,i −

1
2

S j

)
f j f e−ϕdVg +

∫
M

(ϕt)i fi f e−ϕdVg,

(2.5)

where

S = gi jsi j, f j = ∇ j f , fi j = ∇i∇ j f , si j,i = ∇isi j, ϕt =
∂

∂t
ϕ.

Proof. It follows from [15, Proposition 3.1] that the weighted Laplacian evolves according to

∂

∂t
∆ϕ f = −si j fi j − (si j,i −

1
2

S j) f j + ∆ϕ ft + si jϕi f j − (ϕt)i fi.
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Hence, we have

d
dt
λ(t) =

d
dt

∫
M

(
− ∆ϕ f + a(Rm

ϕ )α f
)
f e−ϕdVg

=

∫
M

(
∂

∂t
(−∆ϕ f ) + a

(
∂

∂t
(Rm
ϕ )α

)
f + a(Rm

ϕ )α ft

)
f e−ϕdVg

+

∫
M

(
− ∆ϕ f + a(Rm

ϕ )α f
)(

f e−ϕdVg
)

t

=

∫
M

(
si j fi j − si jϕi f j + aα(Rm

ϕ )α−1
∂Rm
ϕ

∂t
f
)

f e−ϕdVg

+

∫
M

(
si j,i −

1
2

S j

)
f j f e−ϕdVg +

∫
M

(ϕt)i fi f e−ϕdVg

+

∫
M

(
− ∆ϕ ft + a(Rm

ϕ )α ft
)
f e−ϕdVg

+

∫
M

(
− ∆ϕ f + a(Rm

ϕ )α f
)(

f e−ϕdVg
)

t.

Using integration by parts, we obtain that∫
M

(
− ∆ϕ ft + a(Rm

ϕ )α ft
)
f e−ϕdVg =

∫
M

(
− ∆ϕ f + a(Rm

ϕ )α f
)
fte−ϕdVg.

Then, we have

d
dt
λ(t) =

∫
M

(
si j fi j − si jϕi f j + aα(Rm

ϕ )α−1
∂Rm
ϕ

∂t
f
)

f e−ϕdVg +

∫
M

(
si j,i −

1
2

S j

)
f j f e−ϕdVg

+

∫
M

(ϕt)i fi f e−ϕdVg + λ(t)
∫

M
f
(
fte−ϕdVg + ( f e−ϕdVg)t

)
.

(2.6)

Meanwhile, by the normalization condition (2.2), we know

d
dt

∫
M

f 2e−ϕdVg =

∫
M

f
(
fte−ϕdVg + ( f e−ϕdVg)t

)
= 0. (2.7)

Combining (2.6) with (2.7), we complete the proof of Lemma 2.1. □

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Recall that under the unnormalized weighted Yamabe flow, the weighted scalar
curvature evolves by ([8, Section 5.1])

∂Rm
ϕ

∂t
= (m + n − 1)∆ϕRm

ϕ + (Rm
ϕ )2. (2.8)

Applying Lemma 2.1 with si j = −Rm
ϕ gi j, ϕt =

m
2 Rm
ϕ , and using (2.8), we obtain

d
dt
λ(t) = −

∫
M

Rm
ϕ (∆ϕ f ) f e−ϕdVg +

m + n − 2
2

∫
M
⟨∇Rm

ϕ ,∇ f ⟩ f e−ϕdVg

+ aα
∫

M
(Rm
ϕ )α−1((m + n − 1)∆ϕRm

ϕ + (Rm
ϕ )2) f 2e−ϕdVg.

(2.9)
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Since Mn is closed, the boundary integral vanishes. Further, using integration by parts yields∫
M
⟨∇Rm

ϕ ,∇ f ⟩ f e−ϕdVg = −

∫
M

Rm
ϕ (∆ϕ f ) f e−ϕdVg −

∫
M

Rm
ϕ |∇ f |2e−ϕdVg (2.10)

and ∫
M

(Rm
ϕ )α−1(∆ϕRm

ϕ ) f 2e−ϕdVg = − (α − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

− 2
∫

M
(Rm
ϕ )α−1⟨∇Rm

ϕ ,∇ f ⟩ f e−ϕdVg.

(2.11)

By integration by parts and (2.10),∫
M

(Rm
ϕ )α−1⟨∇Rm

ϕ ,∇ f ⟩ f e−ϕdVg = −
1
α

∫
M

(Rm
ϕ )α((∆ϕ f ) f + |∇ f |2)e−ϕdVg. (2.12)

Combining (2.11) with (2.12), we get∫
M

(Rm
ϕ )α−1(∆ϕRm

ϕ ) f 2e−ϕdVg = − (α − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

+
2
α

∫
M

(Rm
ϕ )α((∆ϕ f ) f + |∇ f |2)e−ϕdVg.

(2.13)

Substituting (2.10) and (2.13) into (2.9), we obtain

d
dt
λ(t) = −

m + n
2

∫
M

Rm
ϕ (∆ϕ f ) f e−ϕdVg + aα

∫
M

(Rm
ϕ )α+1 f 2e−ϕdVg

− aα(α − 1)(m + n − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

+ 2a(m + n − 1)
∫

M
(Rm
ϕ )α(∆ϕ f ) f e−ϕdVg

+

∫
M

(
2a(m + n − 1)(Rm

ϕ )α−1 −
m + n − 2

2

)
Rm
ϕ |∇ f |2e−ϕdVg.

(2.14)

According to (2.1),
−∆ϕ f = λ(t) f − a(Rm

ϕ )α f . (2.15)

Inserting (2.15) into (2.14) yields

d
dt
λ(t) =

m + n
2

∫
M

Rm
ϕ (λ(t) f − a(Rm

ϕ )α f ) f e−ϕdVg + aα
∫

M
(Rm
ϕ )α+1 f 2e−ϕdVg

− aα(α − 1)(m + n − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

− 2a(m + n − 1)
∫

M
(Rm
ϕ )α(λ(t) f − a(Rm

ϕ )α f ) f e−ϕdVg

+

∫
M

(
2a(m + n − 1)(Rm

ϕ )α−1 −
m + n − 2

2

)
Rm
ϕ |∇ f |2e−ϕdVg.

Simplifying the above equation completes the proof of Theorem 1.1. □
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3. A monotone quantity along the unnormalized weighted Yamabe flow

In this section, using the evolution equation obtained in Theorem 1.1, we prove Theorem 1.3.

Proof of Theorem 1.3. Since 0 < α < 1, a > 0, raising both sides of (1.3) to the power α−1
α

yields

(Rm
ϕ )α−1 ≥

m + n − 2α
4a(m + n − 1)

.

Furthermore, we have

2a(m + n − 1)(Rm
ϕ )α−1 −

m + n − 2
2

≥ 0, (3.1)

2a(m + n − 1)(Rm
ϕ )α −

m + n − 2α
2

Rm
ϕ ≥ 0. (3.2)

Inserting (3.1) and (3.2) into (1.2), and dropping the nonnegative terms, we get

d
dt
λ(t) ≥ λ(t)

∫
M

(m + n
2

Rm
ϕ − 2a(m + n − 1)(Rm

ϕ )α
)

f 2e−ϕdVg. (3.3)

Recall that the weighted scalar curvature Rm
ϕ satisfies the evolution Eq (2.8). By the maximum principle

(see [8, 16]), Rm
ϕ can be compared with the solutions y1 and y2 of y′(t) = y2(t) with initial values

y1(0) = min
M

Rm
ϕ0

and y2(0) = max
M

Rm
ϕ0
,

respectively. Hence,

Rm
ϕ ≥ y1(t) =

min
M

Rm
ϕ0

1 − t min
M

Rm
ϕ0

, (3.4)

Rm
ϕ ≤ y2(t) =

max
M

Rm
ϕ0

1 − t max
M

Rm
ϕ0

, (3.5)

for t ∈ [0,T ), T < 1
max

M
Rm
ϕ0

. Substituting (3.4) and (3.5) into (3.3), we obtain

d
dt
λ(t) ≥ λ(t)

(m + n
2

y1(t) − 2a(m + n − 1)yα2 (t)
)
.

Furthermore, we have

d
dt

{
λ(t) exp

{
−

∫ t

0

(m + n
2

y1(s) − 2a(m + n − 1)yα2 (s)
)

ds
}}

= exp
{
−

∫ t

0

(m + n
2

y1(s) − 2a(m + n − 1)yα2 (s)
)

ds
}

×

{
d
dt
λ(t) − λ(t)

(m + n
2

y1(t) − 2a(m + n − 1)yα2 (t)
)}

≥0.

(3.6)
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Since 0 < α < 1, a > 0, condition (1.4) implies that

(Rm
ϕ )α ≥

(
4a(m + n − 1)

m + n

) α
1−α

.

Raising both sides of the previous equation to the power α−1
α

, after simplification, we obtain

m + n
2

Rm
ϕ − 2a(m + n − 1)(Rm

ϕ )α ≥ 0.

By (2.3), we get λ(t) ≥ 0. Hence, we have d
dtλ(t) ≥ 0. This completes the proof of Theorem 1.3. □

4. Evolution equation under the normalized weighted Yamabe flow

In this section, we consider the evolution equation for the first eigenvalue of the operator −∆ϕ +
a(Rm

ϕ )α under the normalized weighted Yamabe flow.
The normalized weighted Yamabe flow was first introduced in [17] by Yan, which is the evolution

equation defined on (Mn, g, e−ϕdVg,m) given by ∂g
∂t = −(Rm

ϕ − rm
ϕ )g,

∂ϕ

∂t =
m
2 (Rm

ϕ − rm
ϕ ),

(4.1)

where rm
ϕ = rm

ϕ (t) is the average of the weighted scalar curvature Rm
ϕ , i.e.,

rm
ϕ =

∫
M

Rm
ϕ e−ϕdVg∫

M
e−ϕdVg

.

The normalized weighted Yamabe flow preserves the total weighted volume by incorporating rm
ϕ as a

damping term, whereas the unnormalized flow allows the volume to change. This distinction introduces
additional rm

ϕ -dependent terms in the eigenvalue evolution equation under the normalized flow, which
require corresponding corrections in the associated monotone functionals.

In [17], Yan proved that the normalized weighted Yamabe flow exists for all time and converges to a
metric with constant weighted scalar curvature. Ho et al. in [18] considered the convergence rate of the
normalized weighted Yamabe flow and showed that if the flow converges to an integrable critical point,
then the convergence is exponential; in general, the convergence cannot be worse than a polynomial
rate.

Recall that under the normalized weighted Yamabe flow, the weighted scalar curvature Rm
ϕ evolves

by the following equation (see [17]):

∂Rm
ϕ

∂t
= (m + n − 1)∆ϕRm

ϕ + Rm
ϕ (Rm

ϕ − rm
ϕ ). (4.2)

Using the same argument as in the previous section, we obtain the following evolution equation
(Theorem 4.1) and monotonicity result (Theorem 4.3).

Theorem 4.1. Let (Mn, g) be a closed connected Riemannian manifold, and let (g(t), ϕ(t)), t ∈ [0,T ),
be a solution of the normalized weighted Yamabe flow (4.1) on a smooth metric measure space

AIMS Mathematics Volume 11, Issue 8, 26260–26272.



26269

(Mn, g, e−ϕdVg,m) with Rm
ϕ > 0. Suppose that λ(t) is the first eigenvalue of the operator −∆ϕ + a(Rm

ϕ )α

for constants a and α, and f (t) is the corresponding eigenfunction. Then, under the flow (4.1), λ(t)
satisfies the evolution equation

d
dt
λ(t) =λ(t)

∫
M

(m + n
2

Rm
ϕ − 2a(m + n − 1)(Rm

ϕ )α
)

f 2e−ϕdVg

+ a
∫

M

(
2a(m + n − 1)(Rm

ϕ )α −
m + n − 2α

2
Rm
ϕ

)
(Rm
ϕ )α f 2e−ϕdVg

+ aα(1 − α)(m + n − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

+

∫
M

(
2a(m + n − 1)(Rm

ϕ )α−1 −
m + n − 2

2

)
Rm
ϕ |∇ f |2e−ϕdVg

+ a(1 − α)rm
ϕ

∫
M

(Rm
ϕ )α f 2e−ϕdVg − rm

ϕ λ(t).

Proof. Set si j = −(Rm
ϕ − rm

ϕ )gi j and ϕt =
m
2 (Rm

ϕ − rm
ϕ ). Then, by Lemma 2.1, we have

d
dt
λ(t) = −

∫
M

(Rm
ϕ − rm

ϕ )(∆ϕ f ) f e−ϕdVg +
m + n − 2

2

∫
M
⟨∇Rm

ϕ ,∇ f ⟩ f e−ϕdVg

+ aα
∫

M
(Rm
ϕ )α−1((m + n − 1)∆ϕRm

ϕ + Rm
ϕ (Rm

ϕ − rm
ϕ )

)
f 2e−ϕdVg.

Proceeding as in the derivation of (2.9), we obtain

d
dt
λ(t) = −

m + n
2

∫
M

(Rm
ϕ − rm

ϕ )(∆ϕ f ) f e−ϕdVg + aα
∫

M
(Rm
ϕ )α+1 f 2e−ϕdVg

− aα(α − 1)(m + n − 1)
∫

M
(Rm
ϕ )α−2|∇Rm

ϕ |
2 f 2e−ϕdVg

+ 2a(m + n − 1)
∫

M
(Rm
ϕ )α(∆ϕ f ) f e−ϕdVg − aαrm

ϕ

∫
M

(Rm
ϕ )α f 2e−ϕdVg

+

∫
M

(
2a(m + n − 1)(Rm

ϕ )α−1 −
m + n − 2

2

)
Rm
ϕ |∇ f |2e−ϕdVg.

Inserting (2.1) into the above equation and simplifying completes the proof of Theorem 4.1. □

Remark 4.2. When m = 0 and ϕ = 0, Theorem 4.1 recovers [10, Theorem 4.1] as a special case.

Using Theorem 4.1, we can also establish the monotone quantity associated with the first eigenvalue
of the operator −∆ϕ + a(Rm

ϕ )α under the flow (4.1).

Theorem 4.3. Let (Mn, g) be a closed connected Riemannian manifold. Let (g(t), ϕ(t)), t ∈ [0,T ),
T < 1

max
M

Rm
ϕ0

(where ϕ0 = ϕ(0)), be a solution of the normalized weighted Yamabe flow (4.1) and let λ(t)

be the first eigenvalue of the operator −∆ϕ + a(Rm
ϕ )α for constants 0 < α < 1 and a > 0. Suppose that

the weighted scalar curvature Rm
ϕ satisfies

0 < (Rm
ϕ )α ≤

(
4a(m + n − 1)

m + n − 2α

) α
1−α

.
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Then, along the flow (4.1), the quantity

λ(t) exp
{
−

∫ t

0

(m + n
2

z2(s) − 2a(m + n − 1)zα1 (s) − rm
ϕ

)
ds

}
is nondecreasing, where z1(t) and z2(t) are given by (4.3) and (4.4).

Proof. We first establish upper and lower bounds of Rm
ϕ . Because M is closed, there exists a spatial

maximum point x1 of Rm
ϕ (·, t) such that ∆Rm

ϕ (x1, t) ≤ 0. Therefore, evaluating (4.2) at x1 gives

d
dt

Rm
ϕ ≤ (Rm

ϕ )2 − Rm
ϕ rm
ϕ < (Rm

ϕ )2.

By the maximum principle, we may compare Rm
ϕ with the solution of an ordinary differential equation

z′(t) = z2(t) for initial values
z1(0) = max

M
Rm
ϕ0
,

and have

Rm
ϕ ≤ z1(t) =

max
M

Rm
ϕ0

1 − t max
M

Rm
ϕ0

, (4.3)

for t ∈ [0,T ), T < 1
max

M
Rm
ϕ0

.

On the other hand, since rm
ϕ is the average of Rm

ϕ , we get rm
ϕ ≤ max

M
Rm
ϕ . Combining this with the

pointwise upper bound (4.3), we obtain rm
ϕ ≤ z1(t). Therefore, for the minimum point x2, we have

d
dt

Rm
ϕ ≥ (Rm

ϕ )2 − Rm
ϕ rm
ϕ ≥ (Rm

ϕ )2 − Rm
ϕ z1(t).

Similarly, we get

Rm
ϕ ≥ z2(t) =

(1 − t max
M

Rm
ϕ0

) min
M

Rm
ϕ0

1 − t min
M

Rm
ϕ0
+ 1

2 t2(max
M

Rm
ϕ0

) min
M

Rm
ϕ0

. (4.4)

Arguing as in the proof of Theorem 1.3 and applying Theorem 4.1, we obtain

d
dt
λ(t) ≥λ(t)

∫
M

(m + n
2

Rm
ϕ − 2a(m + n − 1)(Rm

ϕ )α
)

f 2e−ϕdVg − rm
ϕ λ(t)

≥λ(t)
(m + n

2
z2(t) − 2a(m + n − 1)(z1(t))α

)
− rm
ϕ λ(t).

Furthermore, we obtain

d
dt

{
λ(t) exp

{
−

∫ t

0

(m + n
2

z2(s) − 2a(m + n − 1)zα1 (s) − rm
ϕ

)
ds

}}
= exp

{
−

∫ t

0

(m + n
2

z2(s) − 2a(m + n − 1)zα1 (s) − rm
ϕ

)
ds

}
×

{
d
dt
λ(t) − λ(t)

(m + n
2

z2(t) − 2a(m + n − 1)zα1 (t) − rm
ϕ

)}
≥0.

This completes the proof of Theorem 4.3. □
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5. Conclusions and discussion

The results obtained in this paper provide a first step toward understanding the spectral behavior of
the weighted Yamabe flow with nonlinear curvature terms. Several interesting questions remain open.

First, it would be interesting to investigate whether the curvature restrictions imposed in the
monotonicity theorem can be weakened.

Second, the long-time behavior of the monotone eigenvalue functional deserves further study. In
particular, one may ask whether the monotonicity result can be combined with convergence results
for the weighted Yamabe flow to obtain spectral rigidity or a characterization of limiting weighted
manifolds.

Finally, the techniques developed here may be applicable to other geometric flows involving
weighted curvature quantities. Possible directions include weighted Ricci flows, weighted conformal
flows, and other curvature-driven evolutions on smooth metric measure spaces.
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