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1. Introduction

Uncertainty modeling is an area in mathematics, as well as applied sciences, that has developed
considerably within the last several decades. Classical set theory and conventional topological
techniques are frequently not sufficient to handle imprecise or ambiguous data. In order to overcome
this shortcoming, Zadeh in 1965 proposed the concept of fuzzy set in which elements of a set are free
to be members with different membership degrees (see, e.g., [1]) as opposed to being limited to binary
values (0 or 1).

Moreover, Molodtsov [2] introduced the theory of soft sets as a novel mathematical framework
for handling uncertainty. Since its introduction, soft set theory has been extensively developed and
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successfully applied in various fields, including medicine, economics, mathematics, and engineering.
Next, abstract research of soft-set operators was taken into account by Maji et al. [3], uses in decision-
making problems. In addition, Shabir and Naz [4], proposed the concept of soft topological spaces (st-
spaces) determined on an initial universe with a known set of parameters. Majumdar and Samanta [5],
studied mappings on soft sets and how they can be applied in medical diagnosis. The concept of
soft mappings was presented by Kharal and Ahmed [6], and the concept of soft continuity was later
elaborated by Aygunoglu and Aygun. [7]. Since then, many studies have been devoted to soft continuity
which are recorded in [8–10]. The generalization of soft open sets (S-open sets) plays an effective role
in a soft topology through their ability to improve on many results, or to open the door to explore and
discuss several soft topological notions such as soft continuity [11–13].

The notion of fuzzy soft sets (fs- sets) was first defined in 2001 by Maji et al. [14], which combines
the f-set [1] and s-set [2]. The concept of fst-spaces was introduced and many of its properties such as
fs-continuity, fs-closure operators, fs-interior operators, and fs-subspaces were studied [15, 16] based
on fuzzy topologies in the sense of S̆ ostak [17]. Also, a novel approach to discussing fs-regularity
axioms and fs-separation axioms using fs-sets was explored by Taha [18, 19]. The notions of r-FS-
regularly-open sets, r-FS-pre-open sets, r-FS-semi-open sets, r-FS-α-open sets, and r-FS-β- open sets
were introduced by the authors [20–23]. Furthermore, Alshammari et al. [24] defined and investigated
the concept of fs-δ-continuous functions based on fuzzy topologies in the sense of Sostak [17].

Another theory that came out to be an improvement upon fuzzy and intuitionistic fuzzy sets is
neutrosophic set theory, introduced by Smarandache [25], where you introduce indeterminacy as well
as truth and falsity, and three separate degrees of membership are used. Single-valued neutrosophic
sets have been the most frequently used type because they are easier to implement in code and easier to
apply in practice (see [26,27]). In recent times, Saber et al. [28,29] familiarized the concepts of single-
valued neutrosophic closure space, single-valued neutrosophic ideal, r-single-valued neutrosophic
connected sets, and single-valued neutrosophic ideal open local functions based on single-valued
neutrosophic topological space.

Saber et al. [30] proposed the concept of the novel concept of single-valued neutrosophic
soft topological spaces and single-valued neutrosophic soft closure spaces. The notions of
singlevalued neutrosophic soft uniformities, single-valued neutrosophic soft topologies, and single-
valued neutrosophic soft interior operators were introduced by Saber et al. [31]. Furthermore,
Alsharari et al. [32] defined and investigated the concepts of stratified single-valued neutrosophic
soft topogenous (stratified svns-topogenous), stratified single-valued neutrosophic soft filter (stratified
svns-filter), stratified single-valued neutrosophic soft quasi uniformity (stratified svnsq-uniformity),
and stratified single-valued neutrosophic soft quasi proximity based on single-valued neutrosophic soft
ideal topological spaces [28].

In this paper, we aim to introduce and investigate several new concepts within the framework of
single-valued neutrosophic soft ideal topological spaces. In particular, we will define t single-valued
neutrosophic soft δI-cluster points and θI-cluster points, along with their corresponding δI-closure
and θI-closure operators. We will also study t-single valued neutrosophic soft δI-closed and θI-
closed sets and examine their fundamental properties. Furthermore, we will introduce and analyze
various types of continuity, including single-valued neutrosophic soft δI-continuity, θI-continuity,
and almost I-continuity, as well as stronger forms such as strongly θ-ideal continuity and almost ideal
continuity. In addition, we will establish the notions of single-valued neutrosophic soft I-regular and
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almost I-regular spaces and explore the relationships among these concepts.

2. Preliminaries

In this study, the symbols Φ and K are used to denote nonempty sets. Let ~ denote the set of all
parameters associated with Φ, and let M ⊆ ~. The family of all single-valued neutrosophic sets on Φ is
denoted by IΦ, where I◦ = (0, 1] and I = [0, 1]. For any γ ∈ I, the constant single-valued neutrosophic
set γ is defined by γ(κ) = γ for every κ ∈ Φ. Table 1 lists the symbols used throughout the paper.

Table 1. List of symbols used throughout the paper.

Symbol Description
Φ Universe of discourse (nonempty set)
K A nonempty set
~ Set of all parameters associated with Φ.
G
%σϕ

~ Single-valued neutrosophic soft topology
QG%σϕ

~
(ς, κ(m,n,r)

γ , t) single-valued neutrosophic soft open QG%σϕ
~

-neighborhood
of κ(m,n,r)

γ

H
%σϕ

~ Single-valued neutrosophic soft ideal on Φ

CG%σϕ
~

Single-valued neutrosophic soft closure operator
IG%σϕ

~
Single-valued neutrosophic soft interior operator

δCG%σϕ
~

δI-closure operator
SVNS-δI-continuous δ-ideal continuity in single-valued neutrosophic soft

topological spaces
SVNS-θI-continuous θ-ideal continuity in single-valued neutrosophic soft

topological spaces.
SVNS-I-regular Single valued neutrosophic softideal regular
SVNS-almost-I-regular Single valued neutrosophic soft almost ideal regular

Definition 1. [25] Let Φ be a universal set. A neutrosophic set (briefly, n-set) Ξ on Φ is defined as

Ξ = {(κ, 〈%
Ξ
(κ), σ

Ξ
(κ), ϕ

Ξ
(κ)〉) | κ ∈ Φ, %

Ξ
(κ), σ

Ξ
(κ), ϕ

Ξ
(κ) ∈c−0, 1+b},

where %
Ξ
(κ), σ

Ξ
(κ), and ϕ

Ξ
(κ) denote the truth-membership, indeterminacy-membership, and falsity-

membership functions, respectively.

Definition 2. [33] Let Φ be a universe of objects with a generic element κ ∈ Φ. A single-
valued neutrosophic set (briefly, svn-set) Ξ in Φ is defined as Ξ = {(κ, 〈%

Ξ
(κ), σ

Ξ
(κ), ϕ

Ξ
(κ)〉)}, where

%
Ξ
(κ), σ

Ξ
(κ), ϕ

Ξ
(κ) : Φ → I. Here, %

Ξ
(κ), σ

Ξ
(κ), and ϕ

Ξ
(κ) represent the truth-membership,

indeterminacy-membership, and falsity-membership functions of H, respectively.

Definition 3. [30] Let ΞA be a single-valued neutrosophic soft set (briefly, svns-set) on Φ, where
Ξ : ~ → IΦ. In other words, for each ς ∈ A, the mapping Ξ(ς) (denoted by Ξς) represents a single-
valued neutrosophic set (svn-set) on Φ. For parameters ς < A, it is defined that Ξ(ς) = 〈0, 1, 1〉.
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Each svn-set Ξ(ς) is regarded as an element of the svnfs ΞA. Consequently, a svns-set Ξ~ on Φ can
be expressed as

(Ξ, ~) = {(ς,Ξ(ς)) | ς ∈ ~, Ξ(ς) ∈ IΦ} = {(ς, 〈%
Ξ
(ς), σ

Ξ
(ς), ϕ

Ξ
(ς)〉) | ς ∈ ~, Ξ(ς) ∈ IΦ}.

Here, %
Ξ

: ~ → I denotes the membership function, σ
Ξ

: ~ → I represents the indeterminacy
function, and ϕ

Ξ
: ~→ I denotes the non-membership function of the svns-set.

The pair (̃Φ, ~) represents the family of all svns-sets defined on Φ and is referred to as the universe
of svns-sets.

A svns-sets Ξ~ on Φ is called a null-svns-set (briefly, Φ̃) if %
Ξ
(ς) = 0, σ

Ξ
(ς) = 1, ϕ

Ξ
(ς) = 1, for

every ς ∈ ~.
A svns-sets Ξ~ on Φ is called a absolute-svns-set (briefly, ~̃) if %

Ξ
(ς) = 1, σ

Ξ
(ς) = 0, ϕ

Ξ
(ς) = 0, for

every ς ∈ ~.
Furthermore, a svns-sets Ξ~ on Φ is said to be a s-absolute svns-set (briefly, ~̃s) if %

Ξ
(ς) = s, σ

Ξ
(ς) =

0, ϕ
Ξ
(ς) = 0, for all ς ∈ ~, where s ∈ I.

Definition 4. [30] Let ΞA ,ΥB ∈ (̃Φ, ~) be an svns-sets on Φ. Then,

(i) Inclusion of two sets (for short, ΞA v ΥB) defined as

%
Ξ
(ς) ≤ %

Υ
(ς), σ

Ξ
(ς) ≥ σ

Υ
(ς), ϕ

Ξ
(ς) ≥ ϕ

Υ
(ς);

(ii) The complement of the set ΞA denoted by (for short, (ΞA)c) is defined as

(ΞA)c = {(ς, 〈ϕ
Ξ
(ς), σ(Ξ)c (ς), %

Ξ
(ς)〉) | ς ∈ ~,Ξ(ς) ∈ IΦ}.

Definition 5. [34] Let Φ be a universal set and let ~ denote a collection of parameters. A single-
valued neutrosophic soft point, written as κ(m,n,r)

γ on Φ, is defined as a mapping from ~ into the class of
single-valued neutrosophic soft points of Φ satisfying

κ(m,n,r)
γ (γ)(y) =

(m, n, r), if γ = γ, and y = κ,

〈0, 1, 1〉, otherwise,

where γ is a single-valued neutrosophic point on Φ. Moreover, we say that κ(m,n,r)
γ belongs to ΞA

(κ(m,n,r)
γ ∈̃ ΞA) if m ≤ %

ΞA
(κ)(γ), n ≥ σ

ΞA
(κ)(γ) and r ≥ ϕ

ΞA
(κ)(γ) . On Φ, ˜P(m,n,r)(Φ) is the family of all

svns-points.

Definition 6. [34] Let Φ , 0 and let ΞA ∈ (̃Φ, ~). For a point κ(m,n,r)
γ

∈ ˜P(m,n,r)(Φ), the point κ(m,n,r)
γ

is said to be single-valued neutrosophic soft quasi-coincident (for short, svnsqc-coincident) with ΞA ,
denoted by κ(m,n,r)

γ
Λ ΞA , if there exists γ ∈ Φ such that

m + %
ΞA

(κ)(γ) > 1, m + σ
ΞA

(κ)(γ) ≤ 1, r + ϕ
ΞA

(κ)(γ) ≤ 1.

Furthermore, for any ΞA ,ΥB ∈ (̃Φ, ~), we write ΞA Λ ΥB whenever there exists an element γ ∈ Φ

satisfying

%
ΞA

(κ)(γ) + %
ΥB

(κ)(γ) > 1, σ
ΞA

(κ)(γ) + σ
ΥB

(κ)(γ) ≤ 1, ϕ
ΞA

(κ)(γ) + ϕ
ΥB

(κ)(γ) ≤ 1.
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Definition 7. [30] We say thatG%ς,Gσς ,G
ϕ
ς : ~→ I(̃Φ,~) forms a single-valued neutrosophic soft topology

(svnst) on Φ, if it satisfies the subsequent axioms for every ς ∈ ~:

(G1) G%ς(φ) = 1,Gσς (φ) = 0,Gϕς (φ) = 0 and G%ς (̃~) = 1,Gσς (̃~) = 0,Gϕς (̃~) = 0;
(G2) G%ς(ΞA u ΥB) ≥ G%ς(ΞA) ∧ G%ς(ΥB), Gσς (ΞA u ΥB) ≤ Gσς (ΞA) ∧ Gσς (ΥB), Gϕς (ΞA u ΥB) ≤ Gϕς (ΞA) ∧

G
ϕ
ς (ΥB), ∀ ΞA,ΥB ∈ (̃Φ, ~);

(G3) G%ς(
⊔

i∈†(ΞA)i) ≥
∧

i∈†(G
%
ς((ΞA)i), Gσς (

⊔
i∈†(ΞA)i) ≤

∨
i∈†(Gσς ((ΞA)i), G

ϕ
ς (
⊔

i∈†(ΞA)i) ≤∨
i∈†(G

ϕ
ς ((ΞA)i), ∀ ΞA ∈ (̃Φ, ~).

A quadruple (Φ,G%ς,Gσς ,G
ϕ
ς ) is said to form a single-valued neutrosophic soft topological space

(svnst-space). When no ambiguity occurs, we simply denote (G%ς,Gσς ,G
ϕ
ς ) by G%σϕ~ .

Definition 8. [30] Let (Φ,G%~,G
σ
~ ,G

ϕ

~) be an svnst-space. For ΞA ∈ (̃Φ, ~), ς ∈ ~, and t ∈ I◦, the
operators CG%σϕ

~
and IG%σϕ

~
are mappings from ~ × (̃Φ, ~) × I◦ into (̃Φ, ~) defined as follows:

CG%σϕ
~

(ς,ΞA, t) =
∏{

ΥB ∈ (̃Φ, ~)
∣∣∣∣ ΞA v ΥB, G%%(Υ

c
B) ≥ α, Gσς (Υc

B) ≤ 1 − t,Gϕς (Υc
B) ≤ 1 − t

}
,

IG%σϕ
~

(ς,ΞA, t) =
∐{

ΥB ∈ (̃Φ, ~)
∣∣∣∣ ΥB v ΞA G%ς(ΥB) ≥ t, Gσ% (ΥB) ≤ 1 − t,Gϕς (ΥB) ≤ 1 − t

}
.

Definition 9. [34] Let (Φ,G%ς,Gσς ,G
ϕ
ς ) be an svnst-space. For t ∈ I◦, ΞA ∈ (̃Φ, ~), and

κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ), a single-valued neutrosophic soft open QG%σϕ

~
-neighborhood of κ(m,n,r)

γ is defined
by

QG%σϕ
~

(ς, κ(m,n,r)
γ , t) =

{
ΞA

∣∣∣∣ κ(m,n,r)
γ

Λ ΞA , G
%
ς(ΞA) ≥ t, Gσς (ΞA) ≤ 1 − t, Gϕς (ΞA) ≤ 1 − t

}
.

Definition 10. [28] A mappingH%
ς ,H

σ
ς ,H

ϕ
ς : I◦ → IΦ is said to be a single-valued neutrosophic soft

ideal on Φ if it satisfies the following properties:

(H1) H%
ς (0) = 1 andHσ

ς (0) = H
ϕ
ς (0) = 0.

(H2) If ΞA v ΥB, then H%
ς (ΞA) ≤ H%

ς (Υb), Hσ
ς (ΞA) ≥ Hσ

ς (ΥB), Hϕ
ς (ΞA) ≥ Hϕ

ς (ΥB), for every svn-sets
ΞA,ΥB ∈ (̃Φ, ~).

(H3) For anysvn-sets ΞA,ΥB ∈ (̃Φ, ~),H%
ς (ΞA t ΥB) ≥ H%

ς (ΞA) ∩H%
ς (ΥB), Hσ

ς (ΞA t ΥB) ≤ Hσ
ς (ΞA) ∪

Hσ
ς (ΥB), Hϕ

ς (ΞA t ΥB) ≤ Hϕ
ς (ΞA) ∪Hϕ

ς (ΥB).

Remark 1. The introduction of ideals in single-valued neutrosophic soft topological spaces provides
a useful mechanism for describing negligible or insignificant components within the considered
structure. In this framework, ideals play an essential role in defining and analyzing generalized
operators by controlling the subsets that can be ignored in the topological structure. Consequently,
the presence of ideals allows us to obtain new closure and interior operators and establish more
general results than those obtained in the absence of ideals. Thus, ideals are not merely additional
assumptions, but they represent a fundamental component that contributes to the development of the
proposed structure and its related properties.

Definition 11. [28] Let (Φ,G%ς,Gσς ,G
ϕ
ς ) be an svnst-space and let ΞA ∈ (̃Φ, ~). The single-valued

neutrosophic soft ideal open local function of ΞA, denoted by Ξ?
A(G%σϕ~ ,H

%σϕ

~ ), is defined as the
union of all single-valued neutrosophic soft points κ(m,n,r)

γ
satisfying the following condition: If

AIMS Mathematics Volume 11, Issue 8, 26136–26167.



26141

ΥB∈̃QG%σϕ
~

(ς, κ(m,n,r)
γ , t) and H%

ς (ΞA) ≥ t, Hσ
ς (ΞA) ≤ 1 − t, Hϕ

ς (ΞA) ≤ 1 − t, then there exists an
element γ ∈ Φ such that

%
ΞA

(κ) + %
ΥB

(κ) − 1 > %
RC

(κ),

σ
ΞA

(κ) + σ
ΥB

(κ) − 1 ≤ σ
RC

(κ),

ϕ
ΞA

(κ) + ϕ
ΥB

(κ) − 1 ≤ ϕ
RC

(κ).

Remark 2. [28] Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be a single-valued neutrosophic soft ideal topological spaces
(svnsit-spaces) and let ΞA ∈ (̃Φ, ~). Then, we define

C?
G
%σϕ
~

(ς,ΞA, t) = ΞA t Ξ?
A, I?

G
%σϕ
~

(ς,ΞA, t) = ΞA u [(Ξc
A)?]c.

Definition 12. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be a svnsit-spaces and let t ∈ I◦, ς ∈ ~. Then, ΞA ∈ (̃Φ, ~) is said to
be:

(i) An t-single-valued neutrosophic soft pre-ideal open set (abbreviated as t-SVNSPIO) iff ΞA ≤

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t);
(ii) An t-single-valued neutrosophic soft regular ideal open set (abbreviated as t-SVNSRIO) iff ΞA =

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t);
(iii) An t-single-valued neutrosophic soft strongly β-ideal open set (abbreviated as t-SVNSSβIO) iff

ΞA ≤ C
?
G
%σϕ
~

(ς,IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t), t);
(iv) An t-single-valued neutrosophic soft δ-ideal open set (abbreviated as t-SVNSδIO) iff
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΞA, t), t) ≤ C?G%σϕ
~

(ς,IG%σϕ
~

(ς,ΞA, t), t);

(v) An t-single-valued neutrosophic soft IRG
%σϕ

~ -neighborhood of κ(m,n,r)
γ if κ(m,n,r)

γ Λ ΞA and ΞA is
t-SVNSRIO. We denote

IR
G%σϕ

~ (ς, κ(m,n,r)
γ , t) =

{
ΞA ∈ (̃Φ, ~)

∣∣∣∣ κ(m,n,r)
γ

Λ ΞA , ΞA is t − SVNSRIO
}
.

3. t-single-valued neutrosophic soft θI-open and δI-open sets

In this section, we introduce and study the concept of t-single-valued neutrosophic soft δI-cluster
points. Based on this concept, we define the δI-closure and θI-closure operators as mappings

δCG%σϕ
~

: ~ × (̃Φ, ~) × I◦ → (̃Φ, ~), θCG%σϕ
~

: ~ × (̃Φ, ~) × I◦ → (̃Φ, ~),

and investigate their fundamental properties.
Furthermore, we introduce and analyze the notions of t-svn-δI-closed and t-svn-θI-closed sets,

examining their interrelationships within the framework of single-valued neutrosophic soft topological
spaces.

Definition 13. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces. For each t ∈ I◦, ς ∈ ~, ΞA ∈ (̃Φ, ~), and
κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ). Then:

(i) κ(m,n,r)
γ is called t-single-valued neutrosophic soft δI-cluster point (t-δI-cluster point) of ΞA if for

every ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) we have ΞA Λ IG%σϕ(ς,C?G%σϕ

~

(ς,ΥB, t), t);
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(ii) δI-closure operator is a mapping δCG%σϕ
~

: ~ × (̃Φ, ~) × I◦ → (̃Φ, ~) defined as

δCG%σϕ
~

(ς,ΞA, t) =
∐{

κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ)

∣∣∣∣ κ(m,n,r)
γ is t − δI − cluster point o f ΞA

}
.

Theorem 1. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for each t ∈ I◦, ς ∈ ~ and ΞA,ΥB∈̃(̃Φ, ~). Then, the
following properties hold:

(1) ΞA ≤ δCG%σϕ
~

(ς,ΞA, t).
(2) If ΞA ≤ ΥB, then δCG%σϕ

~
(ς,ΞA, t) ≤ δCG%σϕ

~
(ς,ΥB, t).

(3) IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t) is t-SVNSRIO.

(4) δCG%σϕ
~

(ς,ΞA, t) = u{ΥB∈̃(̃Φ, ~)|ΞA ≤ ΥB, ΥB is t-SVNSRIC}.
(5) CG%σϕ

~
(ς,ΞA, t) ≤ δCG%σϕ

~
(ς,ΞA, t).

Proof. (1) and (2) are easily proved from Definition 13.
(3) Let ΥB ∈̃ (̃Φ, ~) and ΥB = IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΞA, t), t). Then, we have

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t) = IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t), t), t)

≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t), t)

= IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t) = ΥB.

Since
ΥB = IG%σϕ

~
(ς,ΥB, t) ≤ IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΥB, t), t),

hence

ΥB = IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t).

(4) Setting R = u{ΥB∈̃(̃Φ, ~)|ΞA ≤ ΥB, ΥB is t-SVNSRIC}, and let δCG%σϕ
~

(ς,ΞA, t) � R. Then there
exist κ ∈ Φ and m, n, r ∈ I◦ such that

%δC
G
%
ς

(ς,ΞA,t)(κ) < m < %
R
(κ),

σδCGσς (ς,ΞA,t)(κ) ≥ n ≥ σR(κ),

ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r ≥ ϕR(κ).

(3.1)

Then, κ(m,n,r)
γ is not a t-δI-cluster point of ΞA. So, there exists

ΥB∈̃QG%σϕ
~

(ς, κ(m,n,r)
γ , t), ΞA ≤

(
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΥB, t), t)
)c
.

Thus,

ΞA ≤
(
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΥB, t), t)
)c

= CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,Υc
B, t), t).
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Since CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,Υc
B, t), t) is t-SVNSRIC,

%R(κ) ≤ %C
G
%
~
(ς,I?

G
%
~

(ς,Υc
B,t),t)(κ) < m,

σR(κ) ≥ σCGσ
~

(ς,I?
Gσ
~

(ς,Υc
B,t),t)(κ) ≥ n,

ϕR(κ) ≥ ϕC
G
ϕ
~

(ς,I?
G
ϕ
~

(ς,Υc
B,t),t)(κ) ≥ r.

This contradicts Eq (3.1). Thus δCG%σϕ
~

(ς,ΞA, t) ≥ R.

Suppose δCG%σϕ
~

(ς,ΞA, t) � R. Then, there exists t-δI-cluster point y(ḿ,ń,ŕ)
γ ∈̃ ˜P(m,n,r)(Φ) of ΞA, such

that 
%δC

G
%
ς

(ς,ΞA,t)(y) > ḿ > %R(y),

σδCGσς (ς,ΞA,t)(y) ≤ ń ≤ σR(y),

ϕδC
G
ϕ
ς

(ς,ΞA,t)(y) ≤ ŕ ≤ ϕR(y).

(3.2)

By the definition of R, there exists t-SVNSRIC ΥB ∈ (̃Φ, ~) with ΞA ≤ ΥB such that

%δC
G
%
ς

(ς,ΞA,t)(y) > ḿ > %ΥB(y) ≥ %R(y),

σδCGσς (ς,ΞA,t)(y) ≤ ń ≤ σΥB(y) ≤ σR(y),

ϕδC
G
ϕ
ς

(ς,ΞA,t)(y) ≤ ŕ ≤ ϕΥB(y) ≤ ϕR(y).

Then, Υc
B ∈̃ QG

%σϕ
~

(ς, y(ḿ,ń,ŕ)
γ , t). So,

ΞA ≤ ΥB =
(
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,Υc
B, t), t)

)c
.

Therefore, ΞA Λ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,Υc
B, t), t). Hence, y(ḿ,ń,ŕ)

γ is not a t-δI-cluster point of ΞA, that is,

%δC?
G
%
ς

(ς,ΞA,t) < ḿ, σδC?
Gσς

(ς,ΞA,t) ≥ ń, ϕδC
G
ϕ
ς

(ς,ΞA,t) ≥ ŕ.

This contradicts Eq (3.2). Thus, δCG%σϕ
~

(ς,ΞA, t) ≤ R.

(5) Suppose that ΥB∈̃(̃Φ, ~) and t ∈ I◦ such that

CG%σϕ
~

(ς,ΞA, t) � δCG%σϕ
~

(ς,ΞA, t).

Then, there exist κ ∈ Φ and m, n, r ∈ I◦ such that

%C
G
%
~

(ς,ΞA,t)(κ) > m > %δC
G
%
~
(ς,ΞA,t)(κ),

σCGσ
~

(ς,ΞA,t)(κ) ≤ n ≤ σδCGσ
~

(ς,ΞA,t)(κ),

ϕC
G
ϕ
~

(ς,ΞA,t)(κ) ≤ r ≤ ϕδC
G
ϕ
~

(ς,ΞA,t)(κ).
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Since %δC
G
%
~

(ς,ΞA,t)(κ) < m, σδCGσ
~

(ς,ΞA,t)(κ) ≥ n, and ϕδC
G
ϕ
~

(ς,ΞA,t)(κ) ≥ r, κ(m,n,r)
γ is not a t-δI-cluster point

of ΞA. So, there exists ΥB∈̃QG%σϕ
~

(ς, κ(m,n,r)
γ , t), and

ΞA ≤
(
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΥB, t), t)
)c
.

Hence,
%C
G
%
~

(ς,ΞA,t)(κ) ≤ %(I
G
%
~
(ς,C

G
%
~
(ς,ΥB,t),t))c(κ) < m,

σCGσ
~

(ς,ΞA,t)(κ) ≥ σ(IGσ
~

(ς,CGσ
~

(ς,ΥB,t),t))c(κ) ≥ n,

ϕC
G
ϕ
~

(ς,ΞA,t)(κ) ≥ ϕ(I
G
ϕ
~

(ς,C
G
ϕ
~

(ς,ΥB,t),t))c(κ) ≥ r.

This is a contradiction. Thus,
CG%σϕ

~
(ς,ΞA, t) ≤ δCG%σϕ

~
(ς,ΞA, t).

�

Lemma 1. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, and ΞA∈̃(̃Φ, ~) a t-SVNSβIO set. Then,
CG%σϕ

~
(ς,ΞA, t) = δCG%σϕ

~
(ς,ΞA, t).

Proof. We establish the following inequality:

CG%σϕ
~

(ς,ΞA, t) ≥ δCG%σϕ
~

(ς,ΞA, t).

Assume, to the contrary, that
CG%σϕ

~
(ς,ΞA, t) � δCG%σϕ

~
(ς,ΞA, t).

Then, there exist κ ∈ Φ and m, n, r ∈ I◦ such that
%C
G
%
~

(ς,ΞA,t)(κ) < m < %δC
G
%
~
(ς,ΞA,t)(κ),

σCGσ
~

(ς,ΞA,t)(κ) ≥ n ≥ σδCGσ
~

(ς,ΞA,t)(κ),

ϕC
G
ϕ
~

(ς,ΞA,t)(κ) ≥ r ≥ ϕδC
G
ϕ
~

(ς,ΞA,t)(κ).

(3.3)

According to the definition of CG%σϕ
~

, there exists ΥB ∈ (̃Φ, ~) such that

G%%(Υ
c
B) ≥ α, Gσς (Υc

B) ≤ 1 − t, Gϕς (Υc
B) ≤ 1 − t, and ΞA v ΥB,

such that
%C
G
%
~

(ς,ΞA,t)(κ) ≤ %ΥB(κ) < m < %δC
G
%
~
(ς,ΞA,t)(κ),

σCGσ
~

(ς,ΞA,t)(κ) ≥ σΥB(κ) ≥ n ≥ σδCGσ
~

(ς,ΞA,t)(κ),

ϕC
G
ϕ
~

(ς,ΞA,t)(κ) ≥ ϕΥB(κ) ≥ r ≥ ϕδC
G
ϕ
~

(ς,ΞA,t)(κ).

Then, Υc
B∈̃QG

%σϕ
~

(ς, κ(m,n,r)
γ , t), and

ΞC
A ≥ Υc

B ⇒ I
?
G
%σϕ
~

(ς,Ξc
A, t) ≥ I

?
G
%σϕ
~

(ς,Υc
B, t) = (C?

G
%σϕ
~

(ς,ΥB, t))c = (CG%σϕ
~

(ς,ΥB, t))c = Υc
B.
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Then, C?
G
%σϕ
~

(ς,ΞA, t) Λ Υc
B implies that

Υc
B ≤ (C?

G
%σϕ
~

(ς,ΞA, t), t)c ⇒ C?
G
%σϕ
~

(ς,Υc
B, t), t) ≤ (I?

G
%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t))c

⇒ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,Υc
B, t), t) ≤ (CG%σϕ

~
(ς,I?

G
%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t), t))c

⇒ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,Υc
B, t), t) ≤ (C?

G
%σϕ
~

(ς,IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t), t))c.

Thus,
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,Υc
B, t), t) Λ C?

G
%σϕ
~

(ς,IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t), t).

Since ΞA is t-SVNSβIO, IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,Υc
B, t), t) Λ ΞA. So, κ(m,n,r)

γ is not a t-δI-cluster point of ΞA.
Thus,

%δC
G
%
~
(ς,ΞA,t)(κ) < m,

σδCGσ
~

(ς,ΞA,t)(κ) ≥ n,

ϕδC
G
ϕ
~

(ς,ΞA,t)(κ) ≥ r.

This contradicts Eq (3.3). Hence,

CG%σϕ
~

(ς,ΞA, t) ≥ δCG%σϕ
~

(ς,ΞA, t).

By Theorem 1(5),
CG%σϕ

~
(ς,ΞA, t) = δCG%σϕ

~
(ς,ΞA, t).

�

Definition 14. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces. For t ∈ I◦, ς ∈ ~, ΞA ∈ (̃Φ, ~) and
κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ). Then

(i) ΞA is called t-single valued neutrosophic soft δI-cluster point (t-θI-cluster point) of ΞA if for
every ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) we have ΞA Λ C?
G
%σϕ
~

(ς,ΥB, t);

(ii) The θI-closure operator is a mapping θCG%σϕ
~

: ~ × (̃Φ, ~) × I◦ → (̃Φ, ~) defined as

θCG%σϕ
~

(ς,ΞA, t) = t{κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ)

∣∣∣∣ κ(m,n,r)
γ is t − θI − cluster point o f ΞA}.

Theorem 2. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for each ΞA,ΥB∈̃(̃Φ, ~), ς ∈ ~ and t ∈ I◦. Then, the
following properties hold:

(1) ΞA ≤ θCG%σϕ
~

(ς,ΞA, t).
(2) If ΞA ≤ ΥB, then θCG%σϕ

~
(ς,ΞA, t) ≤ θCG%σϕ

~
(ς,ΥB, t).

(3) CG%σϕ
~

(ς,ΞA, t) ≤ t{κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ)

∣∣∣∣ κ(m,n,r)
γ is t − δI − cluster point o f ΞA}.

(4) θCG%σϕ
~

(ς,ΞA, t) = u{ΥB∈̃(̃Φ, ~)
∣∣∣∣ ΞA ≤ I

?
G
%σϕ
~

(ς,ΥB, t), G%σϕ~ (Υc
B) ≥ t}.

(5) δCG%σϕ
~

(ς,ΞA, t) = u{ΥB∈̃(̃Φ, ~)
∣∣∣∣ ΞA ≤ ΥB is t-SVNSδIC}.

(6) κ(m,n,r)
γ is t − θI-cluster point of ΞA iff κ(m,n,r)

γ ∈̃ θCG%σϕ
~

(ς,ΞA, t).
(7) κ(m,n,r)

γ is t − δI-cluster point of ΞA iff κ(m,n,r)
γ ∈̃ δCG%σϕ

~
(ς,ΞA, t).
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(8) If ΞA = CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΞA, t), t), then ΞA = δCG%σϕ
~

(ς,ΞA, t)
(9) ΞA ≤ CG%σϕ

~
(ς,ΞA, t) ≤ δCG%σϕ

~
(ς,ΞA, t) ≤ θCG%σϕ

~
(ς,ΞA, t).

(10) W(ς,ΞA t ΥB, t) =W(ς,ΞA, t) ∪W((ς,ΥB, t)) for eachW = {δCG%σϕ
~
, θCG%σϕ

~
}.

(11) δCG%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,ΞA, t), t).

Proof. From Definition 14, (1) and (2) are easily proved.
(3) Setting R = t{κ(m,n,r)

γ ∈̃ ˜P(m,n,r)(Φ)
∣∣∣∣ κ(m,n,r)

γ , is t − δI − cluster point o f ΞA}.
Suppose that CG%σϕ

~
(ς,ΞA, t) � R. Then, there exists κ ∈ Φ and m, n, r ∈ I◦ such that

%C
G
%
~
(ς,ΞA,t)(κ) > m > %R(κ),

σCGσ
~

(ς,ΞA,t)(κ) ≤ n ≤ σR(κ),

ϕC
G
ϕ
~

(ς,ΞA,t)(κ) ≤ r ≤ ϕR(κ).

(3.4)

Then, κ(m,n,r)
γ is not a t − δI − cluster point o f ΞA. So, there exists ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t),

ΞA ≤ [IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t)]c ≤ Υc
B.

By the definition of CG%σϕ
~

,

%C
G
%
ς

(ς,ΞA,t)(κ) ≤ %Υc
B
(κ) < m,

σCGσς (ς,ΞA,t)(κ) ≥ σΥc
B
(κ) ≥ n,

ϕC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ ϕΥc
B
(κ) ≥ r.

This contradicts Eq (3.4). Thus, CG%σϕ
~

(ς,ΞA, t) ≤ R,

(4) S = u{ΥB∈̃(̃Φ, ~)
∣∣∣∣ ΞA ≤ I

?
G
%σϕ
~

(ς,ΥB, t), G%σϕ~ (Υc
B) ≥ t}.

Suppose that θCG%σϕ
~

(ς,ΞA, t) � S. Then, there exists κ ∈ Φ and m, n, r ∈ I◦ such that
%θC

G
%
ς

(ς,ΞA,t)(κ) < m < %S(κ),

σθCGσς (ς,ΞA,t)(κ) ≥ n ≥ %S(κ),

ϕθC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r ≥ ϕS(κ).

(3.5)

Then, κ(m,n,r)
γ is not a t − θI − cluster point o f ΞA. So, there exists ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) and
ΞA ≤ (C?

G
%σϕ
~

(ς,ΥB, t))c. Hence, ΞA ≤ (C?
G
%σϕ
~

(ς,ΥB, t))c = I?
G
%σϕ
~

(ς,Υc
B, t), G

%
ς(ΥB) ≥ t, Gσς (ΥB) ≤ 1 − t,

G
ϕ
ς (ΥB) ≤ 1 − t. Thus,

%S(κ) ≤ %Υc
B
(κ) < m, σS(κ) ≥ σΥc

B
(κ) ≥ n, ϕS(κ) ≥ ϕΥc

B
(κ) ≥ r.

This contradicts Eq (3.5). Thus, θCG%σϕ
~

(ς,ΞA, t) ≥ S.
Suppose that θCG%σϕ

~
(ς,ΞA, t) � S. Then, there exists t-θI-cluster point y(ḿ,ń,ŕ)

γ ∈̃ ˜P(m,n,r)(Φ) of ΞA,

such that 
%θC

G
%
ς

(ς,ΞA,t)(y) > ḿ > %S(y),

σθCGσς (ς,ΞA,t)(y) ≤ ń ≤ σS(y),

ϕθC
G
ϕ
ς

(ς,ΞA,t)(y) ≤ ŕ ≤ ϕS(y).

(3.6)
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By the definition of S, there exists ΥB ∈̃ (̃Φ, ~) with ΞA ≤ I
?
G
%σϕ
~

(ς,ΥB, t), G%ς(Υc
B) ≥ t, Gσς (Υc

B) ≤ 1 − t,
G
ϕ
ς (Υc

B) ≤ 1 − t such that
%θC

G
%
ς

(ς,ΞA,t)(y) > ḿ > %ΥB(y) ≥ %S (y),

σθCGσς (ς,ΞA,t)(y) ≤ ń ≤ σΥB(y) ≤ σS (y),

ϕθC
G
ϕ
ς

(ς,ΞA,t)(y) ≤ ŕ ≤ ϕΥB(y) ≤ ϕS (y).

Then, Υc
B ∈̃ QG

%σϕ
~

(ς, y(ḿ,ń,ŕ)
γ , t). Furthermore, ΞA ≤ I

?
G
%σϕ
~

(ς,ΥB, t) = (C?
G
%σϕ
~

(ς,Υc
B, t))

c implies

ΞA Λ C?
G
%σϕ
~

(ς,Υc
B, t). Hence, y(ḿ,ń,ŕ)

γ is not a t-θI-cluster point of ΞA, that is,

%θC
G
%
ς

(ς,ΞA,t)(κ) < ḿ, σθC?
Gσς

(ς,ΞA,t)(κ) ≥ ń, ϕθC?
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ ŕ.

This contradicts Eq (3.6). Thus, θCG%σϕ
~

(ς,ΞA, t) ≤ S.
(5) It is also proved as in (3) and (4).
(6) (⇒) It is trivial.
(⇐) Suppose that κ(m,n,r)

γ is not t− θI-cluster point of ΞA. Then, there exists ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t)

such that C?
G
%σϕ
~

(ς,ΥB, t) ≤ Ξc
B. Thus, ΞA ≤ (C?

G
%σϕ
~

(ς,ΥB, t))c = I?
G
%σϕ
~

(ς,Υc
B, t). By (4),

%θC
G
%
ς

(ς,ΞA,t)(κ) ≤ %Υc
B
(κ) < m,

σθC?
Gσς

(ς,ΞA,t)(κ) ≥ σΥc
B
(κ) ≥ n,

ϕθC?
G
ϕ
ς

(ς,ΞA,t) ≥ ϕΥc
B
(κ) ≥ r.

Hence, κ(m,n,r)
γ <̃ θCG%σϕ

~
(ς,ΞA, t).

(7) It can be proved in the same manner as (6).
(8) It is an immediate consequence of Theorem 1(4).
(9) From Theorem 1(5), we show that only δCG%σϕ

~
(ς,ΞA, t) ≤ θCG%σϕ

~
(ς,ΞA, t). Let δCG%σϕ

~
(ς,ΞA, t) �

θCG%σϕ
~

(ς,ΞA, t). Then, there exists κ ∈ Φ and m, n, r ∈ I◦ such that
%δC

G
%
ς

(ς,ΞA,t)(κ) > m > %θC
G
%
ς

(ς,ΞA,t)(κ),

σδCGσς (ς,ΞA,t)(κ) ≤ n ≤ σθCGσς (ς,ΞA,t)(κ),

ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≤ r ≤ ϕθC
G
ϕ
ς

(ς,ΞA,t)(κ).

(3.7)

Since %θC
G
%
ς

(ς,ΞA,t)(κ) < m, σθCGσς (ς,ΞA,t)(κ) ≥ n, and ϕθC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r, it follows that κ(m,n,r)
γ is not a

t-θI-cluster point of ΞA. Therefore, there exists ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), ΞA ≤ (C?

G
%σϕ
~

(ς,ΥB, t))c. This

implies that ΞA Λ IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t
)
. Hence, κ(m,n,r)

γ is not a t-δI-cluster point of ΞA. By (7),
we have

%δC
G
%
ς

(ς,ΞA,t)(κ) < m, σδCGσς (ς,ΞA,t)(κ) ≥ n, ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r,

which contradicts (3.7). Thus, δCG%σϕ
~

(ς,ΞA, t) ≤ θCG%σϕ
~

(ς,ΞA, t).
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(10) Let δCG%σϕ
~

(ς,ΞA, t) t δCG%σϕ
~

(ς,ΥB, t) � δCG%σϕ
~

(ς,ΞA t ΥB, t). Then, there exists κ ∈ Φ and
m, n, r ∈ (0, 1) such that

%δC
G
%
ς

(ς,ΞA,t)(κ) t %δC
G
%
ς

(ς,ΥB,t)(κ) < m < %δC
G
%
ς

(ς,ΞAtΥB,t)(κ),

σδCGσς (ς,ΞA,t)(κ) t σδCGσς (ς,ΥB,t)(κ) ≥ n ≥ σδCGσς (ς,ΞAtΥB,t)(κ),

ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) t σδC
G
ϕ
ς

(ς,ΥB,t)(κ) ≥ r ≥ ϕδCGσς (ς,ΞAtΥB,t)(κ).

(3.8)

Since

%δC
G
%
ς

(ς,ΞA,t)(κ) < m,

σδCGσς (ς,ΞA,t)(κ) ≥ n,

ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r,

and

%δC
G
%
ς

(ς,ΥB,t)(κ) < m,

σδCGσς (ς,ΥB,t)(κ) ≥ n,

ϕδC
G
ϕ
ς

(ς,ΥB,t)(κ) ≥ r,

it follows that κ(m,n,r)
γ is not a t-δI-cluster point of ΞA and ΥB. Therefore, there exists

(ΞA)1(ΥB)1 ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t),

ΞA ≤
(
IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς, (ΞA)1, t), t
))c
,

and
ΥB ≤

(
IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς, (ΥB)1, t), t
))c
.

Thus, (ΞA)1 u (ΥB)1 ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) and

ΞA t ΥB ≤
(
IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς, (ΞA)1, t), t
)
u IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς, (ΥB)1, t), t
))c

=
(
IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς, (ΞA)1, t) u C?G%σϕ
~

(ς, (ΥB)1, t), t
)
, t
))c

≤
(
IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς, (ΞA)1 u (ΥB)1, t), t
))c
.

This implies that ΞA t ΥB Λ IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς, (ΞA)1 u (ΥB)1, t), t
)
. Hence, κ(m,n,r)

γ is not a t-δI-cluster
point of ΞA t ΥB. By (7), we have

%δC
G
%
ς

(ς,ΞAtΥB,t)(κ) < m, σδCGσς (ς,ΞAtΥB,t)(κ) ≥ n, ϕδC
G
ϕ
ς

(ς,ΞAtΥB,t)(κ) ≥ r.

This contradicts Eq (3.8). Thus,

δCG%σϕ
~

(ς,ΞA, t) t δCG%σϕ
~

(ς,ΥB, t) ≥ δCG%σϕ
~

(ς,ΞA t ΥB, t).
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On the other hand, ΞA,ΥB ≥ ΞA t ΥB. Hence,

δCG%σϕ
~

(ς,ΞA, t) t δCG%σϕ
~

(ς,ΥB, t) ≤ δCG%σϕ
~

(ς,ΞA t ΥB, t).

Thus,
δCG%σϕ

~
(ς,ΞA, t) t δCG%σϕ

~
(ς,ΥB, t) = δCG%σϕ

~
(ς,ΞA t ΥB, t).

(11) Since ΞA ≤ δCG%σϕ
~

(ς,ΞA, t), it follows that

δCG%σϕ
~

(ς,ΞA, t) ≤ δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,ΞA, t), t).

On the other hand, suppose that δCG%σϕ
~

(ς,ΞA, t) � δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,ΞA, t), t). Then, there exists κ ∈ Φ

and m, n, r ∈ I◦ such that 
%δC

G
%
ς

(ς,ΞA,t)(κ) < m < %δC
G
%
ς

(ς,δC
G
%
ς

(ς,ΞA,t),t)(κ),

σδCGσς (ς,ΞA,t)(κ) ≥ n ≥ σδCGσς (ς,δCGσς (ς,ΞA,t),t)(κ),

ϕδCGσς (ς,ΞA,t)(κ) ≥ n ≥ σδC
G
ϕ
ς

(ς,δC
G
ϕ
ς

(ς,ΞA,t),t)(κ).

(3.9)

Since %δC
G
%
ς

(ς,ΞA,t)(κ) < m, σδCGσς (ς,ΞA,t)(κ) ≥ n, and ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r, it follows that κ(m,n,r)
γ is not a

t-δI-cluster point of ΞA. Therefore, there exists ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that

ΞA ≤ (IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς, (Υc
B, t), t))

c = CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΥB, t), t).

Since CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΥB, t) is t-SVNSRIC and

ΞA ≤ CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΥB, t), t).

Then, by Theorem 1(5), δCG%σϕ
~

(ς,ΞA, t) ≤ CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΥB, t), t). Again,

δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,ΞA, t), t) ≤ δCG%σϕ
~

(ς,CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΥB, t), t), t)

= CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΥB, t), t).

Hence,
%δC

G
%
ς

(ς,δC
G
%
ς

(ς,ΞA,t),t)(κ) < m,

σδCGσς (ς,δCGσς (ς,ΞA,t),t)(κ) ≥ n,

ϕδC
G
ϕ
ς

(ς,δC
G
ϕ
ς

(ς,ΞA,t),t)(κ) ≥ r.

This contradicts Eq (3.9). Hence, δCG%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,ΞA, t), t). �

Example 1. Let Φ = {κ1, κ2}, ~ = {ς}} and define Ξ~,Υ~,Ω~, ∈̃(̃Φ, ~), as follows:

Ξ~ = {(ς, {〈κ1, 0.6, 0.4, 0.6〉, 〈κ2, 0.6, 0.4, 0.6〉})},

Υ~ = {(ς, {〈κ1, 0.6, 0.6, 0.6〉, 〈κ2, 0.6, 0.6, 0.6〉})},
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Ω~ = {(ς, {〈κ1, 0.5, 0.5, 0.5〉, 〈κ2, 0.5, 0.5, 0.5〉})}.

Define G%ς,Gσς ,G
ϕ
ς ,H

%
ς ,H

σ
ς ,H

ϕ
ς : ~ −→ I(̃Φ,~):

G%ς(Z~) =


1, if Z = {φ, ~̃},
1
2 , if Z~ = Ξ~,

0, if otherwise.
H%

ς (Z~) =


1, if Z = φ,
2
3 , if 〈Z~ = Ω~,
1
2 , if 〈0, 1, 1〉 < Z~ < Ω~,

0, if otherwise.

Gσς (Z~) =


0, if Z = {φ, ~̃},
1
2 , if Z~ = Ξ~,

1, if otherwise.
Hσ

ς (Z~) =


0, if Z = φ,
1
3 , if 〈Z~ = Ω~,
1
2 , if 〈0, 1, 1〉 < Z~ < Ω~,

1, if otherwise.

Gϕς (Z~) =


0, if Z = {φ, ~̃},
1
2 , if Z~ = Ξ~,

1, if otherwise.
Hϕ

ς (Z~) =


0, if Z = φ,
1
3 , if 〈Z~ = Ω~,
1
2 , if 〈0, 1, 1〉 < Z~ < Ω~,

1, if otherwise.

From Theorem 1(4), we obtain δCG%σϕ
~

: ~ × (̃Φ, ~) × I◦ → (̃Φ, ~) as follows:

δCG?%σϕ
~

(ς,Z~, t) =


〈0, 1, 1〉, if Z~ = 〈0, 1, 1〉,
Υ~, if 〈0, 1, 1〉 , Z ≤ Υ~, 0 < r ≤ 1

2 ,

〈1, 0, 0〉, otherwise.

This example shows that the converse of Theorem 2(8) does not hold in general. Indeed,

Υ~ = δCG%σϕ
~

(ς,Υ~,
1
2

),

whereas

Υ~ , CG%σϕ
~

(
ς,I?

G
%σϕ
~

(ς,Υ~,
1
2

),
1
2
)
.

Hence, the converse implication of Theorem 2(8) is not valid in general.

Theorem 3. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces. For each ΞA∈̃(̃Φ, ~), ς ∈ ~, and t ∈ I◦, ΞA is a
t-SVNSPIC if and only if

CG%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς,ΞA, t).

Proof. Let ΞA is a t-SVNSPIC. Then, ΞA ≤ CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΞA, t), t) and by Theorem 1(3)(4), we have

δCG%σϕ
~

(ς,ΞA, t) ≤ δCG%σϕ
~

(ς,CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΞA, t), t), t) = CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,ΞA, t), t)

≤ CG%σϕ
~

(ς,ΞA, t) ≤ δCG%σϕ
~

(ς,ΞA, t).
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Conversely, suppose that there exist ΞA∈̃(̃Φ, ~), ς ∈ ~, t ∈ I◦, and m, , n, r ∈ I◦ such that

%δC
G
%
ς

(ς,ΞA,t)(κ) > m > %CGσς (ς,ΞA,t)(κ),

σδCGσς (ς,ΞA,t)(κ) ≤ n ≤ σCGσς (ς,ΞA,t)(κ),

ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≤ r ≤ ϕC
G
ϕ
ς

(ς,ΞA,t)(κ).

Then, κ(m,n,r)
γ is not a t−δI−cluster point o f ΞA. So, there exists ΥB∈̃QG%σϕ

~
(ς, κ(m,n,r)

γ , t) with ΞA ≤ Υc
B.

Since κ(m,n,r)
γ is a t − δI − cluster point o f ΞA, for ΥB∈̃QG%σϕ

~
(ς, κ(m,n,r)

γ , t), we have

ΞA Λ IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t
)
.

Since,

IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t
)
≤ IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς,Ξc
A, t), t

)
,

it follows that

ΞA ≥ (IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t))c ≥ (IG%σϕ
~

(
ς,C?

G
%σϕ
~

(
ς,Ξc

A, t
)
, t
)
)c

= CG%σϕ
~

(
ς,I?

G
%σϕ
~

(
ς,ΞA, t

)
, t
)
.

Hence, ΞA is not t-SVNSPIC. �

Definition 15. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for ς ∈ ~, ΞA,ΥB ∈ (̃Φ, ~) and t ∈ I◦. Then:

(i) A is called is t-svn-δI-closed
(
resp. t-svn-θI-closed) iff δCG%σϕ

~

(
ς,ΞA, t

)
= ΞA

(
resp.

θCG%σϕ
~

(
ς,ΞA, t

)
= ΞA

)
. We define

∆G%σϕ
~

(ς,ΞA, t) =
{
ΥB ∈ (̃Φ, ~)

∣∣∣∣ ΞA ≤ ΥB, ΥB = δCG%σϕ
~

(
ς,ΥB, t

)}
,

ΘG%σϕ
~

(ς,ΞA, t) =
{
ΥB ∈ (̃Φ, ~)

∣∣∣∣ ΞA ≤ ΥB, ΥB = θCG%σϕ
~

(
ς,ΥB, t

)}
.

(ii) The complement of t-svn-δI-closed (resp. t-svn-θI-closed) set is called t-svn-δI-open (resp.
t-svn-θI-open).

Theorem 4. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for each ΞA ∈̃ (̃Φ, ~), ς ∈ ~ and t ∈ I◦. Then, the
following properties are satisfied:

(1) ∆G%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς,ΞA, t);
(2) ∆G%σϕ

~
(ς,ΞA, t) is t-svn-δI-closed;

(3) ΘG%σϕ
~

(ς,ΞA, t) = θCG%σϕ
~

(ς,ΘG%σϕ
~

(ς,ΞA, t), t);
(4) ΘG%σϕ

~
(ς,ΞA, t) is t-svn-θI-closed;

(5) θCG%σϕ
~

(ς,ΞA, t) ≤ ΘG%σϕ
~

(ς,ΞA, t).

Proof. (1) From Theorem 2(9)(11), ΞA ≤ δCG%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,ΞA, t), t) implies
∆G%σϕ

~
(ς,ΞA, t) ≤ δCG%σϕ

~
(ς,ΞA, t).
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Suppose that ∆G%σϕ
~

(ς,ΞA, t) � δCG%σϕ
~

(ς,ΞA, t). Then, there exist ς ∈ ~, t ∈ I◦ and m, , n, r ∈ I◦ such
that

%∆
G
%
ς

(ς,ΞA,t)(κ) < m < %δC
G
%
ς

(ς,ΞA,t)(κ),

σ∆Gσς
(ς,ΞA,t)(κ) ≥ n ≥ σδCGσς (ς,ΞA,t)(κ),

ϕ∆
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r ≥ ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ).

From the definition of ∆G%ς(ς,ΞA, t). There exist ΞA∈̃(̃Φ, ~) and ΞA ≤ ΥB = δCG%σϕ
~

(ς,ΥB, t) such that

%∆
G
%
ς

(ς,ΞA,t)(κ) ≤ %ΥB(ς) < m < %δC
G
%
ς

(ς,ΞA,t)(κ),

σ∆Gσς
(ς,ΞA,t)(κ) ≥ σΥB(ς) ≥ n ≥ σδCGσς (ς,ΞA,t)(κ),

ϕ∆
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ ϕΥB(ς) ≥ r ≥ ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ).

On the other hand, δCG%σϕ
~

(ς,ΞA, t) ≤ δCG%σϕ
~

(ς,ΥB, t) = ΥB. This is a contradiction. Hence,

∆G%σϕ
~

(ς,ΞA, t) ≥ δCG%σϕ
~

(ς,ΞA, t).

(2) From Theorem 2(11), it is trivial.
(3) Let ΞA ≤ (ΥB)i = θCG%σϕ

~
(ς, (ΥB)i, t), for each i ∈ j. Then,

ui∈ j(ΥB)i ≤ θCG%σϕ
~

(ς,ui∈ j(ΥB)i, t) ≤ θCG%σϕ
~

(ς, (ΥB)i, t) = (ΥB)i.

So, ui∈ j(ΥB)i ≤ θCG%σϕ
~

(ς,ui∈ j(ΥB)i, t). Hence, ΘG%σϕ
~

(ς,ΞA, t) = θCG%σϕ
~

(ς,ΘG%σϕ
~

(ς,ΞA, t), t).
(4) From(3), it is trivial.
(5) Since ΞA ≤ ΘG%σϕ

~
(ς,ΞA, t), by (3),

θCG%σϕ
~

(ς,ΞA, t) ≤ θCG%σϕ
~

(ς,ΘG%σϕ
~

(ς,ΞA, t), t) = ΘG%σϕ
~

(ς,ΞA, t).

�

Lemma 2. If ΞA,ΥB ∈̃ (̃Φ, ~), t ∈ I◦ such that ΞA Λ ΥB where ΥB is t-svn-δI-open, then
δCG%σϕ

~
(ς,ΞA, t) Λ ΥB.

Proof. Let ΞA Λ ΥB where ΥB is t-svn-δI-open. Then, ΞA ≤ Υc
B = δCG%σϕ

~
(ς,Υc

B, t), and by
Theorem 2(11),

δCG%σϕ
~

(ς,ΞA, t) ≤ δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,Υc
B, t), t) = δCG%σϕ

~
(ς,Υc

B, t) = Υc
B.

Hence, δCG%σϕ
~

(ς,ΞA, t) Λ ΥB. �

Lemma 3. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces and ΞA∈̃(̃Φ, ~) a t-svn-δI-open set iff for every
κ(m,n,r)
γ ∈̃ P̃(m,n,r)(Φ) with κ(m,n,r)

γ Λ ΞA, there exists t-SVNSRIO set ΥB ∈̃ (̃Φ, ~) such that κ(m,n,r)
γ Λ ΥB ≤

ΞA.
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Proof. Let κ(m,n,r)
γ ∈̃ P̃(m,n,r)(Φ) with κ(m,n,r)

γ Λ ΞA. Then, κ(m,n,r)
γ < Ξc

A. Since ΞA is a t-svn-
δI-open set, κ(m,n,r)

γ < Ξc
A = δCG%σϕ

~
(ς,Ξc

A, t). Thus, κ(m,n,r)
γ is not t-δI-cluster point of Ξc

A.
So, there exists DC∈̃QG%σϕ

~
(ς, κ(m,n,r)

γ , t) such that Ξc
AΛ IG%σϕ

~

(
ς,C?

G
%σϕ
~

(
ς,DC, t

)
, t
)
. Setting ΥB =

IG%σϕ
~

(
ς,C?

G
%σϕ
~

(
ς,DC, t

)
, t
)
, then ΥB is t-SVNSRIO set with κ(m,n,r)

γ Λ ΥB ≤ ΞA.
Conversely, suppose Ξc

A , δCG%σϕ~
(ς,Ξc

A, t). Then, there exist κ ∈ Φ and m, n, r ∈ I◦ such that

%Ξc
A
(κ) < m < %δC

G
%
ς

(ς,Ξc
A,t)(κ),

σΞc
A
(κ) ≥ n ≥ σδCGσς (ς,Ξc

A,t)(κ),

ϕΞc
A
(κ) ≥ r ≥ ϕδC

G
ϕ
ς

(ς,Ξc
A,t)(κ).

Since κ(m,n,r)
γ Λ ΞA, there exists t-SVNSRIO set ΥB such that κ(m,n,r)

γ Λ ΥB ≤ ΞA. It implies Ξc
A ≤ Υc

B =

CG%σϕ
~

(
ς,I?

G
%σϕ
~

(
ς,Υc

B, t
)
, t
)
. By Theorem 1(4),

%C
G
%
ς

(ς,Ξc
A,t)(κ) ≤ %Υc

B
(κ) < m

σCGσς (ς,Ξc
A,t)(κ) ≥ σΥc

B
(κ) ≥ n

ϕC
G
ϕ
ς

(ς,Ξc
A,t)(κ) ≥ ϕΥc

B
(κ) ≥ r.

This is a contradiction. Hence, Ξc
A = δCG%σϕ

~
(ς,Ξc

A, t) i.e., ΞA is t-svn-δI-open set. �

Lemma 4. If G%ς(ΞA) ≥ t, Gσς (ΞA) ≤ 1 − t, Gϕς (ΞA) ≤ 1 − t, then CG%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς,ΞA, t).

Proof. It an immediate consequence of Theorem 2(8). �

4. On δI-continuity and θI-continuity in single-valued neutrosophic soft topological spaces

In this section, we introduce and investigate the concepts of δ-ideal continuity and θ-ideal continuity
in single-valued neutrosophic soft topological spaces. Furthermore, we study related notions such as
strongly θ-ideal continuity and almost ideal continuity, supported by illustrative examples.

Definition 16. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) and (K ,T %σϕ

~ ,F
%σϕ
E ) be svnsit-spaces, ς ∈ ~, (e = ε(ς) ∈ E), and

t ∈ I◦. An svns-function ψε : (̃Φ, ~)→ ˜(K , E) is called:

(i) SVNS-δI-continuous if and only if, for each ΞA ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that

ψε
(
IG%σϕ

~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t
))
≤ IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
;

(ii) SVNS-θI-continuous if and only if, for each ΞA ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that ψε

(
C?
G
%σϕ
~

(ς,ΥB, t)
)
≤ C?

T
%σϕ
E

(
e,ΞA, t

)
;

(iii) SVNSS-θI-continuous, if and only if, for each ΞA ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that ψε

(
C?
G
%σϕ
~

(ς,ΥB, t)
)
≤ ΞA;
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(iv) SVNSA-I-continuous if and only if, for each ΞA ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that ψε(ΥB) ≤ IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
.

Remark 3. From the above definition, we obtain the following diagram:

SVNSS-θI-continuous =⇒ SVNS − δI-continuous =⇒ SVNSA-I-continuous.

Theorem 5. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) and (K ,T %σϕ

~ ,F
%σϕ
E ) be svnsit-spaces and ψε : (̃Φ, ~) → ˜(K , E) be

an SVNS-function. Then, the following statements are equivalent for every ς ∈ ~, (e = ε(ς) ∈ E) and
t ∈ I◦.

(1) ψε is SVNS-δI-continuous.
(2) For each ΞA ∈ IRT %σϕ

E
(e, ψε(κ

(m,n,r)
γ ), t), there exists ΥB ∈ IRG%σϕ

~
(ς, κ(m,n,r)

γ , t), such that ψε(ΥB) ≤
ΞA.

(3) ψε(δCG%σϕ
~

(ς,ΞA, t)) ≤ δCT %σϕ
E

(e, ψε(ΞA), t), for each ΞA ∈̃ (̃Φ, ~).

(4) δCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t)), for each ΥB ∈̃ ˜(K , E).

(5) For each t-svn-δI-closed (resp. t-svn-δI-open) set ΥB ∈̃ ˜(K , E), ψ−1
ε (ΥB) is a t-svn-δI-closed

(resp. t-svn-δI-open) set in Φ.
(6) For each t-SVNSRIO (resp. t-SVNSRIC) set DC ∈̃ ˜(K , E), ψ−1

ε (DC) is a t-svn-δI-open (resp.
t-svn-δI-closed) set in Φ.

Proof. (1)⇒ (2): The result follows directly from Definition 16.
(2)⇒(3): Suppose there exist ΞA ∈̃ (̃Φ, ~), ς ∈ ~, (e = ε(ς) ∈ E) and t ∈ I◦ such that

ψε(δCG%σϕ
~

(ς,ΞA, t)) � δCT %σϕ
E

(e, ψε(ΞA), t).

Then, there exists y ∈ K , m, n, r ∈ I◦, ς ∈ ~, and e ∈ E such that

%ψε(δCG%ς (ς,ΞA,t))(y) > m > %δC
T
%
e

(e,ψε(ΞA),t)(y),

σψε(δCGσς (ς,ΞA,t))(y) ≤ n ≤ σδCTσe (e,ψε(ΞA),t)(y),

ϕψε(δCGϕς (ς,ΞA,t))(y) ≤ r ≤ ϕδC
T
ϕ
e

(e,ψε(ΞA),t)(y).

If ψ−1
ε ({y}) = ∅, then, by the definition of the inverse image ψε(δCG%σϕ

~
(ς,ΞA, t))(y) = 〈0, 1, 1〉.

If ψ−1
ε ({y}) , ∅, there exists κ ∈ ψ−1

ε ({y}) such that

%ψε(δCG%ς (ς,ΞA,t))(y) ≥ %δC
G
%
ς

(ς,ΞA,t)(κ) > m > %δC
T
%
e

(e,ψε(ΞA),t)(ψε(κ)),

σψε(δCGσς (ς,ΞA,t))(y) ≤ σδCGσς (ς,ΞA,t)(κ) ≤ n ≤ σδCTσe (e,ψε(ΞA),t)(ψε(κ)),

ϕψε(δCGϕς (ς,ΞA,t))(y) ≤ ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≤ r ≤ ϕδC
T
ϕ
e

(e,ψε(ΞA),t)(ψε(κ)).

(4.1)

Since
%δC

T
%
e

(e,ψε(ΞA),t)(ψε(κ)) < m,

σδCTσe (e,ψε(ΞA),t)(ψε(κ)) ≥ n,

ϕδC
T
ϕ
e

(e,ψε(ΞA),t)(ψε(κ)) ≥ r,
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by Theorem 2(7), ψε(κ
(m,n,r)
γ ) is not a t-δI-cluster point of ψε(ΞA). So, there exists

DC ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), such that ψε(ΞA) ≤

(
IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,DC, t), t
))c. Since

DC ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), IT %σϕ

E

(
e,C?

T
%σϕ
E

(ς,DC, t), t
)
∈̃ IRT %σϕ

E
(e, ψε(κ

(m,n,r)
γ ), t). By (2),

there exists ΥB ∈ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t), such that ψε(ΥB) ≤ IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,DC, t), t
)
. Hence,

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) and

ψε(ΞA) ≤ (ψε(ΥB))c = (ψε(IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t
)
)c

imply that ΞA ≤ (IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t
)
)c. Thus, κ(m,n,r)

γ is not a t-δI-cluster point of ΞA, and by
Theorem 2(7),

%δC
G
%
ς

(ς,ΞA,t)(κ) < m,

σδCGσς (ς,ΞA,t)(κ) ≥ n,

ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r.

This contradicts Eq (4.1).
(3)⇒(4): For all ΥB ∈̃ ˜(K , E) and t ∈ I◦. Set ΞA = ψ−1

ε (ΥB) from (3). Then,

ψε(δCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ δCT %σϕ

E
(e, ψε(ψ−1

ε (ΥB)), t) ≤ δCT %σϕ
E

(e,ΥB, t).

This implies

δCG%σϕ
~

(ς, ψ−1
ε (ΥB), t) ≤ ψ−1

ε (ψε(δCG%σϕ
~

(ς, ψ−1
ε (ΥB), t))) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t)).

(4)⇒(5): Let ΥB ∈̃ ˜(K , E) be t-svn-δI-closed. By (4), we have

δCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t)) = ψ−1
ε (ΥB),

and ψ−1
ε (ΥB) ≤ δCG%σϕ

~
(ς, ψ−1

ε (ΥB), t) implies ψ−1
ε (ΥB) = δCG%σϕ

~
(ς, ψ−1

ε (ΥB), t). Hence, ψ−1
ε (ΥB) is a

t-svn-δI-closed set. The other is similarly proved.
(5)⇒(6): The result follows directly from Theorem 2(8).
(6)⇒(1): Let ΞA ∈̃ QT %σϕ

E
(e, ψε(κ

(m,n,r)
γ ), t). Then,

IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
∈̃ IRT %σϕ

E
(e, ψε(κ(m,n,r)

γ ), t).

By (6),

(ψ−1
ε (IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
))c = δCG%σϕ

~
(ς, (ψ−1

ε (IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
))c, t)).

Since ψε(κ
(m,n,r)
γ ) Λ ΞA ≤ IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
, it follows that

κ(m,n,r)
γ Λ ψ−1

ε

(
IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
))
.

That is, κ(m,n,r)
γ is not t-δI-cluster point of (ψ−1

ε (IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t)))c. Then, there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that

(ψ−1
ε (IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t)))c ≤ (IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t))c.
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Hence,

ψε(IG%σϕ
~

(
ς,C?

G
%σϕ
~

(ς,ΥB, t), t)) ≤ IT %σϕ
E

(
ς,C?

T
%σϕ
E

(e,ΞA, t), t).

Therefore, ψε is SVNS-δI-continuous. �

Theorem 6. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) and (K ,T %σϕ

~ ,F
%σϕ
E ) be svnsit-spaces and ψε : (̃Φ, ~) → ˜(K , E) be

an SVNS-function. Then, the following statements are equivalent for every ς ∈ ~, (e = ε(ς) ∈ E) and
t ∈ I◦.

(1) ψε is SVNS-θI-continuous.
(2) For each ΞA ∈ IRT %σϕ

E
(e, ψε(κ

(m,n,r)
γ ), t), there exists ΥB ∈ QG%σϕ

~
(ς, κ(m,n,r)

γ , t), such that
ψε(C?G%σϕ

~

(ς,ΥB, t)) ≤ ΞA.

(3) ψε(θCG%σϕ
~

(ς,ΞA, t)) ≤ δCT %σϕ
E

(e, ψε(ΞA), t), for each ΞA ∈̃ (̃Φ, ~).

(4) θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t)), for each ΥB ∈̃ ˜(K , E).

(5) For each t-svn-δI-closed (resp. t-svn-δI-open) set ΥB ∈̃ ˜(K , E), ψ−1
ε (ΥB) is a t-svn-θI-closed

(resp. t-svn-θI-open) set in Φ.

Proof. (1)⇒(2): The result follows directly from Definition 16.
(2)⇒(3): Suppose there exist ΞA ∈̃ (̃Φ, ~), ς ∈ ~, (e = ε(ς) ∈ E), and t ∈ I◦ such that

ψε(θCG%σϕ
~

(ς,ΞA, t)) � δCT %σϕ
E

(e, ψε(ΞA), t).

Then, there exists y ∈ K , m, n, r ∈ I◦, ς ∈ ~, and e ∈ E such that

%ψε(θCG%ς (ς,ΞA,t))(y) > m > %δC
T
%
e

(e,ψε(ΞA),t)(y),

σψε(θCGσς (ς,ΞA,t))(y) ≤ n ≤ σδCTσe (e,ψε(ΞA),t)(y),

ϕψε(θCGϕς (ς,ΞA,t))(y) ≤ r ≤ ϕδC
T
ϕ
e

(e,ψε(ΞA),t)(y).

If ψ−1
ε ({y}) = ∅, then, by the definition of the inverse image, ψε(θCG%σϕ

~
(ς,ΞA, t))(y) = 〈0, 1, 1〉.

If ψ−1
ε ({y}) , ∅, there exists κ ∈ ψ−1

ε ({y}) such that

%ψε(θCG%ς (ς,ΞA,t))(y) ≥ %θC
G
%
ς

(ς,ΞA,t)(κ) > m > %δC
T
%
e

(e,ψε(ΞA),t)(ψε(κ)),

σψε(θCGσς (ς,ΞA,t))(y) ≤ σθCGσς (ς,ΞA,t)(κ) ≤ n ≤ σδCTσe (e,ψε(ΞA),t)(ψε(κ)),

ϕψε(θCGϕς (ς,ΞA,t))(y) ≤ ϕθC
G
ϕ
ς

(ς,ΞA,t)(κ) ≤ r ≤ ϕδC
T
ϕ
e

(e,ψε(ΞA),t)(ψε(κ)).

(4.2)

Since
%δC

T
%
e

(e,ψε(ΞA),t)(ψε(κ)) < m,

σδCTσe (e,ψε(ΞA),t)(ψε(κ)) ≥ n,

ϕδC
T
ϕ
e

(e,ψε(ΞA),t)(ψε(κ)) ≥ r,

it follows that ψε(κ
(m,n,r)
γ ) is not a t-δI-cluster point of ψε(ΞA). So, there exists

DC ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t), such that ψε(ΞA) ≤

(
IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,DC, t), t
))c. Then

DC ∈̃ QT %σϕ
E

(e, ψε(κ(m,n,r)
γ ), t), IT %σϕ

E

(
e,C?

T
%σϕ
E

(ς,DC, t), t
)
∈̃ IRT %σϕ

E
(e, ψε(κ(m,n,r)

γ ), t).
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By (2), there exists ΥB ∈ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), such that

ψε(C?G%σϕ
~

(ς,ΥB, t)) ≤ IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,DC, t), t
)
.

Hence, ψε(ΞA) ≤ (ψε(C?G%σϕ
~

(ς,ΥB, t
)
)c imply that ΞA ≤ (C?

G
%σϕ
~

(ς,ΥB, t
)
)c. Thus, κ(m,n,r)

γ is not a t-θI-
cluster point of ΞA, and by Theorem 2(6),

%θC
G
%
ς

(ς,ΞA,t)(κ) < m,

σθCGσς (ς,ΞA,t)(κ) ≥ n,

ϕθC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r.

This contradicts Eq (4.2).
(3)⇒(4): For all ΥB ∈̃ ˜(K , E) and t ∈ I◦. set ΞA = ψ−1

ε (ΥB) from (3). Then,

ψε(θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ δCT %σϕ

E
(e, ψε(ψ−1

ε (ΥB)), t) ≤ δCT %σϕ
E

(e,ΥB, t).

This implies that

θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t) ≤ ψ−1

ε (ψε(θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t))) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t))

(4)⇒(5): Let ΥB ∈̃ ˜(K , E) be t-svn-δI-closed. By (4), we have

θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t)) = ψ−1
ε (ΥB),

and since ψ−1
ε (ΥB) ≤ θCG%σϕ

~
(ς, ψ−1

ε (ΥB), t), ψ−1
ε (ΥB) = θCG%σϕ

~
(ς, ψ−1

ε (ΥB), t). Hence, ψ−1
ε (ΥB) is a t-svn-

θI-closed set. The other case is proved similarly.
(5)⇒(1): Let ΞA ∈̃ QT %σϕ

E
(e, ψε(κ

(m,n,r)
γ ), t). Then,

IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t
)
∈̃ IRT %σϕ

E
(e, ψε(κ(m,n,r)

γ ), t),

and by Theorem 2(8),(
IT %σϕ

E
(e,C?

T
%σϕ
E

(e,ΞA, t), t)
)c

= δCT %σϕ
E

(
e,

(
IT %σϕ

E
(e,C?

T
%σϕ
E

(e,ΞA, t), t)
)c
, t
)
.

Thus, IT %σϕ
E

(e,C?
T
%σϕ
E

(e,ΞA, t), t) is a t-svn-δI-open set. By (5),(
ψ−1
ε

(
IT %σϕ

E
(e,C?

T
%σϕ
E

(e,ΞA, t), t)
)c)

= θCG%σϕ
~

(
ς,

(
ψ−1
ε

(
IT %σϕ

E
(e,C?

T
%σϕ
E

(e,ΞA, t), t)
)c)
, t
)
.

Since, ψε(κ
(m,n,r)
γ ) Λ ΞA ≤ IT %σϕ

E
(e,C?

T
%σϕ
E

(e,ΞA, t), t), it follows that

κ(m,n,r)
γ Λ ψ−1

ε (IT %σϕ
E

(e,C?
T
%σϕ
E

(e,ΞA, t), t)).

Thus, κ(m,n,r)
γ is not a t-θI-cluster point of (ψ−1

ε (IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t)))c. Then, there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that

(ψ−1
ε (IT %σϕ

E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t)))c ≤ (C?
G
%σϕ
~

(ς,ΥB, t))c.

Hence,

ψε(C?G%σϕ
~

(ς,ΥB, t)) ≤ IT %σϕ
E

(
e,C?

T
%σϕ
E

(e,ΞA, t), t) ≤ C?T %σϕ
E

(e,ΞA, t).

Therefore, ψε is SVNS-θI-continuous. �
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Theorem 7. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) and (K ,T %σϕ

~ ,F
%σϕ
E ) be svnsit-spaces and ψε : (̃Φ, ~)→ ˜(K , E) be an

SVNS-function. Then the following statements are equivalent for all ς ∈ ~, (e = ε(ς) ∈ E) and t ∈ I◦.

(1) ψε is SVNS-θI-continuous.
(2) ψε(θCG%σϕ

~
(ς,ΞA, t)) ≤ θCT %σϕ

E
(e, ψε(ΞA), t), for every ΞA ∈̃ (̃Φ, ~).

(3) θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (θCT %σϕ
E

(e,ΥB, t)), for every ΥB ∈̃ ˜(K , E).

Proof. The proof is analogous to that of Theorem 6, with minor modifications, and is therefore omitted.
�

Theorem 8. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) and (K ,T %σϕ

~ ,F
%σϕ
E ) be svnsit-spaces and ψε : (̃Φ, ~)→ ˜(K , E) be an

SVNS-function. Then, the following statements are equivalent for all ς ∈ ~, (e = ε(ς) ∈ E) and t ∈ I◦.

(1) ψε is SVNSS-θI-continuous.
(2) ψε(θCG%σϕ

~
(ς,ΞA, t)) ≤ CT %σϕ

E
(e, ψε(ΞA), t), for every ΞA ∈̃ (̃Φ, ~).

(3) θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (CT %σϕ
E

(e,ΥB, t)), for every ΥB ∈̃ ˜(K , E).
(4) For each T %

e (Υc
B) ≥ t, T σ

e (Υc
B) ≤ 1 − t, T ϕ

e (Υc
B) ≤ 1 − t (resp. T %

e (ΥB) ≥ t, T σ
e (ΥB) ≤ 1 − t, and

T
ϕ
e (ΥB) ≤ 1 − t), ψ−1

ε (ΥB) is a t-svn-θI-closed (resp. t-svn-θI-open) set in Φ.

Proof. (1)⇒(2): The proof is analogous to that of Theorem 6(3).
(2)⇒(3): For all ΥB∈̃ ˜(K , E) and t ∈ I◦, set ΞA = ψ−1

ε (ΥB) from (2). Then,

ψε(θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ CT %σϕ

E
(e, ψε(ψ−1

ε (ΥB)), t) ≤ CT %σϕ
E

(e,ΥB, t).

This implies that

θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t) ≤ ψ−1

ε (ψε(θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t))) ≤ ψ−1

ε (CT %σϕ
E

(e,ΥB, t)).

(3)⇒(4): Let T %
e (Υc

B) ≥ t, T σ
e (Υc

B) ≤ 1 − t, T ϕ
e (Υc

B) ≤ 1 − t. Then ΥB = CT %σϕ
E

(e,ΥB, t). By (3)

θCG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (CT %σϕ
E

(e,ΥB, t)) = ψ−1
ε (ΥB),

and since
ψ−1
ε (ΥB) ≤ θCG%σϕ

~
(ς, ψ−1

ε (ΥB), t),

ψ−1
ε (ΥB) = θCG%σϕ

~
(ς, ψ−1

ε (ΥB), t).

Hence, ψ−1
ε (ΥB) is a t-svn-θI-closed set. The other case is similarly proved.

(4)⇒(1): Let ΞA ∈̃ QT %σϕ
E

(e, ψε(κ
(m,n,r)
γ ), t). Then, T %

e (ΞA) ≥ t, T σ
e (ΞA) ≤ 1 − t, and T ϕ

e (ΞA) ≤ 1 − t.
By (4), (ψ−1

ε (ΞA))C ≤ θCG%σϕ
~

(ς, (ψ−1
ε (ΞA))C, t)). Since ψε(κ

(m,n,r)
γ ) Λ ΞA, it follows that κ(m,n,r)

γ Λ ψ−1
ε (ΞA),

that is,
%θC

G
%
ς

(ς,(ψ−1
ε (ΞA))C ,t))(κ) = %(ψ−1

ε (ΞA))C (κ) < m,

σθCGσς (ς,(ψ−1
ε (ΞA))C ,t))(κ) = σ(ψ−1

ε (ΞA))C (κ) ≥ n,

ϕθC
G
ϕ
ς

(ς,(ψ−1
ε (ΞA))C ,t))(κ) = ϕ(ψ−1

ε (ΞA))C (κ) ≥ r.

Thus, κ(m,n,r)
γ is not a t-θI-cluster point of (ψ−1

ε (ΞA))c. Then, there exists ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such

that
(ψ−1

ε (ΞA))c ≤ (C?
G
%σϕ
~

(e,ΥB, t))c.

Hence, ψε(C?G%σϕ
~

(e,ΥB, t)) ≤ ΞA. Therefore, ψε is SVNSS-θI-continuous. �
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Theorem 9. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) and (K ,T %σϕ

~ ,F
%σϕ
E ) be svnsit-spaces, and ψε : (̃Φ, ~) → ˜(K , E) be

an SVNS-function. Then, the following statements are equivalent for all ς ∈ ~, (e = ε(ς) ∈ E) and
t ∈ I◦.

(1) ψε is SVNSA-I-continuous.
(2) ψε(CG%σϕ

~
(ς,ΞA, t)) ≤ δCT %σϕ

E
(e, ψε(ΞA), t), for all ΞA ∈̃ (̃Φ, ~).

(3) CG%σϕ
~

(ς, ψ−1
ε (ΥB), t)) ≤ ψ−1

ε (δCT %σϕ
E

(e,ΥB, t)), for all ΥB ∈̃ ˜(K , E).

(4) For each t-svn-δI-closed (resp. t-svn-δI-open) set ΥB ∈̃ ˜(K , E), G%ς((ψ−1
ε (ΞA))c) ≥ t,

Gσς ((ψ−1
ε (ΞA))c) ≤ 1 − t, Gϕς ((ψ−1

ε (ΞA))c) ≤ 1 − t (resp. G%ς(ψ−1
ε (ΞA)) ≥ t, Gσς (ψ−1

ε (ΞA)) ≤ 1 − t,
G
ϕ
ς (ψ−1

ε (ΞA)) ≤ 1 − t).
(5) For each t-SVNSRIO (resp. t-SVNSRIC) set ΥB ∈̃ ˜(K , E), G%ς((ψ−1

ε (ΞA))c) ≥ t, Gσς ((ψ−1
ε (ΞA))c) ≤

1 − t, Gϕς ((ψ−1
ε (ΞA))c) ≤ 1 − t (resp. G%ς(ψ−1

ε (ΞA)) ≥ t, Gσς (ψ−1
ε (ΞA)) ≤ 1 − t, Gϕς (ψ−1

ε (ΞA)) ≤ 1 − t).

Proof. The proof is analogous to that of Theorem 5. �

Example 2. Let Φ = {κ1, κ2}, ~ = {ς1, ς2}, and E = {e1, e2}, and define Ξ~,Υ~,Ω~, ∈̃(̃Φ, ~), as follows:

Ξ~ = {(ς1, {〈κ1, 0.6, 0.4, 0.6〉, 〈κ2, 0.6, 0.4, 0.6〉}), (ς2, {〈κ1, 0.6, 0.4, 0.6〉, 〈κ2, 0.6, 0.4, 0.6〉})},

Υ~ = {(ς1, {〈κ1, 0.3, 0.7, 0.3〉, 〈κ2, 0.3, 0.7, 0.3〉}), (ς2, {〈κ1, 0.3, 0.7, 0.3〉, 〈κ2, 0.3, 0.7, 0.3〉})},

Ω~ = {(ς1, {〈κ1, 0.8, 0.2, 0.8〉, 〈κ2, 0.8, 0.2, 0.8〉}), (ς2, {〈κ1, 0.8, 0.2, 0.8〉, 〈κ2, 0.8, 0.2, 0.8〉})}.

Define G%ς,Gσς ,G
ϕ
ς ,G

?%
ς ,G

?σ
ς ,G

?ϕ
ς : ~ −→ I(̃Φ,~):

G%ς(Z~) =


1, if Z = {φ, ~̃},
1
2 , if Z~ = Ξ~,

0, if otherwise.
G?%ς (Z~) =


1, if Z = {φ, ~̃},
2
3 , if Z~ = {Ξ~,Υ~},

0, if otherwise.

Gσς (Z~) =


0, if Z = {φ, ~̃},
1
2 , if Z~ = Ξ~,

1, if otherwise.
G?σς (Z~) =


0, if Z = {φ, ~̃},
1
3 , if Z~ = {Ξ~,Υ~},

1, if otherwise.

Gϕς (Z~) =


0, if Z = {φ, ~̃},
1
2 , if Z~ = Ξ~,

1, if otherwise.
G?ϕς (Z~) =


0, if Z = {φ, ~̃},
1
3 , if Z~ = {Ξ~,Υ~},

1, if otherwise.

DefineH%
ς ,H

σ
ς ,H

ϕ
ς ,H

?%
ς ,H?σ

ς ,H
?ϕ
ς : ~ −→ I(̃Φ,~):

H%
ς (Z~) =


1, if Z = φ,
2
3 , if 〈0, 1, 1〉 ≤ Z~ ≤ Ω~,

0, if otherwise.
H?%

ς (Z~) =


1, if Z = φ,
2
3 , if 〈0, 1, 1〉 ≤ Z~ ≤ Ξ~,

0, if otherwise.

Hσ
ς (Z~) =


0, if Z = φ,
1
3 , if 〈0, 1, 1〉 ≤ Z~ ≤ Ω~,

1, if otherwise.
H?σ

ς (Z~) =


0, if Z = φ,
1
3 , if 〈0, 1, 1〉 ≤ Z~ ≤ Ξ~,

1, if otherwise.
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Hϕ
ς (Z~) =


0, if Z = φ,
1
3 , if 〈0, 1, 1〉 ≤ Z~ ≤ Ω~,

1, if otherwise.
H?ϕ

ς (Z~) =


0, if Z = φ,
1
3 , if 〈0, 1, 1〉 ≤ Z~ ≤ Ξ~,

1, if otherwise.

From Theorems 1(4) and 2(4), we obtain δCG%σϕ
~
, θCG%σϕ

~
: ~ × (̃Φ, ~) × I◦ → (̃Φ, ~) as follows:

CG?%σϕ
~

(ς,Z~, t) =


〈0, 1, 1〉, if Z~ = 〈0, 1, 1〉,
Υc
~, if 〈0, 1, 1〉 , Z ≤ Υc

~, 0 < r ≤ 1
2 ,

Ξc
~, if Υc

~ , Z ≤ Ξc
~, 0 < r ≤ 1

2 ,

〈1, 0, 0〉, otherwise.

(θCG%σϕ
~

= δCG?%σϕ
~

= CG%σϕ
~

)(ς,Z~, t) =


〈0, 1, 1〉, if Z~ = 〈0, 1, 1〉,
Ξc
~, if 〈0, 1, 1〉 , Z ≤ Ξc

~, 0 < r ≤ 1
2 ,

〈1, 0, 0〉, otherwise.

By Theorem 5(3), the identity mapping idX : (Φ,G%σϕ~ ,H
%σϕ

~ ) → (Φ,G?%σϕ~ ,H
?%σϕ

~ ) is
SVNS-δI-continuous, but it is not SVNSS-θI-continuous because, by Theorem 8(2),

θCG%σϕ
~

(ς,Z~, t) � CG?%σϕ
~

(ς,Z~, t).

5. Single-valued neutrosophic soft I-regular and almost I-regular spaces

In this section, we develop the notions ofsingle-valued neutrosophic soft I-regular (SVNS-I-
regular) and single-valued neutrosophic soft almost I-regular (SVNS-almost-I-regular) spaces within
the setting of single-valued neutrosophic soft deal topology. We first recall the necessary preliminaries
and introduce the formal definitions of these concepts. Then, we investigate their fundamental
properties and establish several characterizations that illustrate their structural behavior. In addition, we
examine the relationships between these classes and other related forms of single-valued neutrosophic
regularity, with particular emphasis on the role of the ideal in controlling separation properties. The
results obtained in this section contribute to a clearer understanding of these notions and highlight their
significance in the broader context of single-valued neutrosophic soft ideal topological structures.

Definition 17. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for ς ∈ ~, ΞA,ΥB ∈ (̃Φ, ~) and t ∈ I◦. Then, Φ is
called:

(i) SVNS-I-regular if for each ΞA ∈̃ QG%σϕ
~

(e, κ(m,n,r)
γ , t), there exists ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) such that
C?
G
%σϕ
~

(ς,ΥB, t) ≤ ΞA.

(ii) SVNS-almost-I-regular if for each ΞA ∈̃ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t), there exists ΥB ∈̃ IRG%σϕ

~
(ς, κ(m,n,r)

γ , t)
such that C?

G
%σϕ
~

(ς,ΥB, t) ≤ ΞA.

Theorem 10. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for each ΞA,ΥB ∈̃ (̃Φ, ~), ς ∈ ~, and t ∈ I◦. Then,
the following statements are equivalent:

(1) (Φ,G%σϕ~ ,H
%σϕ

~ ) is called SVNS-almost-I-regular.
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(2) For each κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) and for each ΞA ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t), there exists
ΥB ∈̃ IRG%σϕ

~
(ς, κ(m,n,r)

γ , t) such that C?
G
%σϕ
~

(ς,ΥB, t) ≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t).

(3) For each κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) and for each ΞA ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t), there exists
ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) such that C?
G
%σϕ
~

(ς,ΥB, t) ≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t).

(4) For each κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) and t-SVNSRIC DC ∈̃ (̃Φ, ~) with κ(m,n,r)

γ <̃ DC, there
exists ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) and ΞA is t-svns-?-open set such that DC ≤ ΞA and

C?
G
%σϕ
~

(ς,ΥB, t) Λ C?
G
%σϕ
~

(ς,ΞA, t).

(5) For each κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) and t-SVNSRIC DC ∈̃ (̃Φ, ~) with κ(m,n,r)

γ <̃ DC, there exists
ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) and ΞA is a t-svns-?-open set such thatDC ≤ ΞA and C?
G
%σϕ
~

(ς,ΥB, t) Λ ΞA.

(6) For each t-SVNSRIO ΞA ∈̃ (̃Φ, ~) with DC Λ ΞA, there exists t-SVNSRIO ΥB ∈̃ (̃Φ, ~) such that
DC Λ ΥB ≤ C

?
G
%σϕ
~

(ς,ΥB, t) ≤ ΞA.

(7) For each t-SVNSRIC ΞA ∈̃ (̃Φ, ~) with DC � ΞA, there exists t-SVNSRIO ΥB ∈̃ (̃Φ, ~) and is a
t-svns-?-open set ΩD ∈̃ (̃Φ, ~) such thatDC Λ ΥB, ΞA ≤ ΩD, and ΥB Λ ΩD.

Proof. The proofs of (1)⇒(2) and (2)⇒(3) are immediate.
(3)⇒(1): Let κ(m,n,r)

γ ∈̃ ˜P(m,n,r)(Φ) and ΞA ∈̃ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t). Then, by (3), there exists

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that C?

G
%σϕ
~

(ς,ΥB, t) ≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΞA, t), t) = ΞA. Since

ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), it follows that

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t) ∈̃ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t).

Also, sinceDC = IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t) ≤ C?G%σϕ
~

(ς,ΥB, t), we have C?
G
%σϕ
~

(ς,DC, t) ≤ C?G%σϕ
~

(ς,ΥB, t),

and hence κ(m,n,r)
γ Λ DC ≤ C

?
G
%σϕ
~

(ς,DC, t) ≤ C?G%σϕ
~

(ς,ΥB, t) ≤ ΞA whereDC ∈̃ IRG%σϕ
~

(ς, ψε(κ
(m,n,r)
γ ), t).

(3)⇒(4): Let DC be a t-SVNSRIC set in Φ and κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) with κ(m,n,r)

γ <̃ DC.

Then, κ(m,n,r)
γ Λ Dc

C and Dc
C ∈̃ IRG

%σϕ
~

(ς, ψε(κ
(m,n,r)
γ ), t) v QG%σϕ

~
(ς, κ(m,n,r)

γ , t). By (3), there exists
ΩD ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) such that

C?
G
%σϕ
~

(ς,ΩD, t) ≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,Dc
C, t), t) = Dc

C.

Now, κ(m,n,r)
γ Λ IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΩD, t), t). Then,

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΩD, t), t)̃∈QG%σϕ
~

(ς, κ(m,n,r)
γ , t),

and hence, by the hypothesis, there exists ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that C?

G
%σϕ
~

(ς,ΥB, t) ≤
IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΩD, t), t). Then, DC ≤ (C?
G
%σϕ
~

(ς,ΩD, t))c. Set ΞA = (C?
G
%σϕ
~

(ς,ΩD, t))c. Then, ΞA is a
t-svns-?-open set. Hence,

C?
G
%σϕ
~

(ς,ΞA, t) ≤ (IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΩD, t), t))c ≤ (C?
G
%σϕ
~

(ς,ΥB, t))c.

Hence, Cl?(ΥB, r) Λ C?
G
%σϕ
~

(ς,ΞA, t)
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The implication (4)⇒(5) is straightforward.
(5)⇒(6): Suppose that ΞA is a t-SVNSRIO set with DC Λ ΞA. Then, DC � Ξc

A. Therefore, there
exists κ(m,n,r)

γ ∈̃ ˜P(m,n,r)(Φ) such that κ(m,n,r)
γ ∈ DC and DC � Ξc

A where Ξc
A is a t-SVNSRIC set. By

(5), there exists ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), and ΩD is a t-svns-?-open set such that Ξc

A ≤ ΩD and
C?
G
%σϕ
~

(ς,ΥB, t) Λ ΩD. From ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), we have κ(m,n,r)

γ Λ ΥB ≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t).
Setting (ΥB)1 = IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΥB, t), we haveDC Λ (ΥB)1, and (ΥB)1 is a t-SVNSRIO set such that

DC Λ (ΥB)1 ≤ C
?
G
%σϕ
~

(ς, (ΥB)1, t) ≤ C?G%σϕ
~

(ς,ΥB, t) ≤ Ωc
D ≤ ΞA.

(6)⇒(7): Let ΞA be a t-SVNSRIC set with DC � ΞA. Then, DC Λ Ξc
A, and hence by (6) there

exists a t-SVNSRIO set ΥB ∈ (̃Φ, ~) such that DC Λ ΥB ≤ C
?
G
%σϕ
~

(ς,ΥB, t) ≤ Ξc
A. Then, ΥB is a t-

SVNSRIO set and (C?
G
%σϕ
~

(ς,ΥB, t))c is a t-svns-?-open such thatDC Λ ΥB, ΞA ≤ (C?
G
%σϕ
~

(ς,ΥB, t))c and

ΥB Λ (C?
G
%σϕ
~

(ς,ΥB, t))c.

(7)⇒(1): Let ΞA ∈̃ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t). Then, κ(m,n,r)

γ < Ξc
A and Ξc

A is t-SVNSRIC set. By (7),
there exist a t-SVNSRIO set ΥB ∈ (̃Φ, ~) and a t-svns-?-open set ΩD ∈ (̃Φ, ~) such that κ(m,n,r)

γ Λ ΥB,

Ξc
A ≤ ΩD, and ΥB Λ ΩD. Then, ΥB ∈ IRG%σϕ

~
(ς, κ(m,n,r)

γ , t). Since ΩD is a t-svns-?-open set, we have
C?
G
%σϕ
~

(ς,ΥB, t) Λ ΩD. Thus, κ(m,n,r)
γ Λ ΥB ≤ C

?
G
%σϕ
~

(ς,ΥB, t) ≤ Ωc
D ≤ ΞA. Hence, (Φ,G%σϕ~ ,H

%σϕ

~ ) is called
SVNS-almost-I-regular. �

Theorem 11. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for each ΞA ∈̃ (̃Φ, ~), ς ∈ ~, and t ∈ I◦. Then, the
following statements are equivalent:

(1) (Φ,G%σϕ~ ,H
%σϕ

~ ) is called SVNS-I-regular.
(2) For each κ(m,n,r)

γ ∈̃ ˜P(m,n,r)(Φ) and for each ΞA ∈̃ (̃Φ, ~), with G%ς(Ξc
A) ≥ t, Gσς (Ξc

A) ≤ 1 − t,
G
ϕ
ς (Ξc

A) ≤ 1 − t and κ(m,n,r)
γ < ΞA, there exists ΥB ∈ (̃Φ, ~) where ΥB is a t-svns-?-open such that

κ(m,n,r)
γ < CG%σϕ

~
(ς,ΥB, t) and ΞA ≤ ΥB.

(3) For each κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) and for each ΞA ∈̃ (̃Φ, ~), with G%ς(Ξc

A) ≥ t, Gσς (Ξc
A) ≤ 1 − t,

G
ϕ
ς (Ξc

A) ≤ 1 − t, and κ(m,n,r)
γ < ΞA, there exists ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) and ΩD ∈̃ (̃Φ, ~) where ΩD

is a t-svns-?-open such that ΞA ≤ ΥB and ΥB Λ ΩD.

(4) For each DC,ΞA ∈̃ (̃Φ, ~) with G%ς(Ξc
A) ≥ t, Gσς (Ξc

A) ≤ 1 − t, Gϕς (Ξc
A) ≤ 1 − t, and DC � ΞA, there

exists ΥB ∈ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), and ΥB,ΩD∈̃(̃Φ, ~) with G%ς(ΥB) ≥ t, Gσς (ΥB) ≤ 1−t, Gϕς (ΥB) ≤ 1−t

and ΩD is t-svns-?-open such thatDC Λ ΥB, ΞA ≤ ΩD and ΥB Λ ΩD.

Proof. The proof proceeds in a manner similar to that of Theorem 10, and is therefore omitted. �

Theorem 12. An svnsit-space (Φ,G%σϕ~ ,H
%σϕ

~ ) is SVNS-almost-I-regular iff for all ΞA ∈̃ (̃Φ, ~), ς ∈ ~,
and t ∈ I◦, δCG%σϕ

~
(ς,ΞA, t) = θCG%σϕ

~
(ς,ΞA, t).

Proof. From Theorem 2(9), we only show that δCG%σϕ
~

(ς,ΞA, t) ≥ θCG%σϕ
~

(ς,ΞA, t). Let δCG%σϕ
~

(ς,ΞA, t) �
θCG%σϕ

~
(ς,ΞA, t). Then, there exists κ ∈ Φ and m, n, r ∈ I◦ such that

%δC
G
%
ς

(ς,ΞA,t)(κ) < m < %θC
G
%
~
(ς,ΞA,t)(κ),

σδCGσς (ς,ΞA,t)(κ) ≥ n ≥ σθCGσ
~

(ς,ΞA,t)(κ),

ϕδC
G
%
ς

(ς,ΞA,t)(κ) ≥ r ≥ ϕθC
G
ϕ
~

(ς,ΞA,t)(κ).

(5.1)
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Since
%δC

G
%
ς

(ς,ΞA,t)(κ) < m, σδCGσς (ς,ΞA,t)(κ) ≥ n, ϕδC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ r,

it follows that κ(m,n,r)
γ is not a t-δI-cluster point of ΞA. So, there exists ΥB ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) with
ΞA ≤ (IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,ΥB, t), t))c. Since ΥB ∈̃ QG%σϕ
~

(ς, κ(m,n,r)
γ , t), we have

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t) ∈̃ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t).

By the SVNS-almost-I-regularity of Φ, there exists DC ∈̃ IRG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that

C?
G
%σϕ
~

(ς,DC, t)) ≤ IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t). Thus,

ΞA ≤ (IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,ΥB, t), t))c ≤ (C?
G
%σϕ
~

(ς,DC, t))c = I?
G
%σϕ
~

(ς,Dc
C, t),

and G%ς(DC) ≥ t, Gσς (DC) ≤ 1 − t, Gϕς (DC) ≤ 1 − t. By Theorem 2(4),

%θC
G
%
ς

(ς,ΞA,t)(κ) ≤ %Dc
C
(κ) < m,

σθCGσς (ς,ΞA,t)(κ) ≥ σDc
C
(κ) ≥ n,

ϕθC
G
ϕ
ς

(ς,ΞA,t)(κ) ≥ ϕDc
C
(κ) ≥ r.

This contradicts Eq (5.1).
Similarly, the proof of the converse direction is straightforward. �

Theorem 13. An svnsit-space (Φ,G%σϕ~ ,H
%σϕ

~ ) is SVNS-almost-I-regular iff for all t-SVNSRIC sets
ΞA ∈̃ (̃Φ, ~), ς ∈ ~, and t ∈ I◦, θCG%σϕ

~
(ς,ΞA, t) = ΞA.

Proof. The necessary part is a direct consequence of Theorem 12 and the fact that the t-SVNSRIC set
is t-svn-δI-closed.

Conversely, let ΞA be any t-SVNSRIC set with κ(m,n,r)
γ < ΞA. Then, κ(m,n,r)

γ < θCG%σϕ
~

(ς,ΞA, t), and
hence, κ(m,n,r)

γ is not a t-δI-cluster point of ΞA. Thus, there exists ΥB∈̃QG%σϕ
~

(ς, κ(m,n,r)
γ , t) such that

ΞA Λ C?
G
%σϕ
~

(ς,ΥB, t). Thus, that ΞA ≤ (C?
G
%σϕ
~

(ς,ΥB, t))c = DC and DC is a t-svns-?-open set implies

DC Λ C?
G
%σϕ
~

(ς,ΥB, t). Hence, by Theorem 11(5), (Φ,G%σϕ~ ,H
%σϕ

~ ) is SVNS-almost-I-regular. �

Lemma 5. If ΞA,ΥB ∈̃ (̃Φ, ~), ς ∈ ~, and t ∈ I◦ such that ΞA Λ ΥB where ΥB is t-svn-δI-open, then
δCG%σϕ

~
(ς,ΞA, t) Λ ΥB.

Proof. Let ΞA Λ ΥB where ΥB is t-svn-δI-open. Then, ΞA ≤ Υc
B = δCG%σϕ

~
(ς,ΥB, t), and by

Theorem 2(11),

δCG%σϕ
~

(ς,ΞA, t) ≤ δCG%σϕ
~

(ς, δCG%σϕ
~

(ς,Υc
B, t), t) = δCG%σϕ

~
(ς,Υc

B, t) = Υc
B.

Hence, δCG%σϕ
~

(ς,ΞA, t) Λ ΥB. �

Lemma 6. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, and ΞA ∈̃ (̃Φ, ~) be a t-svn-δI-open set iff for every
κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) with κ(m,n,r)

γ Λ ΞA, there exists t-SVNSRIO set ΥB∈̃ (̃Φ, ~) such that κ(m,n,r)
γ Λ ΥB ≤

ΞA.
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Proof. Let κ(m,n,r)
γ ∈̃ ˜P(m,n,r)(Φ) with κ(m,n,r)

γ Λ ΞA. Then, κ(m,n,r)
γ < Ξc

A. Since ΞA is a t-svn-δI-
open set, κ(m,n,r)

γ < Ξc
A = δCG%σϕ

~
(ς,Ξc

A, t). Thus, κ(m,n,r)
γ is not a t-δI-cluster point of Ξc

A. Thus,
there exists DC ∈̃ QG%σϕ

~
(ς, κ(m,n,r)

γ , t) such that Ξc
A Λ IG%σϕ

~
(ς,C?

G
%σϕ
~

(ς,DC, t), t). Setting ΥB =

IG%σϕ
~

(ς,C?
G
%σϕ
~

(ς,DC, t), t), then, ΥB is a t-SVNSRIO set with κ(m,n,r)
γ Λ ΥB ≤ ΞA.

Conversely, suppose δCG%σϕ
~

(ς,Ξc
A, t) , Ξc

A. Then, there exist κ ∈ Φ and m, n, r ∈ I◦ such that

%Ξc
A
(κ) < m < %δC

G
%
~
(ς,Ξc

A,t)(κ),

σΞc
A
(κ) ≥ n ≥ σδCGσ

~
(ς,Ξc

A,t)(κ),

ϕΞc
A
(κ) ≥ n ≥ ϕδC

G
ϕ
~

(ς,Ξc
A,t)(κ).

Since κ(m,n,r)
γ Λ ΞA, there exists a t-SVNSRIO set ΥB such that κ(m,n,r)

γ Λ ΥB ≤ ΞA. This implies

Ξc
A ≤ Υc

B = CG%σϕ
~

(ς,I?
G
%σϕ
~

(ς,Υc
B, t), t).

By Theorem 1(4),
%δC

G
%
~

(ς,Ξc
A,t)(κ) ≤ %Υc

B
(κ) < m

σδCGσ
~

(ς,Ξc
A,t)(κ) ≥ σΥc

B
(κ) ≥ n,

ϕδC
G
ϕ
~

(ς,Ξc
A,t)(κ) ≥ ϕΥc

B
(κ) ≥ r.

This is a contradiction. Hence, δCG%σϕ
~

(ς,Ξc
A, t) = Ξc

A, i.e., ΞA is a t-svn-δI-open set. �

Lemma 7. If G%ς(ΞA) ≥ t, Gσς (ΞA) ≤ 1 − t, and Gϕς (ΞA) ≤ 1 − t, then CG%σϕ
~

(ς,ΞA, t) = δCG%σϕ
~

(ς,ΞA, t).

Proof. The proof of this lemma follows directly from Theorem 2(8). �

Theorem 14. Let (Φ,G%σϕ~ ,H
%σϕ

~ ) be svnsit-spaces, for each ΞA∈̃(̃Φ, ~), ς ∈ ~, and t ∈ I◦. Then, the
following statements are equivalent:

(1) (Φ,G%σϕ~ ,H
%σϕ

~ ) is called SVNS-almost-I-regular.
(2) For each t-svn-δI-open set ΞA ∈̃ (̃Φ, ~) and each κ(m,n,r)

γ ∈̃ ˜P(m,n,r)(Φ) with κ(m,n,r)
γ Λ ΞA, there

exists a t-svn-δI-open set ΥB ∈̃ (̃Φ, ~), such that κ(m,n,r)
γ Λ ΥB ≤ C

?
G
%σϕ
~

(ς,ΥB, t) ≤ ΞA.

Proof. (1)⇒(2): Let ΞA be a t-svn-δI-open set such each κ(m,n,r)
γ Λ ΞA. Then, by Lemma 6, there

exists a t-SVNSRIO set ΩD ∈ (̃Φ, ~) such that κ(m,n,r)
γ Λ ΩD ≤ ΞA. By the SVNS-almost-I-regularity

of Φ, there exists a t-SVNSRIO set ΥB (which is also a t-svn-δI-open set) such that κ(m,n,r)
γ Λ ΥB ≤

C?
G
%σϕ
~

(ς,ΥB, t) ≤ ΩD ≤ ΞA.

(2)⇒(1): It is obvious. �

6. Conclusions

In this paper, we have introduced and investigated several new concepts within the framework
of single-valued neutrosophic soft ideal topological spaces, including t-single-valued neutrosophic
soft δI-cluster points and θI-cluster points, along with their corresponding δI-closure and θI-
closure operators. We examined t-single-valued neutrosophic soft δI-closed and θI-closed sets and

AIMS Mathematics Volume 11, Issue 8, 26136–26167.
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established their fundamental properties. We also explored various types of continuity, such as
single-valued neutrosophic soft δI-continuity, θI-continuity, and almost I-continuity, in addition
to stronger forms including strongly θ-ideal continuity and almost ideal continuity. Moreover, the
notions of single-valued neutrosophic soft I-regular and almost I-regular spaces were developed, and
several relationships among these concepts were derived, providing deeper insight into their structural
properties and suggesting directions for future research.
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17. A. P. Šostak, On a fuzzy topological structure, In: Z. Frolı́k, V. Souček, J. Vinárek, Proceedings of
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