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1. Introduction

Uncertainty modeling is an area in mathematics, as well as applied sciences, that has developed
considerably within the last several decades. Classical set theory and conventional topological
techniques are frequently not sufficient to handle imprecise or ambiguous data. In order to overcome
this shortcoming, Zadeh in 1965 proposed the concept of fuzzy set in which elements of a set are free
to be members with different membership degrees (see, e.g., [1]) as opposed to being limited to binary
values (0 or 1).

Moreover, Molodtsov [2] introduced the theory of soft sets as a novel mathematical framework
for handling uncertainty. Since its introduction, soft set theory has been extensively developed and
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successfully applied in various fields, including medicine, economics, mathematics, and engineering.
Next, abstract research of soft-set operators was taken into account by Maji et al. [3], uses in decision-
making problems. In addition, Shabir and Naz [4], proposed the concept of soft topological spaces (st-
spaces) determined on an initial universe with a known set of parameters. Majumdar and Samanta [5],
studied mappings on soft sets and how they can be applied in medical diagnosis. The concept of
soft mappings was presented by Kharal and Ahmed [6], and the concept of soft continuity was later
elaborated by Aygunoglu and Aygun. [7]. Since then, many studies have been devoted to soft continuity
which are recorded in [8—10]. The generalization of soft open sets (S-open sets) plays an effective role
in a soft topology through their ability to improve on many results, or to open the door to explore and
discuss several soft topological notions such as soft continuity [11-13].

The notion of fuzzy soft sets (fs- sets) was first defined in 2001 by Maji et al. [14], which combines
the f-set [1] and s-set [2]. The concept of fst-spaces was introduced and many of its properties such as
fs-continuity, fs-closure operators, fs-interior operators, and fs-subspaces were studied [15, 16] based
on fuzzy topologies in the sense of Sostak [17]. Also, a novel approach to discussing fs-regularity
axioms and fs-separation axioms using fs-sets was explored by Taha [18, 19]. The notions of r-FS-
regularly-open sets, r-FS-pre-open sets, r-FS-semi-open sets, r-FS-a-open sets, and r-FS-8- open sets
were introduced by the authors [20-23]. Furthermore, Alshammari et al. [24] defined and investigated
the concept of fs-0-continuous functions based on fuzzy topologies in the sense of Sostak [17].

Another theory that came out to be an improvement upon fuzzy and intuitionistic fuzzy sets is
neutrosophic set theory, introduced by Smarandache [25], where you introduce indeterminacy as well
as truth and falsity, and three separate degrees of membership are used. Single-valued neutrosophic
sets have been the most frequently used type because they are easier to implement in code and easier to
apply in practice (see [26,27]). In recent times, Saber et al. [28,29] familiarized the concepts of single-
valued neutrosophic closure space, single-valued neutrosophic ideal, r-single-valued neutrosophic
connected sets, and single-valued neutrosophic ideal open local functions based on single-valued
neutrosophic topological space.

Saber et al. [30] proposed the concept of the novel concept of single-valued neutrosophic
soft topological spaces and single-valued neutrosophic soft closure spaces. The notions of
singlevalued neutrosophic soft uniformities, single-valued neutrosophic soft topologies, and single-
valued neutrosophic soft interior operators were introduced by Saber et al. [31]. Furthermore,
Alsharari et al. [32] defined and investigated the concepts of stratified single-valued neutrosophic
soft topogenous (stratified svns-topogenous), stratified single-valued neutrosophic soft filter (stratified
svns-filter), stratified single-valued neutrosophic soft quasi uniformity (stratified svnsq-uniformity),
and stratified single-valued neutrosophic soft quasi proximity based on single-valued neutrosophic soft
ideal topological spaces [28].

In this paper, we aim to introduce and investigate several new concepts within the framework of
single-valued neutrosophic soft ideal topological spaces. In particular, we will define t single-valued
neutrosophic soft 67 -cluster points and 67 -cluster points, along with their corresponding 6.7 -closure
and 67-closure operators. We will also study t-single valued neutrosophic soft 6.7 -closed and 67-
closed sets and examine their fundamental properties. Furthermore, we will introduce and analyze
various types of continuity, including single-valued neutrosophic soft 6. -continuity, 67-continuity,
and almost J-continuity, as well as stronger forms such as strongly #-ideal continuity and almost ideal
continuity. In addition, we will establish the notions of single-valued neutrosophic soft 7-regular and
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almost 7 -regular spaces and explore the relationships among these concepts.
2. Preliminaries

In this study, the symbols @ and K are used to denote nonempty sets. Let 7 denote the set of all
parameters associated with @, and let M C %. The family of all single-valued neutrosophic sets on @ is
denoted by I?, where I, = (0, 1] and I = [0, 1]. For any y € I, the constant single-valued neutrosophic
set y is defined by y(x) = y for every » € ®@. Table 1 lists the symbols used throughout the paper.

Table 1. List of symbols used throughout the paper.

Symbol Description

() Universe of discourse (nonempty set)

K A nonempty set

h Set of all parameters associated with .
G* Single-valued neutrosophic soft topology

Qe (s, 2 t) single-valued neutrosophic soft open Qge-neighborhood
of %(ym’"’r)

H. ¢ Single-valued neutrosophic soft ideal on ®

ngw Single-valued neutrosophic soft closure operator

I 6o Single-valued neutrosophic soft interior operator

0Cgere 0z -closure operator

SVNS-67-continuous 0-ideal continuity in single-valued neutrosophic soft
topological spaces

f-ideal continuity in single-valued neutrosophic soft
topological spaces.

Single valued neutrosophic softideal regular

Single valued neutrosophic soft almost ideal regular

SVNS-67 -continuous

SVNS-7-regular
SVNS-almost-7 -regular

Definition 1. [25] Let @ be a universal set. A neutrosophic set (briefly, n-set) E on @ is defined as

B = {0, (0=(2), 0-(%), - 00))) | % € @, 0:(x), 7. (%), 0 () €]70, 171},

where o_(x), o.(%), and ¢_(x) denote the truth-membership, indeterminacy-membership, and falsity-
membership functions, respectively.

Definition 2. [33] Let ® be a universe of objects with a generic element x € ®. A single-
valued neutrosophic set (briefly, svn-set) E in © is defined as = = {(x,{0.(%), 0.(%), p-(%)))}, where
0-(%),0.(%), p_ (%) ® — L Here, o.(%), o.(x), and ¢_(x) represent the truth-membership,
indeterminacy-membership, and falsity-membership functions of H, respectively.

Definition 3. [30] Let E4 be a single-valued neutrosophic soft set (briefly, svns-set) on ®, where
= : h — I In other words, for each ¢ € A, the mapping Z(s) (denoted by E..) represents a single-
valued neutrosophic set (svn-set) on ®©. For parameters ¢ ¢ A, it is defined that Z(¢) = (0, 1, 1).
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Each svn-set Z(g) is regarded as an element of the svnfs 2. Consequently, a svns-set Z; on @ can
be expressed as

(E 1 =1{(5,E() | s €n, E(s) € I”} = {(5,€0-(5), 7=(8), o (&) | s € B, E(s) € I}

Here, o. : h — I denotes the membership function, o_ : h — I represents the indeterminacy
function, and ¢_ : h — 1 denotes the non-membership function of the svns-set.

The pair (D, 7) represents the family of all svns-sets defined on ® and is referred to as the universe
of svns-sets.

A svns-sets 2, on @ is called a null-svns-set (briefly, 5) ifo.(¢) =0, o.(¢) =1, o.(¢) = 1, for
every g € h.

A svns-sets E, on @ is called a absolute-svns-set (briefly, %) ifo.(¢)=1, 0.(c) =0, ¢_(s) =0, for
every ¢ € h.

Furthermore, a svns-sets E, on @ is said to be a s-absolute svns-set (briefly, %s )ifo.(s) =s, o.(¢) =
0, ¢.(¢) =0, forall ¢ € h, where s € 1.

Definition 4. [30] Let=,, Y € (/(-DTT{) be an svns-sets on ©. Then,

(i) Inclusion of two sets (for short, E, E V) defined as

0-(6) £0.,(6), 0.(¢) 20.(5), ¥() = ¢.(s);

(ii) The complement of the set E4 denoted by (for short, (E4)°) is defined as

B = (6. (02(6), T (6),0.()) | s € B, E(s) € I7).

Definition 5. [34] Let ® be a universal set and let h denote a collection of parameters. A single-

valued neutrosophic soft point, written as %(ym’"’r) on @, is defined as a mapping from h into the class of

single-valued neutrosophic soft points of © satisfying

(m,n,r), if y=vy, andy = x,

(mn.r) = —
% =
v ) {(0, 1,1),  otherwise,

where vy is a single-valued neutrosophic point on ®. Moreover, we say that %(ym’"’r) belongs to Z4

(""" € By) ifm < 0-, (), n > o (x)(y) and r > ¢_ (x)(y). On @, P(;:;-(/(D) is the family of all
SVns-points.

Definition 6. [34] Let ® # 0 and let 2, € (ﬁ). For a point %i’"’"’”) € P(md)), the point %i’"’””)
is said to be single-valued neutrosophic soft quasi-coincident (for short, svnsqc-coincident) with =,,
denoted by """ A E,, if there exists y € ® such that

m+ o, (o)(y) > 1, m+o., Go)(y) <1, r+ ., (o)(y) < 1.

Furthermore, for any E,,(, € (&Tﬁ), we write 2, A Y, whenever there exists an element y € ®
satisfying

0=, () +0,,00() > 1, o GO)(y) + o, ()(y) < 1, @, G)(y) + ¢, (0)(y) < 1.
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Definition 7. [30] We say that G2, s Gl h— (20 forms a single-valued neutrosophic soft topology
(svnst) on @, if it satisfies the subsequent axioms for every ¢ € h:

(G1) GX¢) = 1.G(9) = 0.G4(9) = 0 and G2(h) = 1, G7(R) = 0,GE(h) = 0;
(G2) GUEaN Tp) 2 GUEA) A Gi(Tr), GI(EA T Tp) < GI(EN) AGI(Tp), GEEA N Tp) < GEEA) A
GE(Ts), Y Ba, Y5 € (@,1);
(G3) GiUier(Ba)) = Nier(@GU(EWD),  GIUiet(Ea)) < Vit GIU(E)), GilUics(Ba)) <
Viet GEEn)), Y Ex € (@),
A quadruple (@, G, s GY) is said to form a single-valued neutrosophic soft topological space
(svnst-space). When no ambiguity occurs, we simply denote (G%, o G?) by Qg‘r‘p.

Definition 8. [30] Let (9, G;,G7.G;) be an svnst-space. For 2, € (D7), ¢ € h, and t € L, the
operators C 6o and I gee are mappings from h X (@, 1) x L, into (@, k) defined as follows:

Cerrv(s, Bty = | | {‘rB €@ |Z4ETs GIP=za, GITH<1-LGHTH <1 - t},

Ten(c.Ent = | {TB e@R|TsCE G2t GI(Tw) <T-tGHTp) <1 - t}.

Definition 9. [34] Let (®,G.,G7,G?) be an svnst-space. For t € L, B4 € (®,7), and
wD € P(,:;_(/(D), a single-valued neutrosophic soft open Qgee-neighborhood of w0 s defined

by
Qg (s, w0 t) = {EA ‘%f/m,nf) AZ,, GUEN) 2L GIEN)<1-t GUEH <1~ t}.

Definition 10. /28] A mapping H, HZ, HE = 1, — I? is said to be a single-valued neutrosophic soft
ideal on @ if it satisfies the following properties:

(Hy) H(0) = 1 and HI(0) = HE(0) = 0.

(Hz) If 24 T Yp, then H(Eq) < HI(Tp), HI(Ea) = HI(Tp), HL(Ea) > HE(Cp), for every svn-sets
Ea Tp € (O,7).

(H3) For anysvn-sets 24, (g € (D, 7), HE(E4 U Tp) > HIEL) NHI(Tp), HI(EAUTp) < HI(Es U
HI(Tp), HEE4UTp) < HE(EA) U HE(Lp).

Remark 1. The introduction of ideals in single-valued neutrosophic soft topological spaces provides
a useful mechanism for describing negligible or insignificant components within the considered
structure. In this framework, ideals play an essential role in defining and analyzing generalized
operators by controlling the subsets that can be ignored in the topological structure. Consequently,
the presence of ideals allows us to obtain new closure and interior operators and establish more
general results than those obtained in the absence of ideals. Thus, ideals are not merely additional
assumptions, but they represent a fundamental component that contributes to the development of the
proposed structure and its related properties.

Definition 11. /28] Let (@, GY, o GY) be an svnst-space and let Z, € (&Tﬁ). The single-valued
neutrosophic soft ideal open local function of Ea, denoted by Z5(G7"*, H;?), is defined as the
union of all single-valued neutrosophic soft points %5’”’””) satisfying the following condition: If
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TBEQggaw(g, %(ym’"’r),t) and H(E,) 2 t, HI(E) < 1 —t, HI(Es) < 1 —t, then there exists an
element y € © such that

0z, (0) + 0., (%) =1 > 0, (%),
O-EA (%) + O-TB(%) -1< O-‘RC (%)9

@z, (20) + @, (%) = 1 < (30).

Remark 2. [28] Let (9,G,”%, H;"%) be a single-valued neutrosophic soft ideal topological spaces
(svnsit-spaces) and let =, € (&Tﬁ). Then, we define

C;gmﬁ(g’ EA’t) = EA (. E,:a I;gmﬁ(ga EAat) = EA M [(E,{’A)*]C

Definition 12. Let (®,G;"%, H.’?) be a svnsit-spaces and let t € L, ¢ € h. Then, Z, € (@, 7) is said to
be:

(i) An t-single-valued neutrosophic soft pre-ideal open set (abbreviated as t-SVNSPIO) iff 24 <
L gere(S, Clare (6. B, O, 1)

(ii) An t- smgle valued neutrosophic soft regular ideal open set (abbreviated as t-SVNSRIO) iff 24
L gore(s,C m(s‘, Ea 1), 1),

(iii) An t-szngle valued neutrosophic soft strongly -ideal open set (abbreviated as t-SVNSSBIO) iff
Ha < ngmp(g, 1 goe (s, C*W(S‘, Ea 1), 1), 1),

(iv) An t- smgle valued neutrosophlc soft o-ideal open set (abbreviated as t-SVNS6IO) iff
L e (s, C, e (6, Ea, 1), 1) < C*m(g, 1 gore(S, Exs 1), );

(v) An t- szngle valued neutrosophlc soft T Rg -neighborhood of #"™" if #"""” N E, and E, is
t-SVNSRIO. We denote

TRE™ (6,400, 0) = {84 € @T) |« A E,, Ey is t = SVNSRIO).
3. t-single-valued neutrosophic soft 67-open and 67 -open sets

In this section, we introduce and study the concept of t-single-valued neutrosophic soft 67 -cluster
points. Based on this concept, we define the 67 -closure and 6 -closure operators as mappings

8Cgire : X (@) x 1o = (®,),  6Cgers : i x (®,7) x I, — (@, ),

and investigate their fundamental properties.

Furthermore, we introduce and analyze the notions of t-svn-07-closed and t-svn-67-closed sets,
examining their interrelationships within the framework of single-valued neutrosophic soft topological
spaces.

Deﬁnition 13. Let (0,G,7%, H;°%) be svnsit-spaces. For each t € L,, ¢ € I, E4 € (@, %), and
#"D € P (®). Then:

mnr)

(i) %(m ™) s called t-single-valued neutrosophic soft 61 -cluster point (t-0.1 -cluster point) of Z4 if for
every (' € Qe (5, %", 1) we have 2, A Tgurs(5, Clipos (s, T, ), 1);
h
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(ii) 01 -closure operator is a mapping (5Cgahw ch X (/(—)Tﬁ) x1I, — (’(—Diﬁ) defined as

5Cg§(w(g, Ea,t) = LI {%(ym’””) € P(;\(JCI)) %(ym’”’r) ist— 01 — cluster point of EA}.

,1)

Theorem 1. Let (®,G,"?, H,”%) be svnsit-spaces, for each t € L., ¢ € I and 2,4, Y3e(®, 7). Then, the
following properties hold:

(1) Ea < 6Cgers(s, By, ).
(2) If E4 < Yp, then 5Cgere(g, By, t) < 6Cgere (s, T, ).
(3) Zgere(s, Clare(. Ea, ), 1) is t-SVNSRIO.

h

(4) 6Cgere(5, B, t) = M{Y5E(®, H)|Z4 < Y, Vg is t-SVNSRIC),.
(5) Cgere(S, Eat) < 6Cge7e (6, B, ).

Proof. (1) and (2) are easily proved from Definition 13.
(3) Let T € (@,7) and (5 = T gore(s, C%.s(Ea, 1), 1). Then, we have
h

Tg79(6. Clre(6: T3 0.0) = Lo (5, Claos (6. T g6, Clars(5. 2, ., .0
< Zg170(6, Care (6, Care (65 B, 1, 1), 1)
= T57+(6, Core(5.Ea, 0,) = L.

Since
TB = _Z—ggmp(g" TBa t) S Iggmp(g’ C;ZU‘P(ga TB’ t)’ t)’

hence

TB = Igg‘w (ga C;i”‘ﬁ(ga TB’ t)’ t)‘

(4) Setting R = M{Te(®, )|E4 < T, T is t-SVNSRIC}, and let 0Cgi7¢(s, Ea, t) % R. Then there
exist x € ® and m, n, r € I, such that

Qéng(g,EA,t)(%) <m < (%),
ToCgr(czat(#) 2 1 2 Tr(%), 3.1)

Poc e (cEat) (%) 2 1 2 PR(%).
S

Then, %(7'"’"”) is not a t-67 -cluster point of Z4. So, there exists

TBEQQ?T‘P (g’ %;m,n,r), t)9 EA < (-Z-Qf;‘r“’ (g9 C;g(’"ﬁ (g’ TBa t)’ t))C
Thus,
EA < (-Z—gg‘w (ga C;?W (g9 TB’ t)’ t))C = CQZD—‘F (g’ I;gmﬂ (g5 T;ﬁ t)’ t)
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Since Cgahw (¢, T ;gw(g, 145, 1),t) is t-SVNSRIC,

or(x%) < chg(g,lgg(g,'r%,t),t)(%) <m,
or(%) 2 0 ng(g,fgo.(g,'f%,t),t)(%) > n,
h

Por(%) = ‘;OCg;(g,I;;(g,Tz,t),t)(%) >r.

This contradicts Eq (3.1). Thus 5Cg§<w (5,84, ) > R.

Suppose (5Cg§«w(g, Za,t) £ R. Then, there exists t-6.7-cluster point y(f"f”f = P(;;_(/CD) of 4, such
that
Qacg§<g,sA,t>(y) > 1 > or(y),

Toer(s2at) (V) 7 < TROY), (3.2)

Pocgeszan(V) < F < @r(Y).
By the definition of R, there exists t-SVNSRIC Y € (ﬁ) with Z4 < T'p such that
stz oY) > 11> 01, (¥) 2 Or(Y);
TsCorcza)(V) S 7 < 0y () < 0R(Y),

%cg?(g,aA,t)()’) < F < or,(9) < @r(y).

Then, 1§ € Qgerv (s, WD 4. So,

Ea < Ty = (Tgere(s, Clprr($, 05,0, 1)
Therefore, 4 A T, 6o (S, C;@w (s, T4, 0), t). Hence, y(ym’f”f) is not a t-6.7 -cluster point of =, that is,
! h

9s5C*,(s,2a0) < M, T5C*, (sEat) = 11, PoC p(sZat) 2 T
Ge s G

This contradicts Eq (3.2). Thus, 5Cg§rw(g‘, Eat) <R
(5) Suppose that TBE(,(iTﬁ) and t € I, such that

Cgere(§: Ear t) £ 6C g+ (6, Ens t).
Then, there exist x € ® and m, n, r € I, such that
Qng(c,EA,t)(%) >m > Qécgg(g,EA,t)(%)a
o ng(g,EA,t)(%) =n=so 6ng(g,EA,t)(%),

PCo(c2a (%) ST S P jo(c200) ().
h h
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(m,n,r)

Since os¢ 2 (%) <M,y Tseprez,n(®) 2 1, and Poc o (cEa) () 2 T, %y is not a t-67 -cluster point
h h n

of Z4. So, there exists TBEQggw(g, %(ym’"’r), t), and
EA S (Ig\‘hw (ga C;gw (g’ TBa t)7 t))c

Hence,
= < c
Qng(g,HA,t)(%) S O go(s:Cae(s:Yp.0.0) () <m,

TCar(2a0(%) 2 T(Igr(s.Cor (s .00 (%) 2 1,

PCec2a) () 2 P e e rpt 0y (%) 2 T
h h h

This is a contradiction. Thus,
ngmf (ga EAa t) < 5Cg§”‘ﬁ(§, EA’ t)

Lemma 1. Let (0,G,", H;°%) be svnsit-spaces, and EE(D,R) a t-SVNSBIO set.
Cgéh"w (g’ EAa t) = 6Cg§‘w (Ga EAa t)

Proof. We establish the following inequality:
ngmﬁ (g’ EA’ t) 2 5Cg§‘” (g9 EA9 t)

Assume, to the contrary, that
CQ;;MF (ga EAa t) 2 5Cg§mﬁ(g’ EA’ t)

Then, there exist % € ® and m, n, r € I, such that
chg(g,EA,t)(%) <m< Qéng(g,EA,t)(%),
OC oz X)) 2N 20500z t)(%),
Car (c.22.0)(%) 6Cop (c.Eat) (%)
PC e c2a) (%) 2T 2 PsC p(c.2at) (%)
h h
According to the definition of ngw, there exists T € (/(—Drﬁ) such that
gg(‘rg) > a, Q;’(‘I’%) <1-t, Qs‘ﬁ’(‘f%) <1-t, and ZE4C Yp,

such that
QCg,g;(g,EA,t)(%) < or() <m < Q6C§§(§,EA,t)(%)a

OCar(c2a0(%) 2 Ty (%) 2 1 2 Tocyrcz0n(%),

‘ngf(g,EA,t)(%) > @y, (%) 21> ‘pécgg(g,EA,t)(%)-

Then, TCBEQQ.;”‘P (s, %;m’”’r), t), and

ES Z TCB = I;iw’(g9 329 t) 2 I;gmﬂ(g5 %’ t) = (C;gmﬁ(g’ TB9 t))C = (ngaw(Ga TB9 t))c = TCB

O

Then,

(3.3)
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Then, C’;;,w(g‘, Ea.t) A T implies that

T% S (C;gmﬂ(g’ EA’ t)’ t)C = C;gmﬂ(ga TCB’ t)’ t) S (—Z-;;"W(ga C;gmﬂ(ga EAa t)a t))c
= Igﬁh"’*” (g’ C;.;“"P (g9 TCBa t)a t) < (ngmp (g’ I;.;“"P (g9 C;gmﬁ (ga EAa t)a t)7 t))c
= Igg““’ (§9 C;;_;(W (g’ T%a t)a t) S (C;gw (§9 _Z—ggmp (g’ C;gmﬂ (ga EAa t)a t)’ t))C

Thus,
_Z-ggmp (g’ C;g”’sﬂ (g’ T;}v t)’ t) A C;g”’s” (g’ Ig‘;‘;(w (g7 C;;’(W (g’ EAa t)a t)’ t)

Since E4 is t-SVNSBIO, 7 gore (g, C;w(g L5, 1),8) A Zy4. So, %" is not a t-67-cluster point of Z,.
g [
Thus,
Q5CQQ(§,EA,t)(%) <m,
h

o 5ng(§,EA,t)(%) 2 n,
‘;06Cg§(§,EA,t)(%) 2.
This contradicts Eq (3.3). Hence,
ngw(g, Ea,t) > 5Cg§w(g, E4, ).
By Theorem 1(5),
Cgere(S: Eas t) = 6Cgee (S, B, 1.
O

Definition 14. Ler (®,G}%, H°?) be svnsit-spaces. For t € 1, ¢ € h, E4 € (®,%) and
#\""DE P (®). Then

(i) E4 is called t-single valued neutrosophic soft 6.1 -cluster point (t-61 -cluster point) of E, if for
every Yz € ng(g‘, %" t) we have E, A C*W(g, T, t);

(ii) The 61 -closure operator is a mapping 6C, oo h X ((I), nxI, - (ﬁ?ﬁ) defined as

0Cgem(S, Eas t) = I_I{%;m’"’r) epr. (@) (m" " is t — 0I — cluster point of Z,).

mnr)

Theorem 2. Let (©,G,"%, H; %) be svnsit-spaces, for each 2y, YRe(D,R), ¢ € hand t € L. Then, the
following properties hold:

(1) 24 < Qngw(g‘, Za, ).

(2) If E4 < Yp, then 8C (5, En, ) < 6Cq+(s, T, 1.

(3) Cgeoe(s, s t) < u{%(ym’"”) € P(;;(/CD) ' %(m’"’r) is t— 01 — cluster point of Z4}.
(4) 0Cge(5,Ea, ) = T w(S’, g, 1), Gy F(T%) >t

(5) 5Cgezw(g, Ea, t) =Y SVNSSIC}.

(6) %(m" " st — 1- clusterpomt of 24 lﬁ%("’” g HCgm(g, E4, t).

(7) %(m" " is t — SI-cluster point of 24 lﬁ”%(ym g 5ngzw(g‘, E4, t).
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(8) If Ba = Cgrre(§. L fore (6, B, ), 1), then Eq = 6Cge+(5, . 1)

(9) =A < ngmp (§’ A, t) < 5ng“’ (g’ A t) < QCQQ(W (§’ A, t)
(10) W(s,E4 U Tp,t) = W(s,Ex, t) U W((s, ‘I’B, t)) for each W = {5ngrw, HCQ;rw}.
(]]) 6CQ§(W(§’ A, t) - 6CQ§U¢ (g’ (Sng""P(g, =y t)’ t)

Proof. From Definition 14, (1) and (2) are easily proved.
(3) Setting R = L{x\"""” € P (®) ' w0 is t — 61 — cluster point of Eu).
Suppose that ngw(g, 24, t) £ R. Then, there exists x € ® and m, n, r € 1, such that
QCQ%)(C,EAJ)(%) >m> Q'R(%)9
O-ng(g‘,EA,t)(%) <n< O-‘R(%)’ (34)

P62 () S 7 < PRr(%).
h

Then, % (m " isnot a t — 61 — cluster point of EZ,. So, there exists (5 € Qg;w(g, %(y'"’”’r), t),
E:A S [-Z-ngp(g’ C;gmﬁ (ga TB’ t)’ t)]C S T%
By the definition of Cgere,
Ocg(sza(%) < €13 () < m,
TCgr(s2a(#) 2 Org (%) 2 1,
QDCQ?(g,EA,t)(%) > e () 2 1.
This contradicts Eq (3.4). Thus, Cgm(g, Hat) <R,
4) S = N{T3e(@, ) | Eq < f*m(S‘, Tst), G, T(T5) > t).
Suppose that QCgerw(g, 4,1 7 S Then, there exists x € ® and m, n, r € 1, such that
QOCQg(g,EA,t)(%) <m < os(x),
O-Hng(g,EA,t)(%) 2nz QS(%)a (35)
Pocge sz (%) 2 1 2 ps(%).
Then, ("””) is not a t — 67 — cluster point of Z4. So, there exists Tz € Qgérw(g, %(ym’””),t) and
'—'A < (ngh?cw(ga TB»O)C- Hence, EA < (C;gmﬁ(g» TBat))c = I;gh?w(g’ T%’t)’ gg(TB) >t gg(TB) <1-t,
GZ(Tp) < 1 —t. Thus,
0s(%) < org (%) <m, os(%) = 0oye (%) 2 n, @s(x) = @y () 2 r.

This contradicts Eq (3.5). Thus, QC’gm(g, 24, t) > S.

Suppose that 0C gore (s,E4,t) £ S. Then, there exists t-0 -cluster point y("””) € P(m,”)((D) of 2,4,

such that
QHng(g,EA,t)(y) > > 0s(y),

U@ng{(g‘,EA,t)(y) <n<os(y), (3.6)

<Pecg?(g,aA,t)()’) <7< es(y).
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By the definition of S, there exists T € (®, ) with 4 < T ;;W (5, T, 1), GUTS) > t, GI(TS) < 1 - t,
GZ(Y) < 1 —tsuch that
Qecgg(aEA,o()’) > 1> 0v,(y) = 0s(y),

Tocgrcza0(YV) S 71 < 0ry(y) < 05(p),

Pocgeszan(V) < F < o1y () < o5 ().

(7

C = ) — _ c c .
Then, Y§ € Qggw(g, yy 7,t). Furthermore, 24 < T ;gw(g’ T, t) = (C;g(w(g, T4, 1)) implies

E4 A C;W(g, T4, t). Hence, y(y'h”"’f) is not a t-67 -cluster point of E4, that is,
h

QHCg@(g,EA,t)(%) <m, o OC;(,(g,EA,t)(%) >R, QDGC;¢(g,EA,t)(%) > F.
S [y <

This contradicts Eq (3.6). Thus, QC’ggcw(g, Hat) < S.
(5) It is also proved as in (3) and (4).
(6) (=) It is trivial.

(m,n,r)

(<) Suppose that xy""" is not t — 67 -cluster point of Z4. Then, there exists Y5 € Qg;w (s, %(ym’"”), t)
SuCh that C;&;w(g’ TB’ t) < E;g Thus’ EA < (C;gmﬁ (g’ TBa t))c = I;gmﬁ(g’ TCBa t) By (4)9

Qecgﬁ’(g,EA,t)(%) < Q'rg(%) <m,
2

O-HC;(T (5‘,3,4 ,t) (%) 2 O-‘I’% (%) 2 n’
o

Poc:, (cZab) > () 2 7.
3

(m,n,r) —

Hence, x, ¢ Qngrw(g‘, 24, 1).

(7) It can be proved in the same manner as (6).

(8) It is an immediate consequence of Theorem 1(4).

(9) From Theorem 1(5), we show that only 5Cg§w(g, Z4,0) < Hngw(g, Za,t). Let 5Cg§w(§, 4t £
6C 6o (¢, B4, t). Then, there exists x € ® and m, n, r € I, such that

06C (624 ) (%) > M > Obc o (6.0 (%),
< S
TiCgr(cmat(#) SN S Toggec2,0(%), (3.7)

Poce(c2a)(#) ST < Poc o(c20.0(%)-
S <

Since Qgc sz (%) < M, Tocyrczan(®) 2 1, and @gc ,z,0() = 1, it follows that %™ is not a
S s S

t-07 -cluster point of =,. Therefore, there exists T EQgirw(g, %E;"’"’r), t), Z4 < (C;g(w(g, T, t))°. This
h

implies that Z4, A 7, ¢S C;w(S‘ , T, t),t). Hence, """ is not a t-67-cluster point of Z4. By (7),
h
we have

06Ca0(cEa (%) <My Ticgrczaf(®) 2 M Pscpcza(*) 21,
< S S

which contradicts (3.7). Thus, 6Cg§w(g, Ea,t) < chgw(g‘, Z4,1).
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(10) Let 6Cg§w(g, 24, t) U 5Cg§<w(§, Tp,t) # 6Cg§w(g, 24 U Yp,t). Then, there exists ¥ € ® and
m,n,r € (0, 1) such that
Q&Cgﬁ(g,EA,t)(%) L Qngg(g,TB,t)(%) <m< Qngg(g,EAuTB,t)(%)a
TiCgr(s:240() U TsCur15,0(%) 2 1 2 Tocge(cmaury (%), (3.8)

PoCy (20 () U Toco(s15.0(%) 2 T 2 PsCys (. 2ats (%)-
S [y

Since
Q(chg(g,EA,t)(%) <m,
g
o 6ng(c,EA,t)(%) 2 n,
905Cg<p(§',EA,t)(%) > r,
[y
and

Qéng(g,TB,t)(%) <m,
<
G(ngg(QTBJ)(%) > n,

(JD(SCQ;(;,TBJ)(%) >,
[y

(m,n,r)

it follows that »;, is not a t-6.J -cluster point of =4 and 5. Therefore, there exists

E(Cp) € Qgere(s, %™, 1),

Ea < (Igg”*"(S', C;fgw(g, ()1, ), )",

and
Tp < (Iggw(g, C;;grw(g’ (Cp)1, t),1))".

Thus, (Z4)1 1 (Tp)1 € Qe+ (s, %™, t) and

EaUTp < (Lgeels, C%w(% ED1, 0, ) N L gere(s, C%w(% (Tp)1, 1), 1)
= (]gl‘;w (g’ C;Z‘f‘ﬁ (ga (EA)l ’ t) M C;g‘w (ga (TB)I ’ t)7 t)’ t))c
S (Ig‘é’0¢(g’ C;gmﬁ(g’ (E"A)l I_l (TB)] B t)7 t))c'

This implies that E4 U T A T ge(s ngmp(g ,(Ea)1 M ()1, t),t). Hence, %" is not a t-67-cluster
point of Z4 LI Y. By (7), we have

Qécgg(g,EAuTB,t)(%) <M, Tscgrigzaurpn(®) 2 1, 906Cg?(§,EAI_ITB,t)(%) zr.
This contradicts Eq (3.8). Thus,

60@%‘“" (ga EA’ t) U 6C§§(w (g’ TB’ t) > 6Cg§(w (g, EA (o TB7 t)'
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On the other hand, E4, Y5 > E,4 U Ts. Hence,
5Cg§‘” (g’ E‘A’ t) u 5C§Z(ﬂp(g9 TB’ t) < 5Cg£h)mp (ga E‘A U TBa t)

Thus,
6Cg§w(g, Exr ) U 6Cgerv (s, Tp,t) = 0Cgere(§, Ea U Tp, t).

(11) Since E4 < 6Cg§w(g, Ea, t), it follows that
§Cgar+(6. B, 1) < 8Cgare (s, 6Cw+(. Ea, 1), ).

On the other hand, suppose that 5Cg§tw (g, B4, t) 2 6C§Z<w(g, 5Cg§<r¢(g‘, E4, 1), t). Then, there exists x € ©
and m, n, r € I, such that

Q&ng(g,EA,t)(%) <m< Q(chg(§,5ng(§,EA,t),t)(%)9
o (Sng(g,EA,t)(%) >n2o0, 6C§g(g,Jng-(q,EA,t),t)(%), (3.9)

905ng(g,EA,t)(%) Znzao 6C§¢(g,éng(g,EA,t),t)(%)-
S < [y

Since Osc y(c.240(%) < My Tocgeczan(®) 2 n, and @sc ycz,0(%) = 1, it follows that #"" is not a
S S <

(m,n,r

t-0.7 -cluster point of Z,. Therefore, there exists T EQggw (S, 2y ), t) such that
EA S (Iggmp (g’ C*Q;U"F (g’ (T;}, t), t))c = ng(w (g’ I;gfw (g’ TB, t)7 t)
Since Cgere (s, I ;gw(g, T, t) is t-SVNSRIC and
EA < ng(w (ga I;&;‘W (g7 TB’ t)7 t)
Then, by Theorem 1(5), 6Cgzr+(5, Ea, ) < Cgero(S, £ fure(s, Y, 1), ). Again,
h

6Cgre(5.6C (6. Ea .8) < 6Cqre(5, Cgare(§: L fre(S: V. 1), 1), D)
= ngmp (g’ I;g(ﬂﬂ(g’ TBa t), t)-

Hence,
Qéng(q,écgg(g,EA,t),t)(%) <m,
T 6C 7 (6:5Cg7 (6.24.0.0(%) 2 1,
‘;06ng(g,&Cg?(g,EA,t),t)(%) > 1.
This contradicts Eq (3.9). Hence, 5Cg§<w (¢, B4, t) = 5ngrw(g‘, 5Cg§<w(g‘, Z4, 1), 1). O

Example 1. Ler ® = {x1, %}, h = {¢}} and define Zy, Y, Qu, €(®, 1), as follows:
Eh = {(g’ {<%1 ’ 06’ 04’ 06)3 <%2’ 06’ 04’ 06>})},

Ty = {(5,{(x%1,0.6,0.6,0.6), (%,,0.6,0.6,0.6)})},
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Qi = (5, {(%1,0.5,0.5,0.5), (x2,0.5,0.5,0.5)})}.
Deﬁne an <, ?,7-15,7—(;’,7—{;" h — I(‘Df\ﬁ)

S
}, lf Z-= {¢”ﬁ}’ é’ ZZ fz: f’Qh
= E ) == ¢ = 3’ . ’
GA(Zn) (2)’ ZZ izhervjljse H(Zn) %, if (0,1,1) < Zp <Qy,
, : 0, if otherwise.
(1), lf Z= {¢9%}9 (l)’ Zj é: (:b’Qh
o _ 1 . == o — 3° X ’
G:(2 i’ llji Zohtherv;l?se Tz %’ if €0,1,1) < Zp <,
) : 1, if otherwise.
(1), lf Z= {¢9fﬁ}9 (l)’ ZZ é: f,Qh
P = = [ == 4 = i : ’
) : 1, if otherwise.

From Theorem 1(4), we obtain 5an;w T h X (aﬁ) xI, — (/(-)T,ﬁ/) as follows:

<0’ 1’ 1>a l](‘ Zh = <0? 1’ 1)3
6Cgrere(S, o t) = § U, if 0,1,1)#Z <Yy 0<r<i,
(1,0,0), otherwise.

This example shows that the converse of Theorem 2(8) does not hold in general. Indeed,
Ty = T !
n = 6C§§‘W(g, 2) E)’

whereas

1.1
Ty # Cauro (5. juon(5: T ). 3):

Hence, the converse implication of Theorem 2(8) is not valid in general.

Theorem 3. Let (©,G,”%, H,%) be svnsit-spaces. For each E (®,h), c € hyandt € I, B4 is a
t-SVNSPIC if and only if

ng(w(g’ EA,t) = 6ngvw(g, EA,t).

Proof. Let £, is at-SVNSPIC. Then, £, < ngw (¢, T ;éhq, (s, Za, t), t) and by Theorem 1(3)(4), we have

0Ce(5:2a 1) < 8Cqrr (5, Carrr(6, Lore(6, B, 0,0, 1) = Cgrrr(6, Lgore (6, 5,0, 1)
< Cgere(, By t) < 0Cgee(g, Ens 1),
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Conversely, suppose that there exist EAE(aﬁ), ceh,tel,, and m,,n,r € I, such that

QéCQg(g,EA,t)(%) > M > QCg(c24.0(%)s
ToCgr(cza0(#) SN S Ty 200 (%),

906Cg¢(g,EA,t)(%) <r< ‘)Ong(g,EA,t)(%)-
S <

Then, %(7'"’””) isnotat—o67 —cluster point of Z,. So, there exists ‘Y’BEQggw(g, %(ym’”"), t) with 24 < Y%,

Since %(ym’"’r) isat— o671 — cluster point of Z,, for TBEQggw (s, %(y’"’"”), t), we have
E‘A A _Z-gg(w(g‘, C;ﬁﬁ""ﬂ(g7 TB’ t)9 t)
Since,

]-ggw (ga ngmﬁ(ga TB’ t)’ t) S .Z-gg‘w (g, C;gmﬁ (ga E,LA" t)a t)’

it follows that

[1]

42 T (6, Chun (6. Tp 0) 2 (T geoo(s, Cpon (6. E5 0.
= Cgrre(6, L gore(5, Eas 1), 1).
Hence, =, is not t-SVNSPIC. m]
Definition 15. Ler (0, G,"%, H;%) be svnsit-spaces, for ¢ € I, 24, Tp € (®,7%) and t € 1. Then:
(i) A is called is t-svn-61-closed (resp. t-svn-01-closed) iff 5Cg§(w(§, Eant) = E, (resp.
Qngw(g‘, Eat) = E4). We define

Agr(s.Ea.t) = [T € @)

Ea < Ts, Tp = 6Cge(s, T, 1)},

Ogers (5. En, ) = {1 € (@.7)

B4 < Ts T = 0Ce(s. 5. 1)}

(ii) The complement of t-svn-61-closed (resp. t-svn-01-closed) set is called t-svn-61-open (resp.
t-svn-01 -open).

Theorem 4. Let (0, G, %, H;"%) be svnsit-spaces, for each E, € (®,%), ¢ € hand t € L. Then, the
following properties are satisfied:

(]) Agg(r¢ (gv E‘A s t) = 6ngmp(g’ EA s t);
(2) Ag\;w (g, B4, t) is t-svn-01 -closed;

(3) ®Q§[w (ga EAa t) = Hcgg‘w (ga ®Q§U—¢ (ga EAa t)a t))
(4) @Q;rw (¢, B4, t) is t-svn-61-closed;

(5) 6Cg7+(5,Ear D) < Ogrs(s, En, )

Aggfﬂﬁ (ga EA > t) < 6CQ§(W (g’ EA > t)
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Suppose that Aggw(g, Eat) # 5Cg§w(g, Z4,1). Then, there exist ¢ € fi, t € I, and m, ,n, r € I, such
that
QAgg(g,EA,t)(%) <m< Qéng(g,EA,t)(%)’

Tagrsan(®) 2 12 Tocgrczin (),

SDAg?(g,EA,t)(%) 2r2 %cgﬁ(g,sA,t)(%)-
From the definition of Agg(g, 24, t). There exist = Ag(aﬁ) and 24 < Tp = 6Cg§w(g, T, t) such that
O o(c2a0)(#) < 0r5(S) <M < Qse 4 (c.200) (%),
S <

Tagrczan(®) 2 Opy(§) 2 1 2 Tscyrc2,0()s

‘;DAQ?(g,EA,t)(%) > Q)21 2 ()Oécg?(g,EA,t)(%)'
On the other hand, 6Cg§<w (¢, 84, t) < (5Cg§<w (g, Tp,t) = Tp. This is a contradiction. Hence,
Agﬁ‘w (g’ EAa t) > 5Cg§‘w (g’ EA’ t)

(2) From Theorem 2(11), it is trivial.
B)Let=E,4 < (Tp); = 0C§§a¢(g, (C);, t), for each i € j. Then,

Miej(Yp)i < 0Cg+(5, Miej(Tp)ir t) < 8Cg+ (s, (Tr)is t) = (Yp);.
SO7 Hiej(TB)i < ecgg‘w (g9 |_liej(trli’)i’ t) Hence7 ®g§(w (5‘3 EAa t) = Gcgg(w (§9 ®g§(w (5‘3 EAa t)a t)
(4) From(3), it is trivial.
(5) Since E4 < ®g§w(g, Za, 1), by (3),
HCQ\;‘W (G7 EA7 t) < Hcgg"“’ (ga ®g§mp (S’, EA7 t)’ t) = ®g§mp (S', EAa t)

O

Lemma 2. If E_A,‘Y'B € (&Tﬁ), t € I, such that 24 A Yy where Yy is t-svn-61 -open, then
6Cg§"“’(§, EAa t) A tI‘B-

Proof. Let E, A Yy where Yy is t-svn-67 -open. Then, Z4 < T} = 6C§§w(g, 1%, 1), and by
Theorem 2(11),

0Cgee(5, Ex, 1) < 6Cgee(, 6C e (6, T, 1), 1) = 6C g (5, T, t) = T
Hence, 6Cgere(s, Eas t) A V3. O

Lemma 3. Let (9,G,7%, H,”%) be svnsit-spaces and EA€(D,h) a t-svn-61-open set iff for every
K E By (@) with %™ A Ey, there exists t-SVNSRIO set Y5 € (®, ) such that #"""” A Yp <

—_
=A.
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Proof. Let %" € Piunn(®) with 20" A Z,. Then, »*” ¢ ={. Since Z, is a t-svn-

6l-open set, xU""" ¢ = = 6Cgee(s, B4, ). Thus, %™ is not t-67-cluster point of .
So, there exists Z)CEQggw(g, %(y’"’"’r),t) such that ng I ggw(g‘, C;gw(g, De,t),t).  Setting Vp =

T geoe (s, C;W(g, De, t), t), then Yy is t-SVNSRIO set with %" A T < Ej.
h
Conversely, suppose Z # 5Cg§w(g, =4, t). Then, there exist x € ® and m, n, r € I, such that

Oz (%) <m < Qac%)(q,ag,t)(%),
0z (#) 2 1 2 Tacgeez,.0(*),
@z () 2 1 2 %Cg?(q,ag,t)(%)-
Since %(y’"’"’r) A Z4, there exists t-SVNSRIO set T such that %(ym’"’r) A Yp < E,. Itimplies 2§ < Y14 =
Cgere (s, 1 ;;w (s, Y5, t), t). By Theorem 1(4),
chg(c,ig,t)(%) <ory(x) <m
Oegriczy0(#) 2 Org (%) 2 n

Pegetszn(®) 2 @y () 2 7.

This is a contradiction. Hence, Z§ = 6C’g§w(g, B¢t ie., By is t-svn-67-open set. O

Lemma 4. [fGJ(E,) > t, GIEN <1t GUEL) < 1 —t, then ngw(g‘, Eant) = 5Cg§w(g, 4, b).

Proof. It an immediate consequence of Theorem 2(8). O
4. On 67-continuity and 67 -continuity in single-valued neutrosophic soft topological spaces

In this section, we introduce and investigate the concepts of d-ideal continuity and #-ideal continuity
in single-valued neutrosophic soft topological spaces. Furthermore, we study related notions such as
strongly 6-ideal continuity and almost ideal continuity, supported by illustrative examples.

Definition 16. Let (0, G, H;7%) and (K, T;7%, F5 ¥) be svnsit-spaces, ¢ € I, (e = &(s) € E), and
t € L. An svns-function . : (/(—)rﬁ) — (7/_(,\27?) is called:

(i) SVNS-61-continuous if and only if. for each E, € Qrfg(w(e, ;[/8(%5;"’"’”),0, there exists

(m,n,r)

Tg € Qggw (s,2,""" 1) such that
l/ls(]-ggmﬁ (ga C;g”"ﬁ (G7 TB’ t)’ t)) S .Z-(]—é"”ﬁ (e$ C;-gmp (ea EA’ t)’ t);

(ii) SVNS-6I-continuous if and only if. for each Z, € QTE’W (e, t//g(%fym’"’r)), t), there exists
Ty € Qggw (s, %(ym’"’r), t) such that l//S(C;gw(g, g, t)) < C;LEW (e, 24, t);

(iii) SVNSS-61-continuous, if and only if, for each Z, € erg’w (e, a,bg(%fym’”’r)), t), there exists
Tg € Qggw (s, %(ym’"’r), t) such that 'ﬁe(C;gw(S‘, g, t)) < Zas
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(iv) SVNSA-I-continuous if and only if. for each Z, € Qe (e, 1//8(%(7m’"’r)),t), there exists
T € Qg (s, #y""", ) such that Yo(g) < Iyere(e,C (e, Ea, t), ).
o E

Remark 3. From the above definition, we obtain the following diagram:
SVNSS-61 -continuous = SVNS — 61 -continuous = SVNSA-I -continuous.

Theorem 5. Let (©,G,"%, H;"%) and (K, T;7%,F,°F) be svnsit-spaces and , (®,7) — (K, E) be
an SVNS-function. Then, the following statements are equivalent for every ¢ € h, (e = &(5) € E) and
tel.

(1) Y is SVNS-01 -continuous.

(2) For each E4 € fRflg”W(e, lﬂs(%(ym’"’r)), t), there exists g € Iﬂggw(g, %fym’"’r), t), such that Y.(Tpg) <

=4,

(3) We(6Cgr+(5, B 1) < SCrms(e,Wo(En). 1), for each E, € (@)

(4) 6Cgere(6, Y5 (Y'5), 1) < 47 (6Cere (e, Y5, 1)), for each (5 € (K, E).

(5) For each t-svn-6I-closed (resp. t-svn-6l-open) set Yp € (ﬁ), w;l(TB) is a t-svn-6l-closed
(resp. t-svn-61-open) set in .

(6) For each t-SVNSRIO (resp. t-SVNSRIC) set D¢ € (K, E), v;"(Dc) is a t-svn-6I-open (resp.
t-svn-61-closed) set in ®.

Proof. (1) = (2): The result follows directly from Definition 16.
(2)=(3): Suppose there exist =, € (&T?’z/), c€eh,(e=¢(¢) € E)and t € I, such that

Ye(6Cge7 (S, Eas 1)) £ 0Creme(e, ho(En), D).

Then, there exists y € K, m,n,r € I,, ¢ € ii, and e € E such that

Q%(&ng(q,i,q,t))(y) > M > 05C o(ee(@00V)s
Ty (6Cgz 20 )Y) S S OsC0ewa@n o),
prg(écg?(g,EA,t))(y) <r= 906c¢f(e,¢5(3A>,t)0’)~
If ¢;1({y}) = (), then, by the definition of the inverse image wg((Sngw(g, Za,0))() =(0,1,1).
If ;' ({y}) # 0, there exists » € ¥, ({y}) such that
ng(dcgg(g,EA,t))(y) > Qécgg(g,EA,t)(%) > M > 05C oeie@n.0) We()),
O y6Cgr (620 ) () S TsCgr(c2a0(%) S 1S Oscrpewn@nnWe()), (4.1)

PunoCge 62 )Y) = Pocgrc2in () ST < Qo otewn@0We())-

Since
05C. o(eurs @ (We(%)) < m,

T 5Cre ears@n)(We(*)) 2 1,

QDSCTw(e,(pg(EA),t)(ws(%)) 2T,
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by Theorem 2(7), wg(%(ym’"”)) is not a t-6l-cluster point of Y.(E,). So, there exists
De € Qruvle,Pely"™”), 1), such that yu(E4) < (Iyee(e,Chane(e, De,t), 1)), Since
E

DC E Qr]—é’mﬁ (e, lﬁg(%;m’n’r))a t)a ITI?O—*” (e’ C;—gmp (g’ DCv t)9 t) E -Z'R’]'é’mﬁ (e’ wg(%g/m’n’r)), t) By (2),

there exists Yz € I RQ§F¢ (s, %(ym’"’r) ,t), such that ¥ (Yp) < I Teo% (e, C,*rw (e,Dc,t),t). Hence,
! E

Tg € Qe (s, %™ t) and

Ye(Ea) < Wa(Th)) = Wl g (s, C;gw(s“, T, 1), 1))

imply that 4 < (Zge(s, C;m(g, T, t),t))°. Thus, %(ym’"”) is not a t-67-cluster point of Z,, and by
h

Theorem 2(7),
Q§C§§(§,EA,t)(%) <m,

o 6C§g(g,EA,t)(%) 2 n,
PoC e (cEs) () 2 T
[y

This contradicts Eq (4.1).
(3)=(4): Forall T € (K,E)and t € L. Set £, = ;' () from (3). Then,

Ye(0Cgere(6, W7 (Th), 1) < 6Crere (e, Yoy (Tp)), £) < 5Crers (e, T, t).
This implies
SCaere (6,9 (T),©) S Y (We(6Cge (5,07 (Tr), 1) < Y (6Crewv (e, Vi, 1)).
(4)=(5): Let Tz € (Vf(\,f) be t-svn-67 -closed. By (4), we have
5Cgere (5,1, (Y), 1) < ' (6C2o(e, Y, 1) = ¥ (1),

and ;' (Yp) < 6Cgs(s. ;' (Tp),t) implies y;'(T5) = 6Cgre(s.¥;'(T5), ). Hence, y;'(Tp) is a
t-svn-07-closed set. The other is similarly proved.

(5)=(6): The result follows directly from Theorem 2(8).

(6)=(1): Let E4 € Qrere(e, Yra(y" "), 1). Then,

Tyere(e, c;gw(e, Eas 1), 1) € TRyeve (e, ("), 1).

By (6),
W Ly (e, C;gw(e, Ex, 0,1) = 6Cgee (s, (¥, (T yeve(e, C;gw(e, B4, 1), 1)), 1),

Since Y, (¢)""") A By < Tyere(e, Clon(e, By, 1), 1), it follows that
E
A A (T (e, Ch(e,Ea,0.0).

That is, %(ym’"’” is not t-6Z-cluster point of (y,'(Z. ree(e,Crans(€,Ea, 1), 1)), Then, there exists
E
Tp € Qges (s, %™ t) such that

(W;l (ITE’CW (89 C;-g«w (69 EA9 t)’ t)))c S (-Z—gg‘w(?, C;gmﬁ (g’ TB9 t)9 t))c
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Hence,
wa(Igg‘” (ga C;&;w (g’ TB? t), t)) < I’]'If-mf (g’ C;-grw(e, EA’ t)’ t)
Therefore, ¢, is SVNS-0.J -continuous. O

Theorem 6. Let (O, G, H,”) and (K, T,°%,F5°%) be svnsit-spaces and y, : (®,7) — (K, E) be
an SVNS-function. Then, the following statements are equivalent for every ¢ € h, (e = &(5) € E) and
tel.

(1) Y. is SVNS-61 -continuous.

(2) For each Zy € IRperv(e,ys(y"™™"),0), there exists (5 € Qguoe(s, %y, 1), such that
%(C;gw(g, Tp, 1) < By

(3) Ye(0Cge (5, B, ) < 6Crere(e, Ys(En), 1), for each Ex € (O, 7).

(4) 0Cg (5,0 (Y1), 1) < Y7 (6Crere(e, T, 1)), for each Ty € (K, E).

(5) For each t-svn-6I-closed (resp. t-svn-61-open) set Yz € (ﬁ), ;' (Cp) is a t-svn-61 -closed
(resp. t-svn-61 -open) set in .

Proof. (1)=(2): The result follows directly from Definition 16.
(2)=(3): Suppose there exist Z,4 € (D, ), s € i, (e = &(¢) € E), and t € I, such that

Ye(0Cge (S, Eas 1) £ 6Cqee (e, Ye(En), 1).

Then, there exists y € K, m,n,r € I, ¢ € i, and e € E such that

Qu(eC g c2at)(Y) > M > 05 p(ewra@0(Y):
Tye0Cor s 2at)(Y) SN S Oscoepuznn(V)s

Spws(ecg?(g,EA,t))(Y) ST = P pene@En()-

If ;' ({y}) = 0, then, by the definition of the inverse image, Ye(6Cgere (s, Exs ))(v) = (0,1, 1).
If ' ({y}) # 0, there exists % € ;' ({y}) such that
Q%(Hcgg(q,EA,t))(Y) = QGCQZ(g,EA,t)(%) >m> Q&c,reg(e,wg(s,,),t)(lﬂs(%)),
T o0z (s 2 (V) S Tocgrc240(#) SN < e g enn@nnWe()), (4.2)

€0¢5(9cg?(¢,EA,t))(Y) < SDHCQ?(g,EA,t)(%) Srs %ch(e,%(EA),t)(lﬁs(%))-

Since
QéCng(e,l//g(EA),t)(wa(%)) <m,
T5Cro(eas@.0We(®)) 2 1,
Pic @0 We(*)) 2 1,
it follows that 1/18(%(7’"’"’”) is not a t-6Z-cluster point of ¥.(E4). So, there exists

D € Qreve(e, Yo(ty™™"), 1), such that Yo(E4) < (Lo (e, Crane(e, De, ), t))°. Then

DC E eréw(e, lﬂg(%;m’n’r)), t), ITE(W (e, C;—g(w (S’, DC, t), t) E IRTE(W (ea lps(%;m’n’r))? t)
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By (2), there exists Y € Qg;w(g, %(ym’"’r), t), such that
ws(c*@?"#(g’ TB’ t)) S I‘Tgmp(e’ C* 0"#(67 Z)C’ t)’ t)'
Gy E 7'5

Hence, ¢.(E4) < (l,/lg(C;W(g, Tp,t))¢ imply that =, < (C;W(g, T, t))°. Thus, %Eym’”’r) is not a t-607 -
h h
cluster point of 24, and by Theorem 2(6),

Q@ng(g,EA,t)(%) <m,

2

J@ng’(g‘,EA,t)(%) > n,

Poc sz (%) 2 1.
?

This contradicts Eq (4.2).
(3)=(4): Forall T € (K,E)and t € L. set 54 = 1//;1('1'3) from (3). Then,

Ye(0Cge (5,45 (T), 1) < 6Creme(e, YW, (Tn)), 1) < 6Cres(e, 5, 1).
This implies that

0C g (54 (Tp), t) < Y, (We(8C g5, 47 (T), 1) < 4 (6Cores (e, Y, 1)
(4)=(5): Let T € (%, E) be t-svn-67-closed. By (4), we have
6C g2 (S, ;' (Tp), 1) < ¢;1(5C¢§w(€, g, ) = ;' (p),

and since ¥ (V) < 0Cgere (s, 4" (Tp), 1), Y. ' (Tp) = 0Cge (s, ;' (T), ). Hence, ;' (1'p) is a t-svn-
01 -closed set. The other case is proved similarly.
(5)=(1): Let 24 € Quere(e, (""", ). Then,

Lo (e, C;-gw (e,Ea,1),t) € T R (e, Wa(%(ym’n’r)), t),
and by Theorem 2(8),
(Lyere(e, C;.gw(e, Ea, 1), 1) = 6Crems(e, (L7eme(e, C;gw(e, E40),0)5, ).
Thus, Iffgw(e, C;.gw(e, Ea, t),t) is a t-svn-0.J -open set. By (5),
(W5 (Zreee e, C;—gw(ea Eas 1), 1)) = 0Cgere(s, (0 (L7 (e, C;-gw(e’ Ear 1), 1)), 1)
Since, . (6y""") A B < Trere(e, C;gw(e, Z,4, 1), t), it follows that
" A (Lo (e, C;.gw(e, Z4, 1), 1).

Thus, %(ym’"’r) is not a t-07-cluster point of (y;'(Z (réw(e, Crono(e,Ea, 1), 1)) Then, there exists
E
Tp € Qe (s, %(ym’"’r), t) such that

W' (Lrgre(e, Clane(e, a0, D)) < (Clare(s, V5, 1)

Hence,
lps(c;gmﬁ (g’ TB’ t)) S ITE(W (e, C;—gﬂ'% (6, EA’ t)9 t) S C;-gw (6, EA’ t)
Therefore, ¢, is SVNS-0I-continuous. O
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Theorem 7. Let (0, G, H,7) and (K, T,)7¢, F5'¥) be svnsit-spaces and i, : (®,7) — (K, E) be an
SVNS-function. Then the following statements are equivalent for all ¢ € h, (e = &(s) € E) and t € L.

(1) Y. is SVNS-61 -continuous.
(2) Ye(6Cges(s, En, 1)) < OCreo(e, Ye(En), 1), for every Ey € (O, T).
(3) 8Cgere (5,4 (Y), 1) < Y (BCrevs(e, Y, 1)), for every Yy € (K, E).

Proof. The proof is analogous to that of Theorem 6, with minor modifications, and is therefore omitted.
]

Theorem 8. Let (0, G, H."%) and (K, 7,7, F5 ¥) be svnsit-spaces and . : (®,7) — (K, E) be an
SVNS-function. Then, the following statements are equivalent for all ¢ € h, (e = &(¢) € E) and t € L.

(1) ¥, is SVNSS-61 -continuous.
(2) Ye(0Cges(s, En, 1)) < Crreoe(e, (B, 1), for every By € (D, 7).

(3) 6Cg+ (5, (Th), ) < Y (Crere(e, s, 1)), for every T € (K E).
(4) For each TZ(YY) = t, TI(YS) < 1 —t, TS(YY) < 1 —t(resp. To(Yp) 2t TI(Yp) < 1 —t, and
TL(C) < 1 —t), ¥ (Tp) is a t-svn-61 -closed (resp. t-svn-0I-open) set in ®.

Proof. (1)=(2): The proof is analogous to that of Theorem 6(3).
(2)=(3): For all T3(K,E) and t € L, set =4 = ¢ () from (2). Then,

Ye(60Cgr (5., (Yp), ) < Crame(e, Y, (Th)), 1) < Corare(e, T, b).
This implies that
6Cger (5,0, (T5), ©) < U, (We(6Cger (5, 0, (T5), 1)) < 0, (Crreve (e, U, 1)
(3)=(@): Let TE(T5) > £, T (Y4) < 1 —t, TA(Ts) < 1 — t. Then T = Cyere(e, Tp, 1). By (3)
0Cge (5,07 (Tp), 1) < Y (Crreve(e, T, 1) = Y7 (T),

and since
U;'(T5) < OCger+ (s, 07 (Tp), 1),
W;' (Tg) = 6Cgue(s, 7 (Tp), 1),

Hence, ;! () is a t-svn-67 -closed set. The other case is similarly proved.

(@)=(1): Let E4 € Qrore(e, Ys(ey™™"),t). Then, TEEA) 2 t, T (Ea) < 1 -t and TL(Eq) < 1 -t
By (4), ;' (B))C < 0Cg+ (s, W7 (Ea)C, 1). Since ys(6y"™") A Ey, it follows that 25" A y;'(En),
that is,

Qec o' @) = Q@ () < m,

Tocgr (' @)C0)(H) = Tt () 2 n,
Pac e s @en®) = Pzt 2 7.

Thus, %(ym’"”) is not a t-07-cluster point of (¥;'(Z4))°. Then, there exists T € Qe (s, %(7’"’"”), t) such
that
W, (E) < (C;gw(e, Tp,1))".

Hence, wg(C;W (e, Y, t)) < E,4. Therefore, . is SVNSS-67 -continuous. O
h
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Theorem 9. Let (0,G,7¢, H;7%) and (K, T,;7%, F¢ ¥) be svnsit-spaces, and y, : (@, 7) — (K. E) be
an SVNS-function. Then, the following statements are equivalent for all ¢ € h, (e = () € E) and
tel.

(1) Y. is SVNSA-TI -continuous.

(2) Ye(Cgere(s, En, 1)) < Cree (e, e(Ep), 1), for all E4 € (@, 7).

(3) Carre(s. W5 (T5).0) < ;' (6Cra(e, Y, b)), for all Y E (K. E).

(4) For each t-svn-61-closed (resp. t-svn-01-open) set T € (ﬁ), §§((w;1(EA))C) > t,
GIW'EN)) < 1 -t GUW'ED)) < 1 —t(resp. GoW;'(EW) 2 t, GTW;'(EW) < 1 -1,
G, (Bp) < 1 -t ey

(5) For each t-SVNSRIO (resp. t-SVNSRIC) set (5 € (K, E), GA(W; (Ea))) = t, GI(¥; (En))) <
1—t, GAW; (E)) < 1 —t(resp. G (Ea) 2t GTW;' (B) < 1 -t GEW ' (Ex) < 1 - 1),

Proof. The proof is analogous to that of Theorem 5. O
Example 2. Let ® = {x1, ), i = {¢1, 2}, and E = {ey, €2}, and define Zy, Y, Qu, €(®, ), as follows:
Eh = {(S‘l’ {<%19 069 049 O6>a <%25 065 045 O6>})’ (g29 {<%l’ 06’ 04’ 06>’ <%2’ 06» 04» 06>})}9

Tr = {(61,{(%1,0.3,0.7,0.3),(%,0.3,0.7,0.3)}), (52, {€1,0.3,0.7,0.3), (%, 0.3,0.7,0.3)})},
Qp = {(51,{(21,0.8,0.2,0.8), (%,,0.8,0.2,0.8)}), (52, {(%1,0.8,0.2,0.8), (%2,0.8,0.2,0.8) 1)}

0 @ X0 % *p (D).
Deﬁne gg’ g—a crTg » CO" gg ch— I( )

1, if Z=1{¢h), 1, if Z=1{¢h),
GAZw =3 L, if Zi=GEn G(Zw) =4 3, if Zn=1{8n Tuh
0, if otherwise. 0, if otherwise.

0, if Z={¢,n}, 0, if Z={¢,n},
GI(Zw =19 3. if Zn=GCn G(Zw) =1 3. if Zn=1{EnTu),
1, if otherwise. 1, if otherwise.
0’ lf Z = {¢ah}a 0’ lf -Z = {¢’h}a
g?(Zh) = %, if Zn=En, §;¢(Zh) = %, if Zn = {Ep, Ta},
1, if otherwise. 1, if otherwise.

Define HZ, HT , HY, ﬂ;@’q{;o’q{;w Ch s TR,

L, if Z=¢, 1, if Z=2¢,

ﬂg(Zh) = %9 lf <O9 19 1> < Zh < Qh» 7_{;(Q('Z'h) = %9 lf <0’ 19 1> < Zh < Eh9
0, if otherwise. 0, if otherwise.
O’ lf Z = ¢7 O’ lf Z = ¢,

Wg(Zh) = %’ lf‘ (O’ 15 1> < Zﬁ < Qh’ W:G(Zh) = %’ l.f <0a 1’ 1> < -Zh < Eh,
1, if otherwise. 1, if otherwise.
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0, if Z=2¢, 0, if Z=2¢,
HEZD =1 L f 0L, 1)<Zy<Q  HAZD={1L if O1L,1)<Z <5,
1, if otherwise. 1, if otherwise.

From Theorems 1(4) and 2(4), we obtain 6Cgsrv, 6Cgers : i X (@,7) x I, — (@, ) as follows:

0,1,1), if Z=40,1,1),

o if (0,1,1)#Z<7;, 0<r<3,
Coper(s:Zn ) = =, if Tp#Z <8, 0<r<j,
(1,0,0), otherwise.

0,1,1), if Z;=(0,1,1),
(chgmp = 6Cg;@0‘¢ = ngmp)(g" Zh,t) = E%’ if <0, 1’ 1> + Z < E;, 0<r< %,
(1,0,0), otherwise.

By Theorem 5(3), the identity mapping idy : (®,G; ¢, H") — (0,G %, H %) is
SVNS-67-continuous, but it is not SVNSS-67-continuous because, by Theorem 8(2),

gcgg‘w (ga -Zh’ t) ﬁ CQ;Q‘W(S" Zh’ t)
5. Single-valued neutrosophic soft 7-regular and almost 7 -regular spaces

In this section, we develop the notions ofsingle-valued neutrosophic soft 7-regular (SVNS-7-
regular) and single-valued neutrosophic soft almost 7 -regular (SVNS-almost-7 -regular) spaces within
the setting of single-valued neutrosophic soft deal topology. We first recall the necessary preliminaries
and introduce the formal definitions of these concepts. Then, we investigate their fundamental
properties and establish several characterizations that illustrate their structural behavior. In addition, we
examine the relationships between these classes and other related forms of single-valued neutrosophic
regularity, with particular emphasis on the role of the ideal in controlling separation properties. The
results obtained in this section contribute to a clearer understanding of these notions and highlight their
significance in the broader context of single-valued neutrosophic soft ideal topological structures.

Definition 17. Let (9, G, H;’?) be svnsit-spaces, for ¢ € h, B4, (p € (®,7) and t € 1. Then, @ is
called:

(i) SVNS-I -regular if for each =, € Qggw (e, %(ym’”’r), t), there exists Ty € Qggw (s, %(ym’”’r), t) such that
C;gmﬁ(g’ TBa t) < EA'
(ii) SVNS-almost-I -regular if for each 2, € T Rgees (s, %(ym’"”), t), there exists Yp € T R (s, %(ym’"’r), t)
such that C;W(g, Tg,t) < E4.
h

Theorem 10. Let (O, ng”, 7-(50"’) be svnsit-spaces, for each Z,, (g € (ﬁ), ceh andtel,. Then,
the following statements are equivalent:

(1) (@,G,7%, H,7%) is called SVNS-almost-I -regular.
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(2) For each %(m’"”) € P(m(b) and for each Z, € g@w(g, 20 4), there exists
U5 € TRz (6, 2", 0) such that Claou (s, Vs, ) < Lgere (5, Cpns(5, Es 0, D).
(3) For each %(m"r) € (mnr)((D) and for each Z, E g@w(g‘,%(m"r) t), there exists
Tp€ Qgere (s, %(mnr) t) such that C*w(s‘, Tp,t) < Lgeov(s, *W(S‘, Ea, 1), 1).
(4) For each #"""” € Pinan(®) and t-SYNSRIC De € (c1> ) with %" ¢ De, there
exists Yp E ng(g, 2D ) and Ea is t-svns-x- -open set such that De < ZE4 and
ggmp(g, TB’ t) A C;gﬂw(g’ A, t)
h h

(5) For each #""" € P ,n(®) and t-SVNSRIC D¢ € (O,%) with »\""" & De, there exists
Tg € Qg;w (s, %(ym’"’r), t) and E, is a t-svns-x-open set such that D¢ < Z, and C;W (5, Tp, t) A Ey.
! n

(6) For each t-SVNSRIO E, € (®, ) with Dc A E,, there exists t-SVNSRIO Yy € (®,h) such that
De AYp < C;w(ga Tp,t) < Ey
h

(7) For each t-SVNSRIC E, € (/(-5,7‘1/) with D¢ £ B4, there exists t-SVNERIO Tg € (ﬁ) and is a
t-svns-x-open set Qp € (®, ) such that D¢ A T, Z4 < Qp, and Tz A Qp,.

Proof. The proofs of (1)=(2) and (2):>(3) are immediate.
3)=(1): Let """ € Puup(®) and Z4 € ITRgwe(s, %y, t). Then, by (3), there exists

Ty € ng(g’ %(m ) ,t) such that C*Q;w (¢, Tp,t) < IQ;¢¢(g, ng,w(g, 24 t),t) = =4 Since
T € Qgere (s, %™, 1), it follows that

IQ;::W (g, C;%‘W (g’ TBa t)’ t) E IRgg"“’ (g’ %glm,l’l,r), t)
Also, since D¢ = T g@w(g, C*m(g, T, t),t) < C;?W(g, T, t), we have C*W(g, De,t) < C*m(g, Tp, t),

and hence %" A D¢ < C;?W (5, Dc,t) <C, W(C, Tp,t) < E4 where Dc € IRgewe(s, tﬁs(%(m" ), 1).

(3)=(4): Let D¢ be a t-SVNSRIC set in @ and »""” € P, (@) with """ ¢ De.
Then, %(m'”) A D¢ and D¢ € T Rgew(g, wg(%(’"”’)) t) C ng(g,%(m"r) t). By (3), there exists

Qp € Qgee(S, %y P " ,t) such that
C;;:mp(g» QDa t) < Iggﬂ'«ﬁ(g, C;g(np(g, CC, t), t) =
Now, %™ A T g (S, C;?W(g, Qp, t),t). Then,
Iggow (g, C;gw (g‘, QD, t), t)EQQ§W (Q‘, %;m,n,r)’ t),

and hence, by the hypothesis, there exists Tp € ng(g x("””) t) such that C* W(g‘, Ts,t) <

-Z-gg’”“’(ga C;gtﬂ#(g7 QD’ t)’ t)- Then’ -Z)C — (C;g(ﬂﬁ(g9 QD’ t))c- Set ._4A (C*g&rga(g, QD, t))C Then HA IS a
g [ [

t-svns-*-open set. Hence,

C;ﬁ‘“ﬂ (ga EA’ t) S (‘Z-gg{w (g’ C;gmﬁ (g’ QDa t)7 t))L S (C;g‘f‘ﬂ (g’ TBa t))‘

Hence, CI*(Yg, 1) A ngw(?, Ea,t)

AIMS Mathematics Volume 11, Issue 8, 26136-26167.



26162

The implication (4)=(5) is straightforward.

(5)=(6): Suppose that =, is a t-SVNSRIO set with D A Z4. Then, D¢ £ =Y. Therefore, there
exists %(’"’"”) € P(m(b) such that %(”””) € D¢ and D¢ £ Z4 where Z is a t- SVNSRIC set. By
(5), there exists Yz € ngw(g‘, (m'”) ,t), and Qp is a t-svns-x-open set such that £ < Qp and

ggw(g’ Tz, t) A Qp. From T € Qgere (s, % #") 1), we have #""" A Ty < Tgors(s, c;iw(g, T, 1), t).
Setting (Yp); = Ig;w(g, C;W (s, Y, t), we have Dc A (Tp)1, and (Vp); is a t-SVNSRIO set such that
g [

Dc A (Tp) < ng(w(g’ (Tp)1,t) < C;gw(g’ Tp,t) <Qp <E,

(6)=(7): Let Z4 be a t—SVN§B_I/C set with D¢ £ E4. Then, De A E, and hence by (6) there
exists a t-SVNSRIO set Ty € (D, %) such that Do A T < Cégw(g‘, Tp,t) < E. Then, Tp is a t-
SVNSRIO set and (C;hw(g, T, t))° is a t-svns-kx-open such that D A T, E4 < (C;%W(g’ Tp, 1)) and
Ts A (C* 5ere(6, T, )"

(7)=>(1) Let 24 € TRg(s,%, 2" 1), Then, %" ¢ =S and E is t-SVNSRIC set. By (7),
there exist a t-SVNSRIO set T € (@, %) and a t-svns-*-open set Qp € (@, &) such that %(ym’"”) A g,
Z¢ < Qp, and Yz A Qp. Then, Ty € Iﬂgw(g, 2" ). Since Qp is a t-svns-%-open set, we have

gw(g, Ts,t) A Qp. Thus, """ A T < C*W(g, T, t) < Q) < E,. Hence, (®, G2, HE¥) is called

SVNS-almost- 7 -regular. O
Theorem 11. Let (0, G,%, H,%) be svnsit-spaces, for each 5, € (D, %), ¢ € h, and t € L. Then, the
following statements are equivalent:

(1) (®,G77%, H7%) is called SVNS-I -regular.

(2) For each #\"""” € P(pp(®) and for each E, € (,h), with GAES) = t, GI(ES) < 1
GAUE) < 1-tand %(ym’”’r) ¢ B4, there exists Ty € (D, ) where Vg is a t-svns-x-open such that

""" & Cgare(s, M5, t) and Ex < Y.

(3) For each %(m"r) € Puan(®) and for each E4 € (), with GUED =t GIE) < 1-1t
GAEY <1 -t and %(y’"" ") ¢ B,, there exists Ty € Qe (S, 4y mnn) ¢y and Qp € (@, ) where Qp
is a t-svns-x-open such that =4 < Tp and Vp A Qp.

(4) For each D¢, =24 € (@, 7) with GUE) > t, GiEDY<1-¢ GHE < 1 —t, and D¢ £ Ey, there
exists T p € Qgere (5, %", 1), and Y 5, QpE(®, ) with G(Yp) 2 t, GT(Yp) < 1-t, GE(Tp) < 1 -t
and Qp is t-svns-x-open such that D¢ A Vg, E4 < Qp and Vg A Qp.

Proof. The proof proceeds in a manner similar to that of Theorem 10, and is therefore omitted. m|

Theorem 12. An svnsit-space (®, G, %, H,”%) is SVNS-almost-I -regular iff for all E, € (D, 7), ¢ € i,
and t €1, 6C’g§0v’(§‘, Za,t) = Gngw(g, Eat).

Proof. From Theorem 2(9), we only show that 6Cg§<w (¢, E4,t) > Hngw(g, 24, t). Let 5Cg§:w (¢, 24, t) 2
HCQ;w(g, E4,t). Then, there exists ¥ € ® and m, n, r € I, such that

0o o(szan(%) <m < Qecgg(g,EA,t)(%),
q
Uacgg(g,a,,,t)(%) >n 2 O-HCgrhr(g,EA,t)(%)’ (5.1)

€05cgg(g,EA,t)(%) >r> SDGCQ;(g,EA,t)(%)-
g

AIMS Mathematics Volume 11, Issue 8, 26136-26167.



26163

Since
QsCge(s2x) () <M Tacericzan() 2 1 Pocypcz0(%) 2 1

(m,n,r)
Y

Ea < (7 g2 (S, ngw(g‘, T, t),t)). Since Tz € Qggw(g, %(ym’"’r), t), we have

it follows that » is not a t-67-cluster point of Z4. So, there exists Y5 € Qggw (s, %(ym’”’r), t) with

Ig;w (s, C’;g(rw (5, Tp, 1), 1) c IRQ%‘T“’ (s, %;m,n,r)’ ).

By the SVNS-almost-7-regularity of @, there exists D € T R (s, %(ym’"”),t) such that
Clare(6: D 1) < Lo (5, Care (5, U, 1), ). Thus,

EA S (fggw(g‘, C;gmﬁ(g’ TBa t)7 t))L S (C;gmﬁ(g’ DC’ t))c = I;gmﬁ(g’ E" t),
and GU(Dc) > t, G7(Dc) < 1 -t, GIUDc) < 1 —t. By Theorem 2(4),
QuCgec20(%) < 0. (%) <m,

Tocgr(czan(#) Z O (%) 2 1,
Poc go(c.2a) (%) Z P (%) 2 1
This contradicts Eq (5.1).

Similarly, the proof of the converse direction is straightforward. O

Theorem 13. An svnsit-space (®,G;"%, H;?) is SVNS-almost-I-regular iff for all t-SVNSRIC sets

E4 € (@,7), s € h, and t € L, 8Cgre(s, B, t) = Eyp.
Proof. The necessary part is a direct consequence of Theorem 12 and the fact that the t-SVNSRIC set

is t-svn-6.7 -closed.
Conversely, let 4 be any t-SVNSRIC set with %(ym’"”) ¢ Z4. Then, %(y’"’"’r) ¢ Qnglw(g, =4, t), and

hence, %(ym’””) is not a t-6/-cluster point of £4. Thus, there exists TBEQQ§<r¢(g, %(ym’"’r),t) such that

=4 A C;gw(g‘, T, t). Thus, that 24 < (ngw(g, T, 1)) = Dc and De is a t-svns-k-open set implies

De A C;w (s, Y5, t). Hence, by Theorem 11(5), (®,G;"%, H;"*) is SVNS-almost-/-regular. m]
h

Lemma 5. IfE& Ty € (&Tﬁ), ¢ €h, andt €1, such that 5, A T where Ty is t-svn-61 -open, then
6Cgahw(g, E4nt) A Tp.

Proof. Let £, A Yy where Yy is t-svn-67 -open. Then, Z, < T} = 6Cg§w(g, T, t), and by
Theorem 2(11),

6ngmp(g, EAa t) S 6Cg§mp (g’ 6Cg§’w (g’ T;gv t)’ t) = 6ng(w (ga TE, t) = T;?
Hence, 5Cg§fw(g‘, Z4, 1) A Tp. O

Lemma 6. Let (D, G777, H %) be svnsit-spaces, and E, € (D, 1) be a t-svn-61-open set iff for every
K E P (@) with 0™ A Ey, there exists t-SVNSRIO set g€ (®, ) such that """ A Yp <

—_
A
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Proof. Let #""" € Pinun(®) with """ A E,. Then, """ ¢ =S. Since Z4 is a t-svn-61-
open set, %(m"r) ¢ & = 6Cgerw(g, =5, t). Thus, %(m’"’r) is not a t-67-cluster point of =4. Thus,

there exists Do € Qg (s, %, (m"’) ,t) such that = AT g (s, *W(g,Dc,t),t). Setting Yy =

Tge75(S> Cans(S> De, 1), 1), then, Uy is a t-SVNSRIO set with AL Ty < Ej.
Conversely, suppose 6ng(g, E4.t) # E4. Then, there exist x € ® and m, n, r € I, such that

0z (%) <m < Qacgg(g,sg,t)(%),

0, (%) 2 1 2 O o640 (6.25,0();

gz (%) 2 n > 905%;(;,5;,0(%)-
Since %" A Z,, there exists a t-SVNSRIO set T such that %" A (5 < Z,. This implies

:Z S TC Cgi‘w (ga I;gmﬂ (g5 TCB’ t)’ t)

By Theorem 1(4),

OsCyo (25, (%) <o (%) <m

T 6Cq0 (5.5 (%) = oy (%) 2 n,

PoCe (5.5, < () = pre() 2 1.
This is a contradiction. Hence, 5Cg§<w(g‘, B, = 2, 1.e., E4 is a t-svn-6 -open set. O
Lemma 7. If GU(Ea) 2 t, GZ(Ea) < 1 —t, and GU(E4) < 1 — t, then Cgeoe(5,Eps t) = 6Cgere(s, Ea, 1),
Proof. The proof of this lemma follows directly from Theorem 2(8). O

Theorem 14. Let (9, G, %, H,") be svnsit-spaces, for each E,€(®.7), ¢ € h, and t € L. Then, the
following statements are equivalent:

(1) (©,G77%, H;7%) is called SVNS-almost-I -regular.
(2) For each t-svn-61-open set E, € (CD ‘®, %) and each %(m'”) € P(m,,,)((l)) with %(m"r) A E,, there
exists a t-svn-61-open set Ty € (O, ), such that %(m'”) AYp < C*m(g‘, Yp,t) < E

Proof. (1)=(2): Let Z4 be a t-svn-67-open set such each %(y’"’"’r) A E,. Then, by Lemma 6, there
exists a t-SVNSRIO set Q), € (®,7) such that x""” A Q) < E,. By the SVNS-almost-7-regularity
of @, there exists a t-SVNSRIO set Tz (which is also a t-svn-67-open set) such that %(m"r) A Yp <
ggw(g’ Tp,t) < Qp < Eq.
(2)=(1): It is obvious. O

6. Conclusions

In this paper, we have introduced and investigated several new concepts within the framework
of single-valued neutrosophic soft ideal topological spaces, including t-single-valued neutrosophic
soft 07 -cluster points and 6#I-cluster points, along with their corresponding ¢7-closure and 67-

closure operators. We examined t-single-valued neutrosophic soft d/-closed and 6/-closed sets and

AIMS Mathematics Volume 11, Issue 8, 26136-26167.



26165

established their fundamental properties. We also explored various types of continuity, such as
single-valued neutrosophic soft d.J-continuity, 67-continuity, and almost 7-continuity, in addition
to stronger forms including strongly #-ideal continuity and almost ideal continuity. Moreover, the
notions of single-valued neutrosophic soft 7 -regular and almost 7 -regular spaces were developed, and
several relationships among these concepts were derived, providing deeper insight into their structural
properties and suggesting directions for future research.
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