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Abstract: In this article, we will define an operator using the Hadamard product of an analytic function
involving the Mittag-Lefller function of the Le Roy type. The defined operator extends and unifies the
well-known operators that were defined to study various subclasses of univalent functions. Using the
defined operator, we introduce a new family of analytic functions with respect to symmetric points.
The analytic characterization of the defined function class was mainly motivated by the so-called
a-exponentially convex functions. Further, the defined function class involves (r, £)-symmetrical
function which is a generalization of the notions such as even, odd, and {-symmetrical functions.
Estimates of the initial bounds, Fekete-Szeg6 inequality, and the integral representation of the defined
function class are the main results of the paper. Applications of the main results are presented as
inclusion relations and corollaries.
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1. Introduction

The primary objective of this study is to introduce a family of analytic functions using a function
which unifies the notions of even, odd, and {-symmetrical functions. Several studies dealing with
the theory’s special functions can be found in the literature, but the studies involving an exponential
functions explicitly in the characterization are very rare. To fill this gap, here, we introduce a family
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whose characterization is mainly motivated by the so-called a-exponentially convex functions and their
related studies (see [1-4]). If extension, generalization, and unification of the existing studies is our
goal, then naturally, we will have to define the function class using a differential operator. For this
purpose, here, we will define a presumably new operator involving a Mittag-Lefller function of the Le
Roy type using Hadamard product of analytic functions.

1.1. A short introduction to Mittag-Leffler functions of the Le Roy type

LetU,={C:|l<r},U=U ={: || <1}, and H(a,n) denote the class of analytic functions J
defined in U having a power series of the form

JO)=a+ald" + ap "+

Let A = H(1,1) with a; = 1. The special function £() (see [5]), given by

[n!]”

mg):; ¢ :Z;[FJTW (L eCsy>0), (L.1)

is known as the Le Roy function. Another popular special function, which is regarded as a leading
function of fractional calculus, is the well-known Mittag-Lefller function, which is defined by

[s+] é,n

Ey() = _— €C,0eR,0>0),

0= Ty ¢ )

(see Figures 1 and 2 for its graphical illustration) and its two-parameter version Ey 4({) is defined by
following power series, convergent in the whole complex plane:

[se] {n
E = _— €eC, 9,eC,0>0). 1.2
0,5(0) ;:0 TOn+9) ¢ > 0) (1.2)

Combining (1.1) and (1.2), Gerhold [6] (also [7]) introduced the so-called Mittag-Leffler function of
the Le Roy type, which is an extension of both the Le Roy and Mittag-Leffler functions that is given by

(o)

évn
Y — . .
£, = ;:0 Tonro  CECheCioy>0) (13)

(@) Ep2(0) (b) Ep95(0)

Figure 1. Complex three-dimensional plot of Mittag-LefHler function E4(¢) if the domain is
a unit disc.
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Figure 2. The image of the unit disc under the transformation Ey(¢) for various values of 6.

Analogous to the Mittag-Lefller-Prabhakar function [8, Eq (1.3)] (also see Srivastava and
Tomovski’s extension of the Mittag-Lefller-Prabhakar function [9]), Tomovski and Mehrez in [10]
introduced and studied the Mittag-Leffler-Prabhakar function of the Le Roy type which is given by

- (6 + n)™
Y0 —
Los(© Z n' L) [L6n + D]’

n=0

( € C;9,€C;0, y > 0). (1.4)

Using Lg’g({ ), we intend to define an operator on the class A which would unify various studies

pertaining to univalent functions. For this purpose, we need to modify Lg:g({ ) so that it satisfies the
required normalization, which can be achieved by multiplying the term ¢ []” to it. That is

(o)

. o ’ IS +n)"
00($) = LN L) = LT @) [[r 7 2 n!T(S) [T(6n + ﬂ)]V]

l . @6 +n-1)""
L@ & (- DTG IO -1 +D] |

n=1
[Se]

=T (19)]7[

Precisely, we have

Fr6+n-DH[I@W@]
- D) [['(6n + 3 - )]

Q) = LT L) = ¢ + Zz T 0 (15)

1.2. Generalized differential operator
Motivated by [11, 12], we now define the following operator R(0, ¢, y)J({) : U — U as:

[6+n-D[I@]
- D) [I'6n + 3 - 0)]

yan{n’

RO, 9, I = IO * Gl = { + Z; (n

’

W6, 9. NI = (1= D (IO + G50) + £ (30 + G50)
[@+n-1 @I )
(l’l - 1)'r(5) [F(Hn + 9 - 9)]7 ané/

=(1=Dr+ ) (=2
n=2
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& I'6+n-D[CW) n
AL+ Z:; e Ton + 9 — o7

- IG+n-1)[IW
= 1-1+24 2l 1.6
“;[ U DT Mo+ o -o7 ™ (1.6)
Similarly, we have
RO, 9, IQ) = R (R}, 9, 1)ID). (1.7)
Hence, applying the steps detailed as in (1.6) recursively m — 1 times, we get the following:
- Fro+n-0[I @)
RO, P, y)J () = 1 -4+ An]" Wl 1.8
10, 9. IQ) “;[ F S T T 9 o7 (18)

Letting m = 0 in (1.8), we get the operator recently studied by Aktas and Gorgiilii in [13]. Morever,
letting 6 = 1 and & = 0 in (1.8), we get the differential operator introduced by Al-Oboudi [14].
Furthermore, for 6 = 1 = 1 and 6 = 0, we get the operator introduced by Sdldgean [15]. Many (well
known and new) integral and differential operators can be obtained by specializing the parameters.

1.3. A short overview of the existing literature on geometric function theory

We let S denote the class of functions in A which are one to one. Let # denote the family consisting
of the functions K that is analytic on U with K(0) = 1 and Re[K({)] > 0. Geometrically defined
function classes of starlike and convex functions (see [16, 17]) which we will denote here by S* and C,
satisfy the following respective differential inclusions:

¢J'(Q) B £J" (&)
70 e and A =1+ 70

The well-known classes, namely close-to-convex (C*) (see [18]) and quasi-convex (QC), is known to
satisfy the condition

ﬂv({) = e P.

IO g g CQN
§© §©

Ma and Minda [19] obtained the coefficient inequalities of the classes S*(&) and C() which satisfy
the following conditions, respectively

eP, (geC,el.

A <K and A < K, (1.9)
where R({) € P satisfies a few geometrical conditions and is of the form
KO =1+ + 0+ k385 +-+, (k1 #0; £ € U. (1.10)

Motivated by Ma and Minda [19], several authors restudied the subclasses of S by restricting
the differential inequalities given in (1.9) to a conic region. By expressing a certain analytic
characterization listed in (1.9), for example A ({) < K({) (< denotes subordination), and choosing ({)
to map U on to conic regions such as cardioid [20,21], petal-shaped [22], crescent-shaped [23,24], and
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leaf-like regions on the right-half of the complex plane [25], various interesting families of functions
have been introduced and studied by several authors.

Arango et al. [26] introduced the so-called a-exponentially convex functions that consist of a
functions J € A such that /@ is convex univalent in U. Precisely for a € C\ {0}, a function J € A is
in () if and only if
{J"(&) )

70 +alJ ({))>0, (¢ €0). (1.11)
In this direction, Karthikeyan et al. [27] obtained the coefficient inequalities of functions J € R(K)
which satisies the condition

2 g1 ’ ’
HFJ@+U@(U@”A9QNQ
J(0) J(0) J(©)
where & € P is defined as in (1.10). Refer to [2] for details on the studies on geometric function theory
which involves an exponential function in its analytic characterization.
For J € A, Sakaguchi [28, Theorem 3] proved that all functions J € A satisfying

J’
Re{lz%(?w} 50, (e,
{ Ho=0 g

are close-to-convex and therefore are univalent in U for all £ € N and ¢ = exp(z’”). Wang et
al. [29] (also see [30]) introduced the classes of starlike and convex functions with respect to £-
symmetric points which are defined by subjecting J € A to satisfy the conditions

{J'(0) ¢S Q)
! d
) ({) an 740

where < denotes subordination and J,({) = 5 Zf L2170, Here, we let T{(R) and C{(K) denote

&7

the classes of starlike and convex functions with respect to {-symmetric points. Liczberski and
Potubinski [31] introduced the following extension:

Re(l +

<R, (eN;KReR), (1.12)

1O J(e”
Jr,e(é):zz EO e, (1.13)

where ¢ = exp(z’”) ¢ > 1 is a fixed integer and r = 0, 1, 2,...,¢ — 1. Karthikeyan [32] further
extended T¢(R) and C/(R) by replacing J,(£) with J,. () in (1.12).
For J({) = ¢ + Y7, a,{", we can get

[Se]

1 -1 i (n—r)o
Jre(d) = ZanTﬁ’,g”’, (=1, T, = =7 [exp (—)] :

n=1 o=0

If o is an integer, then from (1.13), we have

Jre(€70) = &7 (D),

1S J(e70)
J; (80'4/):807—0' ; (é«):_ ,
! ! €L g (1.14)
1 I
Ju o — oOT- 20'JN - ]
O =IO = 7 )
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For developments related to the functions with respect to (7, £)-symmetric points, refer to [33,34].
Throughout this paper, we assume that p, £ € N, £ = exp(2ni/{), and

-1

1
IO.9 v = 5 ) & T (RO 9 NIED) =L+ (1.15)

0'0

JeA t=1,2,...;r=0,1,2,...(¢-1)).

Clearly, for r = £ = 1, we have

TN, 9, vss ) = REO, 9, IO

From (1.15), we can get

[e9)

JT%A(H’ ﬁ, v g) - Z anManl,r{n’ (Cll = Ml = 1)9 Tﬁ,r =

n=1

—
Z (n=nyor (1.16)
=0

<\I'—k

where FG+n-1) T @)
" +n-—
=[=d+n (n— )ITG) [TOn+09 -] (1.17)

1.4. New classes of non-univalent functions with respect to (r, {) symmetric points

Motivated by the class studied by Arango et al. [26] and Karthikeyan et al. [27], we now define the
following. A function J € A belongs to the class E(K) if it satisfies

2 / 27 (T U’ )
2@ QLT g <R, (1.18)
1@ 1A (1, 00)

1+

where R({) € P has a power series representation of the form (1.10).

Remark 1.1. It is well-known that if J € YUR), then J,({) € S8*. Now the question arises if J € E(K)
imply J,. (({) € R(R). Unfortunately, such an inclusion cannot be established, as the definition of €(K)
has an exponential term.

Here, we provide the details of how the exponential term prevents us from obtaining the inclusion.
From the definition of €(K), we have

2 1 ’ 2]’ J’ 4’/ @
Re(1+ 2r0 | QO ELA0 @)] m—l]>0, (1.19)
IO T, 5(() (/. ()
since Re{y({)} > 0. If we replace { by € in (1.19), then (1.19) will be of the form
el 1L |EET D ey S, Ae”é)f’(e”{)] geoal (1.20)
L&D D D) | |

whereze U; 0 =0, 1,2, ..., n—1. Using (1.14) in (1.20), we get

o 11 O R TP 20’ 2 gor=o 1 (O
Relis {32 I (€°0) LELTEY 7”0 (DT (7))
80-r‘]r,f€({) 8(Trt]r,€(§) gor (J [(g))

U(J/(gzr() 1

T } > 0. (1.21)
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Sinceo =0, 1,2,...,n—1in(1.21), summing them in a way that obtains our result is not possible
because of the exponential term in our definition. Precisely, e*' +e*>+- - -+e* is not equal to e+,
which we would have needed to obtain the inclusion.

To highlight the deviation of this present study from the class that was introduced and studied
in [27], we consider the following example.

Example 1.2. In [27], it was shown that J({) = 55__(( belongs to R(K). Now for J({) = SST"V( with its

10¢
10-22°

(25-2) LS (25-0) {5 (25 - éz)](zs + 52)];(25_(2)‘1.

corresponding function J, 2({) = on computation, (1.18) reduces to

5
:@:“{ G-or Tac-or 2600 \s-a))

The function E({) does not map the unit disc entirely onto a right half-plane (see Figure 3); hence the
Sfunction J({) = 5% does not belong to €(R) for the choice of r =1 and € = 2.

Figure 3. The image of Z({) if the domain is a unit disc.

Example 1.3. Let J({) = (155)2’ which is a well-known extremal function of class S. On replacing J({)

with a Koebe function in (1.18), we have

1-02 1-z \(1-2 '

We can see that it does not belong to €(R) for the choice of r = 1 and € = 1 (see Figure 4(a)). However,
for a disc of a smaller radius J({) = belongs to €(K) for the choice of r = 1 and € = 1 (see
Figure 4(b)).

2
RSO JR SR P

¢
(1-0)?
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@l <1 (b) 141 <03
Figure 4. Images of the unit disc under B({) if (a) |{] < 1; (b) [{] < 0.3.

Now we will focus our discussion on what motivated the definition of the function class €(K). Let
us suppose that a function p({) € P satisfies p({) < K({) and also suppose that J € E(K). Now (1.18)

can be rewritten as

PG Q) ﬁﬂﬂwuqqu
— = @ = - 1.
[AM)+LAO oy |6 P@)
Equivalently, (1.22) can be rewritten as

%[wqup@—{

et~
4

which, upon integrating, would lead to

éf’(é) _ {p(t)_l | )
Jr,e(f)_l_log{l-FL " dt}, (L €U;logl =0).

On replacing by €7 in (1.24), we have

80'4.]’(80'5) B ¢ p(t) -1 | )
e -r=tefis [P0l certopt =0,

From (1.14), Eq (1.25) reduces to

80"””'4’]'(80—4) _ £7 p(t) 1 | .
W_l_log{“fo ; df}, (¢ € Us log 1 = 0).

Ifweletoc=0,1,2,...,{—1in (1.26) and sum them, we get

If we integrate the expression (1.27), on simplification, we have

SEARS 1 p(r) - 1
J,,f(g):gexp{fo E[Z;IOg{Hfo t dt}]dn :

Upon summarizing the above mentioned deliberation, we get the following result.

LA 1 118 L) — 1 |
J,,e(i)_Z_Z[E;log{“fo ; df}], (¢ € U; log1 = 0).

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)
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Theorem 1.4. A function J € €(R) if and only if a function p € P exists such that p < ] and

Y4 -1 v _
Jre({) = {exp {f l(l Z log{l + f " p® ldt})dn} , ((eU;logl=0). (1.29)
o N\t 0 ?

To make this study more versatile and broad, we study the class E() involving the
operator R(6, ¥}, y)J. The primary motive to redefine the class €(R) involving the operator is to
generalize and unify various new and well-known studies pertaining to univalent function theory. The
presence of the parameter ¢ and 6 in R(0, ¥, y)J({) will help us to reduce the analytic characterization
related to starlikeness and convexity, whereas A will helps us to reduce the analytic characterization
related to the well-known Mocanu class.

Definition 1.5. A function J € A belongs to the class €7 (0, ¥, y; R) if it satisfies

|ebwe o] elte sy o [z, 9. )|
70, 0,7 0) 7740, 9, v: O

& [, 0, i | Ligenal
¥ [Jm?a(e 9, 7, 5)] e T <R, (1.30)
r’f 2 b 9

’

where K({) € P has a power series representation of the form (1.10).

Remark 1.6. Note that J € A belongs to the class €(6, 9, v; K) if and only if R} (0, ¥, y)J € E(K).
Ifweletr =1and { =2 in the class €7(0, 7, y; 8), (1.30) will reduce to

2 [0, 9, I ] s o]
1+¢ -

e X700 IO-R 0., VI~ < R( f)
RO, B, v)J() — RO, I, v)I(=0)

We use SE7 (0, 9, y; RK) to denote the class of functions in A satisfying the abovementioned condition.

Form=60=0,r=0,and 6 = £ = 1, the class €7(0, 9, y; &) reduces to the class recently studied

by Karthikeyan et al. in [27]. Upon varying the parameters involved in the class €7(6, i, y; K), we get
the class E(R).

Remark 1.7. Louis de Branges [35] proved the Bieberbach conjecture which states that the coefficients
of the univalent functions J € A are majorized by those of the Koebe function which maps the unit disc
on to a radially slit plane. Hence from the coefficients’ estimates that will presented in the next section,
we can establish that the functions J € €7(0, 9, y; K) are not univalent.

Using arguments similar to those detailed in Theorem 1.4, we can prove the following
integral representation.

Theorem 1.8. A function J € €(0, 9, y; R) if and only if a function p € P exists such that p < {& and

m ¢ 1(1 = 71 p(t) -1
IO, 9, y; ) = Lexp {fo E(E;log{l +f0 » dt}]dn , (1.31)

where { € U and log(.) denotes the single valued branch of the complex logarithm with log 1 = 0.
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Proof. Let us suppose that a function p({) € P satisfies p({) < K({) and also suppose that J €
€70, 9, y; 8). Now (1.30) can be rewritten as

¢[wy@. 0. 0] 26 0y 0] [y 9. i
JZ’»{A(H, P, y; 0) [JZL,/(H’ 9. v: g)]z

{2 iRm(Q, 19’ '}’)J(é) " ([‘J*]%i(;?,19,y)l(()]'_l
[Jm/’l/l(e ﬁ y g) ] e Jr,l’ ©,9,7:0) — p(é«) _ 1 (132)
r,[ b b 9

Equivalently, (1.32) can be rewritten as

m, . -1 - 1
d_§ e ri0nro = —p({z ) (1.33)
which, upon integrating, would lead to
ryeopo] ;
Ty e *p) -1
e ey -1+ f 14 )t dt, (¢ eU. (1.34)
0
Further simplifying (1.34), we have
¢y, 0. 90| <pt) - 1
[Jnfﬂ(e ” {)] ~1= log[l +f 2 )t dt], ¢ €U, (1.35)
e O U Y5 0

where log(.) in (1.35) denotes the single valued branch of the complex logarithm with log1 = 0. On
replacing { by € in (1.35), we have

L[908, I )|
TNO, 9, y: &70)
From (1.14), Eq (1.36) reduces to

8(]’—(}'}”4‘ ERm(g, ,19,, ,y)J(g()'é‘) ! sl)’é/ _
[f ]—1:10g{1+f PO -1
IO, 9, y; &) 0 !

e’ { _
~1=1log 1+f p(t)t ldt], & €U (1.36)
0

dt}, (CeU;logl =0). (1.37)

Letoc=0,1,2,...,¢-1in(1.37). By summing them, we get
e 0o 1 (18 L p(n) - 1
[ ’ga ] - = —Zlog{1+f ) dt} , ((eU;logl =0). (1.38)
J:ng 0, 9, v; &) & L\! g 0 t

Integrating the expression (1.38) and by simplifying, we have

m ¢ 1(1 & 71 p(t) -1
IN6, 9, s &) = Lexp {fo E(E;bg{l +f0 p dt}]dn . (1.39)

The difficulty of integrating (1.38) with the presence of the first-order pole at the origin has been
avoided by integrating from ¢; to { and then letting ¢, — 0.

O
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Theorem 1.9. A function J € S€7(0, ¥, y; K) if and only if a function p € P exists such that p < & and

m'}f(@, ﬂ’ 7)-]({) - ERT(O’ ﬂ’ 7)J(_§) _ ¢ (1 1 e p(l) -1
P ~conf [ Boe{r [P o

where { € U and log(.) denotes the single-valued branch of the complex logarithm with log 1 = 0.

2. Initial coefficient bounds and other main results:

Lemma 2.1. /36, Theorem 1] If L({) =1 + io‘, [,{" € Pandp € C, then
r=1

Il — pl ls—,| < 2max {1;|2p — 1]},
foralll1 <r<e-1

We will now proceed to find the upper bound of the coeflicient estimates in J € €7(0, ¥, y; K).
Theorem 2.2. If we let J({) € €)(6, 9, v; K), then we have

jaal < L @1
Ms (3-275 )
las| < K1 I K K1 (7 - 12T§,, + 4(T§,r)2) 02
T ‘M3 (7 - 3T§r) ’ K] (3 _ 2T§,)2 ’
and for all p € C, we have
| 2| < K1 1 K> ki (7 - lzTg,r +4 (Tg,r)z) pK1M3 (7 - 3T§’r)
az — pa;s| < max< 1; [— — -
SR N CEETN “ (3-21(,) M (3-21%,)

(2.3)

where ‘I’,‘;, and M,, are defined as shown in (1.16) and (1.17), respectively. The inequalities are sharp.
Proof. As J({) € €7(6, 9, v, R), by (1.30), we have

| sl 0. WIQ| 206, 8.y 0] [Rp@. 9. 950
IO, 9,y O 7740, 9, v: 0]
20, 0. pi]'] Liverel
pEesro 2 : 2.4
ey | [w(@)] (2.4)
Let 9({) € P be of the form ¥#({) = 1 + >~ ¥,{", we consider

1 +w(()
1-w()’

HE) =

AIMS Mathematics Volume 11, Issue 7, 23490-23509.



23501

where w({) is such that w(0) = 0 and [w({)| < 1. On simple computation, we have

_9) -1
w({) = SO+ 1
_ ﬂ1§+ﬂ2§2+ﬂ3{3+
T2 0+ 9+ (2:5)
= —01§ + = (02 —~ —192)4 %(193 — O + %ﬁ?)f +
Using (2.5) in (1.10), we have
KWO] =1+ kW) + kWO + k3 [W(OT +
2
- ’91’“4 [ﬁz—ﬁ—(l—ﬁ)g+--~. (2.6)
2 K1
The left-hand side of (2.4) will be of the form
RE (%70, 9. 900 2 [1ke. 9. v 0] [wye. 0. ni@|
69,70 7740, 9, v: 0]
2 R0, 9, y)J R"(jﬂwm] B
+§ [ ( L (é)] e i @170 1:1+a2M2(3—2‘I’gr)§+
N6, 9,y ) ’
[a3M3 (7-375,) + 28 ( 1275, +4(%, )2)] Ot 2.7)
From (2.7) and (2.6), we obtain
o= ik 2.8)
2M; (3274 )
and ,
) 2 o o« (7— 12T§J+4(‘I’§’r))
as = 1 9 -1 - =+ - . (2.9)
2M;(7-375,) 2 Ki (3-21%))

Equation (2.1) can be obtained by applying || < 2 ( [37, p. 41]) in (2.8). Taking the modulus and
using Lemma 2.1 in the equality of a3, we get the bounds for a;.
Now to prove (2.3), we consider

2 K ! K N (7 ~ 1205, +4 (Tg”)z) POk
|a3—pa2|:‘ 2- 5 [1-—+ 2 - 2l
2M;(7- 375 ) 20 o« (3-2714)) AME(3-278 )
_ ' K1 19% 1 K> ki (7 - 12Tg,r + 4(Tg,r) ) pK1M3 (7 - 3T[ ) ‘
Clm(7-3v) | 2| . (3-21¢ ) M (3275 )
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Pl © (7 - 12Tg’r + 4(T§,r)2) ki M (7 _ 3T§,r)

< al 2+ 5 o
2| My (7-37 ) 2 ||k (3-27%)) M(3-21%)
(2.10)
Taking
K1 (7 - 12T[ + 4(‘1‘{ )2) M (7 3Tt’
_ |2 > 2/ )kl 3 (7-373,)
K (3-21¢,) M(3-215 )
if B < 1, from (2.10), we obtain
|a3—pa§|S’ ( - T 2.11)
M3 (7 =375,
Further, if B > 1 from (2.10), we deduce
¢ ¢\
| | < ul M (7 - 1203, +4(13) ) paMs (7375 ) (2.12)
az — pa;| < — = 5 - 5 .
M (7375 )| |4 (3-27%) M2 (3215 )
An examination of the proof shows that the equality for (2.11) holds if ¥, = 0 and ¢, = 2.
1+ 22
Equivalently, by Lemma 2.1, we have {(£%) = K,(0) = 1—5“2 Therefore, the extremal function

of the class €7(0, ¥, y; &) is given by

¢, 9. Q)| ff (1 i 1) d_t]
IO, D, v ) o \1-17 t]

Similarly, the equality for (2.12) holds if ¥}, = 2. Equivalently, by Lemma 2.1, we have K({) =

=1+log

1+
K1) = Tg Therefore, the extremal function in €7(6, i, y; K) is given by

¢, 9. 91|
A6, 8,y )

The proof of the theorem is complete. O

=1+log

Corollary 2.3. If we let J({) € €0, 9, y; 1 + (€°), then we have

las| <

B

IMs (32715 )

(7= 1205, +4(rs))

max< 1; |1 — 5
'M3 (7- 3fr§,r)‘ (3-27%)

las| <
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and for all p € C, we have

|a —Paz| < ! max<{1: |1 - (7 - 12T§’r i 4(Tg”)2) B oM, (7 - 3T§,r)
e M (7375 )| ’ (3-215,) M (3274 )

where Tﬁ’r and M, are defined as in (1.16) and (1.17), respectively. The inequalities are sharp.

Proof. The function K(0) = 1 + Z¢¢ € P (see [38]) maps the unit disc on to a cardioid. On expanding,
we can find that coefficient of £ and £? is 1. Replacing k; = k» = 1 in Theorem 2.2, we get the proof of
the theorem. a

Corollary 2.4. If we let J({) € €Y (9 3, v; \/_), then we have

I+e~¢

la,| <

b

IMs (32715 )

(7= 1205, +4(rs,))

1
< 1;|= -
ol = M (7375 ) R (3-274,)
and for all p € C, we have
1 1 (7 - 1275, +4(r; )2) pMs (7 =375 )
|a3 —Pa§| < max{1; [= — ’ . i _ 3”2
M5 (7375 ) 8 (3-2r%) M (3215 )

where Tf;’r and M, are defined as in (1.16) and (1.17), respectively. The inequalities are sharp.

Proof. The function K({) = 21 € P (see [39]) maps the unit disc on to a balloon-shaped region. On

1+e~¢
expanding, we can find that the coefficients of £ and ¢? are 1 and 1 3» respectively. Replacing 1 = k; =

in Theorem 2.2, we get the proof of the theorem.

O oo~

Letting £ = 2 and r = 1 in Theorem 2.2, we get the following:
Corollary 2.5. If we let J({) € SC/(0, ¥, v; R) (see Remark 1.1), then we have

P a3 < — max {1; [}2 = T&
a == —
2—3|/\42| 3—4|M| ki 9
and for all p € C, we have
|a - a2| —max 1; Q—h—4pK1M3
3TPOEE M) 9 OM |[”

where Tf;’, and M,, are defined as in (1.16) and (1.17), respectively. The inequalities are sharp.
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Letting £ = 2 and r = 1 in Theorem 2.2, we get the following:
Corollary 2.6. Let J({) € A satisfy the condition

-1

N 20207 (8) N 2000 28I -IEDN T
[J©) = JE=D)  [J() - I(=0] (V) - I=D])

We then have

Lettingm =6 =0,r=0,and 6 = £ = 1 in Theorem 2.2, we get the following result.

|
)

l [J(:) J( z>]

K> 7K1

K1 9

K1 K1
las| < ER las| < Zmax{l;

and for all p € C, we have

Ky  (7T+4p)k
K1 9

|a3 pa2| < Zma {1;

The inequalities are sharp.

Corollary 2.7. [27] If we let J({) € E(R(L)), then we have

K1 K2
las] < k1 and  az| < Zmax{l; — + K
K

1

and for all p € C, we have

|a3 —pa§| < %max{l; '% + (1 —4p)xq
The inequalities are sharp.
Letting W({) = 1+{ in Theorem 2.2, we get the following result.
Corollary 2.8. [27] Ifwelet J({) € E + /1 =), then we have

3
las| <2 and az| < E
and for all p € C, we have
|as — pad| < = maX{l 13— 8pl}.

The inequalities are sharp.

< K().
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3. Conclusions

The function class €(R) has been defined, whose characterization involved the exponential function
and a function which unifies the notion of odd, even, and £-symmetrical functions. Further, we defined
the class €7(0, 9, y; K&) by replacing J({) with an operator R"(6, 9, y)J({) in the class €(K). The
purpose of studying a family of analytic function in tandem with the Le Roy type Mittag-Leffler
function and exponential functions is to unify and generalize the recent studies of various other
researchers. It is well-known that family of starlike functions preserves the symmetric property,
which is the reason we introduced a family of analytic functions with respect to symmetric points. In
Remark 1.1, we established that the important inclusion relation analogous to J € ‘I‘ﬁ(R) = Ji({) e S
does not hold for the family E(R).

The defined function class €7(6, 9, y; K) is not univalent in U but it consists of functions which
can be univalent, non-univalent, starlike and convex functions, which we illustrated in the introduction
section. We obtained several interesting properties of the defined function class, for example, the
inclusion relationship, initial coefficient bounds, and the Fekete-Szegd inequalities.

As a concluding remark, we will now enumerate further extensions of this paper.

1. Radius problems which determine the largest disk |{| < r for which the functions from €E(R)
satisfy geometric and algebraic properties like symmetry, convexity, starlikeness, and univalence.
2. On replacing the classical derivative with a quantum derivative, the class €(f) can be redefined
and studied. But it should be noted that replacing e!™/@I'~! in G(K)) with qu"[lnf @1 (Wwhere D,
denotes the quantum derivative) would be incorrect, as In and e, are not inverse to each other. So

defining such a class would require many adaptations (see [40]).
Appendix

Here, we provide the Mathematica code that was used to calculate the coefficients’ estimates and
some graphs.

Figure AS is the screenshot of the input and output that was obtained on entering the following code
to obtain the coefficient estimate:

Series[1 +(((2«a%xz + 6%bxz"2 + 12xcxz"3)/

(I + Rxkz + Sxz"2 + Txz"3) + (1 + 2%axz + 3xbxz"2 + 4xcxz"3)/

(I + Rxz + Sxz"2 +T%z"3) — (((1 + 2xaxz + 3xbxz"2 + 4xcxz"3)

#*(1 + 2%«Rxz +3%S%xz"2 + 4+Txz"3))/((1 + axz + bxz"2 + cxz"3)

*(1 + Rxz +S%z2"2 + Txz2"3))))*(E"((1 + 2xaxz + 3xbxz"2 + 4xcxz"3)
/(1 + Rxz + S%z"2 + Txz"3) - 1))), {z, 0, 3}].

Similarly, the following code was used to compute the Figure 3:

ParametricPlot|[

With[{z = r«E"(Ixt)}, {Re[l + ((5%xz%(25 — z2"2))/

(5 —z2)'3 + (5%(25 — z7°2))/(2%(5 — z)"2) — ((5%(25 - z"2))/
2+(5 — z2)°2)) (25 + z°2)/(25 = z2"2)))

E°((5%(25 = 272))/(2x(5 - z)"2) - 1)],

Im[1 + ((5%z%(25 — z72))/(5 = z2)"3 + (5%(25 — z"2))/(
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2%(5 — z2)"2) — ((5%(25 = z72))/(2%(5 — z)"2)) ((25 + z72)/
(25 = z272))) E"((5%(25 = z272))/(2%(5 - z)"2) = 1)1}1, {t, O,

2 Pi}, {r, 0.0, 1}, PlotStyle —> LightGreen, PlotRange —> All,
MeshStyle —> {Red, Blue}, ImageSize —> 600]

Input:
Seriesl

1+

(Z*a*z+6*b*zz+12*c*z3 1+2%a%z2+3%bszl+dscszd [(l+2*a*z+3*b*22+4*c*zs) * (1+2*R*z+3*S*zz+4*T*zs)

]*

+
1+R#z+ 842+ T4z’ T+R#z+S#2%+Twz’ (1+a*z+b*22+c*z3)*(1+R*Z+S*22+T*z3)

Li2varzedubar?sdiciz’
€

14Ruz4Sez84Tae’ 1) ' {Z, 0, 3}]

2

53aR
Output: 1+ (3a-2R)z+ (7a’+7b-12aR+ 4R -35) 2'+ {7a3+26ab+130-26a2R-24bR+

-7R3-15aS+10RS-4T) 2 +0[z]!

Figure AS. Screenshot of the input and output from Mathematica Software.
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