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1. Introduction

Statistical convergence extends ordinary convergence by allowing exceptional indices to form a
set of asymptotically negligible size. The notion was introduced independently by Fast [6] and
Steinhaus [19], and its relation to ordinary convergence, density, and strong Cesàro summability was
subsequently clarified by Fridy [7] and Connor [3]. Since then, statistical convergence has become a
useful tool in summability theory, approximation theory, and the study of sequence spaces.

Deferred summability provides a more flexible way to observe asymptotic behavior. Instead of
considering only the initial segments {1, 2, . . . , n}, one works with moving intervals whose left and right
endpoints may vary independently. This idea originates in the deferred Cesàro means of Agnew [1]
and was later incorporated into statistical convergence by Küçükaslan and Yılmaztürk [12]. The use
of positive weights gives an additional degree of flexibility, since different parts of a window may
contribute with different intensities. To retain a genuine statistical character, however, the window
lengths must tend to infinity and no single weight should carry an asymptotically positive proportion
of the total window mass.

Ideal convergence offers another extension of the classical theory. In the approach introduced by
Kostyrko et al. [10], negligible sets are prescribed by an admissible ideal on N. This makes it possible
to treat several forms of convergence within a common set-theoretic setting. Musielak–Orlicz functions
provide a complementary refinement by replacing fixed powers with position-dependent convex growth
functions. The relevant background can be found in the works of Orlicz [17], Krasnosel’skii and
Rutickii [11], and Musielak [16].

Matrix transformations form a natural setting in which these convergence methods can be studied.
If A = (ank)n,k≥0 is a lower triangular matrix and x = (xk) is a scalar sequence, then the transformed
sequence is given by (Ax)n =

∑n
k=0 ankxk. Classical matrix-domain theory usually fixes a sequence

space X and studies the set of all x for which Ax ∈ X; see, for example, [2,14]. A related problem is to
define and compare convergence processes by testing the asymptotic behavior of Ax along prescribed
families of windows.

Many elementary properties of such convergence processes depend only on the structural features
of the transformation and not on the particular formula of its coefficients. For this reason, the present
paper does not attach the general theory to a single difference operator. Instead, we identify a class of
lower triangular transformations for which deferred weighted statistical, ideal, modular, and double-
sequence convergence can be developed systematically. The fractional q-difference triangle is then
examined as a concrete example of this class.

More precisely, we consider lower triangular transformations A = (ank)n,k≥0 with nonzero diagonal
entries, uniformly bounded absolute row sums, and columns converging to zero. These assumptions
serve different purposes. The nonzero diagonal entries guarantee triangular invertibility on the space
of all sequences. The uniform boundedness of the absolute row sums provides control on bounded
transformed data. The column-null condition, limn→∞ anr = 0 for every fixed r ∈ N0, ensures that every
finitely supported perturbation is mapped into c0.

One of the main structural results of the paper concerns finitely supported perturbations. We prove
that anr → 0 for every fixed r ∈ N0 if and only if Ah ∈ c0 for every finitely supported sequence h. Thus
the column-null condition precisely characterizes the lower triangular transformations that map every
finitely supported sequence into a null sequence. We then use this property as a sufficient condition
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for showing that finite changes in the original sequence do not alter the statistical, ideal, or modular
limit under the assumptions stated for the corresponding method. We do not claim that the column-
null condition is necessary for finite-modification stability in every individual generalized convergence
method.

Within this setting, we define the deferred weighted statistical convergence generated by A. We
prove the uniqueness and linearity, obtain ordinary-to-statistical inclusions, and establish implications
from strong to statistical convergence. We also prove the bounded converse results and a Cauchy
characterization. The ideal and Musielak–Orlicz modular versions are then developed. Finally, we
compare different deferred weighted windows under explicit domination assumptions. The proofs are
written so that the hypotheses used in each result are visible, rather than hidden inside a particular
coefficient formula.

The double-sequence theory is formulated through separable product transformations. If A = (ami)
and B = (bn j) are admissible lower triangular transformations, we consider

(
(A ⊗ B)x

)
mn =

m∑
i=0

n∑
j=0

amibn jxi j.

This form is compatible with rectangular deferred weighted windows and with Pringsheim
convergence. It also permits independent control of the two coordinates. Corresponding uniqueness,
linearity, strong convergence, and Cauchy results are obtained in the rectangular setting.

The general theory is applied to the fractional q-difference triangle. Difference sequence spaces
were initiated by Kızmaz [9] and further developed in generalized form by Et and Çolak [5]. The
basic tools of q-calculus, including q-numbers and q-binomial coefficients, were described by Kac
and Cheung [8]. For q ∈ (0, 1) and ξ > 0, the fractional q-difference coefficients define a lower
triangular transformation Q(q,ξ). We prove that its coefficient kernel belongs to ℓ1, that its absolute row
sums are uniformly bounded, and that each fixed column converges to zero. Hence Q(q,ξ) satisfies the
assumptions of the general theory.

The distinction between integer and noninteger orders is particularly clear in this example. If ξ ∈ N,
then Q(q,ξ) is banded and a finite perturbation produces only finitely many nonzero transformed terms.
If ξ < N, then the coefficient sequence does not terminate. A perturbation at a single coordinate
therefore produces an infinite transformed tail. The absolute summability of the kernel ensures that
this tail tends to zero and allows the finite-modification results of the general theory to be applied.
Thus the fractional q-difference triangle illustrates both the finite-memory and infinite-memory cases
within the same matrix setting.

The examples show that ordinary convergence of Ax is properly contained in the corresponding
deferred weighted statistical convergence class. They also show that statistical convergence need not
imply strong convergence unless the transformed error is bounded. Further examples illustrate sparse
perturbations for fractional q-difference triangles and the corresponding behavior of double sequences.

The paper is organized as follows. Section 2 introduces admissible deferred weighted windows
and admissible lower triangular transformations. Section 3 develops the statistical, strong, and Cauchy
convergence generated by a triangle. Section 4 treats the ideal version, while Section 5 develops the
Musielak–Orlicz modular theory. Section 6 concerns separable transformations of double sequences.
Section 7 compares the convergence methods associated with different deferred weighted windows.
Section 8 applies the general results to fractional q-difference triangles. Section 9 contains examples
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and strictness results. The final section summarizes the main conclusions and indicates possible
directions for further study.

2. Admissible lower triangular transformations and deferred weighted windows

Admissible lower triangular transformations. Let ω denote the space of all complex-valued
sequences indexed by N0 = {0, 1, 2, . . .}. We write c0 and ℓ∞ for the spaces of null and bounded
sequences, respectively, and φ = {h ∈ ω : supp(h) is finite} for the space of finitely supported
sequences.

An infinite matrix A = (ank)n,k≥0 is called a lower triangular transformation, or a triangle, if ank = 0
whenever k > n. For x = (xk) ∈ ω, define

(Ax)n =

n∑
k=0

ankxk, n ∈ N0. (2.1)

Since each sum is finite, A : ω→ ω is well defined.

Definition 2.1. A triangle A = (ank)n,k≥0 is called admissible if

(T1) ann , 0 for every n ∈ N0;

(T2) CA := sup
n≥0

n∑
k=0

|ank| < ∞;

(T3) anr → 0 as n→ ∞ for every fixed r ∈ N0.

Condition (T1) gives triangular invertibility on ω, Condition (T2) ensures the boundedness on ℓ∞,
and Condition (T3) ensures that finitely supported perturbations are mapped into c0.

Lemma 2.2. Let A = (ank)n,k≥0 be a triangle.

(i) The mapping A : ω→ ω is linear.

(ii) If ann , 0 for every n, then A has a unique lower triangular inverse on ω.

(iii) If CA < ∞, then A(ℓ∞) ⊆ ℓ∞ and ∥Ax∥∞ ≤ CA∥x∥∞ for every x ∈ ℓ∞.

Proof. Linearity follows from (2.1). If all diagonal entries are nonzero, the equation Ax = y determines
x recursively by

x0 =
y0

a00
, xn =

1
ann

yn −

n−1∑
k=0

ankxk

 (n ≥ 1),

which gives a unique triangular inverse. Finally, for x ∈ ℓ∞, we have

|(Ax)n| ≤

n∑
k=0

|ank||xk| ≤ ∥x∥∞
n∑

k=0

|ank| ≤ CA∥x∥∞.

Taking the supremum over n proves (iii). □

For r ∈ N0, let e(r) be the r-th unit sequence, that is, e(r)
k = δkr.
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Theorem 2.3. Let A = (ank)n,k≥0 be a triangle. The following assertions are equivalent:

(i) anr → 0 as n→ ∞ for every fixed r ∈ N0;

(ii) Ae(r) ∈ c0 for every r ∈ N0;

(iii) Ah ∈ c0 for every h ∈ φ.

Proof. If (i) holds, then

(Ae(r))n =

0, n < r,

anr, n ≥ r,

so (ii) follows. If (ii) holds and F = supp(h), then h =
∑

r∈F hre(r) and Ah =
∑

r∈F hrAe(r) ∈ c0, proving
(iii). Conversely, if (iii) is applied to e(r) gives Ae(r) ∈ c0, and hence anr = (Ae(r))n → 0 for each fixed
r. □

Corollary 2.4. Let A be admissible and h ∈ φ. Then (Ah)n → 0. In particular, if x, z ∈ ω differ only on
a finite set, then

(
A(z − x)

)
n → 0.

Proof. This follows from Condition (T3) and Theorem 2.3. □

Admissible deferred weighted windows. Let λ = (λn) and µ = (µn) be sequences of non–negative
integers such that 0 ≤ µn < λn and λn → ∞. Set

In = (µn, λn] ∩ N0 and Wn =
∑
k∈In

wk,

where w = (wk) is a positive weight sequence.

Definition 2.5. The tripleW = (λ, µ,w) is called an admissible deferred weighted window if

|In| = λn − µn → ∞, Wn → ∞, ϑn(W) := max
k∈In

wk

Wn
→ 0. (2.2)

The first condition excludes bounded-width windows, the second makes fixed finite sets negligible,
and the third prevents asymptotic concentration of the window’s mass at one or finitely many indices.
Standard and deferred Cesàro windows, together with positive weights bounded above and away from
zero, provide basic examples.

Lemma 2.6. LetW be admissible. If En ⊆ In and |En| ≤ M for some fixed M ∈ N, then 1
Wn

∑
k∈En

wk →

0.

Proof. Since wk ≤ ϑn(W)Wn for k ∈ In

0 ≤
1

Wn

∑
k∈En

wk ≤ |En|ϑn(W) ≤ Mϑn(W)→ 0.

□

Remark 2.7. Condition (2.2) excludes localized windows. For example, if In = {n}, then ϑn(W) = 1.
More generally, Lemma 2.6 shows that a uniformly bounded number of moving indices cannot carry a
non–negligible proportion of the total window mass.
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For E ⊆ N0, define its upperW-density by

dW(E) = lim sup
n→∞

1
Wn

∑
k∈In∩E

wk. (2.3)

If the corresponding limit exists, it is denoted dW(E).

Lemma 2.8. Let E, F ⊆ N0. Then

(i) 0 ≤ dW(E) ≤ 1, and dW(N0) = 1;

(ii) if E ⊆ F, then dW(E) ≤ dW(F);

(iii) dW(E ∪ F) ≤ dW(E) + dW(F);

(iv) Every finite set has upperW-density zero;

(v) dW(E) = 0 if and only if 1
Wn

∑
k∈In∩E wk → 0.

Proof. Put

dWn (E) =
1

Wn

∑
k∈In∩E

wk.

The positivity of the weights gives 0 ≤ dWn (E) ≤ 1 and dWn (N0) = 1. Monotonicity and subadditivity
follow from

In ∩ E ⊆ In ∩ F, dWn (E ∪ F) ≤ dWn (E) + dWn (F).

If F is finite and CF =
∑

k∈F wk, then 0 ≤ dWn (F) ≤ CF/Wn → 0. Finally, dWn (E) ≥ 0, so its upper limit
is zero exactly when the sequence itself converges to zero. □

3. Deferred weighted statistical, strong, and Cauchy convergence generated by a triangle

Throughout this section,W = (λ, µ,w) denotes an admissible deferred weighted window and A =
(ank)n,k≥0 denotes a lower triangular transformation. Additional assumptions on A are stated whenever
they are required.
Statistical convergence generated by a triangle. For x ∈ ω, L ∈ C, and ε > 0, put

EA
ε (x, L) = {k ∈ N0 : |(Ax)k − L| ≥ ε}.

Definition 3.1. A sequence x ∈ ω is said to be deferred weighted statistically convergent to L generated
by A if dW(EA

ε (x, L)) = 0 for every ε > 0. In this case, we write SW(A)- lim x = L. The class of all
such sequences is denoted by SW(A); when L = 0, we write x ∈ SW,0(A).

Theorem 3.2. Let A be a lower triangular transformation.

(i) The SW(A)-limit is unique.

(ii) If SW(A)- lim x = L and SW(A)- lim z = M, then SW(A)- lim(αx + βz) = αL + βM for every
α, β ∈ C.

(iii) The classes SW(A) and SW,0(A) are linear spaces.
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Proof. If we suppose that L , M are two SW(A)-limits of x, and set ε = |L − M|/2. For EL = EA
ε (x, L)

and EM = EA
ε (x,M), the triangle inequality gives N0 = EL ∪ EM. Hence,

1 = dW(N0) ≤ dW(EL) + dW(EM) = 0,

a contradiction. Thus the limit is unique.
For (ii), the case α = β = 0 is immediate. Otherwise, let ε > 0 and set δ = ε/[2(|α| + |β|)]. Define

Ex = EA
δ (x, L) and Ez = EA

δ (z,M). By the linearity of A, we have

EA
ε (αx + βz, αL + βM) ⊆ Ex ∪ Ez.

Indeed, outside Ex ∪ Ez, the transformed error is less than (|α| + |β|)δ < ε. Since both Ex and Ez have
an upperW-density of zero, so does their union. Assertion (iii) follows from (ii). □

For a classical sequence space X, its matrix domain under A is X(A) = {x ∈ ω : Ax ∈ X}.

Theorem 3.3. Let A be a lower triangular transformation. If (Ax)k → L, then SW(A)- lim x = L.
Consequently, c(A) ⊆ SW(A) and c0(A) ⊆ SW,0(A).

Proof. For ε > 0, ordinary convergence gives a k0 such that |(Ax)k − L| < ε for k ≥ k0. Hence,

EA
ε (x, L) ⊆ {0, 1, . . . , k0 − 1},

and the latter set has an upperW-density on zero. □

Corollary 3.4. Suppose that anr → 0 as n→ ∞ for every fixed r ∈ N0. If x, z ∈ ω differ only on a finite
set, then SW(A)- lim x = L if and only if SW(A)- lim z = L.

Proof. Let h = z − x. Then h ∈ φ, and Theorem 2.3 gives Ah ∈ c0. Hence, SW(A)- lim h = 0 by
Theorem 3.3. Since z = x + h, the conclusion follows from Theorem 3.2(ii); the converse is obtained
by interchanging x and z. □

Remark 3.5. Theorems 3.2 and 3.3 require only the linearity of the lower triangular transformation.
By Theorem 2.3, the column-null condition is equivalent to the inclusion A(φ) ⊆ c0. Corollary 3.4 uses
this fact to show that changing finitely many terms of a sequence does not alter its generated statistical
limit.

Strong deferred weighted convergence.

Definition 3.6. Let p > 0. A sequence x ∈ ω is said to be strongly deferred weighted convergent of
order p to L generated by A if

1
Wn

∑
k∈In

wk|(Ax)k − L|p −→ 0.

In this case, we write N p
W

(A)- lim x = L.

Theorem 3.7. Let A be a lower triangular transformation.

(i) For every p > 0, N p
W

(A)- lim x = L implies SW(A)- lim x = L.
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(ii) If SW(A)- lim x = L and the transformed error sequence
(
(Ax)k − L

)
is bounded, then

N p
W

(A)- lim x = L for every p > 0.

Proof. Let p > 0. For ε > 0 and Eε = EA
ε (x, L), we have

1
Wn

∑
k∈In∩Eε

wk ≤
1
εpWn

∑
k∈In

wk|(Ax)k − L|p.

Thus strong convergence implies statistical convergence.
Conversely, suppose that |(Ax)k − L| ≤ M for all k. For δ > 0, set Eδ = EA

δ (x, L). Then

1
Wn

∑
k∈In

wk|(Ax)k − L|p ≤ Mp 1
Wn

∑
k∈In∩Eδ

wk + δ
p.

The first term tends to zero by statistical convergence. Therefore, the upper limit of the left-hand side
is at most δp. Letting δ ↓ 0 proves (ii). □

Remark 3.8. The boundedness assumption in Theorem 3.7(ii) concerns the transformed error
(
(Ax)k−

L
)
, not necessarily the original sequence x. The examples in Section 9 show that this assumption cannot

be omitted.

A Cauchy characterization

Definition 3.9. A sequence x ∈ ω is called SW(A)-Cauchy if, for every ε > 0, N ∈ N0 exists such that
dW

(
{k ∈ N0 : |(Ax)k − (Ax)N | ≥ ε}

)
= 0.

Lemma 3.10. If E, F ⊆ N0 satisfy dW(Ec) = dW(Fc) = 0, then E ∩ F , ∅.

Proof. Otherwise, N0 = Ec ∪ Fc, and therefore, we have

1 = dW(N0) ≤ dW(Ec) + dW(Fc) = 0,

which is impossible. □

Theorem 3.11. Let A be a lower triangular transformation. A sequence x ∈ ω is SW(A)-convergent if
and only if it is SW(A)-Cauchy.

Proof. Put y = Ax. Suppose first that SW(A)- lim x = L. For ε > 0, let G = {k ∈ N0 : |yk − L| < ε/2}.
Since dW(Gc) = 0, the set G is nonempty. Choose N ∈ G. Then

{k : |yk − yN | ≥ ε} ⊆ {k : |yk − L| ≥ ε/2},

so x is SW(A)-Cauchy.
Conversely, assume that x is SW(A)-Cauchy. For each m ∈ N, choose Nm ∈ N0 such that

dW
(
{k : |yk − yNm | ≥ 2−m}

)
= 0,

and put Gm = {k : |yk − yNm | < 2−m}. By Lemma 3.10, Gm ∩Gr , ∅ for all m, r. Choosing k ∈ Gm ∩Gr

gives |yNm − yNr | < 2−m + 2−r. Hence, (yNm) is Cauchy in C and converges to some L ∈ C.
Let ε > 0. Choose m so that 2−m < ε/2 and |yNm − L| < ε/2. Then

{k : |yk − L| ≥ ε} ⊆ {k : |yk − yNm | ≥ 2−m},

whose upperW-density is zero. Thus SW(A)- lim x = L. □
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Remark 3.12. The uniqueness, linearity, the strong convergence implications, and the Cauchy
characterization hold for every lower triangular transformation. The column-null condition is not
required for these results. It is used to ensure that finitely supported perturbations are mapped
into c0, and hence provides a sufficient condition for finite modification stability. Section 8 verifies
this condition, together with the remaining admissibility assumptions, for the fractional q-difference
triangle.

4. Ideal convergence generated by a triangle

Throughout this section,W = (λ, µ,w) is an admissible deferred weighted window, A = (ank)n,k≥0

is a lower triangular transformation, and I is a nontrivial admissible ideal of N. Thus I contains all
finite subsets of N, and is closed under subsets and finite unions, and N < I.

For a real sequence (rn), we write I- lim rn = r if {n ∈ N : |rn − r| ≥ δ} ∈ I for every δ > 0. For
E ⊆ N0, put

DWn (E) =
1

Wn

∑
k∈In∩E

wk and MA
n,p(x, L) =

1
Wn

∑
k∈In

wk|(Ax)k − L|p.

Lemma 4.1. Let (an) and (bn) be non-negative real sequences.

(i) If 0 ≤ an ≤ bn eventually and I- lim bn = 0, then I- lim an = 0.

(ii) If I- lim an = I- lim bn = 0, then I- lim(an + bn) = 0.

(iii) Ordinary convergence an → 0 implies I- lim an = 0.

(iv) If I- lim an = 0 and c ≥ 0, then I- lim can = 0.

Proof. For (i), if an ≤ bn for n ≥ n0, then, for every δ > 0, we have

{n : an ≥ δ} ⊆ {1, . . . , n0 − 1} ∪ {n : bn ≥ δ},

and the right-hand side belongs to I. For (ii), use

{n : an + bn ≥ δ} ⊆ {n : an ≥ δ/2} ∪ {n : bn ≥ δ/2}.

Assertion (iii) follows because the corresponding exceptional set is finite. For (iv), the case c = 0 is
immediate, while for c > 0, {n : can ≥ δ} = {n : an ≥ δ/c}. □

Ideal deferred weighted statistical convergence
For x ∈ ω, L ∈ C, and ε > 0, let EA

ε (x, L) = {k ∈ N0 : |(Ax)k − L| ≥ ε}.

Definition 4.2. A sequence x ∈ ω is said to be I-deferred weighted statistically convergent to L
generated by A if I- limn→∞ DWn

(
EA
ε (x, L)

)
= 0 for every ε > 0. We then write S I

W
(A)- lim x = L and

denote the class of all such sequences as S I
W

(A).

Definition 4.3. Let p > 0. A sequence x ∈ ω is said to be strongly I-deferred weighted convergent of
order p to L generated by A if I- limn→∞ MA

n,p(x, L) = 0. In this case, we write N p,I
W

(A)- lim x = L.

Theorem 4.4. Let A be a lower triangular transformation.

AIMS Mathematics Volume 11, Issue 7, 23404–23436.
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(i) The S I
W

(A)-limit is unique.

(ii) If S I
W

(A)- lim x = L and S I
W

(A)- lim z = M, then S I
W

(A)- lim(αx + βz) = αL + βM for every
α, β ∈ C.

(iii) The class S I
W

(A) is a linear space.

Proof. Put y = Ax. Suppose that L , M are two ideal statistical limits of x, and set ε = |L − M|/2.
Define

un(L) = DWn ({k : |yk − L| ≥ ε}), un(M) = DWn ({k : |yk − M| ≥ ε}).

For every k, at least one of the two defining inequalities holds; hence 1 ≤ un(L) + un(M). Therefore

N = {n : un(L) ≥ 1/2} ∪ {n : un(M) ≥ 1/2}.

Both sets on the right belong to I, which contradicts N < I. Thus the limit is unique.
For (ii), the case α = β = 0 is immediate. Otherwise, let ε > 0 and set δ = ε/[2(|α| + |β|)]. With

E1 = EA
δ (x, L) and E2 = EA

δ (z,M), the linearity of A gives

EA
ε (αx + βz, αL + βM) ⊆ E1 ∪ E2.

Consequently, we have

DWn
(
EA
ε (αx + βz, αL + βM)

)
≤ DWn (E1) + DWn (E2).

Lemma 4.1 yields the required ideal convergence. Part (iii) follows from (ii). □

Theorem 4.5. Let A be a lower triangular transformation.

(i) SW(A)- lim x = L implies S I
W

(A)- lim x = L.

(ii) For p > 0, N p
W

(A)- lim x = L implies N p,I
W

(A)- lim x = L.

(iii) If (Ax)k → L, then S I
W

(A)- lim x = L.

Proof. In (i), ordinary statistical convergence gives DWn (EA
ε (x, L))→ 0 for every ε > 0. Lemma 4.1(iii)

then gives the ideal limit. The same argument applied to MA
n,p(x, L) proves (ii). Part (iii) follows from

Theorem 3.3 and Part (i). □

Theorem 4.6. Suppose that anr → 0 as n→ ∞ for every fixed r ∈ N0. If x, z ∈ ω differ only on a finite
set, then S I

W
(A)- lim x = L if and only if S I

W
(A)- lim z = L.

Proof. Let h = z − x. Since h ∈ φ, Theorem 2.3 gives Ah ∈ c0. Thus S I
W

(A)- lim h = 0 by Theorem
4.5(iii). The conclusion follows from Theorem 4.4(ii), first with z = x + h and then with x = z − h. □

Strong ideal convergence.

Theorem 4.7. Let A be a lower triangular transformation and p > 0. If N p,I
W

(A)- lim x = L, then
S I
W

(A)- lim x = L.
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Proof. For every ε > 0, we have

DWn
(
EA
ε (x, L)

)
≤

1
εp MA

n,p(x, L).

The conclusion follows from Lemma 4.1. □

Theorem 4.8. Suppose that S I
W

(A)- lim x = L and that
(
(Ax)k − L

)
is bounded. Then, for every p > 0,

N p,I
W

(A)- lim x = L.

Proof. Choose M > 0 such that |(Ax)k − L| ≤ M for every k. Fix p > 0 and ρ > 0, and choose δ > 0
with δp < ρ/2. Writing Eδ = EA

δ (x, L), we have

MA
n,p(x, L) ≤ MpDWn (Eδ) + δp.

Hence, we have
{n : MA

n,p(x, L) ≥ ρ} ⊆
{
n : DWn (Eδ) ≥

ρ

2Mp

}
.

The set on the right belongs to I by the assumed ideal statistical convergence. Since ρ > 0 was
arbitrary, I- lim MA

n,p(x, L) = 0. □

Corollary 4.9. If the transformed error sequence
(
(Ax)k − L

)
is bounded, then, for every p > 0,

S I
W

(A)- lim x = L if and only if N p,I
W

(A)- lim x = L.

Proof. Apply Theorems 4.8 and 4.7. □

Remark 4.10. For I = Fin, the ideal convergence of the quotient sequences is equivalent to ordinary
convergence, so the methods of Section 3 are recovered. The algebraic and strong convergence
results above require no special coefficient formula. The column-null condition is used in the finite-
modification theorem through the inclusion A(φ) ⊆ c0, exactly as in the nonideal setting.

5. Musielak–Orlicz modular convergence generated by a triangle

Throughout this section,W = (λ, µ,w) is an admissible deferred weighted window, A = (ank)n,k≥0

is a lower triangular transformation, andM = (Mk)k≥0 is a sequence of Orlicz functions. Thus each
Mk : [0,∞) → [0,∞) is continuous, nondecreasing, and convex, with Mk(0) = 0, Mk(t) > 0 for t > 0,
and Mk(t)→ ∞ as t → ∞.

We use the following uniform conditions:

mM(t) := inf
k≥0

Mk(t) > 0 (t > 0), (5.1)

MM(R) := sup
k≥0

Mk(R) < ∞ (R > 0), (5.2)

lim
δ↓0

MM(δ) = 0. (5.3)

Condition (5.1) prevents the degeneration of the modular family, (5.2) gives uniform boundedness on
bounded intervals, and (5.3) gives uniform smallness at the origin.

For ρ > 0, define

M A
n,ρ(x, L) :=

1
Wn

∑
k∈In

wkMk

(
|(Ax)k − L|
ρ

)
.
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Definition 5.1. A sequence x ∈ ω is said to be stronglyW-Musielak–Orlicz convergent to L generated
by A if ρ > 0 exists such that

M A
n,ρ(x, L) −→ 0. (5.4)

In this case, we write NM
W

(A)- lim x = L, and denote the class of all such sequences as NM
W

(A).

Remark 5.2. The parameter ρ in Definition 5.1 is a scale parameter and need not be unique. Whenever
the lower condition (5.1) is assumed, Corollary 5.4 shows that the limit value L is unique; hence L is
independent of the particular admissible value of ρ. If Mk(t) = tp for every k and some p ≥ 1,
then Definition 5.1 reduces to strong deferred weighted convergence of order p generated by A. The
Musielak–Orlicz formulation therefore extends the fixed-power case by allowing the growth function
to depend on the index.

Relations with deferred weighted statistical convergence

Theorem 5.3. Assume thatM satisfies (5.1). If NM
W

(A)- lim x = L, then SW(A)- lim x = L.

Proof. Choose ρ > 0 such that M A
n,ρ(x, L)→ 0. For ε > 0, let Eε = EA

ε (x, L). If k ∈ Eε, then

Mk

(
|(Ax)k − L|
ρ

)
≥ mM

(
ε

ρ

)
> 0.

Consequently
1

Wn

∑
k∈In∩Eε

wk ≤
M A

n,ρ(x, L)

mM(ε/ρ)
−→ 0.

Hence, dW(Eε) = 0 for every ε > 0. □

Corollary 5.4. Under Condition (5.1), the NM
W

(A)-limit is unique.

Proof. Apply Theorem 5.3 and the uniqueness assertion in Theorem 3.2. □

Theorem 5.5. Assume thatM satisfies (5.2) and (5.3). If SW(A)- lim x = L and the transformed error(
(Ax)k − L

)
is bounded, then NM

W
(A)- lim x = L.

Proof. Choose B > 0 such that |(Ax)k − L| ≤ B for every k. For δ > 0, put Eδ = EA
δ (x, L). Monotonicity

of the functions Mk gives

M A
n,1(x, L) ≤ MM(B)

1
Wn

∑
k∈In∩Eδ

wk + MM(δ).

The first term tends to zero by statistical convergence. Therefore, lim supn→∞M A
n,1(x, L) ≤ MM(δ).

Letting δ ↓ 0 and using (5.3) yields M A
n,1(x, L)→ 0. □

Corollary 5.6. Assume that M satisfies (5.1), (5.2), and (5.3). If
(
(Ax)k − L

)
is bounded, then

SW(A)- lim x = L if and only if NM
W

(A)- lim x = L.

Proof. Apply Theorems 5.5 and 5.3. □
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Corollary 5.7. Let Mk(t) = tpk , where 1 ≤ p− ≤ pk ≤ p+ < ∞ (k ∈ N0). Then Conditions (5.1)–(5.3)
hold. Consequently, for a bounded transformed error, SW(A)- lim x = L if and only if NM

W
(A)- lim x =

L.

Proof. Each Mk(t) = tpk is an Orlicz function. If 0 < t < 1, then tp+ ≤ tpk ≤ tp− , whereas for t ≥ 1,
tp− ≤ tpk ≤ tp+ . Thus

mM(t) ≥

tp+ , 0 < t < 1,
tp− , t ≥ 1,

so (5.1) holds. Similarly, we have

MM(R) ≤

Rp− , 0 < R < 1,
Rp+ , R ≥ 1,

which proves (5.2). Finally, for 0 < δ < 1, MM(δ) ≤ δp− → 0, proving (5.3). The conclusion follows
from Corollary 5.6. □

Linearity and finite modifications

Theorem 5.8. Suppose that NM
W

(A)- lim x = L and NM
W

(A)- lim z = M. Then, for every α, β ∈ C,
NM
W

(A)- lim(αx + βz) = αL + βM. Consequently, NM
W

(A) is a linear space.

Proof. Choose ρ1, ρ2 > 0 such that M A
n,ρ1

(x, L) → 0 and M A
n,ρ2

(z,M) → 0. The case α = β = 0 is
immediate. Otherwise, set

ρ = 2 max{|α|ρ1, |β|ρ2} > 0.

By the linearity of A, monotonicity, and the convexity of Mk, we have

Mk


∣∣∣(A(αx + βz)

)
k − (αL + βM)

∣∣∣
ρ

 ≤ 1
2

Mk

(
|(Ax)k − L|
ρ1

)
+

1
2

Mk

(
|(Az)k − M|
ρ2

)
.

Therefore
M A

n,ρ(αx + βz, αL + βM) ≤
1
2
M A

n,ρ1
(x, L) +

1
2
M A

n,ρ2
(z,M),

and the right-hand side tends to zero. □

Lemma 5.9. Assume thatM satisfies (5.2) and (5.3). If sk → 0, then, for every ρ > 0, we have

1
Wn

∑
k∈In

wkMk

(
|sk|

ρ

)
−→ 0.

Proof. Fix ρ > 0 and δ > 0. Choose k0 such that |sk|/ρ ≤ δ for k ≥ k0, and set

C0 =

k0−1∑
k=0

wkMk

(
|sk|

ρ

)
.

Then

0 ≤
1

Wn

∑
k∈In

wkMk

(
|sk|

ρ

)
≤

C0

Wn
+ MM(δ).

Taking the upper limit and then letting δ ↓ 0 proves the assertion. □
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Corollary 5.10. Assume thatM satisfies (5.2) and (5.3). If (Ax)k → L, then NM
W

(A)- lim x = L.

Proof. Apply Lemma 5.9 to sk = (Ax)k − L. □

Theorem 5.11. Assume thatM satisfies (5.2) and (5.3), and that anr → 0 as n → ∞ for every fixed
r ∈ N0. If x, z ∈ ω differ only on a finite set, then NM

W
(A)- lim x = L if and only if NM

W
(A)- lim z = L.

Proof. Let h = z − x. Since h ∈ φ, Theorem 2.3 gives Ah ∈ c0. Corollary 5.10 therefore yields
NM
W

(A)- lim h = 0. The conclusion follows from Theorem 5.8, first with z = x + h and then with
x = z − h. □

Remark 5.12. The modular to statistical implication is governed by the lower condition (5.1). The
bounded converse and the treatment of ordinary null sequences require (5.2) and (5.3). The column-
null condition on A is used only to obtain A(φ) ⊆ c0, which is the step required in the finite modification
result. Thus the assumptions on the modular family and those on the triangular transformation remain
logically separate.

6. Separable triangular transformations of double sequences

The classical convergence theory of double sequences goes back to Pringsheim [18]. Statistical
convergence was later extended to double and multiple sequences by Mursaleen and Edely [15] and
Móricz [13]. The deferred Cesàro mean and deferred statistical convergence of double sequences
were studied by Dağadur and Sezgek [4]. Here, these ideas are combined with separable triangular
transformations and rectangular deferred weighted windows.

Let Ω = {x = (xmn)m,n≥0 : xmn ∈ C}, ∥x∥∞ = supm,n≥0 |xmn|, and let ℓ(2)
∞ denote the space of bounded

elements of Ω. For lower triangular transformations A = (ami)m,i≥0 and B = (bn j)n, j≥0, define

(
(A ⊗ B)x

)
mn =

m∑
i=0

n∑
j=0

amibn jxi j, m, n ∈ N0. (6.1)

Every sum is finite, so A ⊗ B : Ω → Ω is well defined. The product structure treats the two
coordinate directions independently; genuinely coupled transformations with mixed coefficients are
not considered here.
Structural properties of product transformations

With respect to the product order (i, j) ⪯ (m, n) if and only if i ≤ m and j ≤ n, the transformation
A ⊗ B is lower triangular.

Lemma 6.1. Let A and B be lower triangular transformations.

(i) The mapping A ⊗ B : Ω→ Ω is linear.

(ii) If amm , 0 and bnn , 0 for all m, n, then A ⊗ B has a unique inverse on Ω, given by (A ⊗ B)−1 =

A−1 ⊗ B−1.

(iii) If CA = supm≥0
∑m

i=0 |ami| < ∞ and CB = supn≥0
∑n

j=0 |bn j| < ∞, then A ⊗ B maps ℓ(2)
∞ continuously

into itself and ∥(A ⊗ B)x∥∞ ≤ CACB∥x∥∞.
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Proof. Linearity follows from (6.1). Under the nonvanishing diagonal assumption, let C = A−1 = (cmi)
and D = B−1 = (dn j). Finite rearrangement gives

(
(C ⊗ D)(A ⊗ B)x

)
mn =

m∑
r=0

n∑
s=0

 m∑
i=r

cmiair


 n∑

j=s

dn jb js

 xrs = xmn.

The reverse composition is identical, proving (ii). Finally, we have

∣∣∣((A ⊗ B)x
)

mn

∣∣∣ ≤ ∥x∥∞  m∑
i=0

|ami|


 n∑

j=0

|bn j|

 ≤ CACB∥x∥∞,

which proves (iii). □

The following proposition separates the roles of the assumptions on the two factors.

Proposition 6.2. Let A and B be lower triangular transformations.

(i) If amm , 0 and bnn , 0 for every m, n, then the diagonal coefficient of A⊗B at (m, n) is ammbnn , 0.

(ii) If CA,CB < ∞, then supm,n≥0
∑m

i=0
∑n

j=0 |amibn j| ≤ CACB < ∞.

(iii) If both A and B satisfy the column-null condition, then for every fixed (i, j) ∈ N2
0, amibn j −→ 0 in

the Pringsheim sense.

(iv) Under the assumptions of (iii), if h ∈ Ω has finite support, then
(
(A ⊗ B)h

)
mn −→ 0 in the

Pringsheim sense.

Proof. Parts (i) and (ii) follow from

m∑
i=0

n∑
j=0

|amibn j| =

 m∑
i=0

|ami|


 n∑

j=0

|bn j|

 .
For (iii), fix (i, j) and ε > 0. The column-null assumptions give M,N such that |ami| <

√
ε for m ≥ M

and |bn j| <
√
ε for n ≥ N. Hence |amibn j| < ε whenever m ≥ M and n ≥ N.

For (iv), if H = supp(h), then (
(A ⊗ B)h

)
mn =

∑
(i, j)∈H

amibn jhi j.

The sum is finite and every summand tends to zero by (iii). □

In particular, if A and B are admissible, then their product inherits the corresponding nonzero-
diagonal, bounded-row, and column-null properties.
Admissible rectangular deferred weighted windows

LetW1 = (λ, µ, u) andW2 = (θ, κ, v) be deferred weighted windows, and set

Ir = (µr, λr] ∩ N0, Ur =
∑
m∈Ir

um, ϑ
(u)
r = max

m∈Ir

um

Ur
,

Js = (κs, θs] ∩ N0, Vs =
∑
n∈Js

vn, ϑ
(v)
s = max

n∈Js

vn

Vs
.
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Definition 6.3. The product P = W1 × W2 is called an admissible rectangular deferred weighted
window if

|Ir| → ∞, Ur → ∞, ϑ
(u)
r → 0,

|Js| → ∞, Vs → ∞, ϑ
(v)
s → 0.

(6.2)

For a real double sequence (αrs), its Pringsheim upper limit is lim supr,s→∞ αrs = limN→∞ sup{αrs :
r, s ≥ N}. For E ⊆ N2

0, define

QPrs(E) =
1

UrVs

∑
m∈Ir , n∈Js

(m,n)∈E

umvn, dP(E) = lim sup
r,s→∞

QPrs(E). (6.3)

If the corresponding Pringsheim limit exists, it is denoted by dP(E).

Lemma 6.4. Let P be admissible. If Ers ⊆ Ir × Js and |Ers| ≤ M for some fixed M ∈ N, then

1
UrVs

∑
(m,n)∈Ers

umvn −→ 0

in the Pringsheim sense.

Proof. For (m, n) ∈ Ir × Js, umvn ≤ ϑ
(u)
r ϑ

(v)
s UrVs. Therefore,

0 ≤
1

UrVs

∑
(m,n)∈Ers

umvn ≤ Mϑ(u)
r ϑ

(v)
s −→ 0.

□

Remark 6.5. The conditions in (6.2) exclude localized rectangles. For example, if Ir = {r} or Js = {s},
then the corresponding nonconcentration factor equals 1. Hence, an admissible rectangular window
cannot reduce to a single moving row, column, or pair of indices.

Lemma 6.6. Let E, F ⊆ N2
0. We then have the following:

(i) 0 ≤ dP(E) ≤ 1 and dP(N2
0) = 1;

(ii) If E ⊆ F, then dP(E) ≤ dP(F);

(iii) dP(E ∪ F) ≤ dP(E) + dP(F);

(iv) If, for some N ∈ N0, E ⊆
(
{0, . . . ,N} × N0

)
∪

(
N0 × {0, . . . ,N}

)
, then dP(E) = 0. In particular,

every finite set has an upper rectangular density of zero;

(v) dP(E) = 0 if and only if QPrs(E)→ 0 in the Pringsheim sense.

Proof. Parts (i)–(iii) follow directly from positivity of the weights and the definition of QPrs. For VN =

{0, . . . ,N} × N0 and HN = N0 × {0, . . . ,N}

QPrs(VN) ≤ (N + 1)ϑ(u)
r , QPrs(HN) ≤ (N + 1)ϑ(v)

s .

Both expressions tend to zero in the Pringsheim sense, and (iv) follows by subadditivity. Finally,
QPrs(E) ≥ 0, so its Pringsheim upper limit is zero exactly when it converges to zero. □
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For the remainder of this section, P denotes an admissible rectangular deferred weighted window.
Rectangular statistical and strong convergence

For x ∈ Ω, L ∈ C, and ε > 0, put

EA,B
ε (x, L) =

{
(m, n) ∈ N2

0 :
∣∣∣((A ⊗ B)x

)
mn − L

∣∣∣ ≥ ε} ,
and, for p > 0, define

RA,B
rs,p(x, L) =

1
UrVs

∑
m∈Ir

∑
n∈Js

umvn

∣∣∣((A ⊗ B)x
)

mn − L
∣∣∣p .

Definition 6.7. A double sequence x ∈ Ω is rectangular deferred weighted statistically convergent to
L generated by A ⊗ B if dP

(
EA,B
ε (x, L)

)
= 0 for every ε > 0. We then write S P(A ⊗ B)- lim x = L.

Definition 6.8. Let p > 0. A double sequence x ∈ Ω is strongly rectangular deferred weighted
convergent of order p to L generated by A ⊗ B if RA,B

rs,p(x, L) −→ 0 in the Pringsheim sense. We
then write N p

P
(A ⊗ B)- lim x = L.

Theorem 6.9. Let A and B be lower triangular transformations.

(i) The S P(A ⊗ B)-limit is unique.

(ii) If S P(A ⊗ B)- lim x = L and S P(A ⊗ B)- lim z = M, then, for every α, β ∈ C, S P(A ⊗ B)- lim(αx +
βz) = αL + βM.

Proof. Suppose that L , M are two limits of x, and set ε = |L − M|/2. Then

N2
0 = EA,B

ε (x, L) ∪ EA,B
ε (x,M),

which contradicts Lemma 6.6(i)–(iii). Hence the limit is unique.
For (ii), the case α = β = 0 is immediate. Otherwise, take δ = ε/[2(|α| + |β|)]. Linearity gives

EA,B
ε (αx + βz, αL + βM) ⊆ EA,B

δ (x, L) ∪ EA,B
δ (z,M).

The conclusion follows from Lemma 6.6(ii)–(iii). □

Definition 6.10. A double sequence y = (ymn) is Pringsheim convergent to L if, for every ε > 0, N ∈ N
exists such that |ymn − L| < ε whenever m, n ≥ N. We write P-limm,n→∞ ymn = L.

Theorem 6.11. Let A and B be lower triangular transformations. If P-limm,n→∞
(
(A⊗ B)x

)
mn = L, then

S P(A ⊗ B)- lim x = L.

Proof. For every ε > 0, Pringsheim convergence gives N such that

EA,B
ε (x, L) ⊆

(
{0, . . . ,N − 1} × N0

)
∪

(
N0 × {0, . . . ,N − 1}

)
.

The right-hand side has an upper rectangular density of zero by Lemma 6.6(iv). □

Theorem 6.12. Suppose that A and B satisfy the column-null condition. If x, z ∈ Ω differ only on a
finite subset of N2

0, then S P(A ⊗ B)- lim x = L if and only if S P(A ⊗ B)- lim z = L.
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Proof. Let h = z − x. By Proposition 6.2(iv),

P-lim
m,n→∞

(
(A ⊗ B)h

)
mn = 0.

Theorem 6.11 gives S P(A ⊗ B)- lim h = 0, and the result follows from Theorem 6.9(ii). □

Theorem 6.13. Let A and B be lower triangular transformations and p > 0.

(i) N p
P

(A ⊗ B)- lim x = L implies S P(A ⊗ B)- lim x = L.

(ii) If S P(A⊗ B)- lim x = L and the transformed error
(
((A⊗ B)x)mn − L

)
m,n≥0 is bounded, then N p

P
(A⊗

B)- lim x = L.

Proof. For every ε > 0,

QPrs
(
EA,B
ε (x, L)

)
≤

1
εp RA,B

rs,p(x, L),

which proves (i).
For (ii), choose M > 0 such that |((A ⊗ B)x)mn − L| ≤ M for all m, n. For δ > 0

RA,B
rs,p(x, L) ≤ MpQPrs

(
EA,B
δ (x, L)

)
+ δp.

The first term tends to zero by statistical convergence and Lemma 6.6(v). Hence, the Pringsheim upper
limit of the left-hand side is at most δp. Letting δ ↓ 0 proves (ii). □

A rectangular Cauchy characterization

Definition 6.14. A double sequence x ∈ Ω is called S P(A⊗B)-Cauchy if, for every ε > 0, (m0, n0) ∈ N2
0

exists such that
dP

({
(m, n) :

∣∣∣((A ⊗ B)x
)

mn −
(
(A ⊗ B)x

)
m0n0

∣∣∣ ≥ ε}) = 0.

Lemma 6.15. If E, F ⊆ N2
0 satisfy dP(Ec) = dP(Fc) = 0, then E ∩ F , ∅.

Proof. Otherwise, N2
0 = Ec ∪ Fc, contradicting Lemma 6.6(i)–(iii). □

Theorem 6.16. Let A and B be lower triangular transformations. A double sequence x ∈ Ω is S P(A ⊗
B)-convergent if and only if it is S P(A ⊗ B)-Cauchy.

Proof. Put y = (A ⊗ B)x. Suppose first that S P(A ⊗ B)- lim x = L. For ε > 0, set

G = {(m, n) : |ymn − L| < ε/2}.

Since dP(Gc) = 0, choose (m0, n0) ∈ G. Then

{(m, n) : |ymn − ym0n0 | ≥ ε} ⊆ {(m, n) : |ymn − L| ≥ ε/2},

so x is S P(A ⊗ B)-Cauchy.
Conversely, for each ℓ ∈ N, choose (mℓ, nℓ) such that

dP
(
{(m, n) : |ymn − ymℓnℓ | ≥ 2−ℓ}

)
= 0,
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and put Gℓ = {(m, n) : |ymn − ymℓnℓ | < 2−ℓ}. Lemma 6.15 gives Gℓ ∩G j , ∅, and therefore

|ymℓnℓ − ym jn j | < 2−ℓ + 2− j.

Thus (ymℓnℓ) is Cauchy in C and converges to some L.
Given ε > 0, choose ℓ so that 2−ℓ < ε/2 and |ymℓnℓ − L| < ε/2. Then

{(m, n) : |ymn − L| ≥ ε} ⊆ {(m, n) : |ymn − ymℓnℓ | ≥ 2−ℓ},

whose upper rectangular density is zero. Hence S P(A ⊗ B)- lim x = L. □

Remark 6.17. The structural conclusions concerning the product transformation use only the
corresponding diagonal, row-sum, or column-null assumptions on its factors. The statistical, strong,
and Cauchy results depend on the separable form of A ⊗ B and the rectangular geometry of P, but not
on a specific coefficient formula. More explicitly, the nonconcentration hypotheses on the rectangular
windows enter through Lemmas 6.4 and 6.6, the column-null condition enters the finite modification
result through Proposition 6.2(iv), and boundedness is used only in the bounded converse in Theorem
6.13(ii). Fractional q-difference products will later provide a concrete admissible example.

7. Comparison of deferred weighted windows

In this section, the lower triangular transformation A is fixed, whereas the deferred weighted window
is allowed to vary. Consequently, the results below concern only the geometry and weighted mass of
the windows; no additional diagonal, row-sum, or column-null assumption on A is required.

LetW = (λ, µ,w) andV = (σ, τ, v) be admissible deferred weighted windows. Write

IWn = (µn, λn] ∩ N0, Wn =
∑
k∈IWn

wk,

IVn = (τn, σn] ∩ N0, Vn =
∑
k∈IVn

vk.

For E ⊆ N0 and a non–negative sequence r = (rk)k≥0, define

DWn (E) =
1

Wn

∑
k∈IWn ∩E

wk, AW
n (r) =

1
Wn

∑
k∈IWn

wkrk,

DVn (E) =
1
Vn

∑
k∈IVn ∩E

vk, A V
n (r) =

1
Vn

∑
k∈IVn

vkrk.

Thus DWn (E) = AW
n (χE) and DVn (E) = A V

n (χE), where χE is the characteristic sequence of E.

Definition 7.1. We say that V is dominated by W, and write V ⪯ W, if C > 0 exists such that
dV(E) ≤ CdW(E) for every E ⊆ N0.

ThusV ⪯W guarantees that every set of upperW-density zero also has upperV-density zero.

Definition 7.2. We say that V is strongly dominated byW, and write V ⪯s W, if C > 0 exists and
n0 ∈ N such that DVn (E) ≤ CDWn (E) for every E ⊆ N0 and every n ≥ n0.
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Unlike ordinary domination, strong domination compares the quotient sequences themselves. This
distinction is needed in the ideal setting, where convergence is imposed on the window index n.

Lemma 7.3. IfV ⪯s W, thenV ⪯W.

Proof. Taking the upper limits in DVn (E) ≤ CDWn (E) gives dV(E) ≤ CdW(E) for every E ⊆ N0. □

Statistical comparison

Theorem 7.4. If V ⪯ W, then SW(A)- lim x = L implies SV(A)- lim x = L. Consequently, SW(A) ⊆
SV(A).

Proof. For ε > 0, let Eε = EA
ε (x, L). If SW(A)- lim x = L, then dW(Eε) = 0. Domination gives

0 ≤ dV(Eε) ≤ CdW(Eε) = 0,

and the conclusion follows. □

The following assumptions provide a direct sufficient criterion for comparison of all non–negative
weighted averages.

Proposition 7.5. Suppose that K1,K2 > 0 and n0 ∈ N exists such that, for every n ≥ n0,

IVn ⊆ IWn , vk ≤ K1wk (k ∈ IVn ), Wn ≤ K2Vn.

Then, for every non–negative sequence r = (rk), we have

A V
n (r) ≤ K1K2A

W
n (r) (n ≥ n0). (7.1)

Proof. For n ≥ n0, the positivity of r and the stated assumptions give

A V
n (r) =

1
Vn

∑
k∈IVn

vkrk ≤
K1

Vn

∑
k∈IVn

wkrk ≤ K1
Wn

Vn
AW

n (r) ≤ K1K2A
W

n (r).

□

Corollary 7.6. Under the assumptions of Proposition 7.5,V ⪯s W and henceV ⪯W. In particular,
SW(A)- lim x = L implies SV(A)- lim x = L.

Proof. Apply (7.1) to r = χE and then use Lemma 7.3 and Theorem 7.4. □

Strong, ideal, and modular comparisons
The next results are consequences of the same average estimate. They do not require further

structural assumptions on the entries of A.

Theorem 7.7. Assume the hypotheses of Proposition 7.5. If p > 0 and N p
W

(A)- lim x = L, then
N p
V

(A)- lim x = L. Consequently, N p
W

(A) ⊆ N p
V

(A).

Proof. Apply (7.1) to rk = |(Ax)k − L|p. □
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Theorem 7.8. Let I be a nontrivial admissible ideal of N. IfV ⪯s W, then

S I
W

(A)- lim x = L =⇒ S I
V

(A)- lim x = L.

Consequently, S I
W

(A) ⊆ S I
V

(A).

Proof. For ε > 0, set
an = DWn

(
EA
ε (x, L)

)
, bn = DVn

(
EA
ε (x, L)

)
.

Strong domination gives 0 ≤ bn ≤ Can for all sufficiently large values of n. Since I- lim an = 0,
Lemma 4.1 yields I- lim bn = 0. □

Theorem 7.9. Let I be a nontrivial admissible ideal of N and assume the hypotheses of Proposition
7.5. If p > 0 and N p,I

W
(A)- lim x = L, then N p,I

V
(A)- lim x = L.

Proof. Apply (7.1) to rk = |(Ax)k − L|p and then use Lemma 4.1. □

Theorem 7.10. Assume the hypotheses of Proposition 7.5, and let M = (Mk)k≥0 be a sequence of
Orlicz functions. If NM

W
(A)- lim x = L, then NM

V
(A)- lim x = L. Consequently, NM

W
(A) ⊆ NM

V
(A).

Proof. Choose ρ > 0 such that

1
Wn

∑
k∈IWn

wkMk

(
|(Ax)k − L|
ρ

)
−→ 0.

Apply (7.1) to

rk = Mk

(
|(Ax)k − L|
ρ

)
.

□

Mutually comparable windows

Corollary 7.11. IfV ⪯W andW ⪯ V, then SW(A) = SV(A), and the corresponding limits agree.

Proof. Apply Theorem 7.4 in both directions. Agreement of the limits follows from uniqueness. □

Corollary 7.12. Suppose that the sufficient assumptions of Proposition 7.5 hold fromW toV and also
fromV toW, possibly with different constants. Then

N p
W

(A) = N p
V

(A), N p,I
W

(A) = N p,I
V

(A) (p > 0),

and
NM
W

(A) = NM
V

(A), S I
W

(A) = S I
V

(A).

Proof. Apply Theorems 7.7–7.10 in both directions. □

Remark 7.13. The conditions in Proposition 7.5 are sufficient comparison conditions and are not
claimed to be necessary. Throughout this section, A remains fixed, and the proofs use only non–
negative averages of its transformed error sequence. In particular, they do not require invertibility,
bounded absolute row sums, the column-null condition, or any specific coefficient formula.

Analogous sufficient results hold for the rectangular product windows of Section 6. Under
coordinatewise interval inclusions and weight comparisons, the one-dimensional domination constants
multiply and the same argument applies to averages generated by A ⊗ B.
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8. Fractional q-difference triangles as admissible transformations

The preceding sections were developed for general lower triangular transformations. We now verify
that the fractional q-difference operator defines an admissible triangle and identify the additional
properties that follow from its explicit coefficient kernel. In particular, integer and noninteger
orders are treated separately, since they correspond to finite-memory and infinite-memory transforms,
respectively.

Throughout this section, let 0 < q < 1 and ξ > 0. For s ∈ R and n ∈ N0, set [s]q =
1−qs

1−q , [0]q! = 1
and [n]q! =

∏n
r=1[r]q. The generalized q-binomial coefficient is defined by(

ξ

0

)
q
= 1,

(
ξ

j

)
q
=

∏ j−1
r=0[ξ − r]q

[ j]q!
( j ≥ 1).

When ξ = m ∈ N, this gives
(

m
j

)
q
= 0 for j > m. These conventions agree with the usual finite

q-binomial coefficients; see [8].
Define

a(q,ξ)
j = (−1) jq j( j−1)/2

(
ξ

j

)
q
, (8.1)

b(q,ξ)
j =

(
ξ + j − 1

j

)
q
, j ∈ N0. (8.2)

For completeness, let (a; q)0 = 1, (a; q) j =
∏ j−1

r=0(1 − aqr), and (a; q)∞ =
∏∞

r=0(1 − aqr). The
preceding coefficients can be written as

a(q,ξ)
j = q jξ (q

−ξ; q) j

(q; q) j
, b(q,ξ)

j =
(qξ; q) j

(q; q) j
.

The q-binomial theorem therefore gives, the following for |z| < 1:
∞∑
j=0

a(q,ξ)
j z j =

(z; q)∞
(qξz; q)∞

,

∞∑
j=0

b(q,ξ)
j z j =

(qξz; q)∞
(z; q)∞

.

Multiplication of these series yields

m∑
j=0

a(q,ξ)
j b(q,ξ)

m− j =

1, m = 0,
0, m ≥ 1.

(8.3)

The fractional q-difference triangle
Let

Q(q,ξ) =
(
q(q,ξ)

nk

)
n,k≥0, q(q,ξ)

nk =

a(q,ξ)
n−k , 0 ≤ k ≤ n,

0, k > n.
(8.4)

Then, for x = (xk) ∈ ω, we have

(
Q(q,ξ)x

)
n =

n∑
k=0

a(q,ξ)
n−k xk =

n∑
j=0

a(q,ξ)
j xn− j. (8.5)

AIMS Mathematics Volume 11, Issue 7, 23404–23436.



23426

We write ∇(ξ)
q x = Q(q,ξ)x.

Similarly, define

R(q,ξ) =
(
r(q,ξ)

nk

)
n,k≥0, r(q,ξ)

nk =

b(q,ξ)
n−k , 0 ≤ k ≤ n,

0, k > n.
(8.6)

Proposition 8.1. The matrix Q(q,ξ) is lower triangular with diagonal entries equal to 1, and
(
Q(q,ξ))−1

=

R(q,ξ) on ω. Equivalently, if y = Q(q,ξ)x, then

xn =

n∑
j=0

b(q,ξ)
j yn− j, n ∈ N0. (8.7)

Proof. The triangular structure follows from (8.4), while q(q,ξ)
nn = a(q,ξ)

0 = 1. If xn =
∑n

j=0 b(q,ξ)
j yn− j, then

finite rearrangement of the sums gives

(
Q(q,ξ)x

)
n =

n∑
r=0

a(q,ξ)
r

n−r∑
j=0

b(q,ξ)
j yn−r− j =

n∑
m=0

 m∑
r=0

a(q,ξ)
r b(q,ξ)

m−r

 yn−m = yn

by (8.3). The reverse composition follows from the same finite convolution identity. □

Remark 8.2. Proposition 8.1 asserts an algebraic triangular inverse on ω. No boundedness of R(q,ξ)

on ℓ∞ is claimed or needed below.

Absolute summability and admissibility

Lemma 8.3. The coefficient sequence
(
a(q,ξ)

j
)

j≥0 belongs to ℓ1. Thus, we have

Aq,ξ :=
∞∑
j=0

|a(q,ξ)
j | < ∞, (8.8)

and a(q,ξ)
j → 0.

Proof. If ξ = m ∈ N, then a(q,m)
j = 0 for j > m, so the assertion is immediate.

Suppose that ξ < N, and set c j = |a
(q,ξ)
j |. None of the factors in the generalized q-binomial coefficient

vanishes, and
c j+1

c j
= q j

∣∣∣∣∣∣ [ξ − j]q

[ j + 1]q

∣∣∣∣∣∣ =
∣∣∣∣∣∣ q j − qξ

1 − q j+1

∣∣∣∣∣∣ −→ qξ.

Since 0 < qξ < 1, the ratio test gives
∑

j≥0 c j < ∞. Absolute summability also implies a(q,ξ)
j → 0. □

Theorem 8.4. For every q ∈ (0, 1) and ξ > 0, the triangle Q(q,ξ) is admissible in the sense of Definition
2.1. More precisely:

(i) q(q,ξ)
nn = 1 for every n ∈ N0;

(ii) supn≥0
∑n

k=0 |q
(q,ξ)
nk | ≤ Aq,ξ < ∞;

(iii) q(q,ξ)
nr → 0 as n→ ∞ for every fixed r ∈ N0.
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Proof. Part (i) follows from a(q,ξ)
0 = 1. Moreover,

n∑
k=0

|q(q,ξ)
nk | =

n∑
j=0

|a(q,ξ)
j | ≤ Aq,ξ,

which proves (ii). For a fixed r and n ≥ r, q(q,ξ)
nr = a(q,ξ)

n−r → 0 by Lemma 8.3. □

Corollary 8.5. The transformation Q(q,ξ) maps ℓ∞ continuously into ℓ∞, and

∥Q(q,ξ)x∥∞ ≤ Aq,ξ∥x∥∞ (x ∈ ℓ∞).

Proof. Apply Theorem 8.4 and Lemma 2.2. □

Finite and infinite q-memory

Proposition 8.6. Let Q(q,ξ) be a fractional q-difference triangle.

(i) If ξ = m ∈ N, then a(q,m)
j = 0 for j > m, and Q(q,m) is banded with a bandwidth m + 1.

(ii) If ξ < N, then a(q,ξ)
j , 0 for every j ∈ N0, and every column of Q(q,ξ) has infinitely many nonzero

entries.

Proof. Part (i) follows from the integer-order q-binomial coefficient. If ξ < N, none of ξ, ξ − 1, . . . , ξ −
j + 1 is zero. Since [s]q = 0 exactly when s = 0, we have

(
ξ
j

)
q
, 0, and therefore, a(q,ξ)

j , 0. The

assertion about columns follows from q(q,ξ)
nr = a(q,ξ)

n−r for n ≥ r. □

For r ∈ N0, let e(r) denote the r-th unit sequence.

Proposition 8.7. For every r, n ∈ N0, we have

(
Q(q,ξ)e(r))

n =

0, n < r,

a(q,ξ)
n−r , n ≥ r.

Consequently, the following hold:

(i) if ξ = m ∈ N, then supp
(
Q(q,m)e(r)) ⊆ {r, r + 1, . . . , r + m};

(ii) If ξ < N, then Q(q,ξ)e(r) has infinitely many nonzero coordinates but belongs to ℓ1 ⊂ c0;

(iii) In either case,
∑∞

n=0

∣∣∣(Q(q,ξ)e(r))
n

∣∣∣ = Aq,ξ.

Proof. In (8.5), the term e(r)
n− j is nonzero exactly when j = n − r. The stated formula follows. Parts (i)

and (ii) follow from Proposition 8.6 and Lemma 8.3, while

∞∑
n=r

|a(q,ξ)
n−r | =

∞∑
j=0

|a(q,ξ)
j | = Aq,ξ

proves (iii). □
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Corollary 8.8. If we let Let h ∈ φ, then Q(q,ξ)h ∈ c0. If F = supp(h), then
(
Q(q,ξ)h

)
n =

∑
r∈F
r≤n

a(q,ξ)
n−r hr. For

ξ ∈ N, the transformed sequence has finite support. For ξ < N, it may have an infinite tail, but that tail
converges to zero.

Proof. The inclusion in c0 follows from Theorem 8.4 and Theorem 2.3. The representation follows
from the definition of Q(q,ξ). The final assertions follow from Propositions 8.6 and 8.7. □

Remark 8.9. For integer order, the transformation has finite memory: A perturbation affects only
finitely many subsequent transformed coordinates. For a noninteger order, a single perturbation affects
infinitely many coordinates. For the fractional q-difference kernel considered here, Lemma 8.3 shows
that the resulting tail is absolutely summable and hence converges to zero.

The classical limit as q→ 1−

Proposition 8.10. For every fixed ξ > 0 and j ∈ N0, we have

lim
q→1−

a(q,ξ)
j = (−1) j

(
ξ

j

)
, lim

q→1−
b(q,ξ)

j =

(
ξ + j − 1

j

)
.

Hence, Q(q,ξ) converges entrywise to the classical fractional backward difference triangle.

Proof. For every fixed s ∈ R, [s]q → s as q→ 1−, while q j( j−1)/2 → 1. Substitution into (8.1) and (8.2)
gives the stated limits. □

For m ∈ N, let ∆m denote the classical backward difference triangle

(∆mx)n =

min{m,n}∑
j=0

(−1) j

(
m
j

)
xn− j.

Corollary 8.11. For every m ∈ N, limq→1− ∥Q(q,m) − ∆m∥ℓ∞→ℓ∞ = 0.

Proof. Both coefficient kernels vanish after m, and therefore

∥Q(q,m) − ∆m∥ℓ∞→ℓ∞ ≤

m∑
j=0

∣∣∣∣∣∣a(q,m)
j − (−1) j

(
m
j

)∣∣∣∣∣∣ .
Every term in this finite sum tends to zero by Proposition 8.10. □

Remark 8.12. For a noninteger ξ, Proposition 8.10 establishes only entrywise convergence. It does not
by itself imply operator-norm convergence or the equality of the corresponding convergence classes;
either conclusion would require the estimates to be uniform in both j and q. Such uniform estimates
are not established in the present paper and remain open in this level of generality for the fractional
q-difference kernel.

Specialization of the general theory
Since Q(q,ξ) is admissible, set

SW
(
∇(ξ)

q
)

:= SW
(
Q(q,ξ)), N p

W

(
∇(ξ)

q
)

:= N p
W

(
Q(q,ξ)),

S I
W

(
∇(ξ)

q
)

:= S I
W

(
Q(q,ξ)), N p,I

W

(
∇(ξ)

q
)

:= N p,I
W

(
Q(q,ξ)),

NM
W

(
∇(ξ)

q
)

:= NM
W

(
Q(q,ξ)).
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Corollary 8.13. Let q ∈ (0, 1) and ξ > 0. Every result of Sections 3, 4, 5, and 7 applies to Q(q,ξ)

whenever the additional hypotheses of that result are satisfied. In particular, the generated limits are
unique, the corresponding classes are linear, strong convergence implies statistical convergence, and
finite modifications preserve the generated limits under the modular or ideal assumptions stated in the
respective sections.

Proof. Apply Theorem 8.4 to the results of the cited sections. □

The separable double fractional q-difference triangle
Let q1, q2 ∈ (0, 1) and ξ, η > 0. For a double sequence x = (xi j), define

(
∇(ξ,η)

q1,q2
x
)

mn :=
((

Q(q1,ξ) ⊗ Q(q2,η)
)

x
)

mn
=

m∑
r=0

n∑
s=0

a(q1,ξ)
r a(q2,η)

s xm−r,n−s. (8.9)

Proposition 8.14. The transformation ∇(ξ,η)
q1,q2 = Q(q1,ξ) ⊗ Q(q2,η) has the following properties:

(i) It is lower triangular in the product order and has diagonal entries equal to 1;

(ii) It is invertible on Ω, with inverse R(q1,ξ) ⊗ R(q2,η);

(iii) Its absolute row sums are bounded by Aq1,ξAq2,η;

(iv) Every fixed product column converges to zero in the Pringsheim sense;

(v) Every finitely supported double sequence is transformed into a Pringsheim-null double sequence.

Proof. Both factors are admissible by Theorem 8.4. The claims follow from Lemma 6.1 and
Proposition 6.2, with the relevant assumption used separately in each assertion. □

Corollary 8.15. Every rectangular statistical, strong, finite modification, and Cauchy result of Section
6 applies to ∇(ξ,η)

q1,q2 under the hypotheses stated in the corresponding result.

Proof. Apply Proposition 8.14 and the results of Section 6. □

Remark 8.16. Sections 3–7 contain the convergence results that hold for general lower triangular
transformations. The purpose of the present section is to verify that the fractional q-difference
triangle satisfies the assumptions of that theory. The explicit coefficient kernel yields the ratio limit
qξ, geometric decay of the coefficients, finite support in the integer-order case, nonterminating but
absolutely summable tails in the noninteger-order case, and the coefficientwise classical limit as
q → 1−. These properties describe the role of the q-difference structure in the application without
attributing the general convergence theorems themselves to q-calculus.

9. Examples and strictness results

This section distinguishes the phenomena arising from the explicit fractional q-difference kernel
from those belonging to the general triangular framework. In Examples 9.2 and 9.3, sparse impulses
are placed in the original sequence, and their transformed values are produced by the nonterminating
q-kernel. The later examples use triangular invertibility to exhibit strictness phenomena that do not
depend on a particular coefficient formula.
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Throughout the one-dimensional examples, let q ∈ (0, 1) and ξ > 0, unless an additional restriction
is stated, and letW0 denote the standard Cesàro window

In = {1, . . . , n}, Wn = n.

Decay of the fractional kernel

Lemma 9.1. Let 0 < q < 1 and ξ > 0. For every τ with qξ < τ < 1, the constants Cτ,Dτ > 0 exist such
that

|a(q,ξ)
j | ≤ Cττ j ( j ≥ 0),

∞∑
j=N

|a(q,ξ)
j | ≤ DττN (N ≥ 0).

Proof. If ξ ∈ N, the coefficient sequence has finite support, and the assertion is immediate. Suppose
that ξ < N, and put c j = |a

(q,ξ)
j |. The calculation in the proof of Lemma 8.3 gives

c j+1

c j
−→ qξ < τ.

Hence, c j+1 ≤ τc j for all sufficiently large values of j, which gives c j ≤ Cττ j after enlarging Cτ to cover
the finitely many initial terms. Therefore, we have

∞∑
j=N

|a(q,ξ)
j | ≤ Cτ

∞∑
j=N

τ j =
Cτ

1 − τ
τN .

Take Dτ = Cτ/(1 − τ). □

Proper inclusions based on the fractional q-difference kernel

Example 9.2. Assume that ξ < N and define

xk =

1, k = m2 for some m ∈ N,

0, otherwise.

For y = Q(q,ξ)x
yn =

∑
m2≤n

a(q,ξ)
n−m2 . (9.1)

Thus y is the superposition of the q-kernel tails generated by the square impulses; it is not prescribed
independently of x.

Let ε > 0. Choose J ∈ N0 such that
∑

j>J |a
(q,ξ)
j | <

ε
2 , and define EJ =

⋃J
j=0{m

2+ j : m ∈ N}. Suppose
that n > J and n < EJ. Then xn− j = 0 for every j = 0, 1, . . . , J. Indeed, if xn− j = 1 for some such j,
then n − j = m2 for some m ∈ N, and hence n = m2 + j ∈ EJ, which is a contradiction. Therefore

|yn| =

∣∣∣∣∣∣∣
n∑

j=0

a(q,ξ)
j xn− j

∣∣∣∣∣∣∣ ≤∑
j>J

|a(q,ξ)
j | <

ε

2
.

Consequently, {n ∈ N : |yn| ≥ ε} ⊆ EJ ∪ {1, . . . , J}. Moreover, |EJ ∩ {1, . . . ,N}| ≤ (J + 1)⌊
√

N⌋, so EJ

has a natural density of zero. Since the finite set {1, . . . , J} also has a density of zero, it follows that
SW0

(
Q(q,ξ))- lim x = 0.
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At the square indices, we have

ym2 = 1 +
m−1∑
ℓ=1

a(q,ξ)
m2−ℓ2
.

Since m2 − ℓ2 ≥ 2m − 1 for ℓ < m

|ym2 − 1| ≤
∞∑

j=2m−1

|a(q,ξ)
j | −→ 0.

Thus, ym2 → 1, whereas y is statistically convergent to 0. Consequently, y is not ordinarily convergent
and c

(
Q(q,ξ)) ⊊ SW0

(
Q(q,ξ)).

Example 9.3. Assume that ξ < N, fix p > 0, and define

xk =

m2/p, k = m2 for some m ∈ N,

0, otherwise.

For y = Q(q,ξ)x, yn =
∑

m2≤n a(q,ξ)
n−m2m2/p.

Choose qξ < τ < 1 and then γ > 0 such that γ| log τ| > 2/p + 2. By Lemma 9.1, |a(q,ξ)
j | ≤ Cττ j.

Given ε > 0, choose D > 0 so that

CττD
∞∑

m=1

1
(m + 1)2 < ε,

and set
Lm =

⌈
D + γ log(m + 1)

⌉
, E =

⋃
m≥1

{m2, . . . ,m2 + Lm}.

If n < E and m2 ≤ n, then n − m2 > Lm, and therefore

τn−m2
m2/p ≤ τD(m + 1)γ log τm2/p ≤

τD

(m + 1)2 .

It follows that |yn| < ε for n < E. Since

|E ∩ {1, . . . ,N}| ≤
∑

m≤
√

N

(Lm + 1) = O(
√

N log N),

the set E has a natural density of zero. Hence, SW0

(
Q(q,ξ))- lim x = 0.

At n = m2, ∣∣∣ym2 − m2/p
∣∣∣ ≤ m2/p

∞∑
j=2m−1

|a(q,ξ)
j | = o

(
m2/p).

Thus, ym2/m2/p → 1; consequently, |ym2 | ≥ m2/p/2 for all sufficiently large values of m. Therefore

1
N

N∑
n=1

|yn|
p ≥

1
2pN

∑
m2≤N
m≥m0

m2 −→ ∞.

Hence, N p
W0

(
Q(q,ξ))- lim x = 0 does not hold. This proves that the boundedness assumption in Theorem

3.7(ii) is essential.
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Remark 9.4. In Examples 9.2 and 9.3, the squares specify only the locations of the impulses in the
original sequence. The transformed values are generated by the full fractional q-difference kernel.
These examples therefore depend on the explicit coefficient kernel rather than on transformed data
prescribed in advance.

Finite perturbations and classical limits

Example 9.5. Let z = x + ce(r), where r ∈ N0 and c ∈ C. Then

(
Q(q,ξ)z

)
n −

(
Q(q,ξ)x

)
n =

0, n < r,

c a(q,ξ)
n−r , n ≥ r.

If ξ = m ∈ N, the transformed perturbation vanishes for n > r + m. If ξ < N, it has an infinite tail, but

∞∑
n=r

|c a(q,ξ)
n−r | = |c|Aq,ξ < ∞.

Thus the tail converges to zero. Accordingly, x and z have the same generated statistical, ideal, and
Musielak–Orlicz limits under the hypotheses of the corresponding finite modification theorems.

Example 9.6. For ξ = 1, a(q,1)
0 = 1, a(q,1)

1 = −1, and a(q,1)
j = 0 ( j ≥ 2), so(

Q(q,1)x
)

n = xn − xn−1 (n ≥ 1).

For ξ = m ∈ N, the triangle is banded. For fixed ξ > 0 and j ∈ N0

a(q,ξ)
j −→ (−1) j

(
ξ

j

)
(q→ 1−).

Thus the classical fractional backward difference triangle is recovered entrywise. When ξ = m ∈ N,
this improves to ∥Q(q,m) − ∆m∥ℓ∞→ℓ∞ −→ 0. No operator-norm conclusion is asserted for noninteger ξ.

A variable Musielak–Orlicz example

Example 9.7. Let

Mk(t) = tpk , pk =

1, k even,

2, k odd.

Since 1 ≤ pk ≤ 2 for every k ∈ N0, Corollary 5.7 shows that the corresponding Musielak–Orlicz family
satisfies the uniform conditions (5.1)–(5.3). This modular treats the two parity classes by different
powers.

Define

yk =

m, k = 2m3 for some m ∈ N,

0, otherwise,

and let x be the unique sequence satisfying Q(q,ξ)x = y, whose existence follows from Proposition 8.1.
With ρ = 1, we have

1
n

n∑
k=1

Mk(|yk|) =
1
n

∑
2m3≤n

m −→ 0,
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whereas
1
n

n∑
k=1

|yk|
2 =

1
n

∑
2m3≤n

m2 −→
1
6
.

Hence, NM
W0

(
Q(q,ξ))- lim x = 0, but strong convergence of order 2 fails.

Conversely, define

uk =

m, k = 2m3 + 1 for some m ∈ N,

0, otherwise,

and let z satisfy Q(q,ξ)z = u. Then

1
n

n∑
k=1

|uk| −→ 0,
1
n

n∑
k=1

Mk(|uk|) −→
1
6
.

Thus N1
W0

(
Q(q,ξ))- lim z = 0, but the Musielak–Orlicz modular convergence fails. Therefore, this

variable modular is not equivalent to either of the fixed-power methods occurring in its definition.

Strictness for double sequences
Let P0 =W0 ×W0 be the standard rectangular window. Thus Ir = {1, . . . , r}, Js = {1, . . . , s}, and

um = vn = 1.

Example 9.8. Let q1, q2 ∈ (0, 1) and ξ, η > 0. Define

ymn =

1, (m, n) = (a2, b2) for some a, b ∈ N,

0, otherwise.

Its support Q = {(a2, b2) : a, b ∈ N} has a rectangular density of zero because

QP0
rs (Q) =

⌊
√

r⌋⌊
√

s⌋
rs

−→ 0

in the Pringsheim sense.
By Proposition 8.14(ii), there is a unique x ∈ Ω satisfying

(
Q(q1,ξ) ⊗ Q(q2,η)

)
x = y. Therefore

S P0

(
Q(q1,ξ) ⊗ Q(q2,η))- lim x = 0.

However, y is not Pringsheim convergent to 0, since along the cofinal sequence (m, n) = (a2, a2), one has
ya2,a2 = 1. Hence, the inclusion from the Pringsheim-convergent matrix domain into the corresponding
rectangular statistical class is proper.

Example 9.9. Let q1, q2 ∈ (0, 1), let ξ, η > 0, and fix p > 0. Define Q = {(a2, b2) : a, b ∈ N} and

ymn =

a2/pb2/p, (m, n) = (a2, b2) for some a, b ∈ N,

0, otherwise.

The support of y is Q, and

QP0
rs (Q) =

⌊
√

r⌋⌊
√

s⌋
rs

−→ 0
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in the Pringsheim sense. Hence, Q has a rectangular density of zero.
By Proposition 8.14(ii), a unique x ∈ Ω exists such that

(
Q(q1,ξ) ⊗ Q(q2,η)

)
x = y. Therefore,

S P0

(
Q(q1,ξ) ⊗ Q(q2,η)

)
- lim x = 0.

On the other hand
1
rs

r∑
m=1

s∑
n=1

|ymn|
p =

1
rs

∑
a2≤r

a2


∑

b2≤s

b2


∼

1
9

r1/2s1/2 −→ ∞

in the Pringsheim sense. Thus N p
P0

(
Q(q1,ξ) ⊗ Q(q2,η)

)
- lim x = 0 does not hold. Hence, the boundedness

hypothesis in Theorem 6.13(ii) cannot be omitted.

Corollary 9.10. Let q ∈ (0, 1) and ξ < N.

(i) c
(
Q(q,ξ)) ⊊ SW0

(
Q(q,ξ)).

(ii) For every p > 0, N p
W0

(
Q(q,ξ)) ⊊ SW0

(
Q(q,ξ)).

(iii) Let q1, q2 ∈ (0, 1) and ξ1, ξ2 > 0. Then the inclusion from the Pringsheim-convergent matrix
domain into the corresponding rectangular statistical class is proper. Moreover, for every p > 0,
we have

N p
P0

(
Q(q1,ξ1) ⊗ Q(q2,ξ2)) ⊊ S P0

(
Q(q1,ξ1) ⊗ Q(q2,ξ2)).

Proof. Part (i) follows from Example 9.2. Part (ii) follows from Example 9.3 and Theorem 3.7(i). Part
(iii) follows from Examples 9.8 and 9.9, together with Theorems 6.11 and 6.13(i). □

Remark 9.11. Examples 9.2 and 9.3 use the explicit decay and nontermination of the fractional q-
difference kernel. Examples 9.7–9.9 instead exploit triangular invertibility to prescribe transformed
data. They therefore illustrate the strictness properties of the general triangular and product theories,
rather than additional identities peculiar to the q-kernel.

10. Conclusions

In this paper, we developed deferred weighted statistical, ideal, strong, and Musielak–Orlicz
convergence methods generated by admissible lower triangular transformations. The general
formulation separates the assumptions on the transformation from those on the deferred weighted
window. In particular, we proved that the column-null condition is equivalent to the inclusion
A(φ) ⊆ c0. This equivalence precisely characterizes the lower triangular transformations that map
every finitely supported sequence into a null sequence. It also yields finite modification stability for
the convergence methods considered, under the assumptions stated in the corresponding results.

Within this framework, we established the uniqueness, linearity, ordinary to statistical
inclusion, strong convergence implications, bounded converse results, and Cauchy characterizations.
Corresponding ideal and Musielak–Orlicz versions were obtained under explicit assumptions. The
theory was also extended to double sequences through separable product transformations A ⊗ B and
admissible rectangular windows. Comparison results showed that inclusions between the convergence
classes are governed by domination relations between the windows and do not depend on a particular
coefficient formula.
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The fractional q-difference triangle Q(q,ξ) was then studied as a concrete application of the general
theory. Its coefficient kernel belongs to ℓ1, its absolute row sums are uniformly bounded, and each fixed
column converges to zero. The explicit kernel also gives the ratio limit qξ and a geometric estimate
for the coefficient tails. Integer orders produce banded transformations, whereas noninteger orders
produce nonterminating but absolutely summable tails. We also obtained the coefficientwise classical
limit as q→ 1− and operator-norm convergence in the integer-order case.

The examples establish proper inclusions among the ordinary, statistical, strong, and modular
convergence classes and show that the boundedness assumptions in the converse theorems are essential.
They also distinguish the properties arising from the general triangular framework from those that use
the explicit fractional q-difference kernel. Further work may consider nonseparable transformations
of double sequences, sharper criteria for comparing deferred weighted windows, and q-dependent
relations between Q(q,ξ) and its classical limit.
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