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Abstract:  In this paper, a physics-informed Chebyshev spectral neural network (PI-CSNN)
framework was proposed for solving distributed-order fractional optimal control problems
(DOFOCPs). The proposed approach combines Chebyshev spectral approximations with physics-
informed residual minimization to construct an accurate computational framework for DOFOCPs. The
distributed-order fractional operators are incorporated directly into the neural-spectral formulation,
allowing the method to treat both single-order and distributed-order optimal control models within a
unified framework. Several numerical examples involving solutions with limited regularity and time-
invariant and time-varying DOFOCPs were presented to evaluate the performance of the proposed
method. The numerical results demonstrated high accuracy, systematic convergence, and reliable
approximations of the state, adjoint, and control variables. Comparisons with existing numerical
methods showed that the proposed PI-CSNN framework achieves competitive optimal cost values and
close agreement with benchmark solutions. Overall, the proposed PI-CSNN framework provides an
accurate and flexible computational methodology for DOFOCPs.
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1. Introduction

Distributed-order fractional differential equations (DOFDEs) have attracted increasing attention
because they provide a flexible mathematical framework for describing dynamical systems with
multiple memory scales and hereditary effects. Unlike classical integer-order models or single-order
fractional formulations, DOFDEs involve a continuum of fractional orders and therefore provide a
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natural framework for modeling multiscale and history-dependent phenomena [1-3]. This capability
has proved particularly valuable in viscoelasticity, anomalous diffusion, transport processes [4, 5], and
ultraslow diffusion and multifractal dynamics, where a single fractional order is often insufficient to
capture the underlying physics [6, 7]. Nevertheless, the continuous integration over the fractional-
order variable introduces additional nonlocality and significantly increases the complexity of numerical
approximation. Recent fast implicit difference schemes have improved the efficiency of solving
time distributed-order and Riesz space-fractional diffusion-wave equations [8]; however, the accurate
evaluation of distributed-order operators remains a major computational challenge, particularly when
these operators are incorporated into coupled optimization problems.

These challenges become more pronounced for DOFOCPs, where the state, adjoint, and optimality
equations must be solved simultaneously. Stable and convergent numerical schemes based on
compact, finite difference, and reaction-diffusion formulations have been developed for distributed-
order problems [9-11], while implicit finite difference, finite element, and multidimensional extensions
have further broadened their applicability [12-14]. However, these methods have been developed
primarily for forward distributed-order evolution equations rather than the coupled optimality systems
arising in DOFOCPs. Such systems require the simultaneous treatment of left-sided state operators,
right-sided adjoint operators, distributed-order quadrature, endpoint conditions, and control optimality
relations. Consequently, the development of numerical methods that combine high-order accuracy with
computational efficiency for distributed-order fractional optimal control problems remains an open and
challenging research problem.

Operational matrix, collocation, wavelet, and spectral techniques provide an effective alternative
by exploiting global basis representations to achieve high-order accuracy. For distributed-order
fractional optimal control problems, Legendre collocation methods have demonstrated promising
approximation properties [15], while Petrov-Galerkin and spectral collocation formulations have
been successfully applied to distributed-order and multiterm fractional differential equations [16—18].
Chebyshev collocation, wavelet-based operational methods, and discontinuous Galerkin techniques
have also been employed effectively for distributed-order models [19-21]. These studies demonstrate
the effectiveness of high-order discretization techniques; however, they are generally based on directly
solving the resulting algebraic systems for the unknown expansion coefficients and are primarily
designed for forward distributed-order problems. Their extension to distributed-order optimal control
problems remains computationally demanding because of the coupled state—adjoint system and the
additional treatment of distributed-order operators. Moreover, relatively little attention has been given
to the influence of spectral resolution, distributed-order quadrature, and solution regularity on the
overall approximation accuracy. Physics-informed learning provides a complementary computational
paradigm by enforcing the governing equations directly through the training objective, thereby
eliminating the need for labeled solution data. However, conventional physics-informed neural
networks approximate the solution variables directly in the physical domain and therefore do not
explicitly exploit the high-order approximation properties of spectral basis functions. This motivates
the development of a hybrid neural-spectral framework that combines the approximation efficiency of
global Chebyshev expansions with the flexibility of physics-informed optimization.

Motivated by these considerations, this work develops a PI-CSNN framework for distributed-order
fractional optimal control problems. The proposed framework combines boundary-adapted Chebyshev
spectral approximations, physics-informed residual minimization, and Gauss-Legendre quadrature for
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distributed-order operators within a unified computational formulation. Unlike conventional physics-
informed neural networks that approximate the solution variables directly in the physical domain, the
proposed approach employs a neural feature extractor together with spectral output heads to generate
the global Chebyshev coefficient vectors defining the state, adjoint, and, when required, control
approximations. The prescribed initial and terminal conditions are incorporated exactly into the trial
representations, while the coupled distributed-order optimality system is enforced through residual-
based training without requiring labeled solution data. Furthermore, the proposed framework allows a
systematic study of the effect of the spectral resolution, distributed-order quadrature, and regularity of
the solution on the accuracy of the approximation and the convergence.

Classical neural network theory provides a powerful approximation framework for nonlinear
functions and dynamical systems, forming the basis for modern neural network solvers [22, 23].
More recently, deep learning and physics-informed neural network approaches have demonstrated
remarkable effectiveness for solving complex differential equations and related computational
problems without relying on conventional mesh-based discretizations [24, 25]. Physics-informed
learning reduces reliance on labeled solution data by embedding the governing equations into the
training objective, maintaining consistency with the underlying mathematical model [26]. However,
in most of the existing physics-informed neural networks, the unknown solution variables are directly
approximated in the physical domain. For fractional-and distributed-order systems, this can lead to an
increased computational cost due to the repeated evaluation of nonlocal operators. The training process
can be further complicated by weak endpoint regularity and long-memory effects. Also, direct neural
representations do not naturally inherit the high-order global approximation properties of orthogonal
polynomial bases.

To overcome these limitations, several hybrid learning strategies have been proposed by combining
neural networks with structured polynomial approximations. Polynomial-enhanced neural frameworks
have been developed for differential and differential-algebraic systems [27], while Chebyshev neural
approximations have demonstrated high accuracy for nonlinear differential equations [28]. In parallel,
Bernoulli-barycentric rational collocation and implicit difference methods have improved the efficiency
and accuracy of fractional differential equation solvers [29, 30]. Parallel-in-time algorithms and fast
compact difference schemes have further accelerated large-scale fractional computations [31,32], while
radial basis function neural networks have recently provided an efficient mesh-free alternative for
diffusion equations [33]. Despite these developments, high-order spectral approximation, distributed-
order operator evaluation, and physics-informed learning are typically treated as separate components
rather than being integrated into a unified computational framework for distributed-order fractional
optimal control problems. Physics-informed learning provides a natural mechanism for integrating
governing equations directly into the training process. Existing physics-informed frameworks
have demonstrated promising performance for fractional differential equations [34], while spectral
collocation methods have achieved accurate approximations for nonlinear Riesz distributed-order
fractional models [35]. Physics-informed neural methods have also been applied to fractional flow
problems [36]. Nevertheless, existing approaches do not fully address the computational structure
of distributed-order fractional optimal control problems, where the state equation, adjoint equation,
control optimality condition, and distributed-order operators must be treated simultaneously within a
unified computational framework.

Motivated by this observation, we develop a PI-CSNN framework for distributed-order fractional
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optimal control problems. The proposed framework combines boundary-adapted Chebyshev spectral
approximations, Gauss-Legendre quadrature for distributed-order operators, and physics-informed
residual minimization within a unified neural-spectral formulation. Unlike conventional physics-
informed neural networks, which directly approximate the solution variables, the proposed approach
employs a neural feature extractor and spectral output heads to generate the global Chebyshev
coeflicient vectors defining the state, adjoint, and, when required, control approximations. The coupled
distributed-order optimality system is then enforced through residual-based optimization without
requiring labeled solution data.

The main contribution of this work is the development of the PI-CSNN framework for distributed-
order fractional optimal control problems. The proposed framework integrates boundary-adapted
Chebyshev spectral approximations, Gauss-Legendre quadrature for the consistent evaluation of
distributed-order Caputo and Riemann-Liouville operators, and physics-informed neural optimization
within a unified computational framework. The boundary-adapted trial representations satisfy the
prescribed state initial and adjoint terminal conditions exactly, while the governing state, adjoint, and
optimality equations are enforced through residual-based training without requiring labeled solution
data. The effectiveness of the proposed approach is demonstrated through numerical experiments on
benchmark, time-invariant, and time-varying distributed-order fractional optimal control problems,
illustrating its accuracy, convergence behavior, and robustness under different spectral resolutions and
solution regularities.

The remainder of this paper is organized as follows. Section 2 reviews the preliminaries of
distributed-order fractional calculus and Chebyshev spectral approximation. Section 3 presents the
mathematical formulation of the distributed-order fractional optimal control problem. Section 4
develops the proposed PI-CSNN framework, including the neural-spectral representation, collocation
discretization, distributed-order operator evaluation, residual formulation, physics-informed loss
construction, optimization strategy, and approximation properties. Section 5 presents the numerical
results and discusses the accuracy, convergence, and performance of the proposed method. Finally,
Section 6 concludes the paper.

2. Preliminaries
In this section, we introduce the fundamental concepts of distributed-order fractional calculus
together with the principal properties of Chebyshev polynomials that form the mathematical foundation

of the proposed PI-CSNN framework.

2.1. Distributed-order fractional calculus

Let QQ = [0, T'] be a finite time interval and let I'(-) denote the Gamma function defined by

I(z) = f Fletdt,  7>0. 2.1)
0

Distributed-order fractional operators extend classical fractional operators by incorporating a
continuum of fractional orders and therefore provide a flexible framework for describing multiscale
memory and hereditary effects. We first recall the basic fractional operators required in the subsequent
analysis. For a sufficiently smooth function u(¢), the left-sided Riemann-Liouville fractional integral
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of order @ > 0 is defined by

T3u(t) = ﬁ fo (t — 1) u(r) dr, t>0. (2.2)

For a € (0, 1), the left-sided Caputo fractional derivative is given by
" u(1)
T.
I'i-a) Jo t—1)
The Caputo derivative is particularly suitable for physical applications because it admits classical

initial conditions expressed in terms of integer-order derivatives. The right-sided Riemann-Liouville
fractional integral of order S > 0 is defined by

CZ)gu(t) — (23)

T
Thu(r) = Fi(ﬁ) f (r - tf 'u(r) dr. (2.4)

Accordingly, for @ € (0, 1), the right-sided Riemann-Liouville fractional derivative is defined by
1 d (T ur)

Ira-a)de J, (r-1°

To describe systems involving multiple memory scales, let w(@) be a nonnegative weight function

satisfying

d
RLD u(t) = - (L7 u) = - (2.5)

w(a) = 0, fl w(a)da < oo, (2.6)
The distributed-order Caputo derivative is deﬁnedoby
D u(t) = fo | w(@) “OZu(?) da. (2.7)
Likewise, the distributed-order right-sided Riemann-Liouville derivative is defined by
RLp@y(r) = fo 1 w(@) - DYu(r) da. (2.8)
For sufficiently regular functions u and v, the fractional integration-by-parts identity for each a € (0, 1) is

(2.9)

T T
T
f v(©) CDRu(t) dr = f u(@) D@y di + [u(t) T 0] .
0 0
Integrating this identity with respect to the fractional-order variable yields the distributed-order

integration-by-parts formula

T T 1
f (1) D u(r) dt = f u(t) *EDv(r) dr + f w(@) [u(t)JlT’“v(t)]; da. (2.10)
0 0 0

Hence, the boundary contribution is explicitly given by

1
B, (u,v) = f a)(a/)[u(t) JIT_O‘V(I)]Z da. 2.11)
0

This explicit form is used in the variational derivation of the adjoint equation and the
associated transversality condition. For numerical implementation, the distributed-order operators
introduced above are approximated by Gauss-Legendre quadrature over the fractional-order variable.
The corresponding numerical discretization and implementation details are presented in Section 4.
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2.2. Chebyshev polynomials

Chebyshev polynomials provide the spectral basis employed in the proposed PI-CSNN framework
because of their orthogonality, excellent interpolation properties, and rapid convergence for sufficiently
smooth functions. The Chebyshev polynomials of the first kind are defined on [—1, 1] by

To(x) =1, Ti(x)=x, (2.12)
and satisfy the recurrence relation
Tpe1(x) =2xT,(x) = T,-1(x), n>1. (2.13)
Equivalently, they admit the trigonometric representation
T,.(x) = cos(narccosx), xe€[-1,1]. (2.14)

The Chebyshev polynomials are orthogonal with respect to the weight function

1
w(x) = , xe (-1, 1), (2.15)
V1 — x2
namely,
1
EICORIC) dx=0, m#n. (2.16)
-1 V1 —x2

These properties make Chebyshev polynomials well-suited for global spectral approximation. In the
proposed PI-CSNN framework, they are used to construct the boundary-adapted spectral trial spaces
introduced in Section 4, while the corresponding spectral coeflicients are generated by the neural
network and optimized through the physics-informed residual formulation.

3. Mathematical formulation of the distributed-order fractional optimal control problem

Let Q = [0, T] denote the temporal domain, and let x(¢) € R” and u(t) € R™ represent the state and
control variables, respectively. The objective is to determine an admissible control that minimizes the
performance index

T
min 7 (x,u) = f L(t, x(1), u(r)) dt, 3.1
0

ueUyy

subject to the distributed-order fractional state equation
“DWx(t) = F(t, x(t),u(t)), 0<t<T, (3.2)

with the initial condition
x(0) = xo. (3.3)

Here, £(t, x, u) denotes the running cost functional, ¥ (¢, x, u) is the distributed-order fractional state
operator, and be)‘”) denotes the distributed-order Caputo derivative associated with the weight function
w(a@). The admissible control set is defined by

Uug = {0 € L0, T;R™) ¢ tnin(t) < 1(t) < () €. in [0, T]}. (3.4)
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We assume that U, is nonempty, closed, bounded, and convex, that £(¢, x, u) is continuous and convex
with respect to the control variable, and that F (¢, x, u) satisfies the continuity and Lipschitz conditions
required for the well-posedness of the state equation. The weight function w(a) is assumed to be
nonnegative and integrable on [0, 1]. Together with the standard regularity and coercivity assumptions,
these conditions ensure the well-posedness of the state system and provide the standard setting for the
existence of an optimal solution.
Let ¥(f) € R" denote the adjoint variable. The Hamiltonian associated with the optimal control
problem is defined by
H(t, x,u, ) = L, x,u) + " (&) F(t, x, u). (3.5)

The corresponding augmented functional is

T
T = f [H(t, x,u, ) — " (1) DY x(1)] dt. (3.6)
0

Taking the first variation with respect to the state variable and applying the distributed-order fractional
integration-by-parts formula yields

s ! T OH RLA\(w)
5.7 = f 5 (O 5~ "D (o) dr + B6x. ), (3.7)
0

where B(dx,y) denotes the boundary contribution arising from the distributed-order fractional
integration-by-parts formula. Since the initial state is prescribed, dx(0) = 0. For a free terminal
state without a terminal cost, the transversality condition becomes

W(T) = 0. (3.8)

Consequently, stationarity of the augmented functional with respect to the independent variations yields
the distributed-order fractional optimality system

y OH
CDWx(t) = W x(0) = xo, (3.9a)
RLDy(r) = %, w(T) = 0. (3.9b)

For box-constrained controls, the first-order necessary optimality condition is expressed by the
variational inequality

HCORY
f (a—(t)) (v@®) —u(@)dt >0, YveU,. (3.10)
0 u
For an unconstrained interior optimal control, this reduces to the stationarity condition
oH
— =0. (3.11)
ou

Equations (3.9a) and (3.9b), together with the appropriate control optimality condition, constitute the
continuous distributed-order fractional optimality system that forms the mathematical foundation of
the proposed PI-CSNN framework.
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4. Physics-informed Chebyshev spectral neural network methodology

In this section, we develop the proposed PI-CSNN framework for solving the distributed-order
fractional optimal control problems under consideration. The methodology combines neural feature
learning, Chebyshev spectral approximation, and physics-informed residual minimization within a
unified computational framework for determining the state, adjoint, and control variables directly from
the governing optimality system without requiring labeled solution data. Rather than optimizing the
spectral coefficients independently, the PI-CSNN framework learns a shared latent representation of
the temporal coordinate from which the global Chebyshev coefficient vectors are generated, while
the governing optimality system is enforced through physics-informed residual minimization. For
clarity, the methodology is presented for the scalar case, whereas the extension to coupled vector-
valued systems follows componentwise. The distributed-order fractional operators are approximated
by Gauss-Legendre quadrature in the fractional-order variable, while the temporal dependence of
the unknown variables is represented through boundary-adapted shifted Chebyshev expansions. The
prescribed initial condition for the state and terminal condition for the adjoint variable are incorporated
exactly into the trial representations, thereby eliminating the need for corresponding penalty terms
in the loss functional. The governing state, adjoint, and optimality equations are enforced through
physics-informed residuals evaluated at temporal collocation points. When an explicit control law
is unavailable, the control is approximated independently and the associated optimality condition is
incorporated into the residual formulation. For box-constrained control problems, the corresponding
variational inequality or projection formulation may be employed.

4.1. Chebyshev spectral neural representation

Let T;(£) denote the Chebyshev polynomial of the first kind of degree j. The physical interval [0, T']
is mapped onto [—1, 1] through

2t
H=—-1 4.1
&) 7~ L 4.1)
and the corresponding shifted Chebyshev functions are defined by

T,(H) = Tj(€®), j=0,1,...,M. (4.2)

The normalized temporal coordinate &(f) is supplied as a nonconstant input to a feedforward neural
feature extractor

No,: [-1,1] — R, (4.3)

with hidden-layer recursion
HO© =&, (4.4)
WOE) = o (WORDE +d?), €=1,....L (4.5)

where W and d© denote the trainable weight matrices and bias vectors, respectively, and o is the
activation function. Throughout this work, the hyperbolic tangent activation function is employed. At
the temporal nodes {ti}ﬁ\fl, the network produces the latent feature vectors

hi = hPEE) eR, i=1,...,N,. (4.6)
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Since the state, adjoint, and control variables are represented through global Chebyshev expansions,
the nodewise latent features are aggregated into the pooled representation

N, N.
h=) phi piz0. Y pi=1, 4.7)
i=1 i=1

where, when temporal quadrature weights wE’) are available,

®
wW;

T yNe O
2l Wy

o1 (4.8)

The pooled feature vector is subsequently mapped to the spectral coefficient vectors through trainable
linear output heads: 3
a®) =W,h+d,,
b(®) = W,h + d,,, (4.9)
c(®) = W.h +d.,
where
a(®), b(®), c(®) € RM*. (4.10)

Their components are denoted by a;(®), b;(®), and c;(®), j = 0,..., M. To satisfy the prescribed
boundary conditions exactly, the state and adjoint variables are approximated by the boundary-adapted
trial functions

M
(1 0) = xo + 1 ) a;(O)T (1) (4.11)
Jj=0
and "
Un(t:0) = (T = 1) > b@)T (1), (4.12)
=0
which satisfy
xn(0;0) = xo,  Yu(T:0) =0, (4.13)

for every admissible parameter set ®. The endpoint values xy(7;®) and ¥)(0;®) remain
unconstrained. When the control is treated as an independent unknown, it is represented by

M
(1 0) = > ¢,O)T (), (4.14)
=0

so that no artificial endpoint condition is imposed. For problems in which the stationarity condition
yields an explicit control law, the independent control output head is omitted and the control is
reconstructed directly from the state and adjoint approximations. The complete trainable parameter
set is written as

O = Opn U Oy, (4.15)

where
Op = (WO, d9)_ (4.16)
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contains the hidden-layer parameters and ®,,; denotes the parameters of the active output heads. The
proposed PI-CSNN framework employs the neural network as a feature-learning component rather
than merely as an alternative parameterization of the Chebyshev spectral coefficients. The trainable
parameter set ® defines a nonlinear mapping from the normalized temporal coordinate to a latent
feature representation, from which the global spectral coefficient vectors are generated through the
output heads. In this way, the neural network provides a common nonlinear parameterization for all
spectral coefficient vectors while preserving the global spectral structure of the underlying Chebyshev
approximation. Consequently, the coefficient vectors are not optimized independently but are coupled
through a shared latent representation learned by the neural network. The trainable parameters are
determined by minimizing the physics-informed residual objective associated with the distributed-
order optimality system. During training, the neural feature extractor learns a latent representation
of the temporal coordinate, while the output heads transform this representation into the global
Chebyshev coeflicient vectors defining the state, adjoint, and, when required, control approximations.
Consequently, the optimization is performed in the neural parameter space ®, whereas the governing
equations are enforced through the resulting spectral representations. Accordingly, the PI-CSNN
optimization seeks the neural parameter set ® whose induced spectral approximations satisfy the
distributed-order optimality system in the physics-informed least-squares sense.

Direct optimization of the spectral coefficients remains an efficient strategy for classical problem-
specific spectral collocation methods. The objective of the proposed PI-CSNN framework is not to
replace such approaches, but to provide a unified trainable architecture that integrates neural feature
learning, global Chebyshev spectral approximation, distributed-order operator evaluation, and physics-
informed residual minimization within a single optimization framework. Rather than optimizing the
spectral coefficients independently, the proposed approach learns a shared latent representation from
which all coefficient vectors are generated, enabling a common optimization strategy for state,
adjoint, and control variables. This formulation naturally extends to distributed-order, nonlinear,
inverse, and parameter-identification problems without requiring a reformulation of the underlying
optimization procedure.

4.2. Chebyshev collocation and residual discretization

The spectral degree M determines the dimension of the global Chebyshev approximation, whereas
the governing equations are enforced at an independently selected set of temporal collocation points.
This separation between approximation and residual evaluation naturally permits over-collocation,
thereby providing additional flexibility for resolving the physics-informed residuals without increasing
the number of retained spectral modes.

Let {7, wgt)}?i“l denote the N -point Gauss-Legendre quadrature rule mapped onto the physical
interval [0, T'], where ¢; and wgt) are the corresponding temporal nodes and quadrature weights. The
associated reference coordinates are

fi:%—l, i=1,...,N,. (4.17)

T
These normalized coordinates serve as inputs to the neural feature extractor, whereas the corresponding
physical nodes are used to evaluate the governing state, adjoint, and optimality residuals. Consequently,
M determines the dimension of the global spectral approximation, whereas N, controls the temporal
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resolution used for residual enforcement. In general, N. # M + 1, and choosing N, > M + 1 yields an
over-collocated discretization. We define the shifted Chebyshev evaluation matrix

—

T = [T;t)]i=1. .. j=0...115 (4.18)

together with the boundary-adapted basis matrices

B, = [tiﬁfj(ti)]i:l,...,Nl,,j=0 M (4.19)

.....

and
B, = [(T - t,-)T‘j(tl-)]l.:1 ..... N, j=0...M" (4.20)

.....

Once the PI-CSNN generates the spectral coefficient vectors a(®) and b(0®), the corresponding nodal
state and adjoint approximations are obtained as

X(0) = x1 + B,a(®), ¢¥(0©) =B,b(0). (4.21)
When the control is represented independently, its nodal values are evaluated by
u(®) = Tc(0). (4.22)

Thus, the collocation procedure evaluates the neural-generated global spectral approximations directly
at the temporal nodes to construct the physics-informed residuals. Unlike a conventional Chebyshev
collocation method, the resulting collocation equations are not solved directly for the spectral
coeflicient vectors. Instead, they define the residuals used to optimize the neural parameter set ®, where
its induced spectral approximations satisfy the governing optimality system. The temporal quadrature
weights are assembled into the diagonal matrix

W, = diag(o”, 0¥, ..., 0 (4.23)

N./?

which defines the weighted discrete norm

Ne
IRIG, = R"W,R = " o”IR(t)P. (424)

i=1

for any residual vector R evaluated at the temporal nodes. This weighted norm provides the discrete
measure employed in the physics-informed loss functional. The temporal and fractional-order
discretizations play complementary roles within the proposed framework. The shifted Chebyshev
basis defines the global approximation space, whereas the temporal Gauss-Legendre nodes are used
for neural feature evaluation, residual enforcement, and weighted integration. The distributed-
order operators are discretized independently through Gauss-Legendre quadrature in the fractional-
order variable. For Dirac-delta weight distributions, the distributed-order operators reduce exactly
to the corresponding single-order fractional operators, so no quadrature approximation of the delta
distribution is introduced.
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4.3. Residual formulation

The distributed-order fractional optimality system is enforced through physics-informed residuals
evaluated at the temporal collocation nodes {z; }f;"l. Since the state, adjoint, and, when required, control
approximations are generated by the neural-induced Chebyshev spectral coefficients, all residuals
depend implicitly on the trainable parameter set ®. The state residual is defined by

R (ti;0) = “D xy (153 0) — F (11, xu(t53©), up (1 0)), i=1,...,N,. (4.25)
Similarly, the adjoint residual is given by
Ryt ©) = FEDP Yy (10) — % (i X3 (1 ©), up (17 ©), Yy (13 @), i=1,...,Ne.  (4.26)
When the control is approximated independently, the corresponding optimality residual is defined by
Ru(t;;0) = % (i, xm (15 ©), un (15 ©), Y (1 ®)),  i=1,...,N,. (4.27)
For compact notation, the state and adjoint residual vectors are written as
R.(0) = [Ru(1:O)]. Ry(®) = [Ry(1: O)].%,. (4.28)
and, when the control is represented independently,
R.(©) = [R,(1;; O)]Y,. (4.29)

Since the prescribed state initial condition and adjoint terminal condition are incorporated exactly
into the boundary-adapted trial representations, no additional residual terms are required for these
conditions. Any remaining boundary, terminal, or inequality constraints that cannot be embedded
directly into the trial functions may be enforced through corresponding residual contributions.
Accordingly, the residual vectors provide a quantitative measure of the extent to which the neural-
generated spectral approximations satisfy the distributed-order optimality system at the collocation
nodes. Minimizing these residuals yields physics-informed approximations of the state, adjoint, and,
when required, control variables without requiring labeled solution data.

4.4. Approximation and evaluation of distributed-order fractional derivatives

The distributed-order fractional operators appearing in the governing optimality system are
evaluated numerically using Gauss-Legendre quadrature over the fractional-order interval.

Let {ay, a),({")},[f:1 denote the corresponding K-point quadrature rule on [@yin, @max]. For a prescribed
smooth weight function w(a), the effective quadrature coefficients are defined by

O = 0Pw(@y), k=1,....K (4.30)

The distributed-order Caputo and Riemann-Liouville operators are then approximated by
K K
D f(t) ~ Z K CDLf@), FDY f(r) ~ Z K LD f(0). (4.31)
=1 =1
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When a continuous density is normalized numerically on a truncated fractional-order interval, the
effective coeflicients become

(@)
— " w(ay)

k= K— 5
S o w(ay)

k=1,....K. (4.32)

For a Dirac-delta weight distribution concentrated at @ = ", the distributed-order operator reduces
exactly to the corresponding single-order fractional operator, and no quadrature approximation of the
delta distribution is introduced. Since the PI-CSNN approximations are expressed as finite boundary-
adapted shifted Chebyshev expansions, the required fractional derivatives are evaluated termwise after
expressing the basis functions in polynomial form. The shifted Chebyshev functions satisfy

_ 2t ] (T) m
T =T/ -1)= mzzoyj’w , (4.33)

where 75?; are determined recursively from the Chebyshev polynomials and the interval transformation.
Forn — 1 < @ < n, the left-sided Caputo derivative of a monomial is given by

0, m=0,1,...,n—-1,
Cpim = 'm+1) (4.34)
—" m>n.
I'm—-a+1)
Consequently,
M
D5 xu(5;0) = ) a,(®) DG T (1)), (4.35)
=0

since the prescribed initial value x( has a zero Caputo derivative. For the adjoint approximation, we
introduce the reflected coordinate

s=T—1, (4.36)
so that
M+1
(T = 5:0) = > 0,(©) 5", (4.37)

m=1

where the coefficients 7,,(®) depend linearly on H(0®). Using

Tm+ 1)

RL aT_ m:
DT =1 Tm—-a+1)

(T -0™°, (4.38)

the right-sided Riemann-Liouville derivative is evaluated directly as

M+1

r 1
DR 0) = 3 1(@)

Tom—a+ D 1)(T — )", (4.39)

m=1

This avoids replacing the right-sided operator by a reflected left-sided Caputo derivative.
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To improve computational efficiency during the repeated residual evaluations required by the
optimization process, the fractional actions of the boundary-adapted basis functions are precomputed
at the temporal collocation nodes. We define

D = [COp (T/(1)) ‘ . (4.40)

1=t; seenslVes J=

and _
Dy = [0 (7 = 0T,0)| 1y,

= =1 Nes

(4.41)

For continuous distributed-order densities, the corresponding operator matrices are assembled as
K K
() _ () (w) _ ()
DY = ) %D, Dy = > 9Dy, (4.42)
k=1 k=1

When normalized coefficients are employed, 5;{ replaces 9 in (4.42). Accordingly,
d(®) =Da©), d;”(©) = Dyb(®). (4.43)

The distributed-order operator matrices depend only on the selected spectral basis and the fractional-
order quadrature rule, and are therefore assembled once during an offline preprocessing stage.
Throughout the subsequent optimization, only the neural parameter set ® is updated, while the
precomputed operator matrices are reused to evaluate the distributed-order derivatives through efficient
matrix-vector products. This offline-online decomposition substantially reduces the computational
overhead associated with repeated residual evaluations during training. The parameters M and K play
complementary numerical roles. The spectral degree M determines the approximation space, whereas
K controls the resolution of the distributed-order integral. Consequently, the overall approximation
accuracy depends jointly on the spectral truncation, distributed-order quadrature, temporal residual
discretization, and the subsequent optimization process.

4.5. Physics-informed loss functional

The trainable parameter set ® is determined by minimizing a physics-informed objective
constructed from the residuals of the distributed-order optimality system. Using the temporal
collocation nodes and the associated quadrature weights, the state and adjoint loss terms are defined by

N,
Liwe®) = ) of Rt O)F (4.44)

i=1
and

N,
Lugom(©) = Y 0 1Ry (t;; O (4.45)

i=1

When the control is represented independently, the corresponding optimality loss is
Ne
Lopimat(@) = D 0" IRt O, (4.46)
i=1
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The total physics-informed objective is therefore
Ltotal(®) = /lx -Estate(®) + /lw -Eadjoint((a) + /lu -Eoptimal((a)’ (447)

where A,, Ay, A, > 0 are nonnegative residual weights. Unless otherwise stated, equal weights are
employed throughout the numerical experiments. When the control is recovered directly from the
optimality condition, Lgpima 18 omitted. Additional constraints that cannot be incorporated directly
into the trial representations may be included through corresponding residual contributions. The PI-
CSNN training problem is formulated as

O =arg rrgn Liowa(©). (4.48)

Since the distributed-order operator matrices are precomputed from the spectral basis and quadrature
rules, the objective function remains differentiable with respect to the trainable parameter set ® and
can therefore be minimized efficiently using gradient-based optimization.

4.6. Optimization strategy and computational complexity

The trainable parameter set ® is determined using a two-stage gradient-based optimization strategy.
The physics-informed objective is first minimized using the Adam optimizer to obtain a suitable initial
estimate, after which the best iterate is employed to initialize a quasi-Newton refinement. Gradients
are computed by backpropagation through the neural feature extractor and the spectral output heads,
whereas the distributed-order fractional operators associated with the boundary-adapted basis functions
are assembled only once before training and subsequently reused throughout the optimization process.

Let M denote the Chebyshev spectral degree, K the number of fractional-order quadrature
nodes, N, the number of temporal collocation points, and P the number of trainable parameters.
The offline assembly of the distributed-order fractional operator matrices requires approximately
O(K N, M) operations. Once these matrices have been assembled, a representative loss-and-gradient
evaluation requires

L
O(NC > neing+ N.M +P|, (4.49)
=1
where ng,ny,...,n; denote the widths of the neural network layers. The first term accounts for

forward and backward propagation through the neural feature extractor, the second corresponds to
spectral reconstruction together with residual evaluation, and the final term represents the dominant
parameter-dependent gradient computation. The overall computational cost additionally depends on
the number of optimization iterations and the active residual components included in the physics-
informed objective. Consequently, the proposed PI-CSNN framework naturally separates into an
offline preprocessing stage and an online optimization stage. During preprocessing, the distributed-
order fractional operator matrices are assembled once from the spectral basis and quadrature rule.
During training, only the neural parameter set ® is updated, while the precomputed operator matrices
are reused throughout every optimization iteration. This offline-online decomposition avoids repeated
assembly of the distributed-order operators and provides an efficient implementation of the proposed
neural-spectral framework. The overall computational workflow of the proposed PI-CSNN framework
is summarized in Figure 1, illustrating the interaction between neural feature learning, Chebyshev
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spectral approximation, distributed-order operator evaluation, physics-informed residual construction,
and gradient-based optimization.

1. Input 8 Mapping 2. Neural Network 3. Neural Output Heads 4. Chebyshev Spectral 5. Distributed-Order Operators 6. Physics-Informed 7. Loss Function
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et feature extractor) 5 T
telo, 2 Temporal feature ag ion i (st tion) tate equation residual Tocal loss
o.7] Input (time) piie 88!‘5?‘ State approximation Capuen 'Y?ew e pation )= b
on GE(-LD), izl N, = M ©D st = [ wle)’ D, 2(1da D 2t
e 2 . amin . 0, Zurlti l\x L.
Srity Inpuc Hidden Latens h=Y pihi R () =70+ Y, o T(t) ' o
4 = & = F(ts, zu(ts), um(t:) Y o
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Figure 1. Overall computational workflow of the proposed PI-CSNN framework.

4.7. Approximation and convergence properties

The approximation properties of the proposed PI-CSNN framework are inherited from the
underlying boundary-adapted Chebysheyv trial spaces, whereas the neural network provides a trainable
parameterization of the corresponding spectral coefficients. The results presented in this subsection
therefore characterize the approximation capability of the admissible trial spaces rather than a
convergence proof for the complete physics-informed optimization algorithm. To describe these
approximation properties, let

Py = span{To, Ty,..., Ty} (4.50)
and define
(VXM = {XO + tpM(t) :Pum € PM}, (Vfl = {(T —Ory(t) ry € PM} “4.51)
For an independently approximated control,
m = Pu, (4.52)

whereas no independent approximation space is required when the control is recovered directly from
the optimality condition. The factors ¢ and 7 —¢ ensure exact satisfaction of the prescribed state
initial condition and adjoint terminal condition, respectively. Assume that the boundary-compatible
transformed functions

w(1)

W) = (4.53)

t T-¢t
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with endpoint values defined by continuous extension, belong to H™(€2) for some m > 1. If the control
is approximated independently, assume also that ue H™(Q). Standard Chebyshev approximation theory
then gives

inf |[x = pulli < Ce M™"IXllgm @), (4.54)
PMEPY

inf Y — rullizg < Cy M7 |Yllam@), (4.55)
rm€EPy

inf |lu — syl < Cu M7 ||ull (). (4.56)
SMEIPM

Since the factors ¢ and T —f remain bounded on €2, the boundary-adapted trial spaces satisfy

inf [lx — vl < CM™, (4.57)
VME(VX/I

inf |l — ymllzq < CM™, (4.58)
ymMEeVy,

with an analogous estimate for the independently approximated control. The constants are independent
of M, although they may depend on the solution regularity and the length of the time interval. The
preceding estimates describe the best-approximation properties of the boundary-adapted Chebyshev
trial spaces and, consequently, the maximum approximation accuracy attainable by the PI-CSNN
representation for a given spectral degree. They do not constitute a convergence proof for the
complete PI-CSNN optimization procedure, whose overall accuracy also depends on the distributed-
order quadrature, temporal residual discretization, and the optimization process. Accordingly, the total
numerical error may be decomposed schematically as

Etotal < Espec + Eord + Etime + Eopt’ (459)

where Eg,.. denotes the spectral approximation error, E,4 the distributed-order quadrature error,
Eiime the temporal residual-discretization error, and E,y the optimization error. For sufficiently
smooth dependence of the distributed-order integrand on the fractional-order variable, Gauss-Legendre
quadrature converges rapidly as the number of quadrature nodes K increases. Furthermore, if the
boundary-compatible transformed functions are analytic in a complex neighborhood of €, classical
Chebyshev approximation theory yields the exponential estimate

Eqpec = O(e_‘TM) , o>0,

whereas solutions of finite Sobolev regularity exhibit the algebraic convergence described by
Eqgs (4.54)—(4.58). Consequently, the proposed PI-CSNN framework is expected to inherit the
approximation properties of the underlying Chebyshev trial spaces whenever the exact solution
possesses sufficient regularity, the distributed-order quadrature and temporal collocation are adequately
resolved, and the optimization process produces sufficiently small physics-informed residuals. Under
these conditions, increasing the approximation parameters M, K, and N, systematically reduces the
corresponding approximation components until the remaining error is dominated by optimization
accuracy or machine precision.
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5. Numerical results and discussions

In this section, numerical experiments are presented to evaluate the accuracy, convergence behavior,
robustness, and computational performance of the proposed PI-CSNN framework. The examples are
designed to assess the approximation capability of the proposed methodology for benchmark, time-
invariant, and time-varying distributed-order fractional optimal control problems. Throughout all
experiments, the normalized temporal coordinate is supplied to the neural feature extractor, whose
latent representation is mapped to the global Chebyshev spectral coefficient vectors defining the state,
adjoint, and, when required, control approximations. The trainable parameter set is determined
exclusively by minimizing the physics-informed residual objective, and no exact, benchmark, or
reference solution values are incorporated into the training process. Unless otherwise stated, all
numerical experiments employ the same neural architecture and optimization settings to provide a
consistent assessment of the proposed methodology. The PI-CSNN consists of two hidden layers
with 20 neurons per layer and uses the hyperbolic tangent activation function, Xavier-type weight
initialization, double-precision arithmetic, and a fixed random seed equal to 1 to ensure reproducibility.
The default spectral discretization uses polynomial degree M = 15 together with N, = 180 temporal
Gauss-Legendre collocation points. For continuous distributed-order densities, the fractional-order
integrals are approximated using K =40 Gauss-Legendre quadrature nodes, whereas Dirac-delta weight
distributions are evaluated directly at the prescribed fractional order without introducing quadrature
approximation.

The trainable neural parameter set is optimized using a two-stage gradient-based strategy. The

Adam optimizer is first employed for at most 5000 epochs with an initial learning rate of 2 x 107,
B1 =09, 5,=0.999, and £ = 1078, The Adam stage is terminated when either the physics-informed
objective decreases below 107! or the Euclidean norm of its gradient falls below 107'°, and the best
iterate obtained during this stage is used to initialize the subsequent quasi-Newton refinement. The
refinement is performed using MATLAB’s fminunc routine with the quasi-Newton algorithm for at
most 1200 iterations, using function, step, and optimality tolerances of 10~'3. Exact or benchmark
solutions, when available, are employed exclusively after training for independent validation, error
assessment, convergence studies, and comparison with existing numerical methods.
Example 1. This example evaluates the approximation accuracy and convergence behavior of
the proposed PI-CSNN framework using a manufactured-solution benchmark. Since the analytical
solution is available, it provides an objective assessment of the numerical accuracy under different
levels of solution regularity. The analytical solution is employed exclusively for post-training
validation and error evaluation and is not incorporated into the physics-informed loss or used as labeled
training data. We consider the following DOFOCP:

1
min J(g, w) = f (" = q)* + (w(e) - (1 = )’ dt, (5.1)
w 0

subject to
CDWq(t) = w(t) + £), q(0) = 0. (5.2)

The weight w(u) is taken as a normalized Gaussian density on [0, 1] with mean 0.5 and standard
deviation 0.1, and the distributed-order integral is evaluated using the quadrature procedure described
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previously. The forcing function is chosen so that

g =1 w=1-17, (5.3)
which yields
T(a+1
£ = f ) ot = (1= (54

This benchmark permits direct examination of regularlty—dependent convergence: larger values of «
produce smoother profiles, whereas smaller values lead to weaker endpoint regularity near t+ = O for
q(t) = t* and near ¢t = 1 for w(¢) = (1 — 1)®. The Hamiltonian is

H = (1 = g(1))" + (w(r) = (1 = %) + 2 (W () + £(2)). (5.5)

According to the optimality framework described in Section 3, the corresponding necessary conditions
consist of the state equation, the right-sided distributed-order adjoint equation, the stationarity
condition, and the terminal transversality condition

z(1)=0. (5.6)

Accordingly, the problem-specific residuals are defined by

Ry (11 0) = “DY” qu(t;; ©) — wy(ti; ©) — f(1y), (5.7)
R.(1;;0) = F-D 7)(1; @) — 2(qu(ti; ©) — 1), (5.8)
R,(t;0) = 2(WM(fi§ 0)-(1- ti)a) + zu(t;; ©). (5.9

The prescribed functions 77 and (1 — #;)* in these residuals originate from the objective functional and
therefore form part of the governing optimality system; they are not supervised solution-matching data.
For this independent-control formulation, the PI-CSNN generates the coefficient vectors a(®)—c(®)
defining

M
gu(:0) =1 Y a(O)T,2 - 1), (5.10)
- M
aw(5:0) = (1=1) » by@)T(2t - 1), (5.11)
j=0
N J
wi(t;0) = " c(O)T;(21 — 1). (5.12)
=0

Hence, the prescribed conditions ¢y(0;®) = 0 and z),(1;®) = 0 are satisfied exactly for every
admissible parameter set ®, and no separate boundary or transversality penalty is required in this
example. For each spectral degree M, the PI-CSNN is trained independently by minimizing the
weighted residual loss, while the analytical expressions in (5.3) are used only after training to compute
the L? and L™ errors. We run simulations for the spectral degrees M = 4, ..., 20 for a comparison of
the convergence of the proposed PI-CSNN framework for &« = 16/3, 8/3, and 2/3 to investigate the
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impact of the regularity of the solution. For each M, the trainable neural architecture produces the
global Chebyshev coeflicient vectors that define the state and control approximations. The error curves
are presented in Figures 2 and 3 while the typical L? and L™ errors are listed in Tables 1 and 2. For the
smooth case @ = 16/3, we observe a fast decay of the error. As M increases from 4 to 20, the L? errors
decrease overall from

2.266 X 107 t0 3.063 x 107"

for the state, and
1.885 x 1072 to 2.426 x 1072

for the control. The corresponding L™ errors decrease overall from
5.612x107*t0 1.591 x 107" and 6.234x 107 t03.277 x 107",

respectively. These results demonstrate the high-order approximation capability of the PI-CSNN
framework for sufficiently smooth solutions. For @ = 8/3, the convergence remains systematic overall
but is slower because of reduced regularity. The L? state and control errors decrease overall from

4111 x 10> and 1.061 x 104 at M = 4

to
1.493 x 10°® and 1.735 x 10% at M = 20,

respectively, while the L™ errors decrease from
8.999 x 107 and 4.955 x 107*

to
6.948 x 107® and 3.046 x 1077,

respectively, confirming that high accuracy is retained under moderately reduced regularity. For the
weakly regular case @ = 2/3, limited endpoint regularity leads to slower convergence. Nevertheless,
the L* errors decrease overall from

5.929 x 107 t0 3.790 x 107

for the state, and from
4764 x 1073 to 8.406 x 107*

for the control. The corresponding L™ errors are reduced overall from
2.261 X 107% t0 3.697 x 10~

and from
3.616 x 1072 to 1.682 x 1072,

respectively. Minor non-monotone variations at some spectral degrees are observed, particularly in the
control error, and are consistent with the combined influence of limited endpoint regularity, finite-
dimensional spectral approximation, and neural optimization. The results clearly show a general
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regularity-dependent convergence pattern. The fastest decay of error is for @ = 16/3 and then @ = 8/3
while the weakly regular case @ = 2/3 converges slower. For the smooth benchmark, the L? errors are
on the order of 1072 and the L™ errors are on the order of 107'!. Also the overall error reduction is
substantially preserved for the lower regularity case. The results show that the PI-CSNN framework
can successfully combine the physics-informed neural generation of global spectral coefficients with
the high-order approximation ability of shifted Chebyshev expansions.

State convergence Control convergence
T T T T T T

T T 1072

R g S SN

D U0 A s s SO0 D SO

10 1074

10 10

L? error of g(t)
L? error of w(t)

10 108

10-10 10-10

1 ! ! ! ! ! L 1012 1 ! ! 1 ! 1 L
6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
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Figure 2. Convergence of the proposed PI-CSNN approximation in the L? norm for
Example 1 with different values of a.
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Figure 3. Convergence of the proposed PI-CSNN approximation in the L* norm for
Example 1 with different values of «.

AIMS Mathematics Volume 11, Issue 7, 23308-23343.



23329

Table 1. L? errors of the proposed PI-CSNN approximation for the state and control variables

in Example 1.

a M L? error (state) L? error (control)
16/3 4 2.266 x 10~ 1.885x 1073
16/3 8 2.204 x 1078 6.985 x 1078
16/3 12 2.932x 10710 5.968 x 10710
16/3 16 1.363 x 107! 2426 x 10711
16/3 20 3.063 x 10712 2.426 x 10712
8/3 4 4.111 % 1073 1.061 x 10~
8/3 8 1.333 x 107° 2.025 x 107°
8/3 12 1.526 x 1077 2273 %1077
8/3 16 3.096 x 1078 5.146 x 1078
8/3 20 1.493 x 1078 1.735 x 1078
2/3 4 5.929 x 1073 4.764 x 1073
2/3 8 1.820 x 1073 2.197 x 1073
2/3 12 8.473 x 107* 1.439 x 1073
2/3 16 4.809 x 10~ 1.061 x 1073
2/3 20 3.790 x 10~ 8.406 x 1074

Table 2. L* errors of the proposed PI-CSNN approximation for the state and control

variables in Example 1.

a M L* error (state) L* error (control)
16/3 4 5.612x 107 6.234 x 1073
16/3 8 4120 x 1078 3.951 x 1077
16/3 12 8.343 x 10710 4377 x107°
16/3 16 4.844 x 1071 2.638 x 10710
16/3 20 1.591 x 10711 3.277 x 10711
8/3 4 8.999 x 1073 4.955 % 107
8/3 8 4716 x 107° 1.429 x 107>
8/3 12 7.138 x 1077 2.302 % 10°°
8/3 16 1.775 x 1077 7.339 x 1077
8/3 20 6.948 x 1078 3.046 x 1077
2/3 4 2261 x 1072 3.616 x 1072
2/3 8 1.101 x 1072 1.872 x 1072
2/3 12 6.908 x 1073 1.793 x 1072
2/3 16 4.888 x 1073 1.729 x 1072
2/3 20 3.697 x 1073 1.682 x 1072

Example 2. We next consider a distributed-order fractional time-invariant optimal control problem to
evaluate the performance of the proposed PI-CSNN framework for computing the state, adjoint, and
control variables. This example assesses the accuracy of the computed optimal cost and the satisfaction
of the distributed-order optimality system under different fractional-order distributions. The problem
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is defined as follows:

1
min J(g, w) = % f (g* () + W (1)) dt, (5.13)
w 0
subject to
o q(t) = w(t) — q(), q(0) =1, (5.14)

where p(u) denotes the fractional-order distribution on [0, 1].
The Hamiltonian is

1
H(g,w,z) = 3 (% +w?) + z2(6) (w(t) — g(1)). (5.15)
The stationarity condition yields w(#) = —z(¥), leading to the reduced state-adjoint system
O qt) +q) +2(0) =0, q(0) =1, (5.16)
RLD(IP) 2(t) = q(t) + 2(1) = 0, z(1) = 0. (5.17)

The control is recovered from w = —z; hence, no independent control output or separate optimality
residual is required. The following configurations are considered:

Case I:
p) =o(u—1), (5.18)
Case II:
p(u) =6(u—0.99), (5.19)
Case III:
p(u) = o(u—0.9), (5.20)
Case IV:
p(u) = o(u —0.8), (5.21)
Case V:
p(u) = N(0.8,0.05)(u). (5.22)

Cases I-1V are evaluated directly at the prescribed fractional orders. For Case V, the Gaussian density
is restricted to [0, 1], normalized to unit mass, and integrated using K = 40 Gauss-Legendre order-
quadrature nodes. For Case I, the operators reduce to their classical first-order counterparts, and the
analytical state and control are

(1) = Csinh( V2 1) + cosh( V21), (5.23)
w(t) = (C + V2)sinh( V21) + (C V2 + 1) cosh( V2 1), (5.24)
where
_ 2sinh(¥2) + V2 cosh(V2)
2 cosh(V2) + V2 sinh(V2)

The corresponding adjoint is z = —w. These expressions are used only for post-training validation. The
boundary-adapted PI-CSNN approximations are

(5.25)

M
gu(:0) = 1+1 ) a)@)T,2r - 1), (5.26)

J=0
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M
wn(:0) = (1=1) > byO)T(2r - 1), (5.27)
=0

with
wy(t; ©) = —zy(t; ©), (5.28)

so that g(0; ®) = 1 and z,,(1; ®) = 0 hold exactly. The corresponding residuals are

R,(t:; @) = DY gyt ©) + qu(ti; ©) + zu(1:; @), (5.29)
R.(1:;©) = REDP 2313 @) — (13 ©) + 2y (t;; ©). (5.30)

The network parameters are obtained by minimizing the associated weighted residual loss.
The numerical state, adjoint, and control profiles for the five cases are displayed in Figure 4, while
Figure 5 illustrates the convergence behavior with increasing spectral degree M. The profiles remain
smooth across the single-order and genuinely distributed-order configurations and vary systematically
with the prescribed-order distribution. For Case I, the analytical solution provides an independent
validation of the trained PI-CSNN approximation. At M = 15, the post-training errors obtained from
the validation run are

g — gmllzz0,1) = 1.612 X 1075, lg — gmllz=c0,1) = 4.885 X 1075,
Iz — zulliz0.r) = 1.244 X 10715, llz = zullz=.1) = 3.886 x 107", (5.31)
W = wallzo.n) = 1.244 x 1077, W = wallz=o.) = 3.886 x 1077,

The corresponding optimal cost is
J1 = 0.192909298093, (5.32)

with an absolute difference of 5.551 x 1077 from the analytical value. The trained solution also gives
IR, Il2 = 4.578 x 10714, IRz = 3.792 x 10714, (5.33)

together with
Rl = 2.024 X 1077, IR ||z = 2.635x 107", (5.34)

These values confirm highly accurate satisfaction of the governing state-adjoint system. The
computed cost is consistent with the benchmark values reported for the variational iteration method
(VIM), Adomian decomposition method (ADM), Legendre wavelet method (LWM), Chebyshev
wavelet method (CWM), Laguerre wavelet method (LaWM), and cosine and sine wavelet method
(CASWM) [37-39], as well as the Legendre collocation method (LCM) [15], as summarized in Table 3.
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Figure 4. PI-CSNN state, adjoint, and control profiles for the five cases of Example 2.
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Figure 5. PI-CSNN convergence for the distributed-order Case V of Example 2 with
increasing spectral degree M.
Table 3. Comparison of optimal costs for the distributed-order fractional time-invariant
optimal control problem under different fractional-order distributions with M = 15 in
Example 2.
p(w) VIM ADM LWM CWM LaWM CASWM LCM  Proposed PI-CSNN
Case | 0.192909 0.192909 0.192909 0.192921 0.192604 0.196914 0.192909  0.192909298093
Case II — — — — - — — 0.191530902205
Case III  0.179530 0.179620 0.179529 0.179641 0.185942 0.180555 0.179690 0.179546635955
Case IV 0.167110 0.167400 0.167078 0.167328 0.181798 0.168072 0.167347 0.167147884059
Case V - - - - - - 0.165906  0.167188260264

The separate Case I spectral-degree study exhibits rapid error decay as M increases. The L? state
error decreases from

AIMS Mathematics

2.691 x 10 at M = 4 t0 8.004 x 107" at M = 8,
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while the corresponding control error decreases from
8.116 X 107" t0 2.411 x 1072,
At M = 10, the state and control errors reach
7.545 x 107" and 2.273 x 107",
respectively. At M = 12, they are further reduced to
3.282 % 107'° and 3.045 x 107"°,

respectively. Beyond this point, the errors remain approximately at the floating-point accuracy level,
with small non-monotone variations consistent with numerical roundoff and neural optimization.
The L™ errors exhibit the same rapid decay. In particular, the state and control errors decrease from

4241 x10%and 1.279x 10 at M =4

to
1.271 x 107" and 3.833 x 107'% at M = 8,

respectively. This behavior demonstrates rapid high-order convergence for the smooth classical
benchmark. The cost approximation in Case I also converges rapidly. The absolute cost difference
decreases from

2.539x 107 at M =4109.984 x 107 *at M =5

and
3.003x 107 *at M = 6.

For larger spectral degrees, the cost difference reaches values near machine precision, including zero
for the reported numerical precision at M = 10. For Cases II-1V, corresponding to the single fractional
orders 0.99, 0.9, and 0.8, respectively, the PI-CSNN yields the optimal costs

Ju = 0.191530902205, Jur = 0.179546635955, Jiv = 0.167147884059. (5.35)
The corresponding L? residual norms are

Case Il ||Rll,> = 8470 x 107*, [IR.||» = 1.746 x 107*,
Case III:  [|R,ll,2 = 8.551 x 107°, [IR|l;> = 1.847 x 1077, (5.36)
Case IV: ||R|l2 = 1.717 x 1072, [IR.|l,> = 3.938 x 107°.

The progressive decrease in the optimal cost reflects the influence of the fractional order on the
nonlocal temporal dynamics. These values follow the established benchmark trend and are compared
with the available numerical methods in Table 3. Case V represents the genuinely distributed-order
configuration with a normalized Gaussian density centered at 4 = 0.8 and standard deviation 0.05. At
M = 15, the trained PI-CSNN approximation gives Jy = 0.167188260264. The corresponding residual
norms are

IR M2 = 1.579x 1072, |IR||;2 = 3.614 x 107 (5.37)
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and
IRl = 6.923 x 107", IR, ||z = 1.553 x 107", (5.38)

The spectral-degree study for Case V provides an additional assessment of the genuinely distributed-
order approximation. For M = 5,10, 15, and 20, the computed costs are

JY) =0.167633740767,  J” = 0.167260972425,

JUP =0.167188260265,  JU¥ = 0.167174767630. -39
Over the same sequence of spectral degrees, the state residual norms are
IRN2 = 4494 %1072, RVl = 2.349 X 1072,
IRl = 1579 1072, IRTV]|2 = 1.188 x 1072, (40
while the corresponding adjoint residual norms are
IR?Nl;2 = 1.130 x 1072, [IR!||,2 = 5.102 % 1072, (5.41)

IRz = 3.614 x 107, [[IRV||;2 = 2.639 x 107°.

Thus, both residual norms decrease systematically as the spectral dimension increases, while the
changes in the computed cost become progressively smaller. This behavior indicates improved
satisfaction of the distributed-order state-adjoint system together with stabilization of the objective
value. Overall, the computed optimal costs for Cases [-V are

J1 = 0.192909298093,  Jy = 0.191530902205, Jip = 0.179546635955,
Jiv = 0.167147884059, Jy = 0.167188260264. (5.42)

The near-machine-precision recovery of the classical Case I analytical benchmark, the agreement of
the single-order fractional cases with the established benchmark trends, and the systematic residual
reduction in the genuinely distributed-order Case V provide complementary numerical evidence for
the accuracy and applicability of the PI-CSNN framework to time-invariant DOFOCPs. The computed
state, adjoint, and control profiles for the five fractional-order configurations are displayed in Figure 4.
The corresponding L? and L™ errors for the analytical Case I benchmark at M = 15 are summarized
in Table 4. The residual norms of the trained PI-CSNN solutions for the five fractional-order
configurations at M = 15 are summarized in Table 5. The spectral-degree convergence of the genuinely
distributed-order Case V is illustrated in Figure 5, while the rapid convergence of the Case I solution
with increasing spectral degree M is illustrated in Figure 6.

Table 4. L% and L™ errors for the analytical Case I benchmark of Example 2 obtained using
the proposed PI-CSNN framework at M = 15.

Variable L? error L> error
State variable 1.612x 10713 4.885x 1071
Adjoint variable 1.244 x 10715 3.886 x 10715
Control variable 1.244 x 10713 3.886 x 1071

AIMS Mathematics Volume 11, Issue 7, 23308-23343.



23335

Table 5. Residual norms of the trained PI-CSNN solutions for the five fractional-order
configurations in Example 2 at M = 15.

Case IRl IRl IRl (IRl

Case I 4578 x 1074 3.792 x 10714 2.024 x 10713 2.635 % 10713
Case I 8.470 x 107* 1.746 x 10 4.605 x 1072 9.398 x 1073
Case III 8.551 x 1073 1.847 x 1073 4219 x 107! 8.986 x 1072
Case IV 1.717 x 1072 3.938 x 1073 7.464 x 107! 1.678 x 107!
Case V 1.579 x 1072 3.614x 1073 6.923 x 107! 1.553 x 107!

Case I: L* convergence
T T T

Case I: L™ convergence
T T T

10°® 10°®

108 10
5 g
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4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20

M M

Figure 6. PI-CSNN convergence for Case I of Example 2 with increasing spectral degree M.

To verify that the numerical accuracy is not limited by the approximation of the distributed-order
integral, a quadrature sensitivity study was performed for Case V, which involves the continuous
normal density N(0.8, 0.05). Throughout this experiment, the Chebyshev spectral degree, the temporal
collocation points, the PI-CSNN architecture, and all optimization parameters were fixed at M = 15,
N. = 180, and the values used in the previous experiments. Only the number K of Gauss-Legendre
quadrature nodes employed for the distributed-order integration was varied. The solution obtained with
K = 60 was taken as the high-resolution reference.

Table 6 demonstrates that the numerical solution is sensitive to the quadrature resolution only for
relatively small values of K. As K increases from 5 to 17, the relative change in the optimal cost
decreases from 2.12 x 1072 to 8.73 x 107>, while the L? differences in the state and adjoint variables
decrease by several orders of magnitude. For K > 25, both the relative change in the optimal cost
and the solution differences are of the order of 1078 or smaller, indicating that the distributed-order
quadrature has effectively converged. Moreover, the physics-informed residual norms remain nearly
unchanged for K > 25, confirming that the remaining numerical error is dominated by the spectral
approximation and optimization processes rather than by the distributed-order quadrature. Therefore,
the choice K = 40 adopted in all numerical experiments provides a reliable and conservative balance
between computational efficiency and quadrature accuracy. The reference solution J.¢ is computed
using K. = 60.
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Table 6. Quadrature sensitivity results for Case V of Example 2.

[k — Jret]
[Jret]

0.163649193188 2.117 x 1072 8.378 x 1073 2.956 x 1073 1.955 x 1072 4.570 x 1073

0.168071717592 5.284 x 1073 1.897 x 1073 5.459 x 10~ 1.593 x 1072 3.634 x 1073
13 0.167357293536 1.011 x 1073 3.990 x 1074 1.407 x 10~ 1.565 x 1072 3.579 x 1073
17 0.167173652593 8.733 x 107 3.223 x 107 1.011 x 1073 1.579 x 1072 3.615x 1073
25 0.167188258166 3.037 x 1078 2.315%x 1078 4774 x 107° 1.579 x 1072 3.614 x 1073
40 0.167188260265 4293 x 1078 5.186 x 1078 1.560 x 1078 1.579 x 1072 3.614 x 1073
60 0.167188253087 0 0 0 1.579 x 1072 3.614 x 1073

K Optimal cost J 9K = Gretll2 llzx = zrefllz l1Rqgllz2 IRl

Example 3. Finally, we consider a distributed-order fractional time-varying optimal control problem
to further evaluate the robustness and applicability of the proposed PI-CSNN framework. This example
examines the ability of the proposed method to accurately approximate the state, adjoint, and control
variables and to compute the corresponding optimal cost for a time-dependent distributed-order system
under different fractional-order distributions. The problem is formulated as follows:

1
nmu%m:%fwfm+men (5.43)
w 0
subject to
D q(1) = w(t) + 1q(t), q(0) = 1. (5.44)

Compared with Example 2, the term #g(¢) introduces explicit time dependence into the state dynamics.
The Hamiltonian is

Higw.2) = 5 (67 +w) + () (w10 + 1q(0) (5.45)

and the stationarity condition again gives w(t) = —z(¢). The reduced state-adjoint system is therefore

Cbép) q(l) + Z(t) - tq(t) = 0’ CI(O) = 1’ (546)
BDP 2() - 12(6) — q(1) = 0, (1) = 0. (5.47)

As in Example 2, the control is recovered from w = —z. The five fractional-order configurations
defined in (5.22) are retained, with Cases I-IV evaluated directly at orders 1, 0.99, 0.9, and 0.8,
respectively, and Case V treated as the normalized Gaussian distributed-order configuration. Using
the same reduced-control representation as in Example 2, the PI-CSNN approximations are

M
gu(t;0)=1+1 Z a;(®)7T;(2t-1), (5.48)
)
' M
wm(t:0)=(1-1) Z b(O)T;(2t-1), (5.49)
=0
with
wy(t; ©) = —zy(t; 0). (5.50)
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These forms enforce ¢,(0; ®) = 1 and z),(1; ®) = 0 exactly. The problem-specific residuals are

R,(ti;0) = “DF gy (13 @) + zy (113 ©) — tigu(t;; ©), (5.51)
R.(1;;0) = FLDY 23,113 ©) — tizu (13 ©) — qu(t;; ©). (5.52)

The trainable parameters are determined from the weighted residual loss using the optimization strategy
specified in the general PI-CSNN methodology. The numerical state, adjoint, and control profiles for
the five fractional-order configurations are displayed in Figure 7. The computed solutions remain
smooth and vary systematically with the prescribed-order distribution, illustrating the influence of
fractional memory on the time-varying optimal dynamics. The corresponding optimal costs and
residual norms at M = 15 are summarized in Table 7.

State variable Adjoint variable Control variable
1 1.2 0

0.95 Case ITT g Case IIT
weeshenss Case IV 1 weedhens: Case IV 02}

09 F

08 04t
0.85

< o8 1 Sos < 06t

—o0—
— o~ Cas
0.75 \ 7 Case IIT
— 0.4 08k eedherns Case IV |
—p— Ca

0.7

02 1
0.65

0.6 L L L L 0 L L L L 12 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Figure 7. PI-CSNN state, adjoint, and control profiles for the five cases of Example 3.

Table 7. Optimal costs and residual norms obtained by the proposed PI-CSNN framework
for Example 3 at M = 15.

Case Optimal cost (1Rl 2 IRl
I 0.484267696229 1.571 x 10713 2.748 x 10713
I 0.483462914405 5.921 x 107 5.599 x 107#
111 0.475892125919 6.087 x 1073 5.574 % 1073
v 0.467008616133 1.234 x 1072 1.104 x 1072
A 0.466726603779 1.135 x 1072 1.015 x 1072

For Case I, the PI-CSNN yields an optimal cost of 0.484267696229, with state and adjoint L?
residual norms of 1.571 x 10715 and 2.748 x 107'5, respectively. The corresponding L™ residual
norms are 1.821 x 107'* and 1.910 x 10~!4. These values are close to machine precision and provide a
stringent verification of the state-adjoint implementation for the classical first-order configuration. For
Cases II-1V, the computed optimal costs are

Ju = 0.483462914405, Jiy = 0.475892125919, Jyv = 0.467008616133. (5.53)
The corresponding L* residual pairs (||R,|I2, [IR.|l;2) are

(5.921x107,5.599 x 107),  (6.087x 10,5574 x 107%), (1.234x 1072, 1.104 X 107), (5.54)
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respectively. The systematic variation in the computed costs and solution profiles reflects the influence
of the fractional order on the time-varying optimal dynamics. For the genuinely distributed-order
Case V, the proposed PI-CSNN framework gives Jy = 0.466726603779, with

IR M2 = 1.135x 1072, [[Rllz = 1.015x 1072, (5.55)

The corresponding L™ residual norms are 5.020 x 107! and 4.487 x 107!, respectively. To examine the
effect of the spectral degree on the genuinely distributed-order configuration, independent PI-CSNN

computations are performed for M = 5, 10, 15, and 20. The results are reported in Table 8 and
illustrated in Figure 8.

Table 8. Spectral-degree study of the PI-CSNN framework for the genuinely distributed-

order Case V of Example 3.

M Optimal cost (1Rl 2 [1Rl 12
5 0.466937537857 3.090 x 1072 2.738 x 1072
10 0.466759355488 1.689 x 1072 1.459 x 1072
15 0.466726603778 1.135 x 1072 1.015 x 1072
20 0.466744588275 8.602 x 1073 7.626 x 1073
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Figure 8. PI-CSNN convergence profiles for the distributed-order Case V of Example 3 with
increasing spectral degree M.

As M increases from 5 to 20, the state residual decreases systematically from
3.090 x 107* to 8.602 X 107,

while the adjoint residual decreases from

2.738 x 1072 t0 7.626 x 107>,
The corresponding optimal costs for M =5, 10, 15, and 20 are

0.466937537857, 0.466759355488, 0.466726603778, and 0.466744588275,
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respectively. Thus, although the cost is not strictly monotone with respect to M, both residual norms
decrease systematically, while the objective value stabilizes near 0.4667. This behavior indicates
improved satisfaction of the governing state-adjoint system as the spectral dimension increases,
together with stabilization of the computed objective value. The optimal costs at M = 15 are compared
in Table 9 with available results from the shifted Jacobi method (SJM) [40], LSM, VIM, LWM, CWM,
LaWM, and CASWM. The near-machine-precision residuals obtained for Case I provide a stringent
implementation check, while the fractional cases follow the benchmark trends of the comparison
methods. For Case V, although the computed cost differs from the reported LSM value, the independent
spectral-degree study shows systematic reduction of both residual norms and stabilization of the
objective value.

Table 9. Comparison of optimal costs for the distributed-order fractional time-varying

optimal control problem under different fractional-order distributions with M = 15 in
Example 3.
() SIM LSM VIM LWM CWM LaWM CASWM Proposed PI-CSNN
Case ] 0.484260 0.484268 0.484260 0.484268 0.484232 0.483476 0.500511 0.484267696229
Case I - - - - - - 0.483462914405

Case III 0.475880 0.476446 0.475930 0.475886 0.475881 0.473351 0.492513  0.475892125919
Case IV 0.466970 0.460500 0.467220 0.466993 0.467005 0.459714 0.483723  0.467008616133
Case V - 0.451530 - - - - - 0.466726603779

Overall, the results demonstrate that the proposed PI-CSNN framework captures the influence
of the fractional-order distribution on the time-varying optimal dynamics. The near-machine-
precision residuals for the classical configuration, the systematic variation across the single-order
fractional cases, and the decreasing residual norms for the genuinely distributed-order case provide
complementary numerical evidence for the accuracy and consistency of the proposed implementation.

To examine the influence of the distributed-order quadrature resolution on the numerical solution
of Example 3, a quadrature sensitivity study was performed for Case V, corresponding to the
continuous normal density N(0.8,0.05). The spectral degree, temporal collocation resolution, PI-
CSNN architecture, and optimization parameters were fixed at M = 15 and N, = 180, while only
the number K of Gauss-Legendre quadrature nodes was varied. The solution obtained with K..; = 60
was used as the high-resolution reference. The reported quantities include the optimal cost, the relative
change in the cost, the L? differences in the state and adjoint variables, and the state and adjoint residual
norms.

As shown in Table 10, the quadrature approximation has a noticeable influence only for relatively
small values of K. When K increases from 5 to 17, the relative change in the optimal cost decreases
from 5.191 x 1073 to 2.726 x 107>. Over the same range, the L? differences in the state and adjoint
variables decrease from approximately 1072 to 107, For K > 25, the relative cost variation and the
solution differences are of order 1078, indicating that the distributed-order Gauss-Legendre quadrature
has effectively converged. For K > 25, the relative variation in the optimal cost is below 4x 1078, while
the state and adjoint differences are also of order 1078. In contrast, the corresponding physics-informed
residual norms remain approximately

IRz ~ 1.135x 1072 and  ||R.|l;2 ~ 1.015x 1072,
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Therefore, the quadrature error is several orders of magnitude smaller than the residual error associated
with the spectral approximation and network optimization. Increasing the quadrature resolution beyond
K = 25 produces no meaningful improvement in the numerical solution. Consequently, the value K =
40 adopted throughout the paper provides a reliable and conservative choice that ensures quadrature
accuracy while avoiding unnecessary computational cost.

Table 10. Quadrature sensitivity results for Case V of Example 3.

[Tk — Jretl
K Jx — llgx — Gretllz2 lzgx — zZretllz2 1Ryl 2 1Rl 2
[Vret]

5 0.464303909507 5.191 x 1073 1.304 x 1072 1.427 x 1072 1.405 x 1072 1.253 x 1072
9 0.467577683265 1.824 x 1073 3.254 x 1073 2.817 x 1073 1.145 x 1072 1.025 x 1072
13 0.466838114699 2.390 x 10~ 6.070 x 10~ 6.715 x 107 1.125 x 1072 1.006 x 1072
17 0.466713862515 2.726 x 107 5.352 x 107 5.033 x 107 1.135 x 1072 1.015 x 1072
25 0.466726593407 1.418 x 108 2.203 x 108 1.352 x 1078 1.135 x 1072 1.015 x 1072
40 0.466726603783 3.641 x 1078 4569 x 1078 3.632x 1078 1.135 x 1072 1.015 x 1072
60 0.466726586789 0 0 0 1.135 x 1072 1.015 x 1072

6. Conclusions

In this paper, a PI-CSNN framework was developed for solving distributed-order fractional optimal
control problems. The proposed method combines the high-order accuracy of Chebyshev spectral
approximations with a residual-based physics-informed training strategy, providing an accurate
computational framework for distributed-order fractional systems. Numerical examples involving
time-invariant and time-varying problems, including solutions with limited regularity, demonstrated
that the PI-CSNN framework can produce highly accurate approximations of the state, adjoint, and
control variables with systematic convergence behavior. The computed optimal cost values showed
close agreement with previously reported numerical methods and benchmark results. Overall, the
proposed PI-CSNN framework provides an accurate and adaptable approach to distributed-order
fractional optimal control problems. Owing to its physics-informed spectral neural architecture, the
framework may be extended to problems with box-constrained controls, multidimensional systems,
and strongly nonlinear dynamics. However, such extensions introduce important computational and
theoretical challenges, including the curse of dimensionality, efficient treatment of tensor-product
approximation spaces, and increased complexity of nonlinear distributed-order operators. The
numerical investigation of these extensions constitutes a promising direction for future research.
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