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Abstract: This paper investigated H-Toeplitz operators on the bidisk Bergman space L2(D?). First,
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1. Introduction

Let T denote the boundary of the unit disk D in the complex plane C. The bidisk D? and the torus
T? are subsets of C?, defined as the Cartesian products of two copies of D and T, respectively. Hence,
the bidisk D? is given by

D?={z=(z1,2): % €C, |zl <1,i=1,2}.

Let dV(z) be the normalized Lebesgue measure on D?, which is given by dV(z) = dA(z)dA(z,). Let
L*(D?,dV) denote the space of all Lebesgue square-integrable functions on D? with respect to the
measure dV. It is endowed with the inner product

(f.g) = f f(2g(x)dV(z) forall f,g e L*(D?, dV).
D2

The Bergman space over the bidisk L2(D?), which is the collection of all analytic functions on D?
contained in L*(D?, dV), is formally expressed as

L:(D?) = {f € LA(D?* dV) | f is analytic on D?}.
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Thus, the Bergman space over the bidisk L2(D?) is a closed subspace of L*(D?,dV). For non-negative
integers n; and n, , define

enm(2) = \/nl +1 \/nz +12]'2 forallz=(z1,2,) € D2

Then {e,, n, }n,.my=0 forms an orthonormal basis for L2(D?). Furthermore, L2(D?) is a reproducing kernel
Hilbert space, whose reproducing kernel is expressed as

1 1

K. (w) = K(z,w) = (1 =Zw1)? (1 = Zow)?

for z = (z1,22), w = (W1, wy) € D%

Accordingly, the normalized reproducing kernel k,(w) of L2(D?) takes the form

KW 1-jaf -l
WK~ (1 =Ziwi)? (1 = Zawy)?’

k-(w)

Let P> : L*(D?,dV) — L3(D?) denote the Bergman orthogonal projection. Since Pp2(f) € L2(D?) for
all f € L*(D?,dV), by the reproducing kernel property, we have the following representation.

fw)

wizD)*(1 = wazp)?

Pr(f)@) =P f. K:) = {f,K:) = Lz JWK (w)dV(w) = sz 1= dv(w).

In particular, for f € L2(D?,dV), we have

@) = f Sv) AV(w). 2= (a2 €D,
]D2 (1 -

wiz)*(1 = wazp)?

L*(D?) denotes the Banach space consisting of all essentially bounded Lebesgue measurable functions
f on D?. Its norm is defined by

Iflle = esssup {If@)] : z = (z1,22) € D?}.
Let Lﬁarm(Dz) consist of all harmonic functions in L*>(D?, dV). It can be expressed as

2 2
0 f_ N 0 f_ _ol
021071 02207

LA (DY) = { f e LX(D*dV) ‘

with z; = x; + iy;, 2o = X + iy, being variables on the complex plane C, and f is a complex-valued
function on D?. Let
Pham : L*(D%,dV) = Li,,,(D?)

be the orthogonal projection from the space L*(D?, dV) to the space L7, (D*). For ¢ € L¥(D?), the
multiplication operator My : L*(D?,dV) — L*(D?,dV) is defined by

My(f) = ¢f forall f € L*(D* dV).

M, is a bounded linear operator on L*(D,dV) and |Myll = ll¢llo. Motivated by the research in [1], we
first give the definitions of Toeplitz operators and Hankel-type operators on the bidisk.
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Definition 1.1. For ¢ € L*(D?), we define the Toeplitz operator Ty: LZ(DZ) — L2(D?) by

To(f) = Pi2(¢f) forall f € LYD?).

Proposition 1.2. For ¢ € L*(D?), T, is a bounded linear operator on LX(D*). In fact, we have
IT4ll < l|llco-

Definition 1.3. For ¢ € L*(D?), the Hankel-type operators Hg) : LX(D*) — L2(D?) satisfy
HY(f) = PpMyJO(f), Y f e LD, i€{l,2,3),
where the operator J Lﬁ(Dz) — L*(D?) is given by

J(l)(enl,nz) = J(enl) : J(en2)9
TP (e, n,) = J(en) - n,,
JG)(enl,nz) =€y J(enz)

for all non-negative integers ny, ny. The operator J: L2(D) — L2(D) is given by J(e,) = e, for all
non-negative integers n.

Proposition 1.4. For ¢ € L*(D?), Hg) is a bounded linear operator on L2(D?). In fact, we have
IHP I < liglleo - 171

and ||J?|| = 1 for each i =1,2,3.

In the fields of operator theory and functional analysis, Toeplitz and Hankel operators occupy a
vital position as key research subjects. Motivated by the concepts of these operators, Arora and
Paliwal [2] initially put forward and explored the concept of H-Toeplitz operators on the Hardy
space. They characterized several important properties of H-Toeplitz operators, including partial
isometry, co-isometry, the Hilbert-Schmidt property, and hyponormality. Subsequently, Gupta and
Singh [1] extended the notion of H-Toeplitz operators to the Bergman space on the unit disk and
systematically investigated fundamental issues such as matrix representations and invariant subspaces
of such operators. Moreover, Kim and Lee [3, 4] studied the contractivity and expansivity of such
operators. Two years later, they extended their fundamental properties to the weighted Bergman space.
In recent years, scholars have also studied H-Toeplitz operators in the Dirichlet space [S] and the
Fock space [6].

In addition, Liang et al. [7] examined commutative properties of H-Toeplitz operators whose
symbols are quasi-homogeneous, while Ding and Chen [8] studied the product problem of H-
Toeplitz operators and Toeplitz operators. Furthermore, Lu [9] first examined the commutativity of
Toeplitz operators on the Bergman space of the bidisk. Thereafter, Lu and Zhang [10] explored the
commutativity of Hankel operators and Toeplitz operators on the Hardy space over the bidisk, while
Ding and Sun [11] inspected commuting Toeplitz operators on the same space. Meanwhile, Chen,
Izuchi, and Lee [12] studied the kernel structure of Toeplitz operators. Using Berezin symbols and
the Duhamel product, Garayev [13] investigated the invariant subspace problem for bounded linear
operators on the unit disk. Subsequently, Li, Zhao, and Ding [14] investigated problems associated
with invariant subspaces of Toeplitz operators on the Bergman space over the bidisk.
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Motivated by the aforementioned studies, in this paper, we mainly investigate the properties of H-
Toeplitz operators on L2(D?). In Section 2, we first give the matrix forms of Toeplitz operators and
Hankel-type operators on L2(D?). Afterward, we introduce the definition of H-Toeplitz operators on
D? and further conduct a systematic study on the fundamental properties of such operators (e.g., co-
isometry, partial isometry, diagonality). In Section 3, we study several invariant subspaces and kernel
spaces associated with H-Toeplitz operators.

2. H-Toeplitz operators on the bidisk Bergman space L2(D?)

For this section, we first present the following lemmas, which will be used in the derivation of
subsequent conclusions.

Lemma 2.1. We have m;, my,ny,n, € NU{0}. In the harmonic Bergman space on the bidisk Liarm(Dz),
the following identities hold:

(fl] -my + 1)(”2 —myp + 1)

ny—miy _np—my .
Z Z , ifny = my and ny > my,
mibmen a2 o ¥
(my—ny+ D(my—ny+ 1) iy

(my + D(my + 1) VT, ifm <my and ny < my,

Pram(3)'23°21'2y°) =
(m—m+Dmy—ny+ 1) iy

m+ Dm+1) 12

(m—ny+ Dy —my + 1), -
(my + D(ny + 1) ! S

if ny > my and ny < my,

ifny < my and ny > m,.

Proof.
Case (1): When n; > m, and n, > m,, we compute

ky _k
ki _k
<z’1"1z'2"zz’1“z'2’2, z11z22>

_ —mi=my _n _nyzki=ka
—fD 72,225,223, dV(z1, 22)

— (f—mﬁkl ni dA(Z])) (f—m2+k2 ny dA(ZZ))
D

1
(m + Dy + 1)’
0, otherwise,
(k1 + 1)(ky + 1) <
=d(m+Dm+1

lfkl =ny—m andk2 =n, —my,

ki _k -
2 11222> if ky =n; —m; and kr = ny — my,

0, otherwise,
_ (m —my + 1Dy —my +1) i o
(m + 1)(ny + 1) ! SR
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my—m k —k1 _k:
Furthermore, the inner product of Phym(Z] 1z22z1 zzz) with 7 ]z2 , 2,2, and Z1 z2 equals zero. Thus,

)
we have
(m—m+D)ny—my+1) , 0 0

(n + D(ny + 1) b

Case (2): When n; < my and n, < m,, repeating the procedure in Case (1) gives us

-m - n n
Pram(Z]'25°2)'257) =

—ky =k (ml —n+ 1)(m2_n2+ 1)—m —-ni=my—ny =k =k
P 7z Z Z Z 1) 7 IZ 2> — 1 1 2 2’ 7z 1Z2 .
< harm( 1 22 <1 %2 ) 142 (ml + l)(m2 + 1) 1 2 142

Therefore, we can obtain that

(my —ny + 1)(my —ny + 1) —my =1y =ma—ny

P arm 72,2
I e A |y P B
Case (3): When n; > m; and n, < mj,, by the same method, we can obtain

(I’ll —-my + 1)(1’1’12 —np + 1)
(n1 + D(ma + 1)

ny—mp-my—ny

Pharm(zl Zz Z’;lzz ) 1 2

Case (4): When m; > n; and m, < n,, we can obtain

(m—m+ Dy —my+ 1) ey
(my + D)(ny + 1) : 2

1M =N
Pram(Z]'2,°2)' 2 Zz ’) =

For the analytic case, we obtain the lemma below.

Lemma 2.2. We have my, m,,n,n, € NU{0}. In the Bergman space on the bidisk Lﬁ(Dz), the following
identities hold:

(a) |
., ifmy =nyand my = no,
(e, gy = LT v Do 1y VT mandme =
0, otherwise.
(b)
(nl - ml + 1)(”2 - m2 + 1) ny—mp _np—mp .
Z , ifny >myand ny, > my,
P2(2]'25%2)'2y) = (ni+ D(n2 + 1) b
0, otherwise.

Let L}, ;,(D?) denote the space of pluriharmonic functions in L*(D? dV). Equivalently, it can be

characterized as
Lyin(D?) = {f € L2D%,dV) | f € CX(D?), f = hy + hy, and hy(0,22) = 0, hy(z1,0) = 0}

Moreover, any function f in L2 . (D?) satisfies

plurlh

o f 3
(92]' 8Zk
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for all j,k € {1,2}. Next, we determine the matrix representations of the Toeplitz operator T and
Hankel-type operator H, on L2(D?) with some pluriharmonic symbol.

Let
=ji= 2
¢(Z17 ZZ) - Z Z al] lzzlll lez + Z Z bj| ]2Z{]Zé2 plurlh(]D )

i1=0 =0 J1=1 =1

Subsequently, the (m;, m,) — (n;,n,) entry of the matrix form of T4 with respect to orthonormal basis
{enl,nz }nl,nZZO of Lﬁ(Dz) 1S giVCIl by

(T(]Bem s €my m2> = (PL2(¢ €, nz) €m, m2> = <¢ *Cnyngo eml,m2>

— i1, =1 ]2 ny n my _my
- Cn] 2, m2< Zzall lzzl Z2 + ZZbJI 12Z1 Z2 Zl Z2 ’ Z1 ZZ >

i1=0 i,=0 J1=1 ja=1

_ i1+ny _ir+n ny_n mi+j +J
—_ Cn1 N2 ,nmp mz(Z Zall lz(Zl ! 22 27 Zl Z22> + Z Z b/l ,2<Z11Z22, le 1Z22 2>)

i1=0 i,=0 J1=1 ja=1

where

Cnyngmymy = \/”1 +1 \/nz +1 \/m1 +1 \/mz + 1.

Therefore, we consider three cases separately:
Case (1): If m; > n; and m, > n,, then we have

— i1+ng 12+n2 mi
<T¢en1,n2’ em1,m2> - Cnl 2, 1) E E all lz(Z 2 s Z] ZZ ))

i1=0 i=0

1
(m; + 1)(my + 1)

Vi +1 vVny + 1
\/m1+1\/m2+1

= Cny iy mymy Ay —ny my—ny

Ay —ny my—ny -

Case (2): If m; < n; and m, < n,, then we also obtain

Vmy +1 Vmy + 1 b
Vi + 1V +1

Case (3): If m; > n; and m, < ny, m; < n; and m, > n,. Similarly, we can directly calculate

<T¢el’ll,n2? em| ,m2> =

<T¢en1,n2’ eml,m2> = O

Therefore, since m,, m,, n;, and n, are non-negative intergers, we have

Vi +1 Vny + 1
\/ml +1 \/m2+1

T.e e = \/ml +1 \/m2 +1
Toen > €mm) D i e for my < n; and m, < ny,

n1—mpnp—my s
Vn1+1\/n2+1 TR

0, otherwise.

my=ny my—my»  TOr my > ny and my > ny,

AIMS Mathematics Volume 11, Issue 7, 23234-23261.
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Next, we partition the above inner product with two sets of indices: m,,n; and m,,n,. We take
my, n; as block indices and m,, n, as intra-block indices, which correspond to the rows and columns of
each two-dimensional subblock. Accordingly, we have

Tooy Ton Too
NTao Tan Taa
7 Teo Ten Teo

where each subblock 7, »,) is a two-dimensional matrix indexed by m, and n,. We then classify these
subblocks into three types. When m; = n;, the general formula of the diagonal blocks is given by:

Vi, + 1
Y A0 mr—n»>
[Tml,m]mz,nz = N, + 1

0, for myp < njp.

for my > n,,

It follows that the diagonal elements are determined solely by the analytical coefficients of the symbols
and are always lower-triangular matrices. Its matrix form can be expressed as:

aop,o 0 0
1
T(m n) — 2 .
o 1 2
\/; ap \/; apy aoo -t

When m; > n,, the general formula of the lower-triangular blocks can be expressed as:

Vi + 1 Vi, + 1
[Tml,nl]mz,nz = \/ml +1 \/mz +1

0, for my < njp.

Ay —ny,ma—ny» for ny > ny,

It can be seen that these subblocks are also generated by analytical coeflicients and retain a lower-
triangular matrix structure. Its matrix form can be expressed as:

n +1
m;+ 1

1 n +1 n +1
e+ 1 Api—my,1 m o+ 1 Ani-m,0 0
T(ml,n]) = 2 1 1
1 n +1 2 n; + 1 n +1
An—my 2 Ayi—mi 1 a,, —
3Nm +1 "7 3\Nm +1 7" m+1 " -0

AIMS Mathematics Volume 11, Issue 7, 23234-23261.
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When m; < n,, the general formula of the upper-triangular blocks can be expressed as:

\/ml +1 \/m2 +1
b for my < njp,

ny—mjp,ny—my>s
(Lo Iy, = V1 1 Vo +1

0, for my > n,.

Unlike the previous two types of subblocks, this type of subblock is uniquely determined by the anti-
analytic coefficients and is a strictly upper-triangular matrix. Its matrix form can be expressed as:

1 m;+1 b 1 m;+1 b
\/E n + 1 m=my.1 \/§ ny + 1 ny=m1.2
0 0 ﬁ m; + 1
T(mlvnl) = \/§ n +1 el
0 0 0

Meanwhile, the adjoint matrix of T is expressed as

T(*O,O) T(>k 1,0) T(Z,O)

T T(*O,l) T(*LU T(*Z,l)
¢ = * * *

T(O,Z) T(1’2) T(2’2)

This corresponds exactly to the matrix of Tg, hence T; = TE'

Example 2.3. Take the symbol function ¢(z;, 2o) = z1+22, whose coefficients satisfy a,o=1 and by =1,
and all other coefficients are zero. Since the structure of the bidisk is relatively complex, to better reveal
the properties of the matrix blocks, we perform a finite truncation with indices my,ny,mp,n, € {0, 1}
and obtain the truncated matrix. The operator T is expressed in block form as

Too Tou
Tao Tapy

Ty =

Through calculation, we find that the subblocks T ), T(0.1y, and T, 1y are all zero matrices. Substituting
my =1,n; =0, and a,o = 1 into the formula, we obtain

1

V2
o |
V2

Tao =

AIMS Mathematics Volume 11, Issue 7, 23234-23261.
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Combining all subblocks, the complete truncated matrix is given by

0 0 00

0 0 00

=11 4 o 0
\/51

0 — 0 0
V2

Next, we derive the matrix forms of the three types of Hankel-type operators having some
pluriharmonic symbol. We have

1<) 2 2
P(z1,22) = Z Z ai, lzzll1 lez + Z Z bj, 12211Z22 € Lplurih(ID ).
i1=0 ir= J1=1 jo=1

Then, the (m,m,) — (n, ny) entry of the matrix form of H;]) with respect to the orthonormal basis is
given by:

1 1 1
(HY s €mym) = (Pr2MyJ Ve, sy, €mymy) = (MyT Ve, s €y )

<¢ Vni +2 YV + 2Zn1+1 Pl \/WL] +1 \/I’I’LQ + 1ZTIZ’;2>
(o] (o)
i1 D> =J1 jz —n1+1l=m+1 _mj_my
dnl,n2,m1,m2<(z Z Cl“ lzzl Z2 + Z Z bjl 12Z1 ZZ Z] Z2 ’ Z1 Z2 >

i1=0 =0 J1=1 =1

SN
_ i _i» m1+n1+l m2+n2+l —n|+j|+]—n2+]2+l my _mp
- dnl,nz,Wll,mz( E E ai1,iz<zl 4 4 > + E § b]] 12< » 21 2y

i1=0 ir=0 Ji=1 jo=1

dnl 512,171,171

T m +m + 2)my + 1y + 2)

an1+m1+1,n2+m2+l ’

where

dny iy mymy = \/nl +2 \/n2 +2 \/m1 +1 \/l’l’lz + 1.

Subsequently, using the same method, we compute the entries of the matrix forms of H(;z) and H((;) with
respect to the orthonormal basis.

[
(2) _ ni,np,mi,myp
<H¢ em,nz’ €m|,mz> - (ml P 2)(1’1’12 N 1) an1+m1+1,m2—n2,

Ty na,mymy

(l’l’l] + 1)(m2 +n, + 2)

(3 —
<H¢ enl,nza eml,m2> - aml—nl,m2+n2+1»

where

baymmimy, = \/ml +1 \/mz +1 \/”1 +2 \/I’lz +1,
Ty nymymy = \/ml +1 \/mz +1 \/l’ll +1 \/I’lz + 2.
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Similarly, the matrix form of H((;)(i = 1,2,3) on the bidisk is a four-dimensional infinite block
matrix, where each block corresponds to a two-dimensional infinite matrix. So, we have
() (@)
0,0) H(O,l) H(0,2)

0 0 0
HO Higy Hany Hig

¢ @ O] ®
H(2,0) H(2,1) H(2,2)

(i=123),

and the general formulas for H;l), H;z), and H;f) are given as follows:

dnl »112,111 111

g+ + 2+ m +2) -

(D _
[H¢ ](ml m2),(ny,nz) —

n1+m1+1,n2+m2+1a

Lny .y my a
(m1 +n; + 2)(1’]12 + 1)
Ty np.mymy

my + Dm+m +2) "

(2) —
[H¢ ](ml mp),(ny,np) —

ni+mi+1,my—no»

(3) _
[H¢ ](ml Jm2),(ny,nz) —

ml—nl,n2+m2+1 .

From this, it can be seen that [HEIL)1 m)]mz»nz is a dense matrix. Its matrix form can be expressed as:

[ V2 V3

2 an1+m1+l,l 3 an1+m1+l,2

HY | 2 V6

(my,ny)

5 an1+m1+1,2 4 an1+m1+1,3

where
Vm; +1 vn; +2
s = .
my +n +2
[H((’ffl m)]mzﬁnz is a lower-triangular matrix. Its matrix form can be expressed as:
Apy+m+1,0 0 0 e
! 0
_an1+m1+1,1 an1+m1+1,0
(2) =g \5
(miny) — 1 \/E
_an1+m1+1,2 an1+m1+1,1 an1+m1+1,0
V3 V3
3 . ) )
[ ((m>1 nl)]mz,,l2 is a dense matrix. Its matrix form can be expressed as:

V2 V3

) Ami-ny, 1 3 Ami-ny,2
HY =¢] 2

= V6
(my,ny) —

3 Ami-ny,2 4 Ami-ny,3

AIMS Mathematics Volume 11, Issue 7, 23234-23261.
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where

v, + 1
Vi +'1.

Example 2.4. Take the symbol function ¢(z;,z,) = zfz%, whose coefficients satisfy a,, = 1 and a;, ;, =0
otherwise. From the non-zero condition, we have ny + m; = 1 and n, + my = 1. Therefore, only the
subblocks corresponding to (m;,n;) = (0, 1) and (1,0) are non-zero, and all other outer subblocks are
zero matrices. For the subblock H(%)l), its explicit form is computed as

1
0 - 00
3
2V3
HO = —\/_ 0 00
on=1{ 9
0O 00O
Similarly, the subblock H((11 ,)0) is given by
[ 23
0 —\/_ 00
A 9
o _|= 0 00
Hio =19
0 0 00

Consequently, the overall block matrix can be written as

(€))]
0 Hg), O
@)
0 _ Hy, 00
¢ 0 0 0

With a view to defining the notion of H-Toeplitz operators on L2(D?), we consider the operator
K: L2(D*) — L2 (D?) satisfying the tensor product property

harm

K(emn(z1,22)) = K(en(z1)) - K(en(22))s
which is defined by
K(eomon(z1,22)) = emn(z1,22) = Vm+1 Vn + 1272,
K(eams120(21,22)) = €ms1(z1) - €a(z2) = Vm+2 Vn + 1225,

m=n+1

K(eamoms1(21,22)) = em(z1) - ens1(z2) = Vm+ 1 Vn+ 2707+,

—m+1=n+1

K(eomi12041(21,22)) = €ms1(21) - €ni1(z2) = Vm +2 Vn +27*'7,

AIMS Mathematics Volume 11, Issue 7, 23234-23261.
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forall m,n > 0 and z;, 7, € D Itis easy to check that the operator K is bounded linear on L2(D?) with
|IK|| = 1. Furthermore, we show the adjoint operator K* of operator K:

K*(em,n(Zl,Zz)) = eZm,Zn(Zl’ZZ) = \/zm +1 \/271 + 1Z%mzin’
K (emi1(z1) - €4(22)) = €ame120(z1,22) = V2m+2 N2n + 127"'23",
K*(en(z1) - €ns1(22)) = €amans1(21,22) = V2m+1 V2n + szmz%"“,

K*(en+1(21) - €041(22)) = €ams12041(21,22) = V2m +2 V2n + 2Z%m+lzén+1-

Thus, based on the definitions of K and K*, we have

KK*(enn(z1,22)) = K(eamon(21,22)) = emn(21,22),
KK*(em+1(Z1) : €n(Zz)) = K(62m+1,2n(Z1’Z2)) = ep41(21) - €n(22),
KK*(en(z1) - €n+1(22)) = K(eamon+1(21,22)) = €m(z1) - €ns1(22),

KK*(emH(Zl) : €n+1(Zz)) = K(€2m+1,2n+1(Z1,Z2)) = ep+1(21) - €ns1(22).

Also,

K" K(en20(21,22)) = K™ (enn(21,22)) = €am2n(21,22),
K*K(€2m+1,2n(21,22)) = K*(€m+1(21) : en(ZZ)) = €2m+1,2n(21,22),

K*K(eamon+1(21,22)) = K (€n(z1) - €441(22)) = €amons1(21,22),

K*K(€2m+1,2n+1(Z1,Zz)) = K*(€m+1(21) . €n+1(22)) = eZm+l,2n+l(Z1’Z2)-

Therefore, we have K"K = I;>2) and KK* = [ 2 (o) and it follows that K is a unitary operator. Next,
we introduce the H-Toeplitz operator on L2(D?).

Definition 2.5. For ¢ € L*(D?), we define the H-Toeplitz operator By: L2(D?*) — L2(D?) by
By(f) = P2MyK(f) forall f € L2(D).
The next proposition illustrates several fundamental properties of the H-Toeplitz operator B, on
L2(D?).

Proposition 2.6. For ¢,y € L*(D?), the operator By satisfies the following:
(i) By is a bounded linear operator on LE(DZ) with || Bg|| < |||l

(i1) For any scalar a and B, it holds that Byy.py = @By + BB,

(iii) The adjoint of H-Toeplitz operator By is given by B:; = K* Pparm M.

Proof.
(1):
IByll = sup ||PL3M¢K(f)|| < sup [[Ml[IIK(HIl = @l sup KOOIl = lIéllo-
IIF1I=1 lIF1=1 IA11=1
Therefore,

1Byl < [|lleo-
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(ii): For any f € L2(D?), we have

Bogipy(f) = Pr2Mogpy K(f) = P2 MyK(f) + BP2MyK(f) = aBy(f) + BBy(f).
Therefore,
Bogpy(f) = aBy(f) + BBy(f).
(i11):
(Byf, 8) = (MyK(f), P.8) = (K(f), Myg) = (K(f), Mgg).
Since K(f) € L? _(D?) and Py : L*(D?,dV) — L2 (D?,dV), it follows that

harm harm
<K(f)’ Ma(g» = <K(f)9 PharmMa(g)> = <f’ K*PharmMa(g»
Therefore,
<B¢f’ g> = <f’ K*PharmMa(g» = <f’ B;ﬁ(g)>a

and we conclude that
B:; = K*PharmMa-

In general, BB, # By, for ¢, € L™(D?). We verify this by the subsequent example.
Example 2.7. Take ¢(z1,22) = ¥(z21,22) = z1. Then
BZ1B21(1) = BZ] (PLI%MZ1K(1))
= BZI (PLZMHK(eO,O))
= B, (P M, - (1))
= B, (P2(z1))
= P2M, K(z)).

It can be calculated from the previous definition that:

1 1
K@) = K(%) = 5K = V2z =1

Therefore, we can have

B.B.(1) = PzM,(Z)) = P;z(1a1) =

o

SESY

BZ%(I) = PLgMz%K(l) = PL(%(Z%) =Z1.
Thus, it follows that B, B,, # B,2.
Example 2.8. Take ¢(z1,z2) = z1 and Y(z1,22) = 2. We then obtain

B.,B; (1) = B; (P M K(1)) = P2 M K(P(z1))

9

1
Bz (1) = Bp(1) = P2 M, K(1) = P2(lzi ) = ok
Thl/tS, leBfl * BZ]Z]'
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Subsequently, we derive the matrix representation of H-Toeplitz operator B, with some
pluriharmonic symbol on L2(D?). We take

o0 [ee) (o) (o)
_ § § i § E == 2 2
¢(Z]’Z2) = ail,izzlllzlz2 + bjl,jzzllz22 € Lplurih(ID )

i1=0 i,=0 Jji=1 j2=1

For m,n € N U {0}, we obtain

B¢(€2m,2n) = PL5M¢K(€2m,2n) = PLqus(em,n) = T¢(€m,n),
By(eame12n41) = Pr2MyK(eami12n41) = Pr2My(@nrinet) = PrzMyJ D (enn) = H (€0),
By(eamr12n) = Pr2MyK(€ami120) = Pr2My(@net - €4) = P2MyJ P (€) = H? (e),
B¢(€2m,zn+1) = PL3M¢K(€2m,2n+1) = PL§M¢(€m : €n+1) = PL3M¢J(3)(€m,n) = H(3)(em,n)-

Therefore, it follows that

(Byean; 2ny> €mym? = (T€nyny> €mymy)

Vi +1 Vv +1
Vmy +1 Vmy + 1 .
= \/m1+1\/m2+1b
Vi + LT mp+1

0, otherwise,

mi—ny,my—ny» for mp = n and my = ny,

for my < n; and my < ny,

and

dnl 512,111,111

Tt + )+ 2)

1
<B¢62n1+1,2n2+1’ eml,m2> <H;§ )enl,np eml,m2>

ny+mp+1,np+mo+1-

_ Lny ny.my my a
(m1 +n; + 2)(m2 + 1)
Ty npmymy

T+ DmAm+2) "

_ (2)
<B¢62n1+1,2n2a eml,m2> - <H¢ em,nz, eml,mz> ni+mp+1,my—ny»

3

<B¢e2n1,2n2+1’ eml,m2> = <H;5 )enl,np eml,m2> my—ni,np+mp+1s

where my,my,ny,n, € N U {0}. Similarly, we take m;, n; as block indices and m,, n, as intra-block
indices, corresponding, respectively, to the rows and columns of every two-dimensional subblock. The
explicit expression for the matrix of B, under the orthonormal basis is presented below:

[Boo) Bo.ay Boa

Buoy Baayy Bao
B, =
* 7 |Beoy Bon Beo

Moreover, from the above inner product, it follows that each matrix block B is composed of one
Toeplitz operator and three Hankel-type operators. So it can be written as follows:

(2)
B Ty Hey
(x.y) 3) (1)
H(x,y) H(x,y)
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The matrix of its adjiont is given by

B?O,O) B?I,O) B?Z,O)
" BZﬁO,l) B?l,l) B?z,n
B¢ = . s « s
B<0,2> B(1,2> B<2,2>
where )
[ B ]* _ T(x,y) (H(x,y))
x| = (2) \* ) \+ |
(H(x,y)) (H(x,y))

Example 2.9. Take the symbol function ¢(z1,22) = 2325, whose coefficients satisfy ay, = 1 and all other
coefficients are zero. Following the truncation rule from the previous section, take indices x,y € {0, 1},
and we obtain the finite truncation block matrix

Boo) Bo.

» =

Baoy Ba.

According to the previous analysis, under this symbol only the subblocks corresponding to (x,y)=(0, 1)
and (1, 0) contain nonzero entries, hence B, and B, 1y are both zero matrices.

Computation shows that T o)), H((g,)n’ and H((g,)l) are all zero matrices, and only H(%,)l) is a non-zero
matrix. Thus,

1
0 0 " 0 3
B(()’]) = a | where H(O,l) = .
0 H(O,l) & 0
9 ]
Similarly, we have
2 V3]
0 0 " 0 —g/_
B(] 0 = , where H =
; (1) 10— 4
0 H(I,O) 5 0

Finally, the overall truncation matrix can be written as
0 o0
’ 0 H

0,1
0 0
0 H“)}

(1,0)

B¢:

In the subsequent theorem, we give the necessary and sufficient condition such that the H-Toeplitz
operator B is a co-isometry on L2(D?). A function f € L*(D?) is called co-analytic if f is analytic
on D?. A bounded linear operator T is co-isometric if and only if TT* = Iy, where Iy is the identity
operator on H.

AIMS Mathematics Volume 11, Issue 7, 23234-23261.



23249

Theorem 2.10. Let ¢ € L*(D?) be a co-analytic function. By is a co-isometry on L:(D?) if and only
iflgl = 1.

Proof. First, we prove the sufficiency. Let ¢ € L*(ID?) be a co-analytic function on D?. Then we have

ByBy(2'%y) = (PzMyK)(K" PrarmM5)(2)' 25

= PL§M¢PharrnM$(Z'1“Z;2

= P2 My Pran($(21, 22) 2,'25)

= P My($(z1,22) 7'y

= Pr2($(2122)8(21, 22) 7' 25?)

= PraMig, 00 (21'2°)

= Tiorp (21 23),
where ny,n, € N U {0}. As the polynomial set is dense in LZ(Dz), we can conclude that B¢BZ = Tigp-
Let |¢| = 1, and then BB, = T\ = I. This implies that B, is a co-isometry on L2(D?).

Next, we prove necessity. If By is a co-isometry on Lﬁ(Dz), then it follows that B¢B:; = . This is
equivalent to T',_j4p = 0, from which we deduce |¢| = 1. O

The following theorem provides a necessary and sufficient condition for an H-Toeplitz operator
to be a partial isometry on L2(D?). A bounded linear operator T is a partial isometry if and only if
TT"T =T.

Theorem 2.11. Let ¢ € L¥(D?) be a co-analytic function. By is a partial isometry on L2(D?) if and
only if §(z1,22) = 0 or |¢(z1,22)| = 1 for all (z1,2;) € D*.

Proof. First, we establish the sufficiency. By Theorem 2.10, if ¢(z,22) = 0 or |¢(z1,22)| = 1 for all
(z1,22) € D?, then By is a co-isometry. As we all know, every co-isometry is necessarily a partial
isometry. Therefore, By is a partial isometry.

For necessity, if By is a partial isometry, then by [15], we have ByB;B, = B;. By substituting
By = P;2M,K and B;; = K" Pharm M7 into the above formula, we can obtain

PL3M¢K = (PLEMqﬁK) ) (K*PharmMa) ) (PLquﬁK)
= Pz My( PramM5(P1z MyK))
= Pz My(¢ (P1;M,K))
= P(¢ ¢ (PzM,K)
= PzMyp Pz MoK
= Typ Pz MyK.
So, we have T\y2 By = By, i.e., (I = T\yp)By = (I — T\yp)T4K = 0. Especially, for n;,n, € N U {0}, based

on the parity combinations of n; and n,, we discuss the following four cases:
Case (1): If n; = 2p and n, = 2¢, we can obtain

([ — T|¢|2)T¢K(€2p’2q) = (I — T|¢|2)T¢(€p’q) = 0
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Case (2): If n; = 2p + 1 and n, = 2¢, we can obtain
(I = Tyyp)TyK(e2ps129) = (I = Tigp)Ty(€pe1 - €4) = 0
Case (3): If n; = 2p and n, = 2¢g + 1, we can obtain
(I = Tiyp)TyK(ezp2qe1) = (I = Tigp)Tylep - €qe1) = 0
Case (4): If ny =2p + 1 and n, = 2¢g + 1, we can obtain
(- T|¢|2)T¢K(€2p+1,2q+1) = - T|¢I2)T¢(% ) %) =0

Thus, T)_42 Ty = 0, and by [16], we have ¢(z;,22) = 0 or |¢(z1,z2)| = 1 for all (z1,22) € D?. O

Next, we give the definition of a diagonal operator on the bidisk. On the Bergman space of the
bidisk, an operator T is a diagonal operator if and only if for any (m, n), (p, q) € N2, if (m,n) # (p, q),
then(Te,,,, e,,) = 0. Based on the foregoing analysis, we establish that a non-zero H-Toeplitz operator
with some pluriharmonic symbol cannot be a diagonal operator acting on L(D?).

Theorem 2.12. Let ¢ be a pluriharmonic symbol and ¢ € L>
only if ¢ = 0.

Proof. The forward implication is trivial, so B, is a diagonal operator. Conversely, assume that By is a
diagonal operator if and only if for any (m, n), (p, g) € N>, when (m,n) # (p, q), then (Beyp,epq) =0
By substituting B; = P;2M,K into the above formula, we can obtain

h(]Dz). B, is a diagonal operator if and

‘pluri

(PraMyK(enn). €pg) = (MyK(enn), €pg) = ($K(€nn): €pq) = 0.

If m = 2k, n = 2/, then
K(exo) = exy = Vk+1 Vi+ 122},

Substituting into the above equation, and letting

8kipg = Vhk+1VI+1+p+1+/g+1,

we can get:

(¢ €kz,€pq>—<¢ VE+ IVI+ 1252, p+14g+ 127 Q>

i
= gk,l,p,q((z Z ail,izzllzz + Z Z b}l JZZI ZZ ZIZZ’ g Z2>

i1=0 i»=0 ]] 1]2 1
i\ +k _ir+l p+Jj +j
- gk”’q(z Za” B )+ Z th (&2, 'z 2>)
i1=0 =0 J1=1 ja=1
Vk+1Vi+1

ifp>kandg>1,

\/IT\/qTap—k,q—l,
\/](TW kplq,

0, otherwise.

if p<kandg <,
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If m =2k + 1, n = 2/, then
K(exr12) = €r1 - €= Vk+2 ‘/mzlfﬂzlz.

Similarly, substitute into the above formula, and letting

Mipg = VE+2 VI+1+/p+1+/g+1,

we can get:
(@ @1 e epg) = (¢ Vk+2VI+ 1772, \p+1g+12720)

(o) o0 (o] (o]
= iy i+l _p+k+l_g I _prji+k+1_g+ja
S NI A IO IR S

i1=0 i>=0 Jj1=1 jo=1

_ Vk+2VI+1\p+14g+1
- (p+k+2)(g+1)

Apik+1,q-1-

By the same method, if m = 2k, n = 21 + 1, then

VE+1VI+24\p+1+4/g+1
g+1+2)(p+1)

(¢ - (ex-e1)) =

Ap—k, q+l+1-

Ifm=2k+1,n=2]+1, then

VE+2 Vi+2+p+1+/g+1
g+1+2)k+p+2)

<¢ ' ek+l,l+1> = Aptk+1, g+i+1-

Since B, is a diagonal operator, then (P2 MyKe ., €4 = 0. The above cases imply that a;, ;, = 0 and
bj j, =0forall ij,i, > 0and j,, j, > 1. Therefore, ¢ = 0. O

3. Invariant subspaces and kernel spaces of H-Toeplitz operators

In this section, we study several invariant subspaces and kernel spaces associated with H-Toeplitz
operators on Lﬁ(Dz). For two fixed non-negative integers M; and M,, we define

Hym, = Span{z' 22 |0 < ky <2M), 0 < ky < 2M).

It is clear that Hy, 5, forms a closed subspace of L2(D?). The orthogonal complement Hiy oy, 18
defined as

Hiyu, = [f € LXD%.dV) [ (f. 2'25) =0, 0 < ki <2My, 0 < ky < 2M).

Before stating the theorem, we first present a lemma for the convenience of subsequent calculations.
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Lemma 3.1. We have s,t € N U {0}. In the bidisk Bergman space LE(D2), we compute:
Vp+14g+1

\/Zp +1 \/2(] +1
VP +1 V4 +2 —q+1

, ifs=2pandt=2q+1,
V2p+1+2q+2 R

Vp+ Vq+ —p+1 q

255 ifs=2p+1landt=12gq,
V2P +2 2+ 1 R

VP +24qg+2 Pz

7, , ifs=2p+landt=2q+1.
ri22qi2

Proof. 1f s = 2p and t = 2g, using

20 2 €2p2
7’z = o and  K(expog) = Vp + 1 g+ 122,

\/2p+1 \/2q+1

K@z = prlvet]

\/2p+1 \/2q+1

2z, if s=2pandt=12gq,

K(ziz) =

then

LI
2

If s=2pandt=2q+1,using

e
Z?ngqﬂ = 2p.2q+1 and K(ezp 2q+1) =P +1 \/q + 2Z ZgH,
\/Zp +1 \/26[ +2
2p 2q+1 Vp+14g+2 Pzt
K(z{"zy" ) = 712, -
\/2p +1 \/2q +2
Following the same line of reasoning, we can derive that if s = 2p + 1 and 7 = 2¢, then
K(Z2p+l 2q) — VP +2 vd +1 —p+1 q

N N T

then

andif s=2p+1landt=2q+1,

K( 2p+1 2q+l) — Vp +2 Vq +2 _p+1_q+1

Jri2ygi2

O

In fact, the following theorem demonstrates that this property remains invariant for H-Toeplitz
operators with co-analytic symbols.

Theorem 3.2. If

(9] (9]

W(z1,22) = Z Z a1, 7,78 € L2(DY),

=M L=M,

the subspace Hy, u, of L2(D?) is invariant under B,
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Proof. By Lemma 3.1, for any non-negative integers k; and k,, the operator K defined on L2(D?)
satisfies that:

2 Vkl Vk2 +1
Vkl Vk2 +3 71 L
o o |2V FT Ve + 1 ’
K(lezzz) —
Tz7,
2\/k1 \/k2 +1 2
Z,7 )
2\/1<1 \/k2 +1 2
Next, we consider integers iy, i and ky, k, such that M| < i; < 0o, M, < i, < ocoand 0 < ky < 2M,,

0 < k, < 2M,. Subsequently, we analyze the problem by considering separate cases.
If k; is even and k, is even, then

if k; is even and k, is even,

if k, is even and k&, is odd,

if k; 1s odd and k, is even,

if k; is odd and &, is odd.

Vki +2)(ks + 2) :

N CEDCED . )

Vi +2)(ky +2) 4 B 12)
SRR

(ke
32111;22 (Zl Z2 ) a Zl Zz (

= 2 Z
L“(2«/(k1+1)(k2+1> :
ki —2i Dk, — 21 2 ki ko )
(1 i )(2 27 ) ZZI 1Z222 2, 1fils%andizs%,
_ )2k + Dk + Dky + )k +2)

0, otherwise.

If k; is even and k; is odd, then

Vi +2)(ky +3) 4 -k22”+zz) ~0

B _i Zklzk :Pz( Z{ 44 %
ZIIZZZ( 1 2) La 2\/(1{1 + 1)(k2 ¥ 1) 1 12

If k; is odd and k; is even, then

ki +3)(ky +2 ﬂ vy R
B—i1—i2(Z]I1Z§2) — ( V(ki +3)(k, +2) _k 12222 lez) =0.
e 2N+ D+ D) !
If &, is odd and k; is odd, then
ki +3)(ky +3 ‘1“ +iy 24
BJ]—IZ(ZI Zz ’) = ( VG 9 +3) - 2, +2) =0.
2k + Dks + 1)
It is clear that the zero element must belong to the subspace Hy, , and
k k k k
31—11<51<M1, 52—12<§2<M2
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Therefore, for all iy, i, with M < i; < co, M, < i, < oo and for arbitrary ky, k; satisfying 0 < k; < 2M,,
0 <k, < 2M,, it follows that

BJ]JZ(ZI Z2 ) e HMI,M2'
If k; is even and k, is even, then
ki _k ki _ka
By(z,'z)’) = PaMyK(z)'2’)

NCEPICEIE kz)
=P.M e
& ‘”(2 NCERCES) R

V(ki +2)(ky +2) L2 2 5
_P“(Z Z T T Dl D 2 Zz)

=M L=M,
= Z Z ap, [2B11J2(Zl
=M h=M,

If &, is even and k; is odd, then

V(ki +2)(ky + 3) kl_kz”) IR ki _k
By,(7"'72) = P2 M, 72272 | = ay, 1, By (23 257
R e e R 21 2y,

If k; is odd and k; is even, then

[ [

3 Vki +3)(ky +2) _fait B ki _k
Bw(ZI Z2 =Py Mw(z Vky + Dk, + 1) 4 Z2 B Z Z all’lszllI;zz(Zl ZZZ

Lh=M; L=M,
If k; is odd and k; is odd, then
Vky +3)(ky +3) _ kl” b oS ki _k
By(2/'2y) = PpM, ') = a B (22
e L (2 Vki + D(ky + 1) 2 ) II:ZMI IQ:ZMQ 27l 2

Thus, we get that

(59 (59
kl k2 —_ kl kz
Blp(Zl Z2 ) - Z Z al[,lz lelléZ(Zl Z2 ) € HM[,MZ’

=M L=M,

forall 0 < k; < 2M,,0 < ky < 2M,. Therefore, for all f € Hy, m,, we have B, (f) € Hy, m,. This
implies that Hy, y, 1s invariant under By,. O

Theorem 3.3. If ¢(z1,22) = zl z2 , then the subspace Hyy, y, in L2(D?) is a reducing subspace for the

operator B, $(21.2)"

Proof. To prove that the subspace Hy, u, is a reducing subspace of the operator By _ .., it suffices to

show that both Hy, u, and H;; ,, are invariant subspaces of B, #(1.00) FAISE, We prove that Hyy, y, is an
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invariant subspace of B, Relying on Lemma 2.1, we get

#(z1,22)°
B*(m zz)(zl ZZ ) - K*M*PLZ(ZI ZZ )

= K Pram Mo 027 25)

_ K*Pharm(zl ZIZVIZZ]IIZ];Z)
(ky =My + 1)(ky = My + 1) 4, Mlzkz M

K :
ki + Dk + 1) 4

lfk1 > Ml and k2 > Mz,

(My —ky + D)(My —ky + 1) _py1 by =yt

K* ,
M+ DM, +1) 12

lfMl > kl and M, > kz,

(ki =My + 1)(M — ky + 1) k=M1 M

K* ,
ki + DM+ 1) 0 ©

ifky > M, and M, > k,,

(My —ky + 1)(ka = My + 1) _y,, klzkz M,

K*
M+ Do+ 1) ’

ifMl > k1 andkz > M,.

If kK, > M, and k, > M,, we can compute

*((kl - M + 1)(ky — M, + 1) Zkl—MIZkz—Mz)
(ki + D(ky + 1) b

_ (k1 — M + 1)(ky — M, + 1) K (=M o
(ki + D)(ky + 1) !

K

_ \/kl—M1+1\/k2—M2+1
- (ki + D(ky + 1)

K*(ekl—Ml,kz—Mz)

\/kl—Ml-i-l \/kz—Mz-Fl
(ki + D(ky + 1)

€2k -2M), 2ky—2M>

Vky — My + D(ky — My + 1) \Q2ky — 2M, + 1)(2k, — 2M, + 1) P2kim2My 220y
2

(k1 + D(ka + 1) “
Therefore, we get
@ ki kz) _ Vi = My + D)(ky — My + 1) N2k = 2M, + 1)2ky — 2M, + 1) 2k1 2M1Z2k2 2My
¢(Z1 )\ (kl + 1)(/{2 + 1)

If M| > k; and M, > k,, we can obtain

B () = VM, — ki + DM, — ko + 1) VM, — 2k))2M, — 2k,) 2Mi=2hi=1 2Ma-2k-
#(z1,22)\¢1 ©2 (M] + (M, + 1) 1 2

If k, > M, and M, > k,, we can obtain

gy = YEL =M+ DOL — o + 1) Ok = 28, + DOM: = 2K) aiy-2an ite-2t2-1
¢(z1 Zz) (kl + 1)(M2 + 1) ?
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If My > ky and k, > M,, we can obtain

. ko NMy =k + Dk — My + 1) V@M, = 2k))(2ky — 2M, + 1) 2M1 ~2ki-1 2ka-2My
B (z7i'zy)) = Z
d(z1,22)\*1 <2 (M] + 1)(k2+ 1) 2

We can observe that the exponents of z; and z; in both cases lie in 0 ~ 2M; and 0 ~ 2M,,
respectively. Thus, By (f) € Huy,u, for all f € Hy,p,. We conclude that the subspace Hy, v,

%k
is invariant under B H2)"

Next, we prove that Hj; ,, is also an invariant subspace of B,
we have

$(a1.0)- According to the definition of

1
HM[ My?

(f(z1,22), 222y =0 forall 0 < ky <2M,, 0 < ky < 2M>.

Then by computing the inner product of f(z;,z;) with the monomial zllzlf, we obtain, for any f €

Hy, 4, » Where f can be expressed as the orthogonal decomposition:

2M, 00
i1, i1, i1=J2
faw= Y, Zan SEADVDIR IS +ZZC~ #47
i1= 2M1+llz i1:0 i2:2M2+1 i1= 0]2
o o
=i i Siizi2
+ ZZdﬂ SEEDIPITNE Ly
J1=112=0 j1=1 ja=1

Moreover, by applying Lemmas 2.1 and 2.2, we obtain

B:;’(m Z2)(f)(zl ,22)
2M, I~

[ee] o0
_ i i i i i=Jj
= K" Pharm M, 12)( E E ai, 272 + E E bi, 222 + E E Cirjr2) 25

1= 2M1+1 = i1:O i2:2M2+1 i1:0 jz 1

=i i —jizj2
DWWIEESSWINEES
J1=1 =0 J1=1l j2=1
2M, 00

i1 oMM, i1 =M=
=K Pharm( Z Zan 0l 4% Lt E § bi ,21 2,2 Zz
1= 2M1+l = i1:O i2:2M2+1

[e9)

(o8] [ee) [e0)
i1zja=Mi— i1 =M~
Z Z Cirp21 % %) Zz + Z Z dj1 ) 2,7 Z2

i1=0 jr=1 j1=1i=0
(o] (o]
E =JizhasMizM>
e]l J2Z1 Zz Z1 Z2 )
J1=1j
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00 My—1
2i1—2M, 212 2M; 21| —-2M; _2M>-2ir—1
E E iy " A - Z) + E E Qi i, - B - 2
i1= 2M1+112 My 1= 2M1+l =
2M, oo Mi-1 0
2i1—-2M, 212 2M, 2M1 =2i1—1 _2i,-2M,
+ E E bii,*A- 7] + E E b, i, C- 2,
i1=Mj ir=2M»+1 i1=0 ir=2M>+1
Mi—1 o ) [
2M;-2i1—1 2M2+2]2 1 2i1—2My _2M>+2j,—1
+ E E Cirjp - D~ 24 2 + Cinjp E-2) &)
i1=0 jr=1 i1=M; jr=1
oo Mr—1
2M+2j—1 2M2 2ip—1 2M1+2]1 1 2i,-2M,
T § | E djlﬁiz'F' + d]llz' ’ 2
Ji=1 =0 J1=1i2=M>
2M1+2]1 1 2M2+2]2 1
+§ E ejj, H- 2 ’
J1=1 jo=1

where A—H are the corresponding coeflicients. For the case when i; > 2M; and i, > M,, we can verify

that (zz" M zg’z M zl‘zzz) = 0. Similarly, the inner products corresponding to the remaining terms

also vanish. It then follows that
(Byoon(f@1,22)), 2022) =0 forall 0 < ky <2M,, 0 < ky < 2M,.

Therefore, B, ,(f) € Hy, .- Since Hj, . is orthogonal to Hy, y, and by the definition of H;, ,, ,

the linear span of its basis elements is dense in Hy, - Since f s exactly a linear combination of these
basis elements, we have Span{ fl=H 1@ ., 80 the set of all such functions f is dense in Hlfll M,- Thus,
we have B Z2)( Mz) C Hy,, u,- Hence, Hy, u, is a reducing subspace of By _ .. O
Theorem 3.4. If
—m— 0 (T2
b@2) = ). D anaZ% € LD,
m=N| n=N,

where Ni, N, > 1 are arbitrary integers, then

2p+1 2g  2p_2q+1 2p+l 2g+1
Ker By = Span{z1 “(p<Nyorq<Ny), 27721, 2’5", 275" |p,q20}.

Proof. First, we show that every element of the spanning set lies in KerB. Let

2p+1 2 2p 2q+1 2p+1 _2qg+1
fespan{zl (P<Nl Orq<N2) Zp+ qu’ lezzq+ ) Z1p+ " |paq>0}

Then, let f = zfp zéq(p < N; or g < N,), and we compute that:

1
By(f) = PpMK(z'2") = P> My(273)
\/Zp +1 \/2q +1

V2p + 11 V2q+1 Pl D] 2 anaZiZ) ) =

m=N| n=N,
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Let f = z7”*'23%, and we compute that:

1
\/2p+2 \/2q+1

1
) V2p+2 \/2q+1 Z Zam"ZIZZ )& q)]

m=N| n=N,

By(f) = PpMyK(Z"' ") = PMy

Similarly, for f = 272", f = 2771237, we have By(f) = 0. So, f € KerB,.
Conversely, we assume that V f € Ker B, we have By(f) = 0 and

f=hi+h+fitfa forfi o fo fa € Ly(D),

where

(o8]
— 2p 2q
fi = Z Cap2g? %y s

P:9=0

2p+1 _2q
f2 - Z C2p+l 2¢21 2y s

P:q=0

0
_ E 2p 2q+1
f}’ - Czp,2q+lZ] Zz )

p.q=0

2p+1 _2q+1
f4— E C2p+1zq+1Z YR

P.q=0

It then follows that
PLg(DZ)M¢K(f1) + PLg(DZ)M¢K(fz) + PLg(DZ)M¢K(f3) + PLg(D2)M¢>K(f4) =0
Subsequently, we consider the index

Pizon MoK (f2) = P L£<D2>M¢K(Z Capr12g z?””ziq] 0.
P:q=0

Therefore, for all ij, j, > 0, we have

= - ay nC2p+l 2q —p+1 +m_j+n
<PL2M¢K(f2) zlz = E E <Zp 7, 77 > =0.
oA A pr2 g1t 2

Since the inner product contains the conjugate factor z} *! the inner product vanishes for all i, j, p, g >
0. This implies that the coefficients C,,.1,, are free of constraints. Consequently, f> is an arbitrary
linear combination of these monomials, i.e.,

2p+1
{P

f> € Span 2 p,q =0}
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Similarly,
fs € Span{z? 5" | p,q > 0)
and
fa € Span{z;”"' 37" | p,q > 0).

We have P22 MyK (f1) = 0. Therefore, for all i, j; > 0, we have

L O - mnC .
<PL§M¢K(f1), Z3Z£> mZ:] IZZ \/2pa+ 1 2\;22‘; = <Z1Z2, le+mZ£+ >

0.

By the orthogonality of monomials on the Bergman space, the inner product (z/z3, 21"z +"> # 0 if and
onlyif p=i+mand g = j+n. Forany p > N; and g > N,, we can always find i, j > O such that the
above equalities hold. This forces the corresponding coeflicients to satisfy

Czp,zq:O, VpZNl, QZNz.

In other words, all coeflicients with p > N, and g > N, are required to vanish. Thus f; only consists of
monomials zfp qu with p < N; or g < N,, which yields

fi eSpan{z%pz§q|p<N1 or g <N, p,qZO}.

So,
2 2p+1_2 2p 2qg+1 2p+1 _2g+1
fGSPan{zlp Y (p<Niorg<Ny), 27721, 275", 275" |p,61>0}

By the above proof, we obtain the mutual inclusion. Therefore,

Ker B; = Span {zl “(p<Nyorqg<Ny), 250, 250, 25 | pag > O}.

4. Conclusions

In this research, we investigated H-Toeplitz operators on L2(D?). Specifically, co-isometry, partial
isometry, diagonality, invariant subspaces, and kernel spaces of H-Toeplitz operators on L2(D?) were
characterized.
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