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Abstract: This paper investigated H-Toeplitz operators on the bidisk Bergman space L2
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necessary and sufficient conditions for such operators to be co-isometries and partial isometries. Then,
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Toeplitz operators.
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1. Introduction

Let T denote the boundary of the unit disk D in the complex plane C. The bidisk D2 and the torus
T2 are subsets of C2, defined as the Cartesian products of two copies of D and T, respectively. Hence,
the bidisk D2 is given by

D2 = {z = (z1, z2) : zi ∈ C, |zi| < 1, i = 1, 2}.

Let dV(z) be the normalized Lebesgue measure on D2, which is given by dV(z) = dA(z1)dA(z2). Let
L2(D2, dV) denote the space of all Lebesgue square-integrable functions on D2 with respect to the
measure dV . It is endowed with the inner product

⟨ f , g⟩ =
∫
D2

f (z)g(z) dV(z) for all f , g ∈ L2(D2, dV).

The Bergman space over the bidisk L2
a(D2), which is the collection of all analytic functions on D2

contained in L2(D2, dV), is formally expressed as

L2
a(D2) = { f ∈ L2(D2, dV) | f is analytic on D2}.
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Thus, the Bergman space over the bidisk L2
a(D2) is a closed subspace of L2(D2, dV). For non-negative

integers n1 and n2 , define

en1,n2(z) =
√

n1 + 1
√

n2 + 1 zn1
1 zn2

2 for all z = (z1, z2) ∈ D2.

Then {en1,n2}n1,n2≥0 forms an orthonormal basis for L2
a(D2). Furthermore, L2

a(D2) is a reproducing kernel
Hilbert space, whose reproducing kernel is expressed as

Kz(w) = K(z,w) =
1

(1 − z1w1)2

1
(1 − z2w2)2 for z = (z1, z2), w = (w1,w2) ∈ D2.

Accordingly, the normalized reproducing kernel kz(w) of L2
a(D2) takes the form

kz(w) =
Kz(w)
∥Kz∥

=
1 − |z1|

2

(1 − z1w1)2

1 − |z2|
2

(1 − z2w2)2 .

Let PL2
a

: L2(D2, dV) → L2
a(D2) denote the Bergman orthogonal projection. Since PL2

a
( f ) ∈ L2

a(D2) for
all f ∈ L2(D2, dV), by the reproducing kernel property, we have the following representation.

PL2
a
( f )(z) = ⟨PL2

a
f ,Kz⟩ = ⟨ f ,Kz⟩ =

∫
D2

f (w)Kz(w) dV(w) =
∫
D2

f (w)
(1 − w1z1)2(1 − w2z2)2 dV(w).

In particular, for f ∈ L2
a(D2, dV), we have

f (z) =
∫
D2

f (w)
(1 − w1z1)2(1 − w2z2)2 dV(w), z = (z1, z2) ∈ D2.

L∞(D2) denotes the Banach space consisting of all essentially bounded Lebesgue measurable functions
f on D2. Its norm is defined by

∥ f ∥∞ = ess sup
{
| f (z)| : z = (z1, z2) ∈ D2

}
.

Let L2
harm(D2) consist of all harmonic functions in L2(D2, dV). It can be expressed as

L2
harm(D2) =

{
f ∈ L2(D2, dV)

∣∣∣∣∣∣ ∂2 f
∂z1 ∂z̄1

+
∂2 f

∂z2 ∂z̄2
= 0

}
,

with z1 = x1 + iy1, z2 = x2 + iy2 being variables on the complex plane C, and f is a complex-valued
function on D2. Let

Pharm : L2(D2, dV)→ L2
harm(D2)

be the orthogonal projection from the space L2(D2, dV) to the space L2
harm(D2). For ϕ ∈ L∞(D2), the

multiplication operator Mϕ : L2(D2, dV)→ L2(D2, dV) is defined by

Mϕ( f ) = ϕ f for all f ∈ L2(D2, dV).

Mϕ is a bounded linear operator on L2(D, dV) and ∥Mϕ∥ = ∥ϕ∥∞. Motivated by the research in [1], we
first give the definitions of Toeplitz operators and Hankel-type operators on the bidisk.
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Definition 1.1. For ϕ ∈ L∞(D2), we define the Toeplitz operator Tϕ : L2
a(D2)→ L2

a(D2) by

Tϕ( f ) = PL2
a
(ϕ f ) for all f ∈ L2

a(D2).

Proposition 1.2. For ϕ ∈ L∞(D2), Tϕ is a bounded linear operator on L2
a(D2). In fact, we have

∥Tϕ∥ ≤ ∥ϕ∥∞.

Definition 1.3. For ϕ ∈ L∞(D2), the Hankel-type operators H(i)
ϕ : L2

a(D2)→ L2
a(D2) satisfy

H(i)
ϕ ( f ) = PL2

a
MϕJ(i)( f ), ∀ f ∈ L2

a(D2), i ∈ {1, 2, 3},

where the operator J(i) : L2
a(D2)→ L2(D2) is given by

J(1)(en1,n2) = J(en1) · J(en2),
J(2)(en1,n2) = J(en1) · en2 ,

J(3)(en1,n2) = en1 · J(en2)

for all non-negative integers n1, n2. The operator J : L2
a(D) → L2

a(D) is given by J(en) = en+1 for all
non-negative integers n.

Proposition 1.4. For ϕ ∈ L∞(D2), H(i)
ϕ is a bounded linear operator on L2

a(D2). In fact, we have

∥H(i)
ϕ ∥ ≤ ∥ϕ∥∞ · ∥J

(i)∥

and ∥J(i)∥ = 1 for each i = 1, 2, 3.

In the fields of operator theory and functional analysis, Toeplitz and Hankel operators occupy a
vital position as key research subjects. Motivated by the concepts of these operators, Arora and
Paliwal [2] initially put forward and explored the concept of H-Toeplitz operators on the Hardy
space. They characterized several important properties of H-Toeplitz operators, including partial
isometry, co-isometry, the Hilbert-Schmidt property, and hyponormality. Subsequently, Gupta and
Singh [1] extended the notion of H-Toeplitz operators to the Bergman space on the unit disk and
systematically investigated fundamental issues such as matrix representations and invariant subspaces
of such operators. Moreover, Kim and Lee [3, 4] studied the contractivity and expansivity of such
operators. Two years later, they extended their fundamental properties to the weighted Bergman space.
In recent years, scholars have also studied H-Toeplitz operators in the Dirichlet space [5] and the
Fock space [6].

In addition, Liang et al. [7] examined commutative properties of H-Toeplitz operators whose
symbols are quasi-homogeneous, while Ding and Chen [8] studied the product problem of H-
Toeplitz operators and Toeplitz operators. Furthermore, Lu [9] first examined the commutativity of
Toeplitz operators on the Bergman space of the bidisk. Thereafter, Lu and Zhang [10] explored the
commutativity of Hankel operators and Toeplitz operators on the Hardy space over the bidisk, while
Ding and Sun [11] inspected commuting Toeplitz operators on the same space. Meanwhile, Chen,
Izuchi, and Lee [12] studied the kernel structure of Toeplitz operators. Using Berezin symbols and
the Duhamel product, Garayev [13] investigated the invariant subspace problem for bounded linear
operators on the unit disk. Subsequently, Li, Zhao, and Ding [14] investigated problems associated
with invariant subspaces of Toeplitz operators on the Bergman space over the bidisk.
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Motivated by the aforementioned studies, in this paper, we mainly investigate the properties of H-
Toeplitz operators on L2

a(D2). In Section 2, we first give the matrix forms of Toeplitz operators and
Hankel-type operators on L2

a(D2). Afterward, we introduce the definition of H-Toeplitz operators on
D2 and further conduct a systematic study on the fundamental properties of such operators (e.g., co-
isometry, partial isometry, diagonality). In Section 3, we study several invariant subspaces and kernel
spaces associated with H-Toeplitz operators.

2. H-Toeplitz operators on the bidisk Bergman space L2
a(D2)

For this section, we first present the following lemmas, which will be used in the derivation of
subsequent conclusions.

Lemma 2.1. We have m1,m2, n1, n2 ∈ N∪{0}. In the harmonic Bergman space on the bidisk L2
harm(D2),

the following identities hold:

Pharm
(
zm1

1 zm2
2 zn1

1 zn2
2
)
=



(n1 − m1 + 1)(n2 − m2 + 1)
(n1 + 1)(n2 + 1)

zn1−m1
1 zn2−m2

2 , if n1 ≥ m1 and n2 ≥ m2,

(m1 − n1 + 1)(m2 − n2 + 1)
(m1 + 1)(m2 + 1)

zm1−n1
1 zm2−n2

2 , if n1 < m1 and n2 < m2,

(n1 − m1 + 1)(m2 − n2 + 1)
(n1 + 1)(m2 + 1)

zn1−m1
1 zm2−n2

2 , if n1 ≥ m1 and n2 < m2,

(m1 − n1 + 1)(n2 − m2 + 1)
(m1 + 1)(n2 + 1)

zm1−n1
1 zn2−m2

2 , if n1 < m1 and n2 ≥ m2.

Proof.
Case (1): When n1 ⩾ m1 and n2 ⩾ m2, we compute〈

Pharm(zm1
1 zm2

2 zn1
1 zn2

2 ), zk1
1 zk2

2

〉
=

〈
zm1

1 zm2
2 zn1

1 zn2
2 , zk1

1 zk2
2

〉
=

∫
D2

zm1
1 zm2

2 zn1
1 zn2

2 zk1
1 zk2

2 dV(z1, z2)

=

(∫
D

zm1+k1
1 zn1

1 dA(z1)
)
·

(∫
D

zm2+k2
2 zn2

2 dA(z2)
)

=


1

(n1 + 1)(n2 + 1)
, if k1 = n1 − m1 and k2 = n2 − m2,

0, otherwise,

=


(k1 + 1)(k2 + 1)
(n1 + 1)(n2 + 1)

〈
zk1

1 zk2
2 , zk1

1 zk2
2

〉
, if k1 = n1 − m1 and k2 = n2 − m2,

0, otherwise,

=

〈
(n1 − m1 + 1)(n2 − m2 + 1)

(n1 + 1)(n2 + 1)
zn1−m1

1 zn2−m2
2 , zk1

1 zk2
2

〉
.
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Furthermore, the inner product of Pharm
(
zm1

1 zm2
2 zn1

1 zn2
2
)

with zk1
1 zk2

2 , zk1
1 zk2

2 , and zk1
1 zk2

2 equals zero. Thus,
we have

Pharm
(
zm1

1 zm2
2 zn1

1 zn2
2
)
=

(n1 − m1 + 1)(n2 − m2 + 1)
(n1 + 1)(n2 + 1)

zn1−m1
1 zn2−m2

2 .

Case (2): When n1 < m1 and n2 < m2, repeating the procedure in Case (1) gives us〈
Pharm

(
zm1

1 zm2
2 zn1

1 zn2
2
)
, zk1

1 zk2
2

〉
=

〈
(m1 − n1 + 1)(m2 − n2 + 1)

(m1 + 1)(m2 + 1)
zm1−n1

1 zm2−n2
2 , zk1

1 zk2
2

〉
.

Therefore, we can obtain that

Pharm
(
zm1

1 zm2
2 zn1

1 zn2
2
)
=

(m1 − n1 + 1)(m2 − n2 + 1)
(m1 + 1)(m2 + 1)

zm1−n1
1 zm2−n2

2 .

Case (3): When n1 ≥ m1 and n2 < m2, by the same method, we can obtain

Pharm
(
zm1

1 zm2
2 zn1

1 zn2
2
)
=

(n1 − m1 + 1)(m2 − n2 + 1)
(n1 + 1)(m2 + 1)

zn1−m1
1 zm2−n2

2 .

Case (4): When m1 > n1 and m2 ≤ n2, we can obtain

Pharm
(
zm1

1 zm2
2 zn1

1 zn2
2
)
=

(m1 − n1 + 1)(n2 − m2 + 1)
(m1 + 1)(n2 + 1)

zm1−n1
1 zn2−m2

2 .

□

For the analytic case, we obtain the lemma below.

Lemma 2.2. We have m1,m2, n1, n2 ∈ N∪{0}. In the Bergman space on the bidisk L2
a(D2), the following

identities hold:
(a) 〈

zn1
1 zn2

2 , zm1
1 zm2

2

〉
=


1

(n1 + 1)(n2 + 1)
, if m1 = n1 and m2 = n2,

0, otherwise.

(b)

PL2
a

(
zm1

1 zm2
2 zn1

1 zn2
2
)
=


(n1 − m1 + 1)(n2 − m2 + 1)

(n1 + 1)(n2 + 1)
zn1−m1

1 zn2−m2
2 , if n1 ≥ m1 and n2 ≥ m2,

0, otherwise.

Let L2
plurih(D2) denote the space of pluriharmonic functions in L2(D2, dV). Equivalently, it can be

characterized as

L2
plurih(D2) :=

{
f ∈ L2(D2, dV)

∣∣∣∣ f ∈ C2(D2), f = h1 + h2, and h2(0, z2) ≡ 0, h2(z1, 0) ≡ 0
}
.

Moreover, any function f in L2
plurih(D2) satisfies

∂2 f
∂z j ∂z̄k

= 0
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for all j, k ∈ {1, 2}. Next, we determine the matrix representations of the Toeplitz operator Tϕ and
Hankel-type operator Hϕ on L2

a(D2) with some pluriharmonic symbol.
Let

ϕ(z1, z2) =
∞∑

i1=0

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

b j1, j2z
j1
1 z j2

2 ∈ L2
plurih(D2).

Subsequently, the (m1,m2) − (n1, n2) entry of the matrix form of Tϕ with respect to orthonormal basis
{en1,n2}n1,n2≥0 of L2

a(D2) is given by

⟨Tϕen1,n2 , em1,m2⟩ = ⟨PL2
a
(ϕ · en1,n2), em1,m2⟩ = ⟨ϕ · en1,n2 , em1,m2⟩

= cn1,n2,m1,m2

〈( ∞∑
i1=0

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

b j1, j2z
j1
1 z j2

2

)
zn1

1 zn2
2 , zm1

1 zm2
2

〉

= cn1,n2,m1,m2

( ∞∑
i1=0

∞∑
i2=0

ai1,i2⟨z
i1+n1
1 zi2+n2

2 , zm1
1 zm2

2 ⟩ +

∞∑
j1=1

∞∑
j2=1

b j1, j2⟨z
n1
1 zn2

2 , zm1+ j1
1 zm2+ j2

2 ⟩

)
,

where
cn1,n2,m1,m2 =

√
n1 + 1

√
n2 + 1

√
m1 + 1

√
m2 + 1.

Therefore, we consider three cases separately:
Case (1): If m1 ≥ n1 and m2 ≥ n2, then we have

⟨Tϕen1,n2 , em1,m2⟩ = cn1,n2,m1,m2

( ∞∑
i1=0

∞∑
i2=0

ai1,i2⟨z
i1+n1
1 zi2+n2

2 , zm1
1 zm2

2 ⟩
)

= cn1,n2,m1,m2 ·
1

(m1 + 1)(m2 + 1)
am1−n1,m2−n2

=

√
n1 + 1

√
n2 + 1

√
m1 + 1

√
m2 + 1

am1−n1,m2−n2 .

Case (2): If m1 < n1 and m2 < n2, then we also obtain

⟨Tϕen1,n2 , em1,m2⟩ =

√
m1 + 1

√
m2 + 1

√
n1 + 1

√
n2 + 1

bn1−m1,n2−m2 .

Case (3): If m1 ≥ n1 and m2 < n2, m1 < n1 and m2 ≥ n2. Similarly, we can directly calculate

⟨Tϕen1,n2 , em1,m2⟩ = 0.

Therefore, since m1, m2, n1, and n2 are non-negative intergers, we have

⟨Tϕen1,n2 , em1,m2⟩ =



√
n1 + 1

√
n2 + 1

√
m1 + 1

√
m2 + 1

am1−n1,m2−n2 , for m1 ≥ n1 and m2 ≥ n2,

√
m1 + 1

√
m2 + 1

√
n1 + 1

√
n2 + 1

bn1−m1,n2−m2 , for m1 < n1 and m2 < n2,

0, otherwise.
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Next, we partition the above inner product with two sets of indices: m1, n1 and m2, n2. We take
m1, n1 as block indices and m2, n2 as intra-block indices, which correspond to the rows and columns of
each two-dimensional subblock. Accordingly, we have

Tϕ =


T(0,0) T(0,1) T(0,2) · · ·

T(1,0) T(1,1) T(1,2) · · ·

T(2,0) T(2,1) T(2,2) · · ·
...

...
...

. . .

 ,
where each subblock T(m1,n1) is a two-dimensional matrix indexed by m2 and n2. We then classify these
subblocks into three types. When m1 = n1, the general formula of the diagonal blocks is given by:

[Tm1,n1]m2,n2 =


√

n2 + 1
√

m2 + 1
a0,m2−n2 , for m2 ≥ n2,

0, for m2 < n2.

It follows that the diagonal elements are determined solely by the analytical coefficients of the symbols
and are always lower-triangular matrices. Its matrix form can be expressed as:

T(m1,n1) =



a0,0 0 0 · · ·√
1
2

a0,1 a0,0 0 · · ·√
1
3

a0,2

√
2
3

a0,1 a0,0 · · ·

...
...

...
. . .


.

When m1 > n1, the general formula of the lower-triangular blocks can be expressed as:

[Tm1,n1]m2,n2 =


√

n1 + 1
√

n2 + 1
√

m1 + 1
√

m2 + 1
am1−n1,m2−n2 , for m2 ≥ n2,

0, for m2 < n2.

It can be seen that these subblocks are also generated by analytical coefficients and retain a lower-
triangular matrix structure. Its matrix form can be expressed as:

T(m1,n1) =



√
n1 + 1
m1 + 1

an1−m1,0 0 0 · · ·

1
√

2

√
n1 + 1
m1 + 1

an1−m1,1

√
n1 + 1
m1 + 1

an1−m1,0 0 · · ·

1
√

3

√
n1 + 1
m1 + 1

an1−m1,2

√
2
√

3

√
n1 + 1
m1 + 1

an1−m1,1

√
n1 + 1
m1 + 1

an1−m1,0 · · ·

...
...

...
. . .


.
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When m1 < n1, the general formula of the upper-triangular blocks can be expressed as:

[Tm1,n1]m2,n2 =


√

m1 + 1
√

m2 + 1
√

n1 + 1
√

n2 + 1
bn1−m1,n2−m2 , for m2 < n2,

0, for m2 ≥ n2.

Unlike the previous two types of subblocks, this type of subblock is uniquely determined by the anti-
analytic coefficients and is a strictly upper-triangular matrix. Its matrix form can be expressed as:

T(m1,n1) =



0
1
√

2

√
m1 + 1
n1 + 1

bn1−m1,1
1
√

3

√
m1 + 1
n1 + 1

bn1−m1,2 · · ·

0 0

√
2
√

3

√
m1 + 1
n1 + 1

bn1−m1,1 · · ·

0 0 0 · · ·

...
...

...
. . .


.

Meanwhile, the adjoint matrix of Tϕ is expressed as

T ∗ϕ =



T ∗(0,0) T ∗(1,0) T ∗(2,0) · · ·

T ∗(0,1) T ∗(1,1) T ∗(2,1) · · ·

T ∗(0,2) T ∗(1,2) T ∗(2,2) · · ·

...
...

...
. . .


.

This corresponds exactly to the matrix of Tϕ, hence T ∗ϕ = Tϕ.

Example 2.3. Take the symbol function ϕ(z1, z2) = z1+z2, whose coefficients satisfy a1,0=1 and b0,1=1,
and all other coefficients are zero. Since the structure of the bidisk is relatively complex, to better reveal
the properties of the matrix blocks, we perform a finite truncation with indices m1, n1,m2, n2 ∈ {0, 1}
and obtain the truncated matrix. The operator Tϕ is expressed in block form as

Tϕ =

T(0,0) T(0,1)

T(1,0) T(1,1)

 .
Through calculation, we find that the subblocks T(0,0), T(0,1), and T(1,1) are all zero matrices. Substituting
m1 = 1, n1 = 0, and a1,0 = 1 into the formula, we obtain

T(1,0) =


1
√

2
0

0
1
√

2

 .
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Combining all subblocks, the complete truncated matrix is given by

Tϕ =



0 0 0 0

0 0 0 0

1
√

2
0 0 0

0
1
√

2
0 0


.

Next, we derive the matrix forms of the three types of Hankel-type operators having some
pluriharmonic symbol. We have

ϕ(z1, z2) =
∞∑

i1=0

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

b j1, j2z
j1
1 z j2

2 ∈ L2
plurih(D2).

Then, the (m1,m2) − (n1, n2) entry of the matrix form of H(1)
ϕ with respect to the orthonormal basis is

given by:

⟨H(1)
ϕ en1,n2 , em1,m2⟩ = ⟨PL2

a
MϕJ(1)en1,n2 , em1,m2⟩ = ⟨MϕJ(1)en1,n2 , em1,m2⟩

=
〈
ϕ ·

√
n1 + 2

√
n2 + 2 zn1+1

1 zn2+1
2 ,

√
m1 + 1

√
m2 + 1 zm1

1 zm2
2

〉
= dn1,n2,m1,m2

〈( ∞∑
i1=0

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

b j1, j2z
j1
1 z j2

2

)
zn1+1

1 zn2+1
2 , zm1

1 zm2
2

〉

= dn1,n2,m1,m2

( ∞∑
i1=0

∞∑
i2=0

ai1,i2⟨z
i1
1 zi2

2 , zm1+n1+1
1 zm2+n2+1

2 ⟩ +

∞∑
j1=1

∞∑
j2=1

b j1, j2⟨z
n1+ j1+1
1 zn2+ j2+1

2 , zm1
1 zm2

2 ⟩

)

=
dn1,n2,m1,m2

(m1 + n1 + 2)(m2 + n2 + 2)
an1+m1+1, n2+m2+1,

where
dn1,n2,m1,m2 =

√
n1 + 2

√
n2 + 2

√
m1 + 1

√
m2 + 1.

Subsequently, using the same method, we compute the entries of the matrix forms of H(2)
ϕ and H(3)

ϕ with
respect to the orthonormal basis.

⟨H(2)
ϕ en1,n2 , em1,m2⟩ =

ln1,n2,m1,m2

(m1 + n1 + 2)(m2 + 1)
an1+m1+1,m2−n2 ,

⟨H(3)
ϕ en1,n2 , em1,m2⟩ =

rn1,n2,m1,m2

(m1 + 1)(m2 + n2 + 2)
am1−n1,m2+n2+1,

where

ln1,n2,m1,m2 =
√

m1 + 1
√

m2 + 1
√

n1 + 2
√

n2 + 1,

rn1,n2,m1,m2 =
√

m1 + 1
√

m2 + 1
√

n1 + 1
√

n2 + 2.
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Similarly, the matrix form of H(i)
ϕ (i = 1, 2, 3) on the bidisk is a four-dimensional infinite block

matrix, where each block corresponds to a two-dimensional infinite matrix. So, we have

H(i)
ϕ =



H(i)
(0,0) H(i)

(0,1) H(i)
(0,2) · · ·

H(i)
(1,0) H(i)

(1,1) H(i)
(1,2) · · ·

H(i)
(2,0) H(i)

(2,1) H(i)
(2,2) · · ·

...
...

...
. . .


(i = 1, 2, 3),

and the general formulas for H(1)
ϕ , H(2)

ϕ , and H(3)
ϕ are given as follows:

[H(1)
ϕ ](m1,m2),(n1,n2) =

dn1,n2,m1,m2

(m1 + n1 + 2)(m2 + n2 + 2)
an1+m1+1, n2+m2+1,

[H(2)
ϕ ](m1,m2),(n1,n2) =

ln1,n2,m1,m2

(m1 + n1 + 2)(m2 + 1)
an1+m1+1,m2−n2 ,

[H(3)
ϕ ](m1,m2),(n1,n2) =

rn1,n2,m1,m2

(m1 + 1)(m2 + n2 + 2)
am1−n1, n2+m2+1.

From this, it can be seen that [H(1)
(m1,n1)]m2,n2 is a dense matrix. Its matrix form can be expressed as:

H(1)
(m1,n1) = s



√
2

2
an1+m1+1,1

√
3

3
an1+m1+1,2 · · ·

2
3

an1+m1+1,2

√
6

4
an1+m1+1,3 · · ·

...
...

...
. . .


,

where

s =
√

m1 + 1
√

n1 + 2
m1 + n1 + 2

.

[H(2)
(m1,n1)]m2,n2 is a lower-triangular matrix. Its matrix form can be expressed as:

H(2)
(m1,n1) = s



an1+m1+1, 0 0 0 · · ·

1
√

2
an1+m1+1, 1 an1+m1+1, 0 0 · · ·

1
√

3
an1+m1+1, 2

√
2
√

3
an1+m1+1, 1 an1+m1+1, 0 · · ·

...
...

...
. . .


.

[H(3)
(m1,n1)]m2,n2 is a dense matrix. Its matrix form can be expressed as:

H(3)
(m1,n1) = t



√
2

2
am1−n1, 1

√
3

3
am1−n1, 2 · · ·

2
3

am1−n1, 2

√
6

4
am1−n1, 3 · · ·

...
...

...
. . .


,
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where

t =
√

n1 + 1
√

m1 + 1
.

Example 2.4. Take the symbol function ϕ(z1, z2) = z2
1z2

2, whose coefficients satisfy a2,2 = 1 and ai1,i2 = 0
otherwise. From the non-zero condition, we have n1 + m1 = 1 and n2 + m2 = 1. Therefore, only the
subblocks corresponding to (m1, n1) = (0, 1) and (1, 0) are non-zero, and all other outer subblocks are
zero matrices. For the subblock H(1)

(0,1), its explicit form is computed as

H(1)
(0,1) =



0
1
3

0 0 · · ·

2
√

3
9

0 0 0 · · ·

0 0 0 0 · · ·

...
...

...
...

. . .


.

Similarly, the subblock H(1)
(1,0) is given by

H(1)
(1,0) =



0
2
√

3
9

0 0 · · ·

4
9

0 0 0 · · ·

0 0 0 0 · · ·

...
...

...
...

. . .


.

Consequently, the overall block matrix can be written as

H(1)
ϕ =



0 H(1)
(0,1) 0 · · ·

H(1)
(1,0) 0 0 · · ·

0 0 0 · · ·

...
...

...
. . .


.

With a view to defining the notion of H-Toeplitz operators on L2
a(D2), we consider the operator

K : L2
a(D2)→ L2

harm(D2) satisfying the tensor product property

K
(
em,n(z1, z2)

)
= K

(
em(z1)

)
· K

(
en(z2)

)
,

which is defined by

K(e2m,2n(z1, z2)) = em,n(z1, z2) =
√

m + 1
√

n + 1 zm
1 zn

2,

K(e2m+1,2n(z1, z2)) = em+1(z1) · en(z2) =
√

m + 2
√

n + 1 zm+1
1 zn

2,

K(e2m,2n+1(z1, z2)) = em(z1) · en+1(z2) =
√

m + 1
√

n + 2 zm
1 zn+1

2 ,

K(e2m+1,2n+1(z1, z2)) = em+1(z1) · en+1(z2) =
√

m + 2
√

n + 2 zm+1
1 zn+1

2
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for all m, n ≥ 0 and z1, z2 ∈ D
2. It is easy to check that the operator K is bounded linear on L2

a(D2) with
∥K∥ = 1. Furthermore, we show the adjoint operator K∗ of operator K:

K∗
(
em,n(z1, z2)

)
= e2m,2n(z1, z2) =

√
2m + 1

√
2n + 1 z2m

1 z2n
2 ,

K∗
(
em+1(z1) · en(z2)

)
= e2m+1,2n(z1, z2) =

√
2m + 2

√
2n + 1 z2m+1

1 z2n
2 ,

K∗
(
em(z1) · en+1(z2)

)
= e2m,2n+1(z1, z2) =

√
2m + 1

√
2n + 2 z2m

1 z2n+1
2 ,

K∗
(
em+1(z1) · en+1(z2)

)
= e2m+1,2n+1(z1, z2) =

√
2m + 2

√
2n + 2 z2m+1

1 z2n+1
2 .

Thus, based on the definitions of K and K∗, we have

KK∗
(
em,n(z1, z2)

)
= K

(
e2m,2n(z1, z2)

)
= em,n(z1, z2),

KK∗
(
em+1(z1) · en(z2)

)
= K

(
e2m+1,2n(z1, z2)

)
= em+1(z1) · en(z2),

KK∗
(
em(z1) · en+1(z2)

)
= K

(
e2m,2n+1(z1, z2)

)
= em(z1) · en+1(z2),

KK∗
(
em+1(z1) · en+1(z2)

)
= K

(
e2m+1,2n+1(z1, z2)

)
= em+1(z1) · en+1(z2).

Also,

K∗K(e2m,2n(z1, z2)) = K∗(em,n(z1, z2)) = e2m,2n(z1, z2),

K∗K(e2m+1,2n(z1, z2)) = K∗
(
em+1(z1) · en(z2)

)
= e2m+1,2n(z1, z2),

K∗K(e2m,2n+1(z1, z2)) = K∗
(
em(z1) · en+1(z2)

)
= e2m,2n+1(z1, z2),

K∗K(e2m+1,2n+1(z1, z2)) = K∗
(
em+1(z1) · en+1(z2)

)
= e2m+1,2n+1(z1, z2).

Therefore, we have K∗K = IL2
a(D2) and KK∗ = IL2

harm(D2), and it follows that K is a unitary operator. Next,
we introduce the H-Toeplitz operator on L2

a(D2).

Definition 2.5. For ϕ ∈ L∞(D2), we define the H-Toeplitz operator Bϕ : L2
a(D2)→ L2

a(D2) by

Bϕ( f ) = PL2
a
MϕK( f ) for all f ∈ L2

a(D2).

The next proposition illustrates several fundamental properties of the H-Toeplitz operator Bϕ on
L2

a(D2).

Proposition 2.6. For ϕ, ψ ∈ L∞(D2), the operator Bϕ satisfies the following:
(i) Bϕ is a bounded linear operator on L2

a(D2) with ∥Bϕ∥ ≤ ∥ϕ∥∞.

(ii) For any scalar α and β, it holds that Bαϕ+βψ = αBϕ + βBψ.
(iii) The adjoint of H-Toeplitz operator Bϕ is given by B∗ϕ = K∗PharmMϕ.

Proof.
(i):

∥Bϕ∥ = sup
∥ f ∥=1

∥∥∥PL2
a
MϕK( f )

∥∥∥ ≤ sup
∥ f ∥=1
∥Mϕ∥ ∥K( f )∥ = ∥ϕ∥∞ sup

∥ f ∥=1
∥K( f )∥ = ∥ϕ∥∞.

Therefore,

∥Bϕ∥ ≤ ∥ϕ∥∞.
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(ii): For any f ∈ L2
a(D2), we have

Bαϕ+βψ( f ) = PL2
a
Mαϕ+βψK( f ) = αPL2

a
MϕK( f ) + βPL2

a
MψK( f ) = αBϕ( f ) + βBψ( f ).

Therefore,
Bαϕ+βψ( f ) = αBϕ( f ) + βBψ( f ).

(iii):
⟨Bϕ f , g⟩ = ⟨MϕK( f ), P∗L2

a
g⟩ = ⟨K( f ), M∗ϕg⟩ = ⟨K( f ), Mϕg⟩.

Since K( f ) ∈ L2
harm(D2) and Pharm : L2(D2, dV)→ L2

harm(D2, dV), it follows that

⟨K( f ), Mϕ(g)⟩ = ⟨K( f ), PharmMϕ(g)⟩ = ⟨ f , K∗PharmMϕ(g)⟩.

Therefore,
⟨Bϕ f , g⟩ = ⟨ f , K∗PharmMϕ(g)⟩ = ⟨ f , B∗ϕ(g)⟩,

and we conclude that
B∗ϕ = K∗PharmMϕ.

□

In general, BϕBψ , Bϕψ for ϕ, ψ ∈ L∞(D2). We verify this by the subsequent example.

Example 2.7. Take ϕ(z1, z2) = ψ(z1, z2) = z1. Then

Bz1 Bz1(1) = Bz1

(
PL2

a
Mz1 K(1)

)
= Bz1

(
PL2

a
Mz1 K(e0,0)

)
= Bz1

(
PL2

a
Mz1 · (1)

)
= Bz1

(
PL2

a
(z1)

)
= PL2

a
Mz1 K(z1).

It can be calculated from the previous definition that:

K(z1) = K
(

e1,0
√

2

)
=

1
√

2
K(e1,0) =

1
√

2
·
√

2 z1 = z1.

Therefore, we can have

Bz1 Bz1(1) = PL2
a
Mz1(z1) = PL2

a
(|z1|

2) =
1
2
,

Bz2
1
(1) = PL2

a
Mz2

1
K(1) = PL2

a
(z2

1) = z2
1.

Thus, it follows that Bz1 Bz1 , Bz12 .

Example 2.8. Take ϕ(z1, z2) = z1 and ψ(z1, z2) = z1. We then obtain

Bz1 Bz1(1) = Bz1

(
PL2

a
Mz1 K(1)

)
= PL2

a
Mz1 K

(
PL2

a
(z1)

)
= 0,

Bz1z1(1) = B|z1 |2(1) = PL2
a
M|z1 |2 K(1) = PL2

a
(|z1|

2) =
1
2
.

Thus, Bz1 Bz1 , Bz1z1 .
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Subsequently, we derive the matrix representation of H-Toeplitz operator Bϕ with some
pluriharmonic symbol on L2

a(D2). We take

ϕ(z1, z2) =
∞∑

i1=0

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

b j1, j2z
j1
1 z j2

2 ∈ L2
plurih(D2).

For m, n ∈ N ∪ {0}, we obtain

Bϕ(e2m,2n) = PL2
a
MϕK(e2m,2n) = PL2

a
Mϕ(em,n) = Tϕ(em,n),

Bϕ(e2m+1,2n+1) = PL2
a
MϕK(e2m+1,2n+1) = PL2

a
Mϕ

(
em+1,n+1

)
= PL2

a
MϕJ(1)(em,n) = H(1)(em,n),

Bϕ(e2m+1,2n) = PL2
a
MϕK(e2m+1,2n) = PL2

a
Mϕ

(
em+1 · en

)
= PL2

a
MϕJ(2)(em,n) = H(2)(em,n),

Bϕ(e2m,2n+1) = PL2
a
MϕK(e2m,2n+1) = PL2

a
Mϕ

(
em · en+1

)
= PL2

a
MϕJ(3)(em,n) = H(3)(em,n).

Therefore, it follows that

⟨Bϕe2n1,2n2 , em1,m2⟩ = ⟨Tϕen1,n2 , em1,m2⟩

=



√
n1 + 1

√
n2 + 1

√
m1 + 1

√
m2 + 1

am1−n1,m2−n2 , for m1 ≥ n1 and m2 ≥ n2,

√
m1 + 1

√
m2 + 1

√
n1 + 1

√
n2 + 1

bn1−m1, n2−m2 , for m1 < n1 and m2 < n2,

0, otherwise,

and

⟨Bϕe2n1+1,2n2+1, em1,m2⟩ = ⟨H
(1)
ϕ en1,n2 , em1,m2⟩ =

dn1,n2,m1,m2

(m1 + n1 + 2)(m2 + n2 + 2)
an1+m1+1, n2+m2+1,

⟨Bϕe2n1+1,2n2 , em1,m2⟩ = ⟨H
(2)
ϕ en1,n2 , em1,m2⟩ =

ln1,n2,m1,m2

(m1 + n1 + 2)(m2 + 1)
an1+m1+1,m2−n2 ,

⟨Bϕe2n1,2n2+1, em1,m2⟩ = ⟨H
(3)
ϕ en1,n2 , em1,m2⟩ =

rn1,n2,m1,m2

(m1 + 1)(m2 + n2 + 2)
am1−n1, n2+m2+1,

where m1,m2, n1, n2 ∈ N ∪ {0}. Similarly, we take m1, n1 as block indices and m2, n2 as intra-block
indices, corresponding, respectively, to the rows and columns of every two-dimensional subblock. The
explicit expression for the matrix of Bϕ under the orthonormal basis is presented below:

Bϕ =



B(0,0) B(0,1) B(0,2) · · ·

B(1,0) B(1,1) B(1,2) · · ·

B(2,0) B(2,1) B(2,2) · · ·

...
...

...
. . .


.

Moreover, from the above inner product, it follows that each matrix block B is composed of one
Toeplitz operator and three Hankel-type operators. So it can be written as follows:

B(x,y) =

T(x,y) H(2)
(x,y)

H(3)
(x,y) H(1)

(x,y)

 .
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The matrix of its adjiont is given by

B∗ϕ =



B∗(0,0) B∗(1,0) B∗(2,0) · · ·

B∗(0,1) B∗(1,1) B∗(2,1) · · ·

B∗(0,2) B∗(1,2) B∗(2,2) · · ·

...
...

...
. . .


,

where [
B(x,y)

]∗
=

 T ∗(x,y)
(
H(3)

(x,y)
)∗(

H(2)
(x,y)

)∗ (
H(1)

(x,y)
)∗
 .

Example 2.9. Take the symbol function ϕ(z1, z2) = z2
1z2

2, whose coefficients satisfy a2,2 = 1 and all other
coefficients are zero. Following the truncation rule from the previous section, take indices x, y ∈ {0, 1},
and we obtain the finite truncation block matrix

Bϕ =

B(0,0) B(0,1)

B(1,0) B(1,1)

 .
According to the previous analysis, under this symbol only the subblocks corresponding to (x, y)= (0, 1)
and (1, 0) contain nonzero entries, hence B(0,0) and B(1,1) are both zero matrices.

Computation shows that T(0,1), H(2)
(0,1), and H(3)

(0,1) are all zero matrices, and only H(1)
(0,1) is a non-zero

matrix. Thus,

B(0,1) =

0 0

0 H(1)
(0,1)

 , where H(1)
(0,1) =


0

1
3

2
√

3
9

0

 .
Similarly, we have

B(1,0) =

0 0

0 H(1)
(1,0)

 , where H(1)
(1,0) =


0

2
√

3
9

4
9

0

 .
Finally, the overall truncation matrix can be written as

Bϕ =


0

0 0

0 H(1)
(0,1)

0 0

0 H(1)
(1,0)

 0


.

In the subsequent theorem, we give the necessary and sufficient condition such that the H-Toeplitz
operator Bϕ is a co-isometry on L2

a(D2). A function f ∈ L2(D2) is called co-analytic if f is analytic
on D2. A bounded linear operator T is co-isometric if and only if TT ∗ = IH, where IH is the identity
operator on H.
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Theorem 2.10. Let ϕ ∈ L∞(D2) be a co-analytic function. Bϕ is a co-isometry on L2
a(D2) if and only

if |ϕ| = 1.

Proof. First, we prove the sufficiency. Let ϕ ∈ L∞(D2) be a co-analytic function on D2. Then we have

BϕB∗ϕ(z
n1
1 zn2

2 ) = (PL2
a
MϕK)(K∗PharmMϕ)(z

n1
1 zn2

2 )

= PL2
a
MϕPharmMϕ(z

n1
1 zn2

2 )

= PL2
a
MϕPharm

(
ϕ(z1, z2) zn1

1 zn2
2
)

= PL2
a
Mϕ

(
ϕ(z1, z2) zn1

1 zn2
2
)

= PL2
a

(
ϕ(z1z2)ϕ(z1, z2) zn1

1 zn2
2
)

= PL2
a
M|ϕ(z1,z2)|2(z

n1
1 zn2

2 )
= T |ϕ(z1,z2)|2(z

n1
1 zn2

2 ),

where n1, n2 ∈ N ∪ {0}. As the polynomial set is dense in L2
a(D2), we can conclude that BϕB∗ϕ = T |ϕ|2 .

Let |ϕ| = 1, and then BϕB∗ϕ = T1 = I. This implies that Bϕ is a co-isometry on L2
a(D2).

Next, we prove necessity. If Bϕ is a co-isometry on L2
a(D2), then it follows that BϕB∗ϕ = I. This is

equivalent to T1−|ϕ|2 = 0, from which we deduce |ϕ| = 1. □

The following theorem provides a necessary and sufficient condition for an H-Toeplitz operator
to be a partial isometry on L2

a(D2). A bounded linear operator T is a partial isometry if and only if
TT ∗T = T .

Theorem 2.11. Let ϕ ∈ L∞(D2) be a co-analytic function. Bϕ is a partial isometry on L2
a(D2) if and

only if ϕ(z1, z2) = 0 or |ϕ(z1, z2)| = 1 for all (z1, z2) ∈ D2.

Proof. First, we establish the sufficiency. By Theorem 2.10, if ϕ(z1, z2) = 0 or |ϕ(z1, z2)| = 1 for all
(z1, z2) ∈ D2, then Bϕ is a co-isometry. As we all know, every co-isometry is necessarily a partial
isometry. Therefore, Bϕ is a partial isometry.

For necessity, if Bϕ is a partial isometry, then by [15], we have BϕB∗ϕBϕ = Bϕ. By substituting
Bϕ = PL2

a
MϕK and B∗ϕ = K∗PharmMϕ into the above formula, we can obtain

PL2
a
MϕK =

(
PL2

a
MϕK

)
·
(
K∗PharmMϕ

)
·
(
PL2

a
MϕK

)
= PL2

a
Mϕ

(
PharmMϕ

(
PL2

a
MϕK

))
= PL2

a
Mϕ

(
ϕ (PL2

a
MϕK)

)
= PL2

a

(
ϕ ϕ (PL2

a
MϕK)

)
= PL2

a
M|ϕ|2 PL2

a
MϕK

= T |ϕ|2 PL2
a
MϕK.

So, we have T |ϕ|2 Bϕ = Bϕ, i.e.,
(
I − T |ϕ|2

)
Bϕ =

(
I − T |ϕ|2

)
TϕK = 0. Especially, for n1, n2 ∈ N ∪ {0}, based

on the parity combinations of n1 and n2, we discuss the following four cases:
Case (1): If n1 = 2p and n2 = 2q, we can obtain(

I − T |ϕ|2
)
TϕK(e2p,2q) =

(
I − T |ϕ|2

)
Tϕ(ep,q) = 0.
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Case (2): If n1 = 2p + 1 and n2 = 2q, we can obtain(
I − T |ϕ|2

)
TϕK(e2p+1,2q) =

(
I − T |ϕ|2

)
Tϕ

(
ep+1 · eq

)
= 0.

Case (3): If n1 = 2p and n2 = 2q + 1, we can obtain(
I − T |ϕ|2

)
TϕK(e2p,2q+1) =

(
I − T |ϕ|2

)
Tϕ(ep · eq+1) = 0.

Case (4): If n1 = 2p + 1 and n2 = 2q + 1, we can obtain(
I − T |ϕ|2

)
TϕK(e2p+1,2q+1) =

(
I − T |ϕ|2

)
Tϕ

(
ep+1 · eq+1

)
= 0.

Thus, T1−|ϕ|2Tϕ = 0, and by [16], we have ϕ(z1, z2) = 0 or |ϕ(z1, z2)| = 1 for all (z1, z2) ∈ D2. □

Next, we give the definition of a diagonal operator on the bidisk. On the Bergman space of the
bidisk, an operator T is a diagonal operator if and only if for any (m, n), (p, q) ∈ N2, if (m, n) , (p, q),
then ⟨Tem,n, ep,q⟩ = 0. Based on the foregoing analysis, we establish that a non-zero H-Toeplitz operator
with some pluriharmonic symbol cannot be a diagonal operator acting on L2

a(D2).

Theorem 2.12. Let ϕ be a pluriharmonic symbol and ϕ ∈ L2
plurih(D2). Bϕ is a diagonal operator if and

only if ϕ ≡ 0.

Proof. The forward implication is trivial, so Bϕ is a diagonal operator. Conversely, assume that Bϕ is a
diagonal operator if and only if for any (m, n), (p, q) ∈ N2, when (m, n) , (p, q), then ⟨Bem,n, ep,q⟩ = 0.
By substituting Bϕ = PL2

a
MϕK into the above formula, we can obtain〈

PL2
a
MϕK(em,n), ep,q

〉
=

〈
MϕK(em,n), ep,q

〉
=

〈
ϕK(em,n), ep,q

〉
= 0.

If m = 2k, n = 2l, then
K(e2k,2l) = ek,l =

√
k + 1

√
l + 1 zk

1zl
2.

Substituting into the above equation, and letting

gk,l,p,q =
√

k + 1
√

l + 1
√

p + 1
√

q + 1,

we can get:

⟨ϕ · ek,l, ep,q⟩ =
〈
ϕ ·
√

k + 1
√

l + 1 zk
1zl

2,
√

p + 1
√

q + 1 zp
1zq

2

〉
= gk,l,p,q

〈( ∞∑
i1=0

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

b j1, j2z
j1
1 z j2

2

)
zk

1zl
2, zp

1zq
2

〉
= gk,l,p,q

( ∞∑
i1=0

∞∑
i2=0

ai1,i2⟨z
i1+k
1 zi2+l

2 , zp
1zq

2⟩ +

∞∑
j1=1

∞∑
j2=1

b j1, j2⟨z
k
1zl

2, zp+ j1
1 zq+ j2

2 ⟩

)

=



√
k + 1

√
l + 1√

p + 1
√

q + 1
ap−k, q−l, if p ≥ k and q ≥ l,√

p + 1
√

q + 1
√

k + 1
√

l + 1
bk−p, l−q, if p < k and q < l,

0, otherwise.
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If m = 2k + 1, n = 2l, then

K(e2k+1,2l) = ek+1 · el =
√

k + 2
√

l + 1 zk+1
1 zl

2.

Similarly, substitute into the above formula, and letting

hk,l,p,q =
√

k + 2
√

l + 1
√

p + 1
√

q + 1,

we can get:

⟨ϕ · (ek+1 · el), ep,q⟩ =
〈
ϕ ·
√

k + 2
√

l + 1 zk+1
1 zl

2,
√

p + 1
√

q + 1 zp
1zq

2

〉
= hk,l,p,q

( ∞∑
i1=0

∞∑
i2=0

ai1,i2⟨z
i1
1 zi2+l

2 , zp+k+l
1 zq

2⟩ +

∞∑
j1=1

∞∑
j2=1

b j1, j2⟨z
l
2, zp+ j1+k+1

1 zq+ j2
2 ⟩

)

=

√
k + 2

√
l + 1

√
p + 1

√
q + 1

(p + k + 2)(q + 1)
ap+k+1, q−l.

By the same method, if m = 2k, n = 2l + 1, then

⟨ϕ · (ek · el+1)⟩ =

√
k + 1

√
l + 2

√
p + 1

√
q + 1

(q + l + 2)(p + 1)
ap−k, q+l+1.

If m = 2k + 1, n = 2l + 1, then

⟨ϕ · ek+1,l+1⟩ =

√
k + 2

√
l + 2

√
p + 1

√
q + 1

(q + l + 2)(k + p + 2)
ap+k+1, q+l+1.

Since Bϕ is a diagonal operator, then ⟨PL2
a
MϕKem,n, ep,q⟩ = 0. The above cases imply that ai1,i2 = 0 and

b j1, j2 = 0 for all i1, i2 ≥ 0 and j1, j2 ≥ 1. Therefore, ϕ ≡ 0. □

3. Invariant subspaces and kernel spaces of H-Toeplitz operators

In this section, we study several invariant subspaces and kernel spaces associated with H-Toeplitz
operators on L2

a(D2). For two fixed non-negative integers M1 and M2, we define

HM1,M2 = Span
{
zk1

1 zk2
2 | 0 ≤ k1 ≤ 2M1, 0 ≤ k2 ≤ 2M2

}
.

It is clear that HM1,M2 forms a closed subspace of L2
a(D2). The orthogonal complement H⊥M1,M2

is
defined as

H⊥M1,M2
=

{
f ∈ L2(D2, dV)

∣∣∣ ⟨ f , zk1
1 zk2

2 ⟩ = 0, 0 ≤ k1 ≤ 2M1, 0 ≤ k2 ≤ 2M2

}
.

Before stating the theorem, we first present a lemma for the convenience of subsequent calculations.
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Lemma 3.1. We have s, t ∈ N ∪ {0}. In the bidisk Bergman space L2
a(D2), we compute:

K(zs
1zt

2) =



√
p + 1

√
q + 1√

2p + 1
√

2q + 1
zp

1zq
2, if s = 2p and t = 2q,

√
p + 1

√
q + 2√

2p + 1
√

2q + 2
zp

1zq+1
2 , if s = 2p and t = 2q + 1,

√
p + 2

√
q + 1√

2p + 2
√

2q + 1
zp+1

1 zq
2, if s = 2p + 1 and t = 2q,

√
p + 2

√
q + 2√

2p + 2
√

2q + 2
zp+1

1 zq+1
2 , if s = 2p + 1 and t = 2q + 1.

Proof. If s = 2p and t = 2q, using

z2p
1 z2q

2 =
e2p,2q√

2p + 1
√

2q + 1
and K(e2p,2q) =

√
p + 1

√
q + 1 zp

1zq
2,

then

K(z2p
1 z2q

2 ) =

√
p + 1

√
q + 1√

2p + 1
√

2q + 1
zp

1zq
2.

If s = 2p and t = 2q + 1, using

z2p
1 z2q+1

2 =
e2p,2q+1√

2p + 1
√

2q + 2
and K(e2p,2q+1) =

√
p + 1

√
q + 2 zp

1zq+1
2 ,

then

K(z2p
1 z2q+1

2 ) =

√
p + 1

√
q + 2√

2p + 1
√

2q + 2
zp

1zq+1
2 .

Following the same line of reasoning, we can derive that if s = 2p + 1 and t = 2q, then

K(z2p+1
1 z2q

2 ) =

√
p + 2

√
q + 1√

2p + 2
√

2q + 1
zp+1

1 zq
2,

and if s = 2p + 1 and t = 2q + 1,

K(z2p+1
1 z2q+1

2 ) =

√
p + 2

√
q + 2√

2p + 2
√

2q + 2
zp+1

1 zq+1
2 .

□

In fact, the following theorem demonstrates that this property remains invariant for H-Toeplitz
operators with co-analytic symbols.

Theorem 3.2. If

ψ(z1, z2) =
∞∑

l1=M1

∞∑
l2=M2

al1,l2 zl1
1 zl2

2 ∈ L∞(D2),

the subspace HM1,M2 of L2
a(D2) is invariant under Bψ.
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Proof. By Lemma 3.1, for any non-negative integers k1 and k2, the operator K defined on L2
a(D2)

satisfies that:

K(zk1
1 zk2

2 ) =



√
k1 + 2

√
k2 + 2

2
√

k1 + 1
√

k2 + 1
z

k1
2

1 z
k2
2

2 , if k1 is even and k2 is even,

√
k1 + 2

√
k2 + 3

2
√

k1 + 1
√

k2 + 1
z

k1
2

1 z
k2+1

2
2 , if k1 is even and k2 is odd,

√
k1 + 3

√
k2 + 2

2
√

k1 + 1
√

k2 + 1
z

k1+1
2

1 z
k2
2

2 , if k1 is odd and k2 is even,

√
k1 + 3

√
k2 + 3

2
√

k1 + 1
√

k2 + 1
z

k1+1
2

1 z
k2+1

2
2 , if k1 is odd and k2 is odd.

Next, we consider integers i1, i2 and k1, k2 such that M1 ≤ i1 < ∞, M2 ≤ i2 < ∞ and 0 ≤ k1 ≤ 2M1,
0 ≤ k2 ≤ 2M2. Subsequently, we analyze the problem by considering separate cases.

If k1 is even and k2 is even, then

Bzi1
1 zi2

2

(
zk1

1 zk2
2
)
= PL2

a
Mzi1

1 zi2
2

( √
(k1 + 2)(k2 + 2)

2
√

(k1 + 1)(k2 + 1)
z

k1
2

1 z
k2
2

2

)
= PL2

a

( √
(k1 + 2)(k2 + 2)

2
√

(k1 + 1)(k2 + 1)
z

k1
2

1 zi1
1 z

k2
2

2 zi2
2

)

=


(k1 − 2i1 + 2)(k2 − 2i2 + 2)

2
√

(k1 + 1)(k2 + 1)(k1 + 2)(k2 + 2)
z

k1
2 −i1

1 z
k2
2 −i2

2 , if i1 ≤
k1
2 and i2 ≤

k2
2 ,

0, otherwise.

If k1 is even and k2 is odd, then

Bzi1
1 zi2

2

(
zk1

1 zk2
2
)
= PL2

a

( √
(k1 + 2)(k2 + 3)

2
√

(k1 + 1)(k2 + 1)
z

k1
2

1 zi1
1 z

k2+1
2 +i2

2

)
= 0.

If k1 is odd and k2 is even, then

Bzi1
1 zi2

2

(
zk1

1 zk2
2
)
= PL2

a

( √
(k1 + 3)(k2 + 2)

2
√

(k1 + 1)(k2 + 1)
z

k1+1
2 +i1

1 z
k2
2

2 zi2
2

)
= 0.

If k1 is odd and k2 is odd, then

Bzi1
1 zi2

2

(
zk1

1 zk2
2
)
= PL2

a

( √
(k1 + 3)(k2 + 3)

2
√

(k1 + 1)(k2 + 1)
z

k1+1
2 +i1

1 z
k2+1

2 +i2
2

)
= 0.

It is clear that the zero element must belong to the subspace HM1,M2 and

k1

2
− i1 ≤

k1

2
≤ M1,

k2

2
− i2 ≤

k2

2
≤ M2.
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Therefore, for all i1, i2 with M1 ≤ i1 < ∞, M2 ≤ i2 < ∞ and for arbitrary k1, k2 satisfying 0 ≤ k1 ≤ 2M1,
0 ≤ k2 ≤ 2M2, it follows that

Bzi1
1 zi2

2

(
zk1

1 zk2
2
)
∈ HM1,M2 .

If k1 is even and k2 is even, then

Bψ

(
zk1

1 zk2
2
)
= PL2

a
MψK

(
zk1

1 zk2
2
)

= PL2
a
Mψ

( √
(k1 + 2)(k2 + 2)

2
√

(k1 + 1)(k2 + 1)
z

k1
2

1 z
k2
2

2

)
= PL2

a

( ∞∑
l1=M1

∞∑
l2=M2

al1,l2

√
(k1 + 2)(k2 + 2)

2
√

(k1 + 1)(k2 + 1)
z

k1
2

1 zl1
1 z

k2
2

2 zl2
2

)

=

∞∑
l1=M1

∞∑
l2=M2

al1,l2 Bzl1
1 zl2

2

(
zk1

1 zk2
2
)
.

If k1 is even and k2 is odd, then

Bψ

(
zk1

1 zk2
2
)
= PL2

a
Mψ

( √
(k1 + 2)(k2 + 3)

2
√

(k1 + 1)(k2 + 1)
z

k1
2

1 z
k2+1

2
2

)
=

∞∑
l1=M1

∞∑
l2=M2

al1,l2 Bzl1
1 zl2

2

(
zk1

1 zk2
2
)
.

If k1 is odd and k2 is even, then

Bψ

(
zk1

1 zk2
2
)
= PL2

a
Mψ

( √
(k1 + 3)(k2 + 2)

2
√

(k1 + 1)(k2 + 1)
z

k1+1
2

1 z
k2
2

2

)
=

∞∑
l1=M1

∞∑
l2=M2

al1,l2 Bzl1
1 zl2

2

(
zk1

1 zk2
2
)
.

If k1 is odd and k2 is odd, then

Bψ

(
zk1

1 zk2
2
)
= PL2

a
Mψ

( √(k1 + 3)(k2 + 3)
2
√

(k1 + 1)(k2 + 1)
z

k1+1
2

1 z
k2+1

2
2

)
=

∞∑
l1=M1

∞∑
l2=M2

al1,l2 Bzl1
1 zl2

2

(
zk1

1 zk2
2
)
.

Thus, we get that

Bψ

(
zk1

1 zk2
2
)
=

∞∑
l1=M1

∞∑
l2=M2

al1,l2 Bzl1
1 zl2

2

(
zk1

1 zk2
2
)
∈ HM1,M2 ,

for all 0 ≤ k1 ≤ 2M1, 0 ≤ k2 ≤ 2M2. Therefore, for all f ∈ HM1,M2 , we have Bψ( f ) ∈ HM1,M2 . This
implies that HM1,M2 is invariant under Bψ. □

Theorem 3.3. If ϕ(z1, z2) = zM1
1 zM2

2 , then the subspace HM1,M2 in L2
a(D2) is a reducing subspace for the

operator B∗ϕ(z1,z2).

Proof. To prove that the subspace HM1,M2 is a reducing subspace of the operator B∗ϕ(z1,z2), it suffices to
show that both HM1,M2 and H⊥M1,M2

are invariant subspaces of B∗ϕ(z1,z2). First, we prove that HM1,M2 is an
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invariant subspace of B∗ϕ(z1,z2). Relying on Lemma 2.1, we get

B∗ϕ(z1,z2)(z
k1
1 zk2

2 ) = K∗M∗ϕPL2
a
(zk1

1 zk2
2 )

= K∗PharmMzM1
1 zM2

2
(zk1

1 zk2
2 )

= K∗Pharm

(
zM1

1 zM2
2 zk1

1 zk2
2

)

=



K∗
(
(k1 − M1 + 1)(k2 − M2 + 1)

(k1 + 1)(k2 + 1)
zk1−M1

1 zk2−M2
2

)
, if k1 ≥ M1 and k2 ≥ M2,

K∗
(
(M1 − k1 + 1)(M2 − k2 + 1)

(M1 + 1)(M2 + 1)
zM1−k1

1 zM2−k2
2

)
, if M1 > k1 and M2 > k2,

K∗
(
(k1 − M1 + 1)(M2 − k2 + 1)

(k1 + 1)(M2 + 1)
zk1−M1

1 zM2−k2
2

)
, if k1 ≥ M1 and M2 > k2,

K∗
(
(M1 − k1 + 1)(k2 − M2 + 1)

(M1 + 1)(k2 + 1)
zM1−k1

1 zk2−M2
2

)
, if M1 > k1 and k2 ≥ M2.

If k1 ≥ M1 and k2 ≥ M2, we can compute

K∗
( (k1 − M1 + 1)(k2 − M2 + 1)

(k1 + 1)(k2 + 1)
zk1−M1

1 zk2−M2
2

)
=

(k1 − M1 + 1)(k2 − M2 + 1)
(k1 + 1)(k2 + 1)

K∗
(
zk1−M1

1 zk2−M2
2

)
=

√
k1 − M1 + 1

√
k2 − M2 + 1

(k1 + 1)(k2 + 1)
K∗

(
ek1−M1, k2−M2

)
=

√
k1 − M1 + 1

√
k2 − M2 + 1

(k1 + 1)(k2 + 1)
e2k1−2M1, 2k2−2M2

=

√
(k1 − M1 + 1)(k2 − M2 + 1)

√
(2k1 − 2M1 + 1)(2k2 − 2M2 + 1)

(k1 + 1)(k2 + 1)
z2k1−2M1

1 z2k2−2M2
2 .

Therefore, we get

B∗ϕ(z1,z2)(z
k1
1 zk2

2 ) =
√

(k1 − M1 + 1)(k2 − M2 + 1)
√

(2k1 − 2M1 + 1)(2k2 − 2M2 + 1)
(k1 + 1)(k2 + 1)

z2k1−2M1
1 z2k2−2M2

2 .

If M1 > k1 and M2 > k2, we can obtain

B∗ϕ(z1,z2)(z
k1
1 zk2

2 ) =
√

(M1 − k1 + 1)(M2 − k2 + 1)
√

(2M1 − 2k1)(2M2 − 2k2)
(M1 + 1)(M2 + 1)

z2M1−2k1−1
1 z2M2−2k2−1

2 .

If k1 ≥ M1 and M2 > k2, we can obtain

B∗ϕ(z1,z2)(z
k1
1 zk2

2 ) =
√

(k1 − M1 + 1)(M2 − k2 + 1)
√

(2k1 − 2M1 + 1)(2M2 − 2k2)
(k1 + 1)(M2 + 1)

z2k1−2M1
1 z2M2−2k2−1

2 .
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If M1 > k1 and k2 ≥ M2, we can obtain

B∗ϕ(z1,z2)(z
k1
1 zk2

2 ) =
√

(M1 − k1 + 1)(k2 − M2 + 1)
√

(2M1 − 2k1)(2k2 − 2M2 + 1)
(M1 + 1)(k2 + 1)

z2M1−2k1−1
1 z2k2−2M2

2 .

We can observe that the exponents of z1 and z2 in both cases lie in 0 ∼ 2M1 and 0 ∼ 2M2,
respectively. Thus, B∗ϕ(z1,z2)( f ) ∈ HM1,M2 for all f ∈ HM1,M2 . We conclude that the subspace HM1,M2

is invariant under B∗ϕ(z1,z2).

Next, we prove that H⊥M1,M2
is also an invariant subspace of B∗ϕ(z1,z2). According to the definition of

H⊥M1,M2
, we have

⟨ f (z1, z2), zk1
1 zk2

2 ⟩ = 0 for all 0 ≤ k1 ≤ 2M1, 0 ≤ k2 ≤ 2M2.

Then by computing the inner product of f (z1, z2) with the monomial zk1
1 zk2

2 , we obtain, for any f ∈
H⊥M1,M2

, where f can be expressed as the orthogonal decomposition:

f (z1, z2) =
∞∑

i1=2M1+1

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

2M1∑
i1=0

∞∑
i2=2M2+1

bi1,i2z
i1
1 zi2

2 +

∞∑
i1=0

∞∑
j2=1

ci1, j2z
i1
1 z j2

2

+

∞∑
j1=1

∞∑
i2=0

d j1,i2z
j1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

e j1, j2z
j1
1 z j2

2 .

Moreover, by applying Lemmas 2.1 and 2.2, we obtain

B∗ϕ(z1,z2)( f )(z1, z2)

= K∗PharmMϕ(z1,z2)

( ∞∑
i1=2M1+1

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 +

2M1∑
i1=0

∞∑
i2=2M2+1

bi1,i2z
i1
1 zi2

2 +

∞∑
i1=0

∞∑
j2=1

ci1, j2z
i1
1 z j2

2

+

∞∑
j1=1

∞∑
i2=0

d j1,i2z
j1
1 zi2

2 +

∞∑
j1=1

∞∑
j2=1

e j1, j2z
j1
1 z j2

2

)

= K∗Pharm

( ∞∑
i1=2M1+1

∞∑
i2=0

ai1,i2z
i1
1 zi2

2 zM1
1 zM2

2 +

2M1∑
i1=0

∞∑
i2=2M2+1

bi1,i2z
i1
1 zi2

2 zM1
1 zM2

2

+

∞∑
i1=0

∞∑
j2=1

ci1, j2z
i1
1 z j2

2 zM1
1 zM2

2 +

∞∑
j1=1

∞∑
i2=0

d j1,i2z
j1
1 zi2

2 zM1
1 zM2

2

+

∞∑
j1=1

∞∑
j2=1

e j1, j2z
j1
1 z j2

2 zM1
1 zM2

2

)
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=

∞∑
i1=2M1+1

∞∑
i2=M2

ai1,i2 · A · z
2i1−2M1
1 z2i2−2M2

2 +

∞∑
i1=2M1+1

M2−1∑
i2=0

ai1,i2 · B · z
2i1−2M1
1 z2M2−2i2−1

2

+

2M1∑
i1=M1

∞∑
i2=2M2+1

bi1,i2 · A · z
2i1−2M1
1 z2i2−2M2

2 +

M1−1∑
i1=0

∞∑
i2=2M2+1

bi1,i2 ·C · z
2M1−2i1−1
1 z2i2−2M2

2

+

M1−1∑
i1=0

∞∑
j2=1

ci1, j2 · D · z
2M1−2i1−1
1 z2M2+2 j2−1

2 +

∞∑
i1=M1

∞∑
j2=1

ci1, j2 · E · z
2i1−2M1
1 z2M2+2 j2−1

2

+

∞∑
j1=1

M2−1∑
i2=0

d j1,i2 · F · z
2M1+2 j1−1
1 z2M2−2i2−1

2 +

∞∑
j1=1

∞∑
i2=M2

d j1,i2 ·G · z
2M1+2 j1−1
1 z2i2−2M2

2

+

∞∑
j1=1

∞∑
j2=1

e j1, j2 · H · z
2M1+2 j1−1
1 z2M2+2 j2−1

2 ,

where A–H are the corresponding coefficients. For the case when i1 > 2M1 and i2 ≥ M2, we can verify
that ⟨z2i1−2M1

1 z2i2−2M2
2 , zk1

1 zk2
2 ⟩ = 0. Similarly, the inner products corresponding to the remaining terms

also vanish. It then follows that

⟨B∗ϕ(z1,z2)( f (z1, z2)), zk1
1 zk2

2 ⟩ = 0 for all 0 ≤ k1 ≤ 2M1, 0 ≤ k2 ≤ 2M2.

Therefore, B∗ϕ(z1,z2)( f ) ∈ H⊥M1,M2
. Since H⊥M1,M2

is orthogonal to HM1,M2 and by the definition of H⊥M1,M2
,

the linear span of its basis elements is dense in H⊥M1,M2
. Since f is exactly a linear combination of these

basis elements, we have Span{ f } = H⊥M1,M2
, so the set of all such functions f is dense in H⊥M1,M2

. Thus,
we have B∗ϕ(z1,z2)

(
H⊥M1,M2

)
⊆ H⊥M1,M2

. Hence, HM1,M2 is a reducing subspace of B∗ϕ(z1,z2). □

Theorem 3.4. If

ϕ(z1, z2) =
∞∑

m=N1

∞∑
n=N2

am,n zm
1 zn

2 ∈ L∞(D2),

where N1,N2 ≥ 1 are arbitrary integers, then

Ker Bϕ = Span
{
z2p

1 z2q
2 (p < N1 or q < N2), z2p+1

1 z2q
2 , z2p

1 z2q+1
2 , z2p+1

1 z2q+1
2

∣∣∣ p, q ≥ 0
}
.

Proof. First, we show that every element of the spanning set lies in KerBϕ. Let

f ∈ Span
{
z2p

1 z2q
2 (p < N1 or q < N2), z2p+1

1 z2q
2 , z2p

1 z2q+1
2 , z2p+1

1 z2q+1
2

∣∣∣ p, q ≥ 0
}
.

Then, let f = z2p
1 z2q

2 (p < N1 or q < N2), and we compute that:

Bϕ( f ) = PL2
a
MϕK(z2p

1 z2q
2 ) =

1√
2p + 1

√
2q + 1

PL2
a
Mϕ(z

p
1zq

2)

=
1√

2p + 1
√

2q + 1
PL2

a

[( ∞∑
m=N1

∞∑
n=N2

am,nzm
1 zn

2

)
(zp

1zq
2)
]
= 0.
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Let f = z2p+1
1 z2q

2 , and we compute that:

Bϕ( f ) = PL2
a
MϕK(z2p+1

1 z2q
2 ) =

1√
2p + 2

√
2q + 1

PL2
a
Mϕ(z

p+1
1 zq

2)

=
1√

2p + 2
√

2q + 1
PL2

a

[( ∞∑
m=N1

∞∑
n=N2

am,nzm
1 zn

2

)
(zp+1

1 zq
2)
]
= 0.

Similarly, for f = z2p
1 z2q+1

2 , f = z2p+1
1 z2q+1

2 , we have Bϕ( f ) = 0. So, f ∈ KerBϕ.
Conversely, we assume that ∀ f ∈ Ker Bϕ, we have Bϕ( f ) = 0 and

f = f1 + f2 + f3 + f4 for f1, f2, f3, f4 ∈ L2
a(D2),

where

f1 =

∞∑
p,q=0

C2p,2qz2p
1 z2q

2 ,

f2 =

∞∑
p,q=0

C2p+1,2qz2p+1
1 z2q

2 ,

f3 =

∞∑
p,q=0

C2p,2q+1z2p
1 z2q+1

2 ,

f4 =

∞∑
p,q=0

C2p+1,2q+1z2p+1
1 z2q+1

2 .

It then follows that

PL2
a(D2)MϕK

(
f1
)
+ PL2

a(D2)MϕK
(
f2
)
+ PL2

a(D2)MϕK
(
f3
)
+ PL2

a(D2)MϕK
(
f4
)
= 0.

Subsequently, we consider the index

PL2
a(D2)MϕK( f2) = PL2

a(D2)MϕK

 ∞∑
p,q=0

C2p+1,2q z2p+1
1 z2q

2

 = 0.

Therefore, for all i1, j1 ≥ 0, we have

〈
PL2

a
MϕK( f2), zi

1z j
2

〉
=

∞∑
m=N1

∞∑
n=N2

am,nC2p+1,2q√
2p + 2

√
2q + 1

〈
zp+1

1 zq
2, zi+m

1 z j+n
2

〉
= 0.

Since the inner product contains the conjugate factor zp+1
1 , the inner product vanishes for all i, j, p, q ≥

0. This implies that the coefficients C2p+1,2q are free of constraints. Consequently, f2 is an arbitrary
linear combination of these monomials, i.e.,

f2 ∈ Span{z2p+1
1 z2q

2 | p, q ≥ 0}.
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Similarly,
f3 ∈ Span{z2p

1 z2q+1
2 | p, q ≥ 0}

and
f4 ∈ Span{z2p+1

1 z2q+1
2 | p, q ≥ 0}.

We have PL2
a(D2)MϕK ( f1) = 0. Therefore, for all i1, j1 ≥ 0, we have

〈
PL2

a
MϕK( f1), zi

1z j
2

〉
=

∞∑
m=N1

∞∑
n=N2

am,nC2p,2q√
2p + 1

√
2q + 1

〈
zp

1zq
2, zi+m

1 z j+n
2

〉
= 0.

By the orthogonality of monomials on the Bergman space, the inner product ⟨zp
1zq

2, zi+m
1 z j+n

2 ⟩ , 0 if and
only if p = i + m and q = j + n. For any p ≥ N1 and q ≥ N2, we can always find i, j ≥ 0 such that the
above equalities hold. This forces the corresponding coefficients to satisfy

C2p,2q = 0, ∀ p ≥ N1, q ≥ N2.

In other words, all coefficients with p ≥ N1 and q ≥ N2 are required to vanish. Thus f1 only consists of
monomials z2p

1 z2q
2 with p < N1 or q < N2, which yields

f1 ∈ Span
{
z2p

1 z2q
2 | p < N1 or q < N2, p, q ≥ 0

}
.

So,
f ∈ Span

{
z2p

1 z2q
2 (p < N1 or q < N2), z2p+1

1 z2q
2 , z2p

1 z2q+1
2 , z2p+1

1 z2q+1
2

∣∣∣ p, q ≥ 0
}
.

By the above proof, we obtain the mutual inclusion. Therefore,

Ker Bϕ = Span
{
z2p

1 z2q
2 (p < N1 or q < N2), z2p+1

1 z2q
2 , z2p

1 z2q+1
2 , z2p+1

1 z2q+1
2

∣∣∣ p, q ≥ 0
}
.

□

4. Conclusions

In this research, we investigated H-Toeplitz operators on L2
a(D2). Specifically, co-isometry, partial

isometry, diagonality, invariant subspaces, and kernel spaces of H-Toeplitz operators on L2
a(D2) were

characterized.
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