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1. Introduction and preliminaries

The fixed point theory in metric and generalized metric spaces has been extensively studied due to
its wide range of applications in nonlinear analyses and applied mathematics. Among various
generalizations of metric spaces, the notion of a b-metric space relaxes the classical triangle
inequality by allowing the following:

d(%,7) < h[d(X,5) +dF,2)], h>1.

This framework has proven to be effective in establishing fixed point results and their applications;
for example, see [13,17,19].

One of the important applications of the fixed-point theory is the analysis of ordinary and partial
differential equations. In many cases, such problems can be reformulated as equivalent integral
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equations, thereby allowing Banach’s contraction principle and its extensions to be employed in
establishing the existence, uniqueness, and stability of solutions. Recent studies have successfully
applied fixed-point methods to deterministic and stochastic differential equations, reaction—diffusion
systems, epidemic models, and within-host virus dynamics [1, 3,20]. These successful applications
further highlight the importance of developing generalized fixed-point results in abstract spaces,
where broader classes of contractive mappings can be studied.

In this context, we consider the framework of strong b-metric spaces. This class of spaces can be
viewed as a natural generalization of metric spaces that still preserves many useful properties needed
in the fixed point theory (see [12]). In particular, strong b-metric spaces refine the structure of b-metric
spaces by imposing a stronger form of the triangle inequality, which leads to better regularity of the
distance function and improves the behavior of convergent and Cauchy sequences. One important
feature is that the distance function enjoys stronger continuity properties, which play a significant role
in the study of convergence and the existence of fixed points.

Moreover, strong b-metric spaces provide a convenient setting to extend several fixed point results
from metric spaces to more general spaces; for example, see [4, 8, 16]. Many well-known fixed point
theorems, iterative methods, and stability results can be adapted to this framework. Because of these
advantages, strong b-metric spaces have attracted increasing attention in recent studies in nonlinear
analyses and the fixed point theory. Now, we recall the definition of a strong b-metric space.

Definition 1.1. [12] Let X be a non-empty set and i > 1. Let d : X x X — R be a mapping that
satisfies the following for each %,5 and 7 € X :
SbM1. d(%,5) > 0,
SbM2. d(%,7) =0 & ¥ =7,
SbM3. d(%,y) = d(3, %),
SbM4. d(%,7) < d(x,5) + hd(3, 7).
Then, the pair (X, d) is called a strong b-metric space (SbMS).
Example 1.1. /2] Let X = R, and d(%, ) = max{|% — j,2|1% — 5| — 1} for all %, 5 € R; then, (X,d) is an

SbMS with i = 2. d is not a metric mapping on X since
d(2,6) ¢ d(2,2.5) +d(2.5,6).

Fixed point results in metric and generalized metric spaces depend not only on the underlying space
but also on the contractive nature of the mappings involved. In many situations, the mapping itself
is not a contraction, although some of its iterates satisfy a contractive condition. Such phenomena
naturally arise in generalized metric frameworks, including b-metric and strong b-metric spaces. In
what follows, we focus on this type of mappings and present key results illustrating this behavior.

First, we mention some key results where the given map T is not necessarily a contraction; however,
for some n, the map 7" becomes a contraction. To illustrate this fact, we give the following example.

Example 1.2. Let f : R — R be defined by f(X) = cos X. Since

f'(¥) = —sinx, sup|f'(®)l = 1,

xeR

the function f is not a contraction.

AIMS Mathematics Volume 11, Issue 7, 23199-23209.



23201

Consider the iterate g(X) = f*(%) = cos(cos ). Then,
g'(%) = sin(cos X) sin X, lg’(X)| <sinl < 1.
Hence, by the mean value Theorem,
lg(X) — g < (sin DX -3, % yeR

Thus, g is a contraction with the contraction constant k = sin 1 < 1. Consequently, f itself is not a
contraction, but its iterate f2 is.

In [6], Bryant extended the Banach contraction principle by showing that the map 7 itself need not
be a contraction, provided that there exists a positive integer n such that the iterate 7" is a contraction.
Later, Sehgal [18] strengthened this result by allowing the contractive iterate to depend on the point,
that is, for each ¥ € X, there exists a positive integer n(¥) such that 7" satisfies a contraction condition.

Theorem 1.1 ([18]). Let (X, d) be a complete metric space and T : X — X be a continuous mapping.
If for each % € X, there exists a positive integer number n(¥) such that for all ¥ € X, and for some
0<b<1,

d(T"Vx, T"V5) < bd(%,9) (1.1)
holds, then T has a unique fixed point ¥* € X.

In [10], Guseman further refined Sehgal’s work by eliminating the requirement for the map to be
continuous. Subsequently, Ciri¢ [7] generalized Sehgal’s findings.

Theorem 1.2 ( [7]). Let (X, d) be a complete metric space and T : X — X be a mapping. If for each
% € X, there exists a positive integer number n(%) such that for all § € X, and for some 0 < b < 1,

J(Tn(i))?a Tﬂ(i)j’) < b max{dv(jz’ 5])’ dv(ja Tj})5 J(X’ sz})’ RS
d(x, T"5),d(x, 7"V %)) (1.2)
holds, then T has a unique fixed point ¥* € X.
After that, Karapmar et al. [11] extended Ciri¢’s result to b-metric spaces.

Theorem 1.3 ( [11]). Ler (X,d) be a complete b-metric space withhh > 1 and T : X — X be a
mapping. If for each % € X, there exists a positive integer number n(¥) such that for all 3 € X, and for
some 0 < b < %,

g(Tn(j)j’ Tn(j)j}) < b maX{J(f, 5)), j(j’ Tj’), d~(-§29 sz))’ T,
d(%, T"99),d(x, T"V5)) (1.3)
holds, then T has a unique fixed point ¥* € X.

In 2023, Dung [9] considered b-metric spaces satisfying the Fatou property. A b-metric d is said to
satisfy the Fatou property if, for all %, 7 € X and every sequence (&,)nen With lim,_,,e %, = X, we have
the following:

d(%,79) < lim inf d(%,, 7).
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It is known that continuity of a b-metric implies the Fatou property, whereas the converse does not
hold in general. For further details, see Lu et al. [14], Examples 1 and 2, and Remark 1.

Under this assumption, Dung [9] extended the contraction constant considered in [11] to the case
b € [0, 1) by imposing additional assumptions. The main result of Dung [9] can be stated as follows.

Theorem 1.4. Let (X' , c?) be a complete b-metric space with constant h > 1, and let T:X > Xbea
Cirié-type contraction that satisfies Relation (1.3) with the contraction constant b € [0,1). If one of
the following conditions is satisfied:

1) T is continuous,
2) d satisfies the Fatou property,
3) bel0,3)

then T admits a unique fixed point ¥* € X, and for every ¥ € X, the sequence (T" %),y converges to ¥*.

Since strong b-metric spaces enjoy additional regularity properties, including the Fatou property, it
is natural to investigate whether fixed point results for mappings with contractive iterates can be directly
obtained within this framework. Moreover, providing clear and constructive proofs contributes to a
deeper understanding of the underlying convergence mechanism. The aim of this paper is to establish
a fixed point theorem for mappings whose iterates satisfy a contractive condition in strong b-metric
spaces. In addition, we derive explicit estimates for the convergence of the associated iterative process
and study the stability of fixed points under small perturbations of the operator in the sense of Ulam—
Hyers.

2. New fixed point results for mappings with contractive iterates

In this section, we investigate mappings in strong b-metric spaces that possess a contractive iterate
at a point, even though they are not contractions in the usual sense. We establish a fixed point theorem
that ensures both the existence and uniqueness of the fixed point under these weaker conditions. This
result can be viewed as an extension of Ciri¢’s fixed point theorem [7] to strong b-metric spaces.

Lemma 2.1. Let (X, d) be a complete strong b-metric space with#i > 1 and T : X — X be a mapping.
If for each % € X, there exists a positive integer number n(¥)such that for all § € X, and for some
O<k<l1,

d(T"V%, T"Y9) < k max{d(%, 3), d(&, Ty),d(x, T*), - -+ ,d(&, T"V¥), d(z, T" V%))
holds, then for each % € X,
h
11—k

Proof. Let r be any, but fixed, positive integer and m(m = m(X; r)) a positive integer such that

sup{d(%,T9%) : g e N} < max{d(T?%,%), p=1,2, - ,n(%)}. 2.1)

d(x, T"%) = max{d(x, T%) : 0 < g < r}.
We assume that r > n(X) and m > n(x). Then, we have the following:
dxT"%) < hd&T"V%) +dI"V%, T"OT""O%)
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nd(% T"V%) + k max{d(x, T""V%),d(% T " V%), -,
d(x, T"%),d(%, T"V %))
< hd(x T"9%) + k max{d(%, T%) : 0 < g < r}.

IA

Hence, d(%, T"%) < hd(%, T"%) + k d(%, T™%); then,

L Az Tr® 5
a1 < 2B TT0)
1-k

By the arbitrariness of 7, this obtains the following:

- - d(x, TV
sup d(%,T'%) <d(x,T"X)<h u

r>n(X) 1- k
Since the set {T'%, ..., T" 9%} is finite, it is bounded. By combining this with the above estimate for
all r > n(%), Relation (2.1) follows. Consequently, for all ¥ € X, the orbit (77 %),y is bounded. O

The next result presents our main fixed point theorem for mappings with a contractive iterate.
Additionally, we obtain an estimate that describes how the fixed point changes when the operator is
slightly modified.

Theorem 2.1. Let (X, d) be a complete strong b-metric space and T : X — X be a mapping. If for
each ¥ € X, there exists a positive integer number n(X)such that for all € X, and for some 0 < b < 1,
d(T"%, T"V%) < b max{d(x,),dx, T5),d(% T°9), -,

d(x, T"5), d(x, T"95)) 2.2)

holds, then the following hold:

1) T has a unique fixed point ¥* € X and lim,,_, ... T"(¥) = X¥* for each X € X,
2) d(%o, %) < hd(%o, T")%0) + h 1% a(Xo) for each %y € X, where a(%) = sup{d(%o, T1%) : ¢ € N};
3) Let g : X — X such that there exists 1 > 0 with

d(T"9%,3(%) <n, VieX.
Then,

b
1-b

d§*, %) <hn+h a(y"),

forall * € Fix(g).

Proof. 1) Let %, € X be arbitrary. Let ny = n(%), ¥ = T"°%, and inductively n; = n(%;), %, = T" %:.
Then, (X;);an 1S a subsequence of (T"%o)ren. Let % be an arbitrary fixed element in (X;);cy and let
X, = TP%, and X, = T9%, be arbitrary two elements in (T"%o),en that are follower elements of .
Then, for some u, v € N, we have %, = T"%, and %, = T"%,. Hence,

d(%i, %)) d(Fe, T"%)

d(T" %oy, T T %yo1)
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b max{d(%_1, T"%1), d(Fi1, T ' %1), o+
A1, T % 0), d(%yoy, T Fop))

= bd(jék—l, Tulxk—l)’

IA

where u; € {u,u+1,--- ,u + ng_1, nt—1} and such that

d(F 1, T %) = max{d(%_y, T" %), d(Foy, T %iy), o

d(Frr, T %)), d(Foy, T %))

Similarly,

d(T" X0, T2 T" %12)
b max{d(%_2, T % 2), (%2, T ' % 0), -+,
d(Xp_p, T2 %, ), d(Fpg, T2 %4 2)}

= bd(Fia, T y),

d(F 1, T" % 1)

IA

where uy € {uj,uy; + 1, ,u; + ng_», ny_} such that

d(Frn, T %2) = max{d(X_o, T %12), d(Faa, T ' %4 0), o

d(Fyoa, T2 % 0), d(Fica, T a0}
Continuing in this way,

d(F,%,) < bd(F-1, T"%i 1)

b* d(%y—a, T %—2)

A

b* d(%, T %),

IA

where u;, € {1, w1 + 1, -+, up_1 + no, no} such that

d(%o, T"%y) = max{d(%, T""' %y), d(%o, T %), - - - ,

d(%y, T %), d(Zo, T™ X))
Assume a(Xy) = sup{c?(io, T9%,) : q € N}; then,
d(%, %,) < b"d(%, T %) < b* a(%). (2.3)
Similarly, d(%, X,) < b* a(%). Therefore,
d(%,, %) < d(%, %) + hd(%, %) < BX(1 + 1K) a(F)

By Lemma 2.1, a(X,) is finite. Thus, the orbit sequence, (T"%0)yen, 1S @ Cauchy sequence which
converges to some ¥* € X, such that

lim d(%,, %) = 0. (2.4)

n—+oo
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To show ¥* = T%*, we show that ¥* is a fixed point of 7"*)¥* at the first as follows:

Az, T"%7) < hd(F,T"%) + d(T" 5, T"O T 30)
< hd(F,T"%o) + b max{d(¥, T" "%y, -,
d(x", T" %), d(¥, ")),
When m tends to 1nﬁn1ty, we have d(&*, T"%*) < bd(x*, T"*)x*). Thus, ¥* is a fixed point of
T"®)%*. Now, suppose X" is not a fixed point of 7', and assume that
d(x*, T* %) = max{d(z*, T%") : 0 < g < n(Z)).
Then,

Az, Tz = d(T"x, Tn(fc*)+k )
b max{d(x", T*%"), d(¥', T*'%"), - - -,
J(fc*, Tk+n(x ))?*), d(fé*’ T”(X )5&*)}

IA

Since T"®)%* = *, for every m > 1, there exist integers / > 0 and ¢ € {1,...,n(x")} such that
m = In(¥) + g. Hence, T"x* = T!"0)*45* = T4%*. Then, we have

d(x, T"x) = d(x, T%) < d(%, T'%),
and
max{d(x", T"%"),...,d&, T"" %)) = d(x, T* %
Therefore,
d(x, T'x) < bd(x, T' %),
which contradicts the assumption that ¥ is not a fixed point of 7. Hence, 7% = &*. The
uniqueness of a fixed point of 7 immediately follows from (2.2).

We show that when m tends to infinity, 7"(¥) — ¥* for each ¥ € X. If m is sufficiently large, then
m = an(x*)+ B, where « € N, € NU {0} and 0 < 8 < n(X*). Hence,

A, Tm% = dd"x, 7oy

< b max{d(x, T DBy d(ze, T DnEsigy
A, T3y A T ),
Let us consider that
dF, T™% = max{d(x, TODOB5) dxt, T g ...

L?()'Zf*, Ta n()”c*)+ﬂ)~c), Li()?k, Tn()”c*)jé* }’
where m; € {(a — ) n(X*)+ B, (e —)n(X*)+B+ 1, -+ ,an(x*) + B, n(x")}.

Similarly,

dx,T™%) < b max{d&, T 2"Bz) dz, T2z ..
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d(x, T DBy dz, T" %)) = b2d(x", T™ %),
where m, € {(@ —2)n(X*) + B, (@ = 2)n(X)+ L+ 1,--- , (@ — 1) n(X*) + B, n(x*)}.
Hence,
dx, T"%) < b*d(%", T™X).
Continuing in this manner, we obtain the following:
d(x,T"%) < bd(x*, TP%) < b°r,
where r = max{d(&*, T9%) : 0 < g < n(¥*)}. When m tends to infinity, we get 7% — X* for each
ieX.
2) To prove the second statement, let %, € X be arbitrary. Let ny = n(%), ¥ = T"X, and inductively
n; = n(&), X = TV, By simple calculation, we have the following:

k+p—1
(%, Saep) <D Y AR Binr).

i=k
Additionally, by arguing as in the proof of Relation (2.3), we obtain the following:
d(%;, Xin1) < b'd(Xo, T" %) < bla(%).

Hence,
y4

-b
) ) a(%o).

Letting p — +o0, and since the strong h-metric is continuous, we obtain the following:

- 1
d(%y, Xap) < RO ( :

- b
d(Z%, X)) <h -5 a(Xp).
For k = 1, we have d(¥*, %) < hi= a(xo) Hence,
d(%, ) < hd(%, %) +d(%, %)
< hd(X, T"%y) + 1 3, @(%) where ¥, = T"%.

3) For the data dependence of the fixed points, using the result from (2) for %, = y*, we have the

following:
A3, %) < hdG*, 7075 +hg a(y)
= hd(g(i*) "5 + iy b a(y")
< hn+ h a(y ).
This completes the proof of the theorem. O
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Remark 2.1. Since every strong b-metric space satisfies the Fatou property, the assumptions of
Theorem 1.4 are fulfilled in our setting. However, our proof is directly obtained in strong b-metric
spaces and does not rely on the Fatou property.

Theorem 2.2. Let (X, d) be a complete strong b-metric space and T : X — X be a mapping. If for
each % € X, there exists a positive integer number n(¥)such that for all § € X, and for some 0 < b < 1,

d(T"Vx, T"V5) < bd(%,9) (2.5)
holds, then T has a unique fixed point ¥* € X and T"(X) — X* for each % € X.

Proof. Let Inequality (2.5) hold. Then,

AT V%, T"Y9) < bd(%,5) < b max{d(&¥),d(x T5),d& T5), -,
d(x T"y),d(x, T"%)).

All hypothesis of Theorem 2.1 hold. Thus, 7 has a unique fixed point ¥* € X and 7"(¥) — %* for each
¥eX. O

Remark 2.2. Several classical fixed point results originally established in metric spaces were later
extended to the setting of b-metric spaces. In particular, Sehgal’s theorem [18, Theorem 2.1] was
generalized to b-metric spaces by Bota [5, Theorem 3.2] and Mitrovi¢ [15, Theorem 2.1], while the
Cirié-type fixed point result [7, Theorem 1] was extended to b-metric spaces by
Karapinar [11, Theorem 2.1] and Dung [9, Theorem 2.1]. The main results of the present paper
complement these developments by establishing analogous conclusions in the framework of strong
b-metric spaces.

To conclude this section, we establish an iterative Ulam—Hyers stability result. We start by
introducing the definition of iterative Ulam—Hyers stability for fixed point equations.
Definition 2.1. Let (X, d) be a complete strong b-metric space withh > 1, and let T : X — X be a
mapping. The fixed point equation

x=Tx (2.6)

is said to be iterative Ulam—Hyers stable if there exists a constant ¢ > 0 such that for every € > 0 and
for every ¥ € X satisfying
A", Ty <&

for some n(y*) € N, there exists a solution X* of (2.6) such that
d§*, %) < ce.

Theorem 2.3. Let (X,d) be a complete strong b-metric space with i > 1. Assume that all the
hypotheses of Theorem 2.2 hold; then, the fixed point problem (2.6) is iterative Ulam-Hyers stable.

Proof. Let us evaluate the following:

d§*, %) < hdG,T"F) +d(T"5", %)
he+dT"5, T %)
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< he+bdGF, 5.

Hence,

~ he
dy*,x") < .
S

O

The contractive condition introduced in this paper involves a point-dependent iterate, which
represents a distinctive feature of our approach. This naturally raises the question of whether such an
iterative framework can be exploited in broader mathematical settings or practical applications.
Motivated by this observation, we propose the following open problem.

Open problem. An interesting direction for future research is to investigate applications of the
point-dependent iterate n(X) that appears in our contractive condition. In particular, it is worthwhile
to determine whether this iterative framework can be employed in the study of ordinary differential
equations, partial differential equations, integral equations, and related nonlinear problems.

3. Conclusions

The obtained results indicate that strong b-metric spaces constitute a natural setting to study iterative
methods with contractive behaviors and they open the way for further extensions to other generalized
metric structures.
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