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1. Character ratio

Let n be a natural number and S, be the symmetric group on {1, 2,3,...,n}, that is, the set of all
permutations of {1,2, 3, ..., n}. The character ratio serves as a bridge between the representation theory
of §, and the study of random walks on S,. In particular, character ratios determine the eigenvalues
of the transition matrix. In this paper, we establish an approximation of a normalized character ratio
by the standard normal distribution. Before introducing the definition of the character ratio, we first
review the definitions and key properties of representations of S ,, namely partitions, representations
and irreducible representations, and matrix representations.

A partition A of a natural number 7 is a tuple (4, A,...,4,), where 4;,4>,...,4, € N such that
A+ +-+4, =nand 44 > A, > --- > A,. For example, the set of all partitions of 4 is
{4),3,1),(2,2),(2,1,1),(1,1,1,1)}. For any vector space V, we define End(V) = {T : V — V|
T is a linear map}. For a vector space V over C, we say that (V, p) is a representation of S, if p : S, —
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End(V) is a homomorphism; that is, p(mr;m,) = p(mry) o p(my) for all my, m, € S,,. Now, suppose that U is
a subspace of V. We say that (U, p|y) is a subrepresentation of a representation (V, p) if (U, p|y) is also
a representation of S,. To verify that (U, p|y) is a representation, it suffices to show that p(m)(u) € U
forany 7 € S, and u € U. Moreover, we say that (V, p) is an irreducible representation of S, if its only
subrepresentations are (V, p) and ({6}, Pl {6})-

Example 1.1. (/) Letp; : S,, = End(C) be defined by p,(m)(x) = x for any m € S,, and x € C. Then,
(C, py) is a trivial representation of S .
(2) Let py : S, = End(C) be defined by

if T is an even permutation,

X,
p2(m)(x) = {

—x, Iif mis an odd permutation

foranyn € S, and x € C. Then, (C, p,) is the sign representation.
(3) Let {ey, e, e3} be the standard basis of C* over C; that is, e, = (1,0,0)7,e, = (0,1,0)7, and
e3 = (0,0, )T and p3 : S35 — End(C?) are defined in the following. For w € S, let

p3(m)(e;) = exp,

and for v € C3, which can be written as a linear combination of the standard basis as v =
kiey + kaey + kzes for some unique ki, ko, ks € C, we define

p3(M)(v) = kips(m)(e1) + kyps(m)(e2) + ksps(m)(es).
Then, (C3, p3) is a representation of S 3. Let
U= {(xl,xz,x3)T eC? |x1 + X+ X3 = O}.

For any (x1, x5, x3)T € U, we have x = (x1, X, x3)T = x1e; + X265 + x3e3 and x; + x, + x3 = 0. For
m € §3, we obtain that Xy1y + Xz) + Xz3) = X1 + X2 + x3 = 0, which implies that p3(n)(x) € U.
Hence, (U, p3|y) is a subrepresentation of (C3, p3).

(4) For any representation (V,p) with dim'V = 1, any subspace of V must be either V or {6}. It follows
that the representation is irreducible, which can be seen in Example 1.1(1),(2).

(5) Observe that {(12), (123)} is a generating set of S; that is, for any © € S3, 1 = (12)%(123) for
some a,8 € NU{0}. Let ps : S35 — End(C?) be defined by

1 0 cos 120° —sin 120°
p4<<12>><x>—[0 _1]% PUAZI =1 611200 cos 1200 |

for any x € C?, and

pa(m) = p§((12)) 0 p((123)) for any 7 = (12)°(123) € S5.

Then, (C?,p,) is a representation of S3. Let U be a subspace of C*. Suppose that (U, p4|y) is a
subrepresentation of (C?, ps) and that U is neither C* nor {6}. Then, dim U = 1. There are three
possible cases to consider.

Case 1. U = span{(1,0)}. Then, p4((123))((1,0)7) = (cos 120°, sin 120°)” ¢ U.
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Case 2. U = span{(0, 1)}. Then, p4((123))((0, 1)T) = (= sin 120°, cos 120°) ¢ U.

Case 3. U = span{(a, b)} for some a,b € R\ {0}. Then, p4s((12))((a, b)") = (a,-b)" ¢ U because
b#0.

Hence, (C?, py) is an irreducible representation of S 3.

It is known that every irreducible representation of S, is uniquely determined, up to isomorphism,
by a partition of n. That is, there is a one-to-one correspondence between irreducible representations
of S, and partitions of n [1, p. 58].

Let B = (vi,vs,...,Vv,) be an ordered basis of V, and let v € V. The projection of v with respect
to B is defined by [v]y = (ki, ks, ..., k,)", where v = k;v; + kovo + + -+ + k,,v,,. Then, for any linear
map T : V — V, there exists a unique m X m matrix A with respect to B such that [T(v)]g = A[v]s,
which is described by A = [[T(v)]s  [T(v2)]ls - [T(v)ls] [2, p. 69]. The converse is trivially true;
specifically, the matrix multiplication map [7'(v)]g = A[v]g is linear. Let B, and B, be ordered bases
of a vector space V, and let 7 € End(V). Suppose that Ay, and Ay, are the matrix representations of
T with respect to B; and B,, respectively. Then, tr(Ag,) = tr(Ag,), where tr(-) is a trace function [2,
p. 327]. This allows us to define the character of a representation as follows.

Let A be a partition of n, and let (V, p) be an irreducible representation of S, corresponding to A,
with dim(V) = k. Then, there exists a k X k matrix A, such that p(m)(v) = A,v for each 7 € §,, and any
v € V. The character y* : S, — R is defined by the formula

Y1) = tr(A,) for anymreS,.

Note that any irreducible representation which is induced by the same partition has identical characters
and are integers [3, p. 43]. The dimension of A is also defined to be dim(4) = dim(V). We also have
the fact that

Zdimz(/l) = n! (1.1)
A

([4, p. 74]), where the summation runs over all partitions of n. The Plancherel measure on the set of
all partitions A of n is defined by

dim?(2)

P(1) = for any partition A of n. (1.2)

Next, we introduce the formula for calculating the character ratio of a partition A = (4;,4s,...,4,)
of n. The Young diagram of A is an array of boxes, where the ith row contains A; boxes, starting from
the left. For example, consider a partition A = (4,2, 1) of n = 7. The Young diagram of A is

We also say that a partition 7 of n + 1 is above A if 7 can be obtained by adding a single box to 4, and
we write 4 ' 7. For examples, (4,2,2)  (4,3,2) and (4,2,2) / (4,2,2,1). Next, we define the
hooklength for each box in the Young diagram. Let x be a box in the Young diagram. The hooklength
of x is defined as

h(x) =1+ a(x) + l(x), (1.3)
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where a(x) is the number of boxes to the right of x, and /(x) is the number of boxes below x. For
example, consider the Young diagram corresponding to the partition 4 = (4,2,1) of n = 7. The
hooklength of the box x at the top-leftis 1 + 3 + 2 = 6 because there are three boxes in the first row to
the right of x and two boxes in the first column and below x. The hooklength of the remaining boxes
can be calculated in the same way. We can then fill the hooklength of each box in the Young diagram
as

4121
1

1

For an irreducible representation (V, p) that is induced by a certain partition A, dim(4) can be calculated
by the hooklength formula as

dim(1) = —— (1.4)

where the product is taken over all boxes x in the Young diagram of A [5, p. 559]. For example, from
the Young diagram which is filled with all hooklengths above, we obtain for A = (4,2, 1) that

7!
6-4-2-1-3-1-1

dim(1) = 35.

Notice that if 7, 7, € S, have the same length, then y*(r;) = x"'(r,) for any partition A of n [4, p. 31].
In this work, we focus on the character evaluated at a transposition, as it is the key to analyzing the
random walk on a symmetric group [6], which is described later. By choosing a partition A of n by
the Plancherel measure, the character ratio is defined by y*(12)/ dim(1), namely, the ratio between
character evaluated at a transposition (12) and the dimension of 4. An advantage of defining the
character ratio at the transposition (12) is that we can work with symmetric group S, for any n > 2.

For a partition A = (4;,...,4,) of n, we let

p
(D) = ) (- DA,

i=1

and we define A’ = (1/,..., /l;), where /l;. is the number of boxes of the jth column of Young diagram
of A. For instance, let A = (2,1,1). Then, A’ = 3,1),n(A) =1 -1)2+2-1D1+ 3 -1)1 = 3, and
n(A)=(1-13+(2-1)1 =1. Consequently, we have the fact that

dimA = dimA’. (1.5)

The formula for calculating the character ratio for 4 = (4;, A5, ..., 4,) is then given by Frobenius [7]

as
x'(2) _ n() - n()

: — (1.6)
dim(2) (2)
In this work, we consider the normalized character ratio
- 1) x'(12
W) = (n—1) x'(12) (1.7

V2 dim(2)
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for any partition A of n. Fulman [5] showed that

EW =0, (1.8)
and Eﬂﬂzzl-% (1.9)
([5], pp. 563-564). By applying (1.6) to (1.7), we obtain
2
WM):%;MMU—MML (1.10)

a form that will be used extensively. We also observe that (1")’ = A. This implies that

W) = -W). (1.11)
2. Literature review and main result

In 1993, Kerov [8] outlined the proof of the asymptotic normality of the normalized character ratio
W, defined in (1.10). Later, Ivanov and Olshanski [9] provided the complete proof of this result in 2002.
Fulman [5] presented an error bound for the character ratio by constructing an exchangeable pair and
applying Stein’s method in 2005 to achieve the normal approximation with the rate of O(n~'/*) as

sup [P(W < z) — ®(z)| < 40.1n°7, 2.1)

zeR

Z
where ®(z) = (1 / @) f e‘é dx is the standard normal distribution function. Fulman [5] also

conjectured that the rate of convergence can be improved to O(n~'/?). Later in 2006, (2.1) was improved
to the rate of O(n~'/?) by Shao and Su [10] as

sup [P(W < 2) — ®(2)| < An™2, (2.2)
z€ER
where A can be narrowed down to 150. Chen et al. [11] further improved this constant to 8.2 under
certain conditions, as stated in the following theorem:

sup [P(W < z) — D(z)| < g (2.3)
zeER \/ﬁ
We see that the constants in the error bounds of (2.1)—(2.3) do not depend on the value of z. This
type of error bound is called a uniform bound. In contrast, a nonuniform bound includes an additional
factor that decays as |z| increases so that the bound becomes sharper for large |z|. In 2021, Chen
et al. [11] obtained both uniform and nonuniform bounds for the Jack deformation of the character
ratio using zero-bias coupling under certain conditions on a@. In 2025, Thanh and Tu [12] established
a nonuniform bound for general unbounded exchangeable pairs, with the Jack deformation of the
character ratio arising as one of its applications. The following is their result:

C(p)

[P(W <z) —D(2)| < m,

(2.4)
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where the constant C(p) depends on the order of p. In the case of p = 3, it turns out that the constant
is very large; that is, C(3) > 2.55 x 10'° (see [12, Appendix Al]).

In this paper, we improve a nonuniform bound for the normal approximation of the character ratio.
Our key contribution is to give a sharper bound on the moments of W by utilizing the Jack measure
and the Metropolis algorithm. Theorem 2.1 presents our main result.

Theorem 2.1. For any |z| > 35 and n > 51, we have
93.7
Vil + 23

We compare the coefficient 8.2 of 1/ +/n in the uniform bound (2.3) with that in our nonuniform
bound in (2.5) for z varying from 35 to 100, as in Figure 1.

IP(W <z) - D(2)| < (2.5)

uniform nonuniform

12 - 0.0025 -
11 A
10 1 0.0020 -

9

8 0.0015 -

7 -

@] o

6 0.0010 A

5

47 0.0005 -

2/

1 -

o+ . ; ; , 0,000 ; , , ; .

0 40 60 80 100 120 0 40 60 80 100 120
z z

Figure 1. Constants C in the form of C/ +/n on the bounds of (2.3) and (2.5).

Remark 1. (1) For small values of z, specifically when |z| < 35, it suffices to apply the uniform bound.
(2) By using the fact that |W| < n/ V2, which will be proved below in Proposition 3.4, we have
P(W < z) =1 for any z > 35 and n < 50. Thus, it is reasonable to assume in the main theorem
that n > 51.
(3) For|z] = 35, we have

2.01x1073
P(W <z7)—D(z)| < T,

which provides a sharper constant than a uniform bound given in (2.3).

3. Moments of W
In order to make a sharper bound, we need to bound moments of W which are provided in this

section. First, we note that the Jack, measure on the set of all partitions of n is defined as

a'n!

n(aa(x) + I(x) + D(aa(x) + I(x) + a/)’

X

Po(d) =

AIMS Mathematics Volume 11, Issue 7, 23149-23172.
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where A is a partition of n, and a(-) and I(-) are defined as in (1.3) (see [13] for more details). Hence,
the Plancherel measure can be viewed as a special case of the Jack, measure when @« = 1 and W =
V(n — 1)/nW,. For example, the partition (3, 2) of n = 5, which has the Young diagram

has Jack, measure
30a?

(@+ 1)?@Ca+ Da+2)Ra+1)

Note that for any n € S,, m can be decomposed into a product of disjoint cycles with decreasing
lengths [14, p. 31]. If 7 € §, is the product of disjoint cycles of lengths ny,n,,...,n, with ny > n, >
-+~ >n,and n; + --- +n, = n, then (ny,...,n,) is called the cycle type of &, and we define

Pa((3,2)) =

c(m) = number of cycles of 7.

For a partition 4 = (ny,...,n,) of n, we denote that [A] = {7 € §, | Ais the cycle type of x.}.

To be specific, for S4, [(2,1,1)] = {(12),(13),(14),(23),(24),(34)}, [(2,1")] = (o |
o is a transposition in S}, and [(1,..., 1)] = {is}, where i, is the identity permutation. Let my,m, € S,
e’
n terms

and @ > 1. It should be noted that if 7, = m;0 for some transposition o, then o can be uniquely

determined as o = 77 'm,. The transition probability T, on S, is defined as

(@=bnt) i 7 = 7, and 7y € [A],

1 . o .
s, if da transposition o € S, s.t. m, =m0 and c(m,) = ¢(my) — 1,
Ty, m) = { O b 2 D 3.1)
(1,,), if Ja transposition o € S, s.t. m, = myo and (1) = c(my) + 1,
(04 2
0, otherwise.

In the case @ = 1, we observe that T(r;, ) = O for all 7y, 7, € S, and that

(+, if Ja transposition o € S, s.t. 1, = 7,0,
2

T(my,mp) = { (3.2)

0, otherwise.

For example, if we consider 71y = (12) and 7, = (123) in §,, then m, = m1(23), which implies that
Ti(r,m) =1/ (g) Let A, and A, be partitions of n. Then, the Metropolis chain is defined by

Ko, ) = ) Tolm, mo), (3.3)

meE[A2]

where 7, is a fixed permutation in [4,], and 7, ranges over all permutations in [4,]. Note that K,(1;, 1)

does not depend on how to choose m;. We say that the probability that a partition 4; moves to A, is

K.(4,, ). For convenience, we denote the exponential notation of a partition (a”, »™) to mean the

partition (a,...,a,b,...,b) and use K and T for K, and T, respectively. To bound EW* and EWS, we
ARG AV IS AR

n terms m terms

need the following K(A;, A;) in Proposition 3.1.

AIMS Mathematics Volume 11, Issue 7, 23149-23172.
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Proposition 3.1. For n > 6, we summarize the value of K in Table 1.

Table 1. K(/l], /12) for Sn-

A
’ an @1 Ly Gy @2517% 0 3,2,17%) 0 (4,17
A4
(1) 0 1 0 0 0 0 0
-2 1 (") 2n-2)
@15 0 @) g (04) 0 0
2 1n—4 2 " 4(n—4) 4
@510 @ 0 0 @ e @
n-3 3 " 3(n-3)
G0 @) 0 0 0 @ @
(2%, 1) 0 0 % 0 0 X X
n-5 3 1
(3,2,1") 0 0 @ @) X 0 X
n—4 = A
4, 1% 0 0 @ a) X X 0

Remark 2. Here, x indicates a probability that is not required for computing the moments of W.

Proof. From (3.2), we know that K(4, A1) = 0O for all partitions A of n. To complete all entries in Table

1, we use the following procedure: For given A; and A,, fix 7 € [4,]. Then, we compute the
set Ay, 1,, Where A, 4, = {mo € [A;] | o is a transposition in S ,,.}. Thus,

1A, 2, ]
()
It should be noted that K is well-defined. That is, it does not depend on the choice 7 in [4,].
For A; = (1), we have that [1;] = {i;}, and it follows that

[(2,1"%)], if A =(2,1"2),
Ay, =

KA1, 1) =

0, otherwise.

Therefore,

A n-
K. .1y = Psersl

()

For 4; = (2,1"7%), we fix 7 = (12) € [(2, 1"7?)]. Because |A;, an| = l{ig}l = 1, we have
1
K((2,1"72),(1") = -
()

Similarly, we have |A,, o2 1n-4)| = (";2) and |A,, 31| = 2(n — 2). Therefore,

n—2
K((2,1"),(2%,1"%) = Q and K((2, 1), (3, 1" = 20=2),

() (3)

size of the

AIMS Mathematics Volume 11, Issue 7, 23149-23172.
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We remark that (”;2) +2mn—-2)+1 = (’21), which implies that K((2,1"7%),1) = 0 for A ¢

{(1M), (2%, 1"%), (3, 1"73)}. For other cases, we can compute K(1;, A,) with the same argument. o

For convenience, let K®(1,, 1,) denote the probability that 1; moves to A, in k steps. In [15, p. 289],

for @ > 1, Fulman defined
_an(A) — n(d)

a(3)

and showed that the rth moment of W,/ | /a(g) under the Jack, measure is equal to the probability that
(1,..., 1) moves to itself in r steps under the Metropolis chain. Hence,
~————

We

4 n—1 2 n ? @) r1n n
EW" = ” ) K", (1"%)), (3.4)
3 3
and EWéz(n;l) (’;) K917, (1), 3.5)

Proposition 3.2. Forn > 4, EW* < 3.

Proof. To prove the proposition, we will start from K®((1"),(1")). From Table 1, we illustrate how
(1) can move to itself in four steps in the following form:

(1) — (2,172 e (2,17 — (1),

To compute K@((2, 1"72), (2, 1"2)), we note from Table 1 that

a»

N

Q1) —— 21" ———> 2,1")

~N 7

(3’ 1;1—3)
and hence,

KP((2,17),2,1") = K((2, 1"™), (I")K((1"), (2, 1"™))
+ K((2,1"72), 2%, 1" )K((2%, 1", (2, 1"72))
+ K((2,1772), 3, 1")K((3,1"7), (2, 1"2))

n-2
1 +2(2)+6(n—2) _dan-12

() 2(3)

AIMS Mathematics Volume 11, Issue 7, 23149-23172.
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Therefore,

K™, (") = K", (2, 1"2)DK2(2, 1"), 2, 1" )K((2,1"7), (1)

_ 3n+n—-12
)

From this fact and (3.4),

B’ +n-12)(n-1) <3

4 _
EW" = 3

n

Proposition 3.3. Forn > 6, EW® < 15.4.

Proof. Note that the path from (1") to (1”) in six steps must take the form of

(1) — (2, 172) e (2,1777) — (1),

From Table 1, we can separate the computation of K((2, 1"72), (2, 1"2)) into three cases as follows:

Case 1.
217 — (M) — 2,17 oo (2,177)
-steps
Case 2.
2,1"%) ————> (1"
(2, 1n—2) > (3’ 1n—3) > (3,2’ 111—5) (22’ 1n—4) > (2’ 1n—2)
(4’ 171—4) _ 5 (3, 1n—3)
Case 3.

2,1 ——— (1"

N\

(2 1= 2) > (22 17 4) (22 11 4) > (2 11 2)

(2g,1” %)

(4’ 1;1—4) _ 5 (3’ 1n—3)

AIMS Mathematics Volume 11, Issue 7, 23149-23172.
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Let Ey, E,, and E; be events in Cases 1-3, respectively.
To compute P(E,), by Table 1 and (3.6), we have that

P(E)) = K((2, 1"72), A"NK((1"), 2, 1" NKP((2,1"7%),(2,1"7%))
3t +n-12

)

To compute P(E,), observe that

KP((3,1"7),(1") = K((3, 1"7), (2, 1" *)K((2,1"7), (1")) = &
2
KP((3,1"7),(2%,1") = K(3, 1"7), (2, 1" )K((2, 1), (2%, 1"™)
+ K((3,1"2), (3,2, 1")K((3,2,1"), (2%, 1"%)
+ K(B, 1"7), (4, "™ NK((4, 1", (2%, 1"™)
()35, 6= _3m-3w-1

W )

2

and

K(z)((S, 1n—3)’ a3, 1n—3)) = M—nz_84
2(3)
Therefore,
P(E;) = K((2,1"7), 3, 1" NIKP((3, 1), (I")K((1"), (2,1"7%))
+ K2((3,1"7), 2%, 1" K2, 1", (2, 1"7%)
+ K2((3,1"7), (3, 1" DK((3,1"), (2, 1")]
_ 18n° —288n +432
4
()

With the same argument, we can show that

3n* — 101 — 23n% + 1101 — 96

P(E;) = 2
()

Then,

KO((1m, (1m)

= K((1"), (2, 1) (P(E)) + P(E») + P(E3)) K((2, 1"7%), (1))

32 +n—-12 1813 —288n+432 3n*—10n° — 23n> + 110n - 96 1
=1x 3 + 2 + 7 X
2(2) (2) (2) (2)

AIMS Mathematics
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B 15n* + 30n° — 1051 — 7001 + 1344

)

From this fact and (3.5),

(n — 1)(15n* + 301> — 10512 — 700n + 1344) <1

6 _
EW® = =

54.

Proposition 3.4. Forn > 2,

(1) Wl < (n=1)/ V2;
2) W 4 —W, where X LY means that random variables X and Y are equal in distribution;
(3) EW*-! =0 for any k € N.

Proof. (1) Let A be a partition of n. Suppose that 2 = (4;,...,4,), and ' = (1},...,47). By (1.10),
all possible values of W(1) are given by

V2
W) = 7[71(/1 ) — n(A)]
) v
\/z q J . P A
=—[>D.G-D=> > =D
n >J=1 k=1 i=1 k=1
[ X
V2|l&L S L A
RN
n | =1 k=1 i=1 k=1
q /l;' P A
We see that Z Z J 1s maximal, and Z Zi is minimal when A4 = (n). Hence, W(A) is
=1 k=1 i=1 k=1

maximized when A = (n). In this case, W(1) = (\/i/n)Z( j-H=m-1)/ V2. In particular,
j=1
W(A) attains its minimum at A’ = (1"). By (1.11), W) = -W(1) = —(n—1) V2. Hence, the
proposition is proved.
(2) See [11, p. 464].
(3) By (2), we have W?-! L w21 Hence, EW*! = ~EW?*-!, which implies that EW*-! = 0.
O

4. Proof of the main result

If a random variable V is discrete, and V 4 —V, then it is sufficient to make a bound for the normal
approximation in case z > 0 (see [16] for more detail). Hence, by Proposition 3.4(2), we will prove
Theorem 2.1 for z > 0. By Proposition 3.4(1), we know that |[W| < 49/ V2 < 35 for n < 50. This
implies that P(W < z) = 1 for n < 50 and z > 35. Then, it suffices to investigate the theorem in case of
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n > 51. Our main technique is Stein’s method, which aims to make an error bound from a differential
equation:

W) =wfw) = 1 wgw) — O(2), 4.1)
where
1, ifw<g
lewalw) = {o, ifw> 2.

The solution f; for (4.1) is given in [17, p. 14] as

21 e oW1 - O(Z)], ifw <z,
fiw) = . | (42)
V21 e P01 - d(w)], ifw >z,
and from (4.1), we have
, wiw)+1-0(z), ifw<g,
flwy=43""~ . (4.3)
wf.(w) — D(2), ifw>z
The properties of f; that will be used in the work are listed as follows:
|f/ ()] < 1forueR, 4.4
If/(u) = f,(n)] < 1foru,veRr, 4.5)
and
wf.(w) is an increasing function of w. 4.6)
([17], p. 16). If we replace w in (4.1) by W and take an expectation, then we have
IP(W < 2) = @(2)| = [Ef) (W) - EWf£(W)]. 4.7)

To find a bound on the right-hand side of (4.7), a common approach is to apply the coupling method of
exchangeable pairs which are used by [5, 10, 15]. For a pair of random variables U and U’, we say that
(U, U’) is an exchangeable pair if the joint distribution of (U, U’) is the same as of (U’, U). In 2005,
Fulman [5] first constructed an exchangeable pair (W, W’) that satisfies

2

E(W - W'|W) = mW. (4.8)

An exchangeable pair that satisfies (4.8) has a consequence that

EWf(W) = ]Efoo (W +K(t)dt, 4.9)

where |
+
n4 W =W <t<W -W)—1(W -W<t<0} (4.10)

K@) =

([17], p- 22). We denote the difference of an exchangeable pair as A := |W — W’|. It can also be shown
that

A <22, 4.11)
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4e V2
and P(A> e\/_)SZe_ze‘/ﬁ
\n

([5], pp. 565-566). By applying (4.9) to (4.7), it follows that
(W < 2) — B(2)] = ‘Efz’(W) _E f FOW + DK@ dz]

< ‘Efz’(W) -Ef/(W) I: K(t)dt‘

+ EI:{fZ’(W) - (W +0)}K(1) dt‘
=A+B,
where
A= 'Ef;(W) —Ef/(W) fm K(1) dt],
and

B= ‘Ef {fZ’(W)—fZ’(W+t)}K(t)dt|.

From this fact and the fact that

0
fz'(w)—fz'(w+t)—f h(w + u) du

< 1(z = max(0, 1) < w < z—min(0, 1)),

where

How) = Gy = 4 V2R w2000 +w)(1 - 0@, ifw sz,
W= VI ZN (VIR + w)e (1 - ) - (), ifw > 2

([18], p. 250), we have
[P(W <2)—®(z)] <A+ By + B, + Bs,

where
4eV2\ (1., ,
B, :EI(A >~ )L@ (W) = £ + )| Ky d,
B, =El (A < 46\/‘?) f "1z - max(0, 1) < W < 2+ min(0, ) K(t)d,
n —0
and

00 0
B; =E1 [A <X \5] f f W + WK () du dr.
\/ﬁ —o00 Jt

Hence, we will divide the proof into four steps.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Step 1. Bounding A. By using (1.9), Propositions 3.2, 3.3, and 3.4(3), we have
E(W + 0.9)°
(0.9z + 0.9)°
3 (10/ 9

P(W > 0.9z) <

z+1
+ 14.58EW? + 9.8415EW? + 3.54294EW + 0.531441)
117.084
< —.
(z+1)8

6
) (EWS + 5.4EW° + 12.15EW*

(4.18)

From the Gaussian tail, 1 — ®(w) < e‘Wz/z/ ( \/ﬂw) forw > 0 ([17], p. 38) and (4.2), we have

0 = whw) = V2awe™ (1 — O(-w)) (1 - D)) = —(1 — D(z))

for w < 0. From this fact, (4.3), and (4.6), we have 0 < f/(w) < 0.92/.(0.92) + 1 — ®(z) for w < 0.9z.
By applying the Gaussian tail for w < 0.9z and z > 35, we have

0 < f/(w) < (0.9 V27e"'<2% + 1) (1 - B(2))
< (O.9z V2red1e/20 1)

1

S T.
£1922/200

1
V2nze? 2

By using the fact that €'%°/2%/(z + 1) > 1.59 x 10*! for z > 35, we have f/(w) < 6.27 x 107?/(z + 1),
which implies that

6.27 x 10742
Elff(WIN(W<097) < ————— 4.19
|Z(W)IL(W <0.92) < Zr 1) (4.19)
From (4.4), (4.18), and (4.19), it follows that
Elf/(W)P < E|f/(W)|
= E|f/(W)[L(W < 0.92) + E|f, (W)|L(W > 0.92)
6.27 x 10742
<—+P(W>09
Zr 1P +P(W >0.92)
117.085
< — 4.20
S Grlyp (4.20)
Shao and Su [10, p. 2155] also showed that
n+1 2 3
Ell- EVAZ| < 4]—. 4.21
=) < @20
By applying (4.20), (4.21), and the fact that
« 1
f K()dt = ”Z A2 4.22)
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([17], p. 22) to term A, we have

A=

EfZ'(W)(l — fm K(t)dt)

(&)

Ef/(W) (1 - %EWAZ)

2
JE P \/E(l - 1EWA2)

9.371
Vi(z + 17

IA

Step 2. Bounding B,. From (4.11), (4.12), (4.5), and (4.22),

de V2 0
e‘f] f F(W) = f1(W + DIK (1) di
Vn ) J-w

46\/§)f°°
<El|A > K(t) dt
( Vn ) J- ®

n

B, :EI(A>

(o)

EA%1 (A > 4‘1/‘_?)
4e 2
)

n+1
<

<2(n+ l)P[A >

< 4(n + 1).
T plevn

Because 0 < z < n/ V2, and n > 51,

Hence,

n+l  n+l n+1 1 231x10™*

= < < < .
e2eNn  egeNngeNn T (4 1) \fne¢ Vi \/ﬁee\/zTi Vn(z + 1)3

9.24 x 1074
===
Vn(l +2)

Step 3. Bounding B,. Let & = 4e V2/+/n, and define f; : R — R as

0, ift <z-26,
fs() =3Pt —z7+20), ifz—-20<t<z+26,
467, ift>z+26.

Then, for r € (z — 26, z + 20),

AIMS Mathematics

i) = 68 = 5t*z + 10£*6 = 61 — 5t*(z = 26) > 61 — 56 = 1.

Volume 11, Issue 7,
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(4.25)
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Therefore,
, £, ifte(z—26z7+20),
f5(0) = . (4.26)
0, ifté¢lz—28,z+20].
Iflff<A<6,and W >z-6,then W+t >W-A>7-2A>z-26> 0. Thatis, (W +1¢)/(z—26) > 1.
We also see that f; is increasing. For these reasons, together with (4.9) and (4.26), we have

de ‘/z)fm(w + 01z =A< W < 2+ NK() dt
Vi ) J-w

1
0<B,<——FEI|A<
27 (220 (

1 * /4
< (z——25)5EI fs(W+K(t)dt

o0

< ——E|W|fs5(W
< W)
< ———EW%
(z = 26)°
L 246.4¢ V2
~ n(z-26)y
From the fact that (z — 26)° > 583.89(z + 1)* for z > 35 and n > 51, it follows that
1.
B <19 4.27)
Vn(z + 1)}
Step 4. Bounding B;. We separate B; into two terms as
B; = B3; + B3,
where
4eN2) ™ (° 99z
B; = E1 (A < N7 )f:oo I (W + u)K()1 (W +u< m) dudt, (4.28)
and
d4e\2\ (= (© 997
B3, = E1|A < h(W KH1|w — | dudt. 4.29
32 (_\/ﬁ)\[mft(+u)()(+u>100)u (4.29)
From (4.14), if w < 99z/100, then
9801z : e 7
0<how) < | Varll + 98012%/20000
= (W)—[ ”( 10000)6 | Vo
_ l_'_ 9801z 1992220000 e
z ' 10000 \on
8.154
4.30
1+ 2 (4.30)
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where the last inequality follows from the fact that !9%/20000/ [z(z + 1)3] >0.1203, ¢2/(z + 1)® >

2.17 x 10%%!, and 2619912/20000/(2 + 1)} > 147.4 for z > 35.
By using f(¢) = tin (4.9) and (4.22), we have EW? = (n + 1) EA%/4. By (1.9), it follows that

EA <
n+1
Hence,
E1 ( )f f K(t)dudt<E1( < de \/i] 00|t|K(t)alt
N
_n+l1 4eV2)
=3 E1 (A < Nr )A
em+1)_ ,
———EA
V2n
2e V2
= N 4.31)
From (4.28), (4.30), and (4.31), we have
8.154 62.692
31 < 1+ Z)3E1 (A )f f K@) dudr < N 1)3 (4.32)

Chuntee and Neammanee [19] also showed that 0 < A(w) < 1.001(1 + z) for w > 0.99z. By using the
fact that (z — 2.1758)°/(z + 1)® > 0.5745 for z > 35 and Proposition 3.3, we have

EWS 16.358 2848  0.02198
P(W > 0.99z — 2.154) < < < < . 433
(W>0.99 )< 0992 = 2154 = Z=2.1758) ~ G+ 1P ~ Gr 1 (4.33)
Note that 4e V2/ /n < 2.154 for n > 51. Hence,
4eN2) ™ °
By, < 1.001(1 + 2)E1|A < e\/\[ f f KOLW + u > 0.997) du di
n —00 t
4eN2) ™ °
<1.001(1 +2)E1|A < e\/\[ f f KOLW + A > 0.992) du di
n —00 t
4e\2) ™ 4e 2
< 1.001(1 + 2)E1|A < eV2 f f K(t)l(W>O.99z— e\/_] dudt
Vi ) J-e Ji \n
+1 2
<1.001(1 + 2 —E1(W > 0.99z — 2.154)1 (A < e‘/_]ﬁ
n
1 (de V23
< 1.001(1 + z)—( eV2) P(W > 0.99z — 2.154)
n
<20 (4.34)
Vn(l +z)

From (4.23), (4.25), (4.27), (4.32), and (4.34), the main theorem is proved.
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5. Application

One important application of character ratios arises in the study of random walks on the symmetric
group S ,. A fundamental challenge in this area is analyzing the convergence rate, or mixing time, of
such Markov chains. Using Fourier analysis on finite groups, Diaconis and Shahshahani [6] showed
that the eigenvalues of the transition matrix are given precisely by character ratios, providing the
essential spectral information needed to bound the convergence rate. For illustration, we consider a
probability measure 7" on the symmetric group S ,;:

1

—, if mis the identity,
T(m) = é

n?’

if 7 is a transposition,
0, otherwise,
where 7 € §,. Let m;,n; € S,. Because n; = m;x;'n;, we define a transition probability that a

permutation xr; moves to 7; as
-1
M(nj, ;) = T(mjm; ).

For example, in S5, we have M((12), (123)) = T((123)(12)"") = T((23)) = 2/9 and M((13),(12)) =
T((12)(13)™") = T((132)) = 0. For a random walk on S ,, the transition matrix M is an n! X n! matrix,
where the (i, j)-th entry is M(rr;, ;). The following is the transition matrix of S ;.

Table 2. Transition matrix of S 5.

" e (12) (13) (23) (123) (132)
T

e 3 5 3 3 0 0
(12) 5 3 0 0 5 5
(13) 3 0 3 0 s 3
(23) 2 0 0 ! 2 2
(123) 0 5 5 5 5 0
(132) 0 z 2 z 0 3

In 1981, Diaconis and Shahshahani [6] showed that the eigenvalues of the transition matrix M are

1 n-1412)
2D = T dmoy”

(5.1)
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where A is a partition of n with multiplicity dim*(1). By applying Theorem 2.1 to (5.1), it follows that

A e Ry

F(v <5055

9
3’
nz—1 |)

\/ﬁ(1+

w
N

IA

S

provided that [nz — 1|/ V2 > 35, and n > 51.
6. Conclusions and discussion

In this paper, we give a nonuniform bound in the normal approximation for the character ratio of
the form 93.7/ [\/ﬁ(l + |z|)3]. In fact, one can apply Theorem 2 from [12] to obtain a bound, but
the constant in our bound, 93.7, is much smaller than the corresponding constant obtained from [12],
which is at least 2.55 x 10'°. The key tool is that our bound for EW* and EW® is much smaller than
that obtained in [12, Appendix A], as we use the Jack measure and the Metropolis algorithm, whereas
Thanh and Tu [12] derived their bound using the exchangeable pairs method, which can be applied
to (4.9).

In general, one can extend our idea to any order of nonuniform bound. That is, we can make a
bound in the form of C/ [(1 + |z])" \/ﬁ] by using the method of the Metropolis chain to find the explicit
form of EW?".
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Appendix

Lower bound for C(3)

In [12], Thanh and Tu gave a nonuniform bound for exchangeable pairs stated in Theorem A.1.
Theorem A.l1. Let p > 1 and a > 0. Let (W,W’) be an exchangeable pair satisfying E(W'|W) =
(1 — )W + R for some random variable R, and let A = W — W’. Then, for every z € R, we have

IP(W < 2) — O(2)|

2 2 3
L C{ + EW| P)[\/E(liE(AZW)) N «/IiRZ @  EA*1(A| > a)

ta+—+ ,
(1 + 127 A Pl

where C(p) is a constant depending only on p.

Because the character ratio W which is defined in (1.7) has an exchangeable pair W’ that satisfies
E(W|W) = [1 —=2/(n+ 1)] W, the components can be applied using Theorem A.1. In this appendix,
we show that the constant in the case of p = 3 for a character ratio is greater than 2.55 x 10'°.

In the proof of Theorem A.1, the authors made a bound such that

IP(W<2) -0 <T,+T, + (né%l) (T34 + T304 + T322), (A.1)
where
T, =E|f/(W) (1 -~ %(W —~ W’)Z)],
1= IR GLNR),

Ty =E A1(|A|>a)(fz(W) £W = A) = AfL(W))),

Tsn, = E(A1(|A| < a)f (W +0f(W+1) - WfZ(W))dt)
T30 = (AI(IAI < a)f AW +1<2) - LW < 2)) dt)
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/- is the solution of (4.1), and

B 2e+/2(2 + e)2 36.277 f
Vn -1 -

To illustrate how large the constant in Theorem A.1 is, we focus on the constant of the term 75,
only. From p. 762 of [12], we have

n>3. (A.2)

T3] < % j; ' I : E(W + u) du dt, (A3)
where £ is defined by (4.14). We also make a bound of EA(W + u) as follows. First, we note that
(a+b)' <2 (da"+b" (A4)
for any a, b > 0. Equation (86) of [12] has

2633
ER(W +a) < = i 2E(W + a)* < 2.786 + 2a° < 2.786 - (A.5)
By Holder’s inequality, Markov’s 1nequa11ty, (A.4), and (A.5), we obtain
Eh(W+a)1(W+a> ) < VER(W + a) \/El W+a> )
§ VERXW + a) VE(W +a + 1)6
= 3
(1+3)
2
2633
2786 + —— \/32(E(W6 + (a + 1)5))
< 3
Z
I+ —)
( ;

< C() V1 + EW°

T (I+2p
where Cy > 75.6. Thanh and Tu [12] also showed that

C,V1+EWe°
Eh(W + a)L(W +a < O)+Eh(W+a)1(O <W+as ) LoV e
2 (1+2)3
for some constant C| > 0. Then, it follows that
Eh(W + d) = Bh(W + a)l(W +a < 0)+Eh(W+a)1(0 <W+a< %)
Z C2 V1 + EW°
Eh(W 1 (W —) < —
+ER(W + a) +a>2 T+ 2
for some C, > 75.6. Therefore,
an C, V1 +EW a’n C, V1 + EW6
IT32.1] < 2 d dt = — (A.6)
n+l (1+2 n+l (1+2
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From (A.6), it is left to bound EW®. Thanh and Tu applied [12] f(¢) = £ in (4.9) and (4.10) to show
that

EW® = 5E f (W + 0*K(1) dt

n+1 5n+1) Sn+1)

= EA® + TEWA5 + EW?A*
Rl 2+ Deweas + —5(”: Dpweaz
n+tl ! 52+ 1'? 1 10(n + 1)'
< BA® + [ —EW® + ————~ BA®| + [ —EW® + ————— EA®
4 (384 6212 ) (24 3
1 5 1)2 1 5 )3
+|=EW° + mEA6 +|—EW°® + MEAﬁ ,
8 2 32 24

where we use the fact that |ab| < |a|’/p + |b|?/q for 1/p + 1/g = 1 and p, g > O in the last inequality.
Therefore,

n+l 5%2@+ D2 10+ DY S+1)7? 5m+1)°
EW® < 1.69 + + + EAS. A7
- ( 4 6212 3 2 24 ) (A7)
Because 1 1
P(A>a) < p2ere)logn  p2e2re)’ (A.8)
and
Al <4 (A.9)
([12], p. 769), we have
36.277° 46 C
EA® < a® + 4°P(A > a) < s (A.10)

+ <
(I’l — 1)3 n2e+e) — (l’l — 1)3

for some C3 > 2.27 x 10°. By (A.7) and (A.10), it follows that

EW6§C4(
n-—1

n+1)3

for some C, > 7.99 x 10%. From this fact and (A.6), it follows that

Tasij < C, V1 + EWS 36.2773 . Cs
32,11 =

n+l (1+2% m-13" (1+280n-1)

for some Cs > 1.02 x 10!, Hence, by (A.1), C(3) > 2.55 x 10'°.
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