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Abstract: The classification of sprays with isotropic curvature is a central theme in spray geometry.
In this paper, we investigated a class of spherically symmetric sprays—those invariant under spherical
rotations. First, we derived a necessary and sufficient condition for such a spray to have isotropic
curvature; the condition was a system of differential equations. For the important subclass of
projectively affine spherically symmetric sprays, we then obtained the corresponding equivalent system
of partial differential equations (PDEs). Furthermore, we constructed several explicit sprays of
isotropic curvature.
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1. Introduction

Spray geometry provides a natural framework for studying geodesic behavior independently of
a metric. A spray on a manifold is a vector field on the tangent bundle whose integral curves are
interpreted as geodesics. Every Finsler metric induces a natural spray, but the converse is not true: there
exist sprays that are not metrizable by any Finsler metric, and such examples have been discovered in
recent years [1–4]. In local coordinates (xi, yi), a spray G on an n-dimensional manifold M is a smooth
vector field on T M \ {0} expressed as

G = yi ∂

∂xi − 2Gi ∂

∂yi ,

where the coefficients Gi = Gi(x, y) are smooth and positively homogeneous of degree two in y.
Spherical symmetry (rotational symmetry) has long played a distinguished role in differential

geometry. A Finsler metric F on a domain U ⊂ Rn is called spherically symmetric if it is invariant
under the orthogonal group O(n), i.e., F(Ux,Uy) = F(x, y) for all U ∈ O(n). It was first studied by
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Rutz [5]. Zhou [6, 7] derived the general form of such metrics,

F = |y| ϕ
(
|x|2, ⟨x, y⟩/|y|

)
,

where ϕ(r, s) is a positive smooth function and r = |x|2, s = ⟨x, y⟩/|y|. Here and throughout, | · |
and ⟨·, ·⟩ denote the classical Euclidean norm and inner product, respectively. Zhou [6] also classified
the projectively flat spherically symmetric Finsler metrics of constant flag curvature. More general
results on projectively flat Finsler metrics of constant flag curvature can be found in [8, 9]. Many
interesting metrics in Riemannian and Finsler geometry are spherically symmetric, such as Riemannian
metrics of constant sectional curvature in Rn, the Funk metric, the Berwald’s metric, the Bryant metric,
etc. There are many results on spherically symmetric Finsler metrics in the past years; some of them
can be found in [10–15]. These studies naturally motivate us to study sprays that are invariant under
orthogonal transformations.

Recently, Gui and Li [16] proved that a spray G on U ⊂ Rn is invariant under orthogonal
transformations if, and only if, its coefficients are of the form

Gi = |y|Ayi + |y|2Bxi, (1.1)

where r = |x|2, s = ⟨x, y⟩/|y|, and A = A(r, s), B = B(r, s) are smooth functions. Such sprays are called
spherically symmetric sprays. Obviously, the geodesic coefficients (also called spray coefficients) of
any spherically symmetric Finsler metric are of the above form (1.1).

A spray is said to have isotropic curvature if its Riemann curvature tensor Ri
k satisfies

Ri
k = Rδi

k − τkyi,

where R = R(x, y) and τk =
1
2
∂R
∂yk are homogeneous functions in y of degree two and one, respectively.

This generalizes the notion of constant flag curvature from Finsler geometry. Li and Shen [4]
systematically studied sprays with isotropic curvature, establishing fundamental properties and
constructing examples that are not metrizable. Lou and Li [17] introduced sprays of weakly isotropic
curvature and provided two families of non-metrizable examples. In [18], Cheng, Cao and Qing
determined the relationship between the χ-curvatures of two projectively related sprays and found an
approach to construct sprays of isotropic curvature. Yang [1] further explored the connection between
projectively flat sprays and isotropic curvature, and exhibited projectively flat sprays that cannot be
induced by any Finsler metric.

A natural problem therefore arises:
What is the classification of spherically symmetric sprays of isotropic curvature?
In this paper we study this problem. Our first main result provides a necessary and sufficient

condition for a spherically symmetric spray to have isotropic curvature, expressed as a system of
partial differential equations for A(r, s) and B(r, s). Here and throughout, the subscript “s” denotes the
partial derivative of a function with respect to s. For example, As =

∂A
∂s , Ars =

∂2A
∂r∂s , Ass =

∂2A
∂s2 , etc. The

Einstein summation is used in the whole paper.

Theorem 1. Let G be a spherically symmetric spray on an open subset Ω ⊂ Rn with Gi expressed
in (1.1). Then, G has isotropic curvature if, and only if, the following system of equations holds:2

[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 2Ar = 0,[

2(r − s2)B − 1
]

Bss − 2sBrs − (r − s2)B2
s − 2sBBs + 4Br + 4B2 = 0.

(1.2)
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In particular, the spray has zero curvature if, and only if, Gi satisfies (1.2) and the following equation
holds: [

2(r − s2)B − 1
]

As − 2sAr + 2B + 2sAB + A2 = 0. (1.3)

Though the equations for A and B are given by the above theorem for isotropic curvature, it is difficult
to find the general solution of the corresponding system of partial differential equations (PDEs).
Therefore, we turn our attention to projectively affine sprays, whose Douglas curvature vanishes. This
is the spray analogue of Douglas metrics in Finsler geometry. Douglas curvature is a projectively
invariant geometric quantity introduced by Douglas [19] in 1927. For this class, the spray geodesics
can be expressed as

Gi = P(x, y)yi +
1
2
Γi

jk(x)y jyk.

Then, for spherically symmetric sprays of the form (1.1), the function B(r, s) is quadratic in s, i.e.,
there exist smooth functions f (r), g(r), and h(r) such that

B(r, s) = f (r)s2 + g(r)s + h(r). (1.4)

Our second main result characterizes those projectively affine spherically symmetric sprays that have
isotropic curvature, and for the zero-curvature case we obtain a family of special solutions in the
following corollary.

Theorem 2. Let G be a spherically symmetric projectively affine spray, so that its geodesic coefficients
have the form (1.1) with B given by (1.4). Then, G has isotropic curvature if, and only if, g(r) = 0,
f (r), and h(r) satisfy

(2rh(r) − 1) f (r) + 2h(r)2 + 2h′(r) = 0, (1.5)

and the following equation holds:

2
[
(r − s2)Ass − sAs + A

]
( f (r)s2 + h(r)) − 2sArs − Ass + 2Ar = 0. (1.6)

In particular, the spray is of zero curvature if, and only if, A(r, s) and B(r, s) further satisfy (1.3).

It is known that projectively affine spray of scalar curvature is locally projectively flat. This means
that there exist local coordinates (x̃) locally such that G̃i = P(x̃, y)yi. However, in most cases it is not
easy to find the corresponding coordinate transformation. Thus Theorem 2 tells us how to directly
determine the sprays of isotropic curvature when B(r, s) is given by (1.4).

Due to the high nonlinearity of (1.6), it is difficult to give its general solution. Nevertheless we can
find some special solutions, as presented in the following corollary.

Corollary 1.1. Let

A(r, s) =
2

p(r) + (2rh(r) − 1)2

{[
1 − p(r) − 2rh(r)

]
h(r)s

+

√
p(r)h(r)(rh(r) − 1)

[
4h(r)(rh(r) − 1)(r − s2) + p(r) + 1

]}
, (1.7)
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and B(r, s) satisfies

(2rh(r) − 1)B(r, s) = −2
(
h(r)2 + h′(r)

)
s2 + h(r)(2rh(r) − 1), (1.8)

where p(r) = 0 or p(r) =
[
c exp

(∫
h(r)2+h′(r)

q(r) dr
)
− 1

]−1
, q(r) = h(r)

(
2rh(r)−1

)(
rh(r)−1

)
, c is a constant,

and h(r) is a C∞ function of r. Then, the spray G defined by Gi = |y|A(r, s)yi + |y|2B(r, s)xi is of zero
curvature.

Using these explicit solutions, we construct families of spherically symmetric sprays with isotropic
curvature in Section 5.

The paper is organized as follows. Section 2 recalls the necessary preliminaries on sprays, curvature,
and spherical symmetry. Section 3 proves Theorem 1, giving the equivalent conditions for isotropic
curvature. Section 4 treats the projectively affine case and proves Theorem 2, including the explicit
zero-curvature solutions. Section 5 presents concrete sprays of isotropic curvature.

2. Preliminaries

In this section, we recall some definitions and necessary notions used in this paper.
Let M be an n-dimensional smooth manifold with n ≥ 2. A spray on M is a smooth vector field on

the tangent bundle T M\{0}, which in standard local coordinates (xi, yi) is expressed as

G = yi ∂

∂xi − 2Gi ∂

∂yi , (2.1)

where the coefficients Gi = Gi(x, y) are smooth functions, positively homogeneous of degree two in y,
i.e., Gi(x, λy) = λ2Gi(x, y) for all λ > 0; these functions are called spray coefficients.

A Finsler metric on M is a scalar function F = F(x, y) on T M such that (i) F is positively
homogeneous: F(x, λy) = λF(x, y) for all λ > 0; (ii) F(x, y) is C∞ on the punctured tangent bundle
T M \ {0}; (iii) for every nonzero y, the matrix gi j(x, y) = 1

2
∂2F2

∂yi∂y j (x, y) is positive definite. Every Finsler
metric F on M induces a spray G whose coefficients are given by

Gi =
1
4

gi j

{
∂2F2

∂y j∂xk yk −
∂F2

∂x j

}
.

The geodesic equation x = x(t) of (M, F) then reads

d2xi

dt2 + 2Gi(x, dx
dt

)
= 0,

and the coefficients Gi are also called the geodesic coefficients of (M, F).
Two sprays Ḡ and G are called projectively equivalent if there exists a function P(x, y), positively

homogeneous of degree one in y, such that

Ḡi(x, y) = Gi(x, y) + P(x, y)yi,

where the scalar function P(x, y) is called the projective factor. If Gi(x, y) = P(x, y)yi, then G is called
a projectively flat spray. This notion is intimately related to Hilbert’s fourth problem on characterizing
metrics whose geodesics are straight lines [1, 20, 21].
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Some projectively invariant geometric quantities play important roles in spray geometry and related
Finsler geometry. The Douglas curvature is one such quantity, introduced by J. Douglas [19]. The
Douglas curvature tensor Di

jkl of a spray G is defined by

Di
jkl = Bi

jkl −
2

n + 1

(
E jkδ

i
l + E jlδ

i
k + Eklδ

i
j +
∂E jk

∂yl yi

)
,

where Bi
jkl(y) = ∂3Gi

∂y j∂yk∂yl (y) is the Berwald curvature tensor and Ei j(y) = 1
2 Bm

i jm(y). A Finsler metric F is
called a Berwald metric if its spray coefficients are quadratic in y.

A spray is projectively affine if Di
jkl = 0; then from [22],

Gi(x, y) =
1
2
Γi

jk(x)y jyk + P(x, y)yi,

where 1
2Γ

i
jk(x)y jyk is the quadratic homogeneous part of Gi with respect to y, and its coefficients Γi

jk(x)
depend only on the position x. A Finsler metric is called a Douglas metric if its spray is projectively
affine. Related results on Douglas Finsler metrics can be found in [23–25].

The Riemann curvature tensor Ri
k of a spray Gi is defined by

Ri
k = 2

∂Gi

∂xk −
∂2Gi

∂x j∂yk y j + 2G j ∂
2Gi

∂y j∂yk −
∂Gi

∂y j

∂G j

∂yk . (2.2)

The Ricci curvature Ric is then defined as the trace of Ri
k, i.e.,

Ric = Rm
m.

Let P ⊂ TxM be a 2-dimensional plane and y ∈ TxM \ {0} such that P = span{y, u}. Here, gy denotes
the fundamental tensor at y, namely, for any u, v ∈ TxM,

gy(u, v) = gi j(x, y)uiv j.

The flag curvature K(P, y) with flagpole y is defined by

K(P, y) =
gy(u,Ry(u))

gy(y, y)gy(u, u) − [gy(y, u)]2 ,

where the Riemann curvature operator is Ry(u) = Ri
k(y)uk ∂

∂xi .
A spray G is said to be of scalar curvature if the Riemann curvature tensor has the form

Ri
k = R δi

k − τkyi, (2.3)

where R = R(x, y) and τk = τk(x, y) satisfy R = τkyk. In particular, if τk =
1
2
∂R
∂yk , the spray is said to be

of isotropic curvature. Consequently, a direct computation shows that a spray has isotropic curvature
if, and only if,

Ri
k −

[
1

n − 1
Rm

mδ
i
k −

1
2(n − 1)

(Rm
m)ykyi

]
= 0. (2.4)
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3. Spherically symmetric spray of isotropic curvature

In this section, we first give the Riemann curvature of spherically symmetric sprays in
Proposition 3.1 and then derive the equivalent equations for Ricci-flat sprays and for sprays of scalar
curvature, respectively. Then, we prove Theorem 1, which provides equivalent conditions for a
spherically symmetric spray to have isotropic curvature. For simplicity, throughout this and the
following sections, the subscripts yk and xk denote the partial derivatives with respect to the
corresponding variables. For example, Pyk = ∂P

∂yk , Pxk = ∂P
∂xk , etc.

Proposition 3.1. Let G be a spherically symmetric spray on an open subset Ω ⊂ Rn with Gi expressed
in (1.1). Then, the Riemann curvature of G is given by

Ri
k =

{ [
2(r − s2)B − 1

]
As − 2sAr + 2(1 + sA)B + A2

} (
|y|2δi

k − ykyi
)

+
{ [

2(r − s2)B − 1
]

Bss − 2sBrs − (r − s2)B2
s − 2sBBs + 4Br + 4B2

} (
|y|xk − syk

)
|y|xi

+
{
2
[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 4Ar − AAs

−
[
(r − s2)As + sA + 1

]
Bs

} (
|y|xk − syk

)
yi. (3.1)

Proof. Set P = |y| A(r, s) and Q = |y|2B(r, s). Differentiating P and Q with respect to xk and yk gives

Pxk = 2Ar|y|xk + Asyk, Pyk = (A − sAs)
yk

|y| + Asxk,

Px jyk = Asδ jk +
2
|y|

[
Aryk + Ars(|y|xk − syk)

]
x j + 1

|y|2 Ass(|y|xk − syk)y j,

Py jyk = A−sAs
|y|3 (|y|2δ jk − y jyk) + Ass

|y|3 (|y|x j − sy j)(|y|xk − syk),

Qxk = 2Br |y|2 xk + Bs|y|yk, Qyk = (2B − sBs)yk + Bs|y|xk,

Qx jyk = Bs|y|δ jk + (2Brsx j + Bss
y j

|y| )(|y|x
k − syk) + (4Br x j + Bs

y j

|y| )y
k,

Qy jyk = (2B − sBs)δ jk +
Bss
|y|2 (|y|x j − sy j)(|y|xk − syk)

+ Bs
|y|2

[
|y|(x jyk + xky j) − sy jyk

]
.

(3.2)

Then 
Gi

xk = Pxkyi + Qxk xi + Qδi
k,

Gi
yk = Pykyi + Pδi

k + Qyk xi,

Gi
x jyk = Px jykyi + Px jδi

k + Qx jyk xi + Qykδi
j,

Gi
y jyk = Py jykyi + Pykδi

j + Py jδi
k + Qy jyk xi.

(3.3)

Substituting (3.2) and (3.3) into (2.2) yields (3.1). □

From the proposition above we obtain Ricci curvature Ric = Rm
m as

Ric = Rm
m = (r − s2)|y|2

{ [
2(r − s2)B − 1

]
Bss − 2sBrs − (r − s2)B2

s − 2sBBs + 4Br + 4B2
}

+ (n − 1)|y|2
{ [

2(r − s2)B − 1
]

As − 2sAr + 2(1 + sA)B + A2
}
. (3.4)

Then, the following corollary is an immediate consequence.
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Corollary 3.1. Let G be a spherically symmetric spray on an open subset Ω ⊂ Rn with Gi expressed
in (1.1). Then, G is Ricci flat (i.e., Ric = 0) if, and only if, the following equation holds,

(r − s2)
{ [

2(r − s2)B − 1
]

Bss − 2sBrs − (r − s2)B2
s − 2sBBs + 4Br + 4B2

}
+ (n − 1)

{ [
2(r − s2)B − 1

]
As − 2sAr + 2(1 + sA)B + A2

}
= 0.

From Proposition 3.1 and the definition of scalar curvature (2.3), the following corollary is a direct
consequence.

Corollary 3.2. Let G be a spherically symmetric spray on an open subset Ω ⊂ Rn with Gi expressed
in (1.1). Then, G has scalar curvature if, and only if, the following equation holds,[

2(r − s2)B − 1
]

Bss − 2sBrs − (r − s2)B2
s − 2sBBs + 4Br + 4B2 = 0. (3.5)

Due to the high nonlinearity, it is difficult to find the general solutions of (3.5). However, in the
polynomial case we can derive the following corollary, which will be used in the next section to prove
Theorem 2.

Corollary 3.3. Let G be a spherically symmetric spray on an open subset Ω ⊂ Rn with Gi expressed
in (1.1). If B(r, s) is a polynomial in s, then G has scalar curvature if, and only if, B(r, s) = f (r)s2+h(r),
where f (r) and h(r) satisfy

(2rh(r) − 1) f (r) + 2h(r)2 + 2h′(r) = 0. (3.6)

Proof. We first prove necessity. Let B(r, s) =
n∑

k=0

aksk (n ≥ 6), where ak = ak(r) are smooth functions

of r and k ranges over nonnegative integers. A direct computation yieldsBr(r, s) =
∑n

k=0 a′ksk, Brs(r, s) =
∑n

k=1 ka′ksk−1;

Bs(r, s) =
∑n

k=1 kaksk−1, Bss(r, s) =
∑n

k=2 k(k − 1)aksk−2.
(3.7)

By Corollary 3.2, B(r, s) must satisfy Eq (3.5); substituting (3.7) into Eq (3.5) gives

2r
n∑

k=0

aksk
n∑

k=2

k(k − 1)aksk−2 − r

 n∑
k=1

kaksk−1

2

+

 n∑
k=1

kaksk

2

− 2
n∑

k=0

aksk
n∑

k=2

k(k − 1)aksk + 2
n∑

k=0

aksk
n∑

k=0

(2 − k)aksk

−

n∑
k=2

k(k − 1)aksk−2 + 2
n∑

k=0

(2 − k)a′ksk = 0.

Since each ak = ak(r) is a function of r only, the coefficients of s2n, s2n−1, s2n−2, s2n−3, s2n−4, · · · , s4, s3,
s2, s1, s0 must vanish. This yields

(4 − n2)a2
n = 0, −2(n2 − n − 3)anan−1 = 0,
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(n2 − 2n)ra2
n + (3 − n)(n + 1)a2

n−1 − 2(n2 − 2n)anan−2 = 0,

2(n − 1)(n − 2)ranan−1 − 2(n2 − 3n − 1)an−1an−2 − 2(n2 − 3n + 5)anan−3 = 0,

(n − 1)ra2
n−1 − 2(n − 1)(n − 4)a2

n−2 + 2r(n2 − 4n + 6)anan−2 − 2(n2 − 4n + 12)anan−4

− 2(n − 1)(n − 3)an−1an−3 = 0,

· · · · · ·

30(2ra0 − 1)a6 + 30ra1a5 + 12(ra2 − 2a0)a4 + 3a3(ra3 − 2a1) − 4a′4 = 0,

20a5(2ra0 − 1) + 16ra1a4 + 2a3(2ra2 − 5a0) + 2a1a2 − 2a′3 = 0,

12a4(2ra0 − 1) + 6ra1a3 + 3a2
1 = 0,

6a3(2ra0 − 1) + 6a0a1 + 2a′1 = 0,

2a2(2ra0 − 1) + 4a2
0 + 4a′0 − ra2

1 = 0.

From the above equations we conclude that an(r) ≡ 0, then an−1(r) ≡ 0, and, inductively, an−2(r),
an−3(r), · · · , a4(r), a3(r), a1(r) all vanish identically. Consequently,

B(r, s) = a2(r)s2 + a0(r) = f (r)s2 + h(r). (3.8)

Substituting this expression for B(r, s) into (3.5) yields

(2rh(r) − 1) f (r) + 2h(r)2 + 2h′(r) = 0. (3.9)

The sufficiency follows directly by substituting (3.8) and (3.9) back into (3.5). □

Now before we give the proof of Theorem 1, some computations are needed. Differentiating both
sides of (3.4) with respect to yk yields

(Rm
m)yk =

{
(r − s2)

[
2(r − s2)B − 1

]
Bsss − 2s(r − s2)Brss − 2s

[
5(r − s2)B − 1

]
Bss

+ 2(r + s2)Brs + 2s(r − s2)B2
s + 2(3r − s2)BBs − 8s(B2 + Br)

} (
|y|xk − syk

)
+ 2(r − s2)

{ [
2(r − s2)B − 1

]
Bss − 2sBrs − (r − s2)B2

s − 2sBBs + 4Br + 4B2
}
yk

+ (n − 1)
{
2
[
(r − s2)As + sA + 1

]
Bs + 2

[
(r − s2)Ass − sAs + A

]
B − 2sArs

− Ass − 2Ar + 2AAs

} (
|y|xk − syk

)
+ 2(n − 1)

{
2
[
(r − s2)As + sA + 1

]
B

+ A2 − 2sAr − As

}
yk. (3.10)

Contracting Ri
k with xk yields

Ri
kxk =

{ [
2(r − s2)B − 1

]
As − 2sAr + 2(1 + sA)B + A2

}
|y|

(
|y|xi − syi

)
+ (r − s2)

{ [
2(r − s2)B − 1

]
Bss − 2sBrs − (r − s2)B2

s − 2sBBs + 4Br

+ 4B2
}
|y|2xi + (r − s2)

{
2
[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 4Ar
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− AAs −
[
(r − s2)As + sA + 1

]
Bs

}
|y|yi. (3.11)

Let the left-hand side of (2.4) be LRi
k; then (2.4) can be written as LRi

k = 0. Substituting (3.1), (3.4),
and (3.10) into (2.4) yields

LRi
k =

{
2(r − s2)BBss − Bss − 2sBrs − (r − s2)B2

s − 2sBBs + 4Br + 4B2
}(
|y|(|y|xk − syk)xi

+
1

n − 1

[
(ryk − s|y|xk)yi − (r − s2)|y|2δi

k

] )
+

{
(r − s2)

(
[2(r − s2)B − 1]Bsss

− 2sBrss − 6sBBss + 2Brs + 6BBs

)
+ 3(n − 1)

(
2
[
(r − s2)Ass − sAs + A

]
B

− 2sArs − Ass + 2Ar

)} (|y|xk − syk)yi

2(n − 1)
. (3.12)

Contracting LRi
k with xk yields

LRi
kxk =

n − 2
n − 1

(r − s2)
{
2(r − s2)BBss − Bss − 2sBrs − (r − s2)B2

s − 2sBBs + 4Br

+ 4B2
}
|y|2xi +

(r − s2)
2(n − 1)

{
(r − s2)

(
[2(r − s2)B − 1]Bsss − 2sBrss − 6sBBss + 2Brs

+ 6BBs

)
+ 3(n − 1)

(
2
[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 2Ar

)}
|y|yi. (3.13)

Proof of Theorem 1. The proof is divided into two cases: Case (i) the spray has isotropic curvature;
Case (ii) the spray has zero curvature.
Case (i). We first establish the necessity of (1.2) for isotropic curvature.

Since LRi
k = 0, we have LRi

kxk = 0. If y is parallel to x, then r − s2 = 0; by the continuity of A(r, s)
and B(r, s), LRi

kxk = 0 holds trivially. If y is not parallel to x, then r − s2 , 0. By (3.13), and by the
linear independence of xi and yi, the coefficients of xi and yi must both vanish. Thus, (3.13) reduces to

2(r − s2)BBss − Bss − 2sBrs − (r − s2)B2
s − 2sBBs + 4Br + 4B2 = 0, (3.14)

(r − s2)
{
[2(r − s2)B − 1]Bsss − 2sBrss − 6sBBss + 2Brs + 6BBs

}
+ 3(n − 1)

{
2
[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 2Ar

}
= 0. (3.15)

Differentiating both sides of (3.14) with respect to s yields[
2(r − s2)B − 1

]
Bsss − 2sBrss − 6sBBss + 2Brs + 6BBs = 0. (3.16)

Then, (3.15)−(r − s2)× (3.16) gives, after simplification,

2
[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 2Ar = 0. (3.17)

Thus, Eqs (3.14) and (3.17) together constitute (1.2).
We now prove sufficiency. Assume that A(r, s) and B(r, s) satisfy (1.2). Differentiating the second

equation of (1.2) with respect to s and then adding the first equation of (1.2) yields (3.15).
Substituting the first equation of (1.2) and (3.15) into (3.12) gives LRi

k = 0. Thus, whenever
A(r, s), B(r, s) satisfy (1.2), we have LRi

k = 0, and the curvature is isotropic.
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Case (ii). We first prove necessity. Assume the curvature is zero; then Ri
k = 0. From (3.1), the

coefficient of δi
k must vanish, i.e.,[

2(r − s2)B − 1
]

As − 2sAr + 2(1 + sA)B + A2 = 0,

which is exactly (1.3). Since zero curvature implies isotropic curvature, by Case (i), we have that (1.2)
holds.

We now prove sufficiency. Assume that A(r, s) and B(r, s) satisfy (1.2) and (1.3). Differentiating
both sides of (1.3) with respect to s yields

2
[
(r − s2)Ass − sAs + A

]
B − 2sArs − Ass + 2

[
(r − s2)As + sA + 1

]
Bs + 2AAs − 2Ar = 0.

Subtracting the first equation of (1.2) from this expression gives[
(r − s2)As + sA + 1

]
Bs + AAs − 2Ar = 0. (3.18)

Then, substituting (1.2), (1.3), and (3.18) into (3.1) yields Ri
k = 0. □

4. Projectively affine sprays of isotropic curvature

In this section we prove Theorem 2, which provides equivalent conditions for a spherically
symmetric spray to be projectively affine and, hence, of the form satisfying (1.5) and (1.6).

Let G be a projectively affine spray. Then, by Corollary 3.3, B(r, s) = f (r)s2 + h(r); hence

Gi = |y|A(r, s)yi + |y|2
(

f (r)s2 + h(r)
)

xi.

Proof of Theorem 2. By Corollary 3.3, any projectively affine spray G = |y|A(r, s)yi + |y|2B(r, s)xi has
scalar curvature if, and only if,

B(r, s) = f (r)s2 + h(r), (4.1)

where (2rh(r) − 1) f (r) + 2h(r)2 + 2h′(r) = 0, i.e., equation (3.6). This implies g(r) = 0 in (1.4) and,
hence, (1.5) holds. Furthermore, by Theorem 1, the spray has isotropic curvature if, and only if, (1.2)
holds. In fact, by Corollary 3.2, B(r, s) in (4.1) automatically satisfies the second equation of (1.2).
Thus, we only need to consider the first equation of (1.2). Substituting (4.1) into (1.2) yields

2
[
(r − s2)Ass − sAs + A

] (
f (r)s2 + h(r)

)
− 2sArs − Ass + 2Ar = 0, (4.2)

which is exactly (1.6). Thus, the first part of the theorem is proved.
Now for the case of zero curvature, the result follows from Theorem 1. In fact, by Theorem 1 G has

zero curvature if, and only if, A(r, s) and B(r, s) further satisfy Eq (1.3), i.e.,[
2(r − s2)( f (r)s2 + h(r)) − 1

]
As − 2sAr + A2 + 2

(
f (r)s2 + h(r)

)
(sA + 1) = 0. (4.3)

□
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To construct sprays of isotropic curvature, we need to solve (1.6). Due to its nonlinearity, it
is difficult to give a general solution. Nevertheless we can find some special solutions; see
Example 5.1–5.3.

For zero curvature, the key is to solve (1.6) and (4.3). There is no general way to solve them
together. However, we can go a step further and obtain a family of special solutions in Corollary 1.1.

Proof of Corollary 1.1. A direct, though lengthy, verification shows that the given A(r, s) and B(r, s)
satisfy (1.3), (1.5), and (1.6). Hence, G has zero curvature.

Alternatively, we give a more efficient derivation below to show how the form of A(r, s) in (1.7) is
discovered. From the proof of Theorem 2, we need to consider Eqs (1.6) and (4.3). Substituting the
expression (3.6) for f (r) into equations (2rh(r) − 1)×(1.6) and (2rh(r) − 1)×(4.3), respectively, yields

4
[
(r − s2)Ass − sAs + A

] [
(r − s2)h(r)2 − s2h′(r)

]
+ 2

[
(s2 − 2r)Ass − 2rsArs + sAs

+2rAr − A] h(r) + 2sArs + Ass − 2Ar = 0, (4.4)

4
[
(r − s2)As + sA + 1

] [
(r − s2)h(r)2 − s2h′(r)

]
+ 2

[
(s2 − 2r)As − 2rsAr + (rA − s)A

−1] h(r) − A2 + 2sAr + As = 0. (4.5)

Differentiating both sides of (4.5) with respect to s gives

4
[
(r − s2)2Ass − 3s(r − s2)As + (r − 3s2)A − 2s

]
h2(r) + 2 [2r(AAs − sArs − Ar)

+sAs − A + (s2 − 2r)Ass

]
h(r) − 4s

[
s(r − s2)Ass + (2r − 3s2)As + 3sA + 2

]
h′(r)

− 2(AAs − sArs − Ar) + Ass = 0. (4.6)

Subtracting Eq (4.4) from Eq (4.6), we obtain

4s
[
(r − s2)As + sA + 1

] [
h2(r) + h′(r)

]
+ (AAs − 2Ar)(1 − 2rh(r)) = 0. (4.7)

Eliminating Ar from Eqs (4.5) and (4.7) gives[
2h(r)(r − s2) − sA − 1

]
As + 2h(r)(sA + 1) + A2 = 0. (4.8)

A direct substitution shows that the following expression satisfies (4.8) identically for any smooth
function p(r):

A(r, s) =
2

p(r) + (2rh(r) − 1)2

{ [
1 − p(r) − 2rh(r)

]
h(r)s

+

√
p(r)h(r)(rh(r) − 1)

[
4h(r)(rh(r) − 1)(r − s2) + p(r) + 1

]}
.

Moreover, a direct verification follows that it also satisfies (4.7).
Besides, this A(r, s) should simultaneously satisfy Eqs (4.4) and (4.5). Direct substitution yields

4h(r)(rh(r) − 1)(r − s2)X(r) = 0,

2sX(r)
[
−4h(r)(rh(r) − 1)(4r2h(r)2 − 4rh(r) − p(r) + 1)s2 + (2rh(r) − 1)2(4r2h(r)2 − 4rh(r)
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+p(r) + 1) − 4
√

p(r)h(r)(rh(r) − 1)
[
4h(r)(rh(r) − 1)(r − s2) + p(r) + 1

]
(2rh(r) − 1)s

]
= 0,

where

X(r) = h(r) (2rh(r) − 1) (rh(r) − 1)p′(r) + (h2(r) + h′(r))p2(r) + (h2(r) + h′(r))p(r). (4.9)

It can be seen that both equations hold simultaneously if X(r) = 0, i.e., (4.9) vanishes identically. In
fact, Eq (4.9) is a Bernoulli equation; solving directly yields that p(r) satisfies the following form:

p(r) = 0, p(r) =
1

c exp
(∫

h(r)2+h′(r)
q(r) dr

)
− 1
,

where
q(r) = h(r)

(
2rh(r) − 1

)(
rh(r) − 1

)
,

c is a constant, and h(r) is a C∞ function of r. Hence, A(r, s) in (1.7) with p(r) and q(r), as above
satifies Eq (1.6) and (4.3). Therefore, by Theorem 2, the corresponding spray G defined by Gi =

|y|A(r, s)yi + |y|2B(r, s)xi has zero curvature. □

5. Examples

In this section we present explicit sprays that satisfy Theorems 1 and 2.
Let G be a projectively affine spherically symmetric spray. By Corollary 3.2, B(r, s) = f (r)s2+h(r).

Then,
Gi = |y|A(r, s)yi + |y|2

(
f (r)s2 + h(r)

)
xi.

We first present examples of nonzero isotropic curvature (Examples 5.1–5.3).

Example 5.1. Let

A(r, s) = 0, B(r, s) =
1

r + c1
,

where c1 is a constant, and r+c1 , 0, i.e., |x|2+c1 , 0. It can be directly verified that they satisfy (1.2) in
Theorem 1. In this case, Gi = |y|2xi/(|x|2 + c1). Thus, if c1 > 0, then |x|2+c1 > 0 for all x ∈ Rn; if c1 < 0,
then |x|2 + c1 , 0 requires |x|2 < −c1; hence Gi is defined on the open ball Bn

√
−c1

(0) of radius
√
−c1

centered at the origin 0. This spray is projectively affine and has nonzero isotropic curvature.

Example 5.2. Let

A(r, s) = s f (r) +
s

r + c1

∫
η(γ)
s2 ds, B(r, s) =

1
r + c1

,

where γ = (s2 − r)/(r + c1)2, f (r) and η(γ) are smooth functions of r and γ, respectively, and c1 is a
constant with r + c1 , 0. It can be directly verified that they satisfy (1.2) in Theorem 1. In this case,

Gi = ⟨x, y⟩
[

f (r) +
1

|x|2 + c1

∫
η(γ)
s2 ds

]
yi +

|y|2

|x|2 + c1
xi.

Then the corresponding spray G is projectively affine and has nonzero isotropic curvature. The
smoothness of the corresponding spray depends on the choice of η(γ). By choosing η(γ) suitably, one
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can obtain a C∞ spray on its domain. In particular, the choices in cases (i) and (ii) below yield
smooth sprays. The following are two special cases:

(i) Take η(γ) = c2, where c2 is a constant. Then,

A(r, s) = s f (r) −
c2

r + c1
, B(r, s) =

1
r + c1

.

(ii) Take η(γ) = γn, where n ∈ Z+. Then,

A(r, s) = s f (r) +
1

(r + c1)2n+1

n∑
k=0

(
n
k

)
(−r)k s2n−2k

2n − 2k − 1
, B(r, s) =

1
r + c1

.

Now we consider a B(r, s) different from those in Examples 5.1 and 5.2.

Example 5.3. Let h(r) = c1, where c1 is a constant; then (1.2)2 reduces to

(2c1r − 1) f (r) + 2c2
1 = 0. (5.1)

Solving for f (r) gives f (r) = 2c2
1/(1 − 2c1r); hence

B(r, s) =
2c2

1s2

1 − 2c1r
+ c1.

Substituting this expression into (1.2)1 yields

2
[
(r − s2)Ass − sAs + A

]2c2
1(r − s2) − c1

2c1r − 1
− 2sArs − Ass + 2Ar = 0. (5.2)

We now present the function A(r, s) satisfying Eq (5.2):

A(r, s) = h(r)s +
s
2

∫
f (u)

√
−2α/(c1β)
s2 ds,

where α = 2c1r − 1, β = α − 2c1s2, u = (−rβ − r + 1
2c1

)/β, f (u) is a function of u, h(r) is a function of r
and c1 is a constant such that 2c1r − 1 , 0. Then,

Gi = ⟨x, y⟩
[
h(r) +

1
2

∫
f (u)

√
−2α/(c1β)
s2 ds

]
yi + |y|2

(β − α
α
+ c1

)
xi,

which is projectively affine and has nonzero isotropic curvature. The smoothness of the corresponding
spray depends essentially on the choice of f (u). By choosing f (u), and when necessary the constant c1,
suitably, one can obtain a C∞ spray on its domain. For instance, in case (i) below, a smooth spray
is obtained; while in case (ii), the spray may fail to be smooth for some values of c1; by choosing c1

appropriately, one can ensure its smoothness.
The following are two special cases:
(i) Take f (u) = 0. Then,

A(r, s) =
(
h(r) + c2

)
s, B(r, s) =

2c2
1s2

1 − 2c1r
+ c1.

(ii) Take f (u) = 1, h(r) = 0. Then,

A(r, s) = −
√
−2(2c1r − 1)/c1

√
2c1(r − s2) − 1

2(2c1r − 1)
, B(r, s) =

2c2
1s2

1 − 2c1r
+ c1.
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Now we turn to examples of zero curvature (Examples 5.4–5.6). Example 5.4 corresponds to a
projectively flat spray; detailed computations are given in [16].

Example 5.4. [16]

A(r, s) =
−s ±

√
s2 − c − r

r + c
, B(r, s) = 0,

where s2 − r − c ≥ 0 and r + c , 0, i.e., |x|2 + c , 0 and ⟨x, y⟩2/|y|2 − |x|2 − c ≥ 0. Thus, when c < 0
we have |x|2 + c < 0, so |x|2 < −c; hence, the spray coefficient Gi is defined on the open ball B√−c(0) of
radius

√
−c centered at the origin 0. In this case,

Gi =
−⟨x, y⟩ +

√
⟨x, y⟩2 − |x|2 − c

|x|2 + c
yi.

To obtain more nontrivial zero-curvature examples, we take nonzero B(r, s) in Examples 5.5 and 5.6.
Then we can find suitable A(r, s) from (1.7) using Corollary 1.1.

Example 5.5. Let B(r, s) = 1
r+c1

. From (1.7) we obtain directly:
Case p(r) = 0: Direct computation yields:

A(r, s) =
2s

c1 − r
.

In this case,

Gi =
2⟨x, y⟩

c1 − |x|2
yi +

|y|2

|x|2 + c1
xi,

where c1 , 0 is a constant, and |x| ,
√
|c1| throughout the domain.

Case p(r) , 0: Clearly, h(r) = 1
r+c1

, then p(r) is given by p(r) = 1
c−1 , and consequently

A(r, s) =
2
√
−cc3

1 −
[
(4s2 − 2r)c + 4(r − s2)

]
c2

1 + cc1r2

(c1 − r)2c + 4c1r

+
2c(c1s − rs) − 4c1s

(c1 − r)2c + 4c1r
,

where c , 1 and c1 , 0 are constants, and |x| ,
√
|c1| throughout the domain. Substituting A(r, s) and

B(r, s) into Eq (1.3) yields an identity. Then, the corresponding spray G is projectively affine and has
zero curvature.

In the next example, by choosing h(r) = c1 and, hence, B(r, s) = 2c2
1 s2

1−2c1r + c1 as in Example 5.3, we
can construct corresponding A(r, s) using Corollary 1.1.

Example 5.6. Let h(r) = c1, where c1 is a constant; then by Corollary 1.1, we have

p(r) =
2c1r − 1

c1r(c − 2) − c + 1
.
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Direct computation yields

A(r, s) =
2c1(c − 2) (1 − 2c1r) s + 2

√
c1(2c1r − 1)

[
4c1(r − s2) (c1(c − 2)r − c + 1) + c

]
[2c1(c − 2)r − c] (2c1r − 1)

,

B(r, s) =
2c2

1s2

1 − 2c1r
+ c1,

where c1 < 0, c ≥ 2, and |x|2 = r must satisfy

2c1|x|2 − 1 < 0, 2c1(c − 2)|x|2 − c < 0.

Hence A(r, s) and B(r, s) are smooth on TΩ \ {0}. Substituting A(r, s) and B(r, s) into Eq (1.3) yields
an identity. Hence, the corresponding spray G is projectively affine and has zero curvature.

6. Conclusions

We conclude by relating the present results to the special case of sprays generated by spherically
symmetric Finsler metrics. Every spherically symmetric Finsler metric induces a spherically
symmetric spray of the form

Gi = |y|A(r, s)yi + |y|2B(r, s)xi.

Therefore, Theorem 1 gives necessary conditions for the geodesic spray of such a metric to have
isotropic curvature. In this sense, the present work extends the study of isotropic curvature from
spherically symmetric Finsler metrics to the broader setting of spherically symmetric sprays.

However, not every spray of the form above is induced by a Finsler metric. Thus, the classification
obtained in this paper is formulated independently of the metrizability problem. For metric-induced
sprays, the functions A(r, s) and B(r, s) are determined by the metric function ϕ(r, s), and the system
in Theorem 1 can be further translated into equations for ϕ. It would be interesting to characterize
which of the examples constructed here are metrizable by spherically symmetric Finsler metrics. This
question will be considered in future work.
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