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1. Introduction and preliminaries

In recent years, the study of geometric properties of analytic functions has attracted considerable
attention due to its fundamental role in geometric function theory and its applications to various
subclasses of univalent functions [1]. Among the important problems in this area, the Fekete-Szego
problem occupies a central position because of its close connection with coefficient estimates and
geometric behavior of analytic functions [2,3]. Motivated by the increasing interest in g-calculus and
special functions, the present work investigates subclasses of analytic functions associated with the
g-analogue of generalized Bessel functions [4-7] together with the g-analogue of the Carlson-Shaffer
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operator [8,9]. These operators have proved to be useful in studying geometric properties, such as
starlikeness and convexity of complex order.

The theory of analytic function classes associated with g-operators has developed rapidly in
recent years. Several researchers, including Murugusundaramoorthy [10], Orhan and Cotirld [11],
and Al-Sa’di [12], have introduced and studied various subclasses defined through differential and
convolution operators involving g-analogues. In particular, coefficient-related problems for these
classes have received significant attention. The estimation of initial Taylor-Maclaurin’s coefficients
plays an important role in understanding the geometric structure and growth properties of analytic
and bi-univalent functions [13, 14]. Furthermore, Al-Sa’di and Srivastava et al. [12, 15] investigated
the Fekete-Szeg6 functional for several subclasses of analytic functions and obtained important
coeflicient inequalities.

The present investigation contributes to this line of research by introducing new subclasses of
analytic functions associated with the above-mentioned operators and deriving coeflicient estimates
together with Fekete-Szego type inequalities. In addition, the Hadamard product technique is employed
to establish necessary and sufficient conditions for certain geometric properties. The obtained results
generalize and unify several earlier results available in the literature and may stimulate further studies
related to higher-order coefficient problems and other operator-defined subclasses.

Let D denote the open unit disk

D={zeC:|7 <1},

and let A be the class of functions analytic in D of the form
f@=2+) a7,  (zeD). (1.1)
n=2
Further, let S denote the subclass of A consisting of normalized univalent functions in D. In

geometric function theory, the subclasses of starlike and convex functions play a fundamental role.
A function f € A belongs to the class S of starlike functions if

zf ’(z))
R > 0, e D),
( f(@) el
and f € A belongs to the class C of convex functions if
Zf”(z))
R(1+ > 0, e D).
( F@ el

These characterizations were established by Alexander [16].
For p € C\ {0}, Nasr and Aouf [17] (see also [18, 19]) introduced the class of starlike functions of
complex order p, denoted by S*(p), defined by

S'(p) = {fEﬂ : %(1 + 1(zf’(z) - 1)) > 0, (ZGD)}.
p\ [

If g € A is defined by
g@)=z+ ) b,  (zeD), (1.2)
n=2
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then the Hadamard product (or convolution) of f and g is defined by

(f * 9@ =2+ ) anba? =t (¢ % /). (1.3)
n=2

Now, let f,F € A be analytic functions in the open unit disk D. The function f is said to
be subordinate to F, written as f(z) < F(z), if there exists an analytic Schwarz function w in D
satisfyingw(0) =0 and |w(z)l <1 (z € D),suchthat f(z) = F(w(z)) (z € D).In particular, if F'is
univalent in D, then the subordination relation f(z) < F(z) is equivalent to f(0) = F(0) and f(D)C
F(D). For further details on the theory of differential subordination and its applications, we refer to
Miller and Mocanu [20].

Next, we recall the generalized Bessel function of the first kind of order p, denoted by w,; ,(2),
which is defined as a particular solution of the second-order linear homogeneous differential
equation (see [21])

2w’ (@) + bz’ () + [yZ* = p* + (1 = b)plw(z) =0, (y;b; p € C).

The function w,,, ,(z) admits the series representation

(5]

B (_,y)n E 2n+p
Wybp(2) = Z_; 2T +n+(b+1)/2) (2) > (2e0), (1.4)

where I' denotes the Euler Gamma function. This representation provides a unified framework for
several classical special functions, including the standard Bessel function, modified Bessel function,
and spherical Bessel function corresponding to suitable choices of the parameters b and .

Deniz [22] and Deniz et al. [23] (see also [21,24-26]) introduced the function ¢, ,(z) associated
with w,, ,(z) by

b+1\ .
Oy p(z) = 2T (p + T)zl PRw, o (V2), (1.5)

where w,, ,(2) is given by (1.4).

The present investigation is motivated by the broad applicability of Bessel functions in various
branches of mathematics, physics, and engineering. In particular, Bessel functions naturally arise
in the solutions of Laplace and Helmholtz equations in spherical and cylindrical coordinate systems,
especially in problems involving wave propagation and potential theory. Recently, increasing attention
has been devoted to the study of g-analogues of special functions, leading to substantial developments
in the theory of g-Bessel functions. In this direction, functions of two variables and generalized g-
Bessel functions were studied in [27, 28]. Furthermore, Srivastava [29] investigated several recent
developments concerning g-Bessel polynomials and their generalizations.

For convenience, we write

0(2) = ©y0,p(2)-

Then, from (1.5), we obtain

~ hd (—)/)”_1 I'(k) z"
pz) =z + nz:; 4 =Tk +n—-1)(n- 1)1

(1.6)
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where

b+1

k=p+ e C\Z,,

and Z; = {0,-1,-2,...}.
The symbol (6),, denotes the Pochhammer symbol (or shifted factorial), defined by

F(5+m)_ 1, ifm=0,

(O)m =
I'(6) 5@+ 1)---(6+m—1), ifmeN,

Quantum calculus, also known as g-calculus, is a generalization of classical calculus in which
the notion of limits is replaced by finite difference operators. It encompasses both g-calculus and &-
calculus, where 4 is commonly associated with Planck’s constant and g denotes the quantum parameter.
In recent years, g-calculus has attracted considerable attention due to its wide range of applications in
mathematics, physics, and operator theory. The subject was systematically developed by Jackson [30],
who introduced the concepts of the g-derivative and g-integral. Later, the geometric interpretation of g-
analysis was connected with the theory of quantum groups and integrable systems. Applications of g-
calculus in operator theory and approximation theory have also been investigated extensively; see, for
example, [31]. Furthermore, Ismail et al. [32] established important connections between geometric
function theory and g-analysis, thereby initiating several developments in the study of analytic and
univalent functions associated with g-operators.

Now we will present some basic definitions and concepts from g-calculus that will be required for
this investigation.

For 0 < g < 1, the function ¢(z) defined by (1.6) admits the Jackson g-derivative operator (or g-
difference operator), given by (see [30])

@(z) — ¢(q2)
(I -9z

3 o ()T 4
=% Z+;4”“F(k+n— D=1

©q(2) = 04(¢(2)) =

R I G 2 V1O N ) [
_1+;4”‘1Fq(k+n—1)(n—l)!z ' (1.7

Consequently,

_ N _ e (gl
Z¢Q(Z)_Z+;4n_qu(k+n—1)(71—1)!Z , (z € D).

Here, the g-integer [n, ¢] is defined by

1 -

n
n—1

T vgeg+tq, [0, 4] := 0. (1.8)
q

[n,q] :=
Using (1.8), we recall the following related concepts.
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(i) g-shifted factorial. For a nonnegative integer n,
1, ifn=0,
[n.4]! = _
[1,4112,4]---[n,q], ifneN.
(i1) g-generalized Pochhammer symbol. For £k > 0 and n € N,
1, ifn=0,
[k, q]n =
k,qllk+1,q]---[k+n—-1,q], ifneN.
Now, fork > 0,4 > -1, and 0 < g < 1, we define the function
N,iq :D->C

by
AN (=y)""'Ty(k) [n,ql!
N @ =2+ HZ:;‘ P DN ks n= D 1’q]n_lz , (z € D).

Remark 1.1. A straightforward computation shows that
N/?,q * Foae1(2) = 20,(z) (z€D),

where

A+1,q],
q/l+1(Z)—Z+Z[ " Q]],lz” (ze D).

Next, we define the function ¢,(p, 5; z) in terms of the g-generalized Pochhammer symbol by

(ol
$l0:Fi0) = Z o™

where p e R, € R\ Z,,z€D,and Z; = {0,-1,-2,...}.
Associated with this function, we define the linear operator L,(p,5;2) : A — A by means of the
Hadamard product as follows:

L,(0,8)(2) = ¢,(p,B;2) * f(2) = Z EEZ% ;n : -

where L,(p, B) corresponds to the Carlson-Shaffer operator [9].

Generalized Bessel functions and the operators associated with them have attracted considerable
attention in geometric function theory. Various differential subordination and superordination results
involving generalized Bessel function operators have been investigated by Baricz et al. [26] and
several subsequent authors. More recently, higher-order differential subordination results associated
with generalized Bessel function operators and Carlson—Shaffer-type operators have also been studied.
Motivated by these developments, we introduce a new linear operator that combines the g-derivative
operator, the g-analogue of the Carlson—Shaffer operator, and the g-analogue of the generalized Bessel
function, defined as follows.
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Definition 1.2. For f € A, we define the operator 7‘;‘(]0, B) : A — A, by the Hadamard product of
the g-analogue of the Carlson-Shaffer operator and the g-analogue of generalized Bessel functions as

THO.BF@) = NL@ * Lo f@) = 2+ ) A, (1.9)
n=2

where k > 0,1>-1,0<¢g < 1, and
_ (_Y)H_qu(k)([p]q)n—l . [n’ CI]'
4=V n — DTk +n = D(Blw—1 [A+1,ql—1

For additional properties and applications of the corresponding classical operator, which serves as
the limiting case of the present quantum-extension operator, we refer the reader to [33].

A,

(z e D). (1.10)

Remark 1.3. From definition (1.9), we obtain the identity

1
20, (T (0. B f) = e (k1,7 £ (0. B)F (2) = Tk = 11,7 (0. )£ (D)) - (1.11)
Furthermore, by letting ¢ — 1~, we obtain

lim 75(0. Bf @) = Niy(@) * Lo, B)f 2)

=T"(p.A)f(2)
N (=)' TR ) n! )
= G OG- @ eGP

Fekete-Szego problem

The Fekete-Szegd inequality plays a fundamental role in the theory of univalent and analytic
functions. It was first introduced by Fekete and Szego [2] in 1933 in connection with the celebrated
Bieberbach conjecture. The problem of obtaining coefficient estimates analogous to the Fekete-Szego
inequality for various subclasses of analytic and univalent functions is commonly referred to as the
Fekete-Szegd problem.

Over the years, considerable attention has been devoted to determining sharp bounds for the initial
coeflicients a,, a3, and, in particular, for the Fekete-Szegd functional |a; — ,ua%l where f € A is of
the form (1.1) and u € R or u € C. This line of investigation was initiated by Fekete and Szegd
themselves [2]. The quantity |as — pa3| is now known as the Fekete-Szego coeflicient functional. In
particular, the special case |a; — a%l has been extensively studied, while the generalized functional |a; —
ua?| provides a broader framework for coefficient estimation problems.

It is well known that for functions f € S of the form (1.1), the classical Fekete-Szegd theorem
states that

las — pas) < 1,

and the estimate is sharp [2]. Subsequently, Pfluger [34] extended this result to complex values of u

and proved that
-2
exp 722 )‘ .
1 —p
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For the subclasses of starlike and convex functions, the Fekete-Szego problem was solved by Keogh
and Merkes [3]. Later, Orhan et al. [35] investigated several special cases associated with starlike and
convex functions of order u. Since then, many authors have contributed to this area by establishing
upper bounds for the Fekete-Szeg6 functional in different subclasses of A. For example, Deniz et
al. [36], Kavitha et al. [37] and Kanas & Darwish [38] obtained the Fekete-Szego inequalities for
certain families of analytic functions which were defined using some well-known differential operators.
Also, refer to Al-Hawary et al. [39] and the references provided therein for the similar results pertaining
to various subclasses of bi-univalent functions.

We denote by # the well-known Carathéodory class consisting of analytic functions p in the open
unit disk D satisfying

R(p(2)) >0, (zeD),

and having the series representation
PR =1+ ) ¢, (1.12)
=1
The following lemmas will be required in the proofs of our main results.

Lemma 1.4. Let p € P be of the form (1.12). Then, for n € C, the following inequalities hold:
lcal <2, for n>1, (1.13)
lcy — el < 2max{1; 2 — 1|}, (1.14)
The inequality (1.13) is the classical result of Carathéodory [40], whereas (1.14) was obtained by
Keogh and Merkes [3] (see also [41]).

Lemma 1.5. [42] Let p € P be given by (1.12). Then, for any n € R, the following sharp

estimate holds:
—-4n+2, ifn<O,

ez = neil <42, ifo<n<l,
dn-2, ifn=1.
Moreover, the equality cases are characterized as follows:

e If n<0orn> 1, then equality holds if and only if

1+z
—Z
or one of its rotations.
o If 0 <n < 1, then equality holds if and only if
1+ 22

o If n =0, then equality holds if and only if

I 7\l+z
4| = —2 <7<
W) (2+2)1—z+(2 2)1+z’ O<r<1)

or one of its rotations.
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e [fn =1, then equality holds if and only if
1 I 7\1+z (1 7\1-z
—=|z+z|—+|z—z]—, Ot
2 (2+2)1—z+(2 2) O<r<1)

As observed in [42], although the above estimates are sharp, they can be refined inthe case 0 < < 1
as follows:

[e)
IN A

lcy = neil + gl < 2, (1.15)

(1.16)

S S
IN A
— =

lex = neil + (1 =mleif < 2,

=

Lemma 1.6. [13] Let p € P be given by (1.12). If
0<M<1

and
MQR2M -1)< N <M,

then
lc3 —2Mcico + chl <2.

Lemma 1.7. [44] Let p € P be of the form (1.12). Suppose that the real constants u, v, w, and [ satisfy
O<ux<l, 0<l<l,

and
81(1 1) [(uv —2w)% + (u(l + u) — v)2] +u(l = w)v =2Iu)?* < 4*(1 —uw)l(1 = )).

Then,

3
Iwcj1 + lc% + 2ucics — Evc%cz —cyl £ 2.

The primary objective of this paper is to establish Fekete-Szego type inequalities for functions
belonging to the class Si:;’(f , ®). In addition, we investigate several applications of the obtained results
to certain subclasses of analytic functions defined via convolution with normalized analytic functions.
In particular, we derive the Fekete-Szego inequalities for subclasses of analytic functions associated
with the Poisson distribution.

The paper is organized as follows. In Section 1, we present the necessary preliminaries, definitions,
and auxiliary results required throughout the paper. Section 2 is devoted to the derivation of the
main results and several related corollaries concerning Fekete-Szego type inequalities for the newly
introduced function class. In Section 3, we discuss several applications involving analytic functions
associated with the Poisson distribution. Finally, concluding remarks and possible directions for future
research are presented in Section 4.

2. Fekete-Szego-type inequality results
In this section, we derive coefficient estimates for the initial coefficients a,, as, a4, and as for
functions belonging to the class Sﬁ’;’(f, ®). We are now in a position to introduce the following subclass

of analytic functions.
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23074

Definition 2.1. Let
D) =1+Biz+ B>+, (zeD; B, >0),

where ®(z) is a univalent function that is starlike with respect to the point 1, maps the unit disk D onto
a region contained in the right half-plane, and is symmetric with respect to the real axis.
For ¢ €e C*and 0 < v < 1, a function f € A is said to belong to the class

S, D),
if the function

1 [ AT . B f @) B 1]
E|(1 =0T p.Bf )+ va(Trp. ) f2)

is analytic in D and satisfies the subordination condition

1 [ AT 0. B f(2)) ]
— - — 1| < O(2),
(1 = 0T Xp. B @) + vd(Tkp. ) f(2))

3

where
k>0, A>-1, O0<g<l.
Moreover, by taking the limit as ¢ — 17, we obtain

lim Sy, @) = S D),

where

| ATHp. B @) <}

S/l,v ,(I) — { Al - T
;& D) fe + EL =) T ,B)f(z) + vz(T*(p,B) f(2))

for
k>0, ¢é€C’, O0<v<l.

Remark 2.2. The class S 2:;’(5, @) unifies and extends several previously studied subclasses of
analytic functions.

1. By taking the limit ¢ — 17, the g-analogue Carlson—Shaffer operator T(’;(p, p) reduces to the
corresponding classical Carlson—Shaffer type operator. Consequently, the class S 2::(5, ®) reduces
to its classical counterpart.

2. Further, by choosing p = 1 and 8 = 1, the operator simplifies to a special case associated with
the g-analogue of Bessel functions, and the corresponding coefficient estimates reduce to those
obtained for related subclasses considered in [5].
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Theorem 2.3. Let f € Sﬁ:;’(f, ®), where f is given by (1.1) and ®(z) = 1 + Biz+ Byz> +-+- ,z € D
satisfies Definition 2.1. Then, the following coefficient estimates hold:

|€1B,
las| < m, 2.1)
€1B, B2 | EBi(1 +v)

ol < 5 -max{l, 2,y } (2.2)

||, €1B, B, éBi(1+v)| | 2EPBI(1 +v)
la4|s—6(1—v)lA4| [2+ 1_v(3+4u)-max{1, B_1+ - }+ T—op , 2.3)

and
1€1B, 22+3vEB, (1 +20)EB,, , 1 +v)(1+2v)EPB?
las| < M[z YT Ty WP (T o
|§|ZB%(2 + 3v)(7 + 8v) 1 & EBi(1 +v) |§|3Bf(1 +v)2(7 + 10v) ’
2-wr VB T = T (—oy ’

where A, (n = 2,3,4,5) is defined by (1.10).

Proof. Let f € Sﬁ:;’(f, ®). Then, by the principle of subordination, there exists a Schwarz function ¢,
analytic in D, satisfying ¥(0) = 0, and |¥(z)| < 1, (z € D) such that

1 [ AT 0. @) )
£l 0= 0TH.AI@ +vATHp.Bf )

1] =DW(z)) (zeD). (2.5)

Define the function

1 +y(2)

1= yY(2)

which clearly belongs to the Carathéodory class P.
Further, define

=1l+ciz+c2+---,z€D, (2.6)

t1(2)

I { ATHp.Bf )
$(2) =1+~ ;-1
€| (1= THo, B f @) + v TEp.Bf ()

=l+diz+d7*+---, (zeD). (2.7)
By combining (2.5) and (2.6), we get

fi(x) -1
f](Z) +1

9(z) = (D( ) (zeD). (2.8)

Using the series expansion

2 C3

1\ 2 1 3
1z + C2_E  + C3+Z—01C2 +--

h@-1 1

H@+1 2
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we obtain

fi(2) -1
(D(fl(z) + 1)

1 1 C% 1 2| 2
=1+531C1Z+ EB] CZ—E +ZBQClz+"' (z € D).
From (2.8), we have
1
d] =§Blcl
1 c? 1
d2 :EBI (02 - El) + ZBZC%a

d lB —C? 1B —C% —C?B
=— - + + = - + ,
3 5 1{C3 —C1C2 4 3 2(C2 3 C1 3 3

1 1 3By, 1 cl
4 = 5 + — 1 C + 3 (C Cy — 2 )+ 16 4

where
3c
C:2C1C3+C2 3C C2+T
2 4
D_C4—C1C3—2+E—C—l.
2 4 8

On the other hand, by comparing the corresponding coefficients obtained from the series expansion
of the operator T;‘(p ), we establish relationships between the coeflicients d,, and a,. Consequently,
the coefficients a,, as, a4, and as can be expressed in terms of ¢y, ¢;, 3, and ¢4 as follows

&Bc
S 5. L 2.9
2= 50 - v)A, &2
B, C% B, , &Bi(l+ U)C%

__ B oA , 2.10
B 2T 2 T 2T 21—y @10

EBy ¢ B ci Bs A3

— ol +—+—=|a-=

TRy A e R R Y AT Tt

EBioGrav)( B o D) ) £Bi(1 + v)zc? @10
4(1 - v) 2 2B 2(1 —v) 4(1 —v)?

and
£B, c% 3c%cz C‘f B, 3C
=2 —ciea— 24 2 2cic3 + = 32c, + —L
= o | e T T T Ty g P taTdat
3By(, 1 4)+ By , (1+2v)B, [ ,  (1+v)€B] 4, 1L+ )EB) c%kl]

+ — - = +
4B1 (C]CZ 2C1 SBICI 4(1 — U) 1 4(1 —U)2 (& (1 _ U)
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B,

8B+

2
C B;

—_ + _
(cz 2)c] 1c1

41—y

(2 + 3v)éB;c cl
+4(1—_é;)11 C3—C1C2+Z]+B—1
§B1C1(3 + 41}) kl 4 fBl(l + U)c%
4(1 —v) 2(1 —v)
1+v)2+ 31})523%6‘%
4(1 — v)?
where k; = ¢, — é + 2%210%.

From (2.9) and Lemma 1.4, we have

EBi(1+v) ,\ &EBld+v)y |
+ 20— c1)+ }

o ¢ (2.12)

= Bl iiBy
(1 =v)A;| ~ (1 = v)|Ay’
which proves (2.1).
Next, from (2.10), we obtain
@l EBy cf N B, , N ¢EB(1 + v)cf
a3 =|———|en — = c
TTlaa-wAs | T 2 2B 20 -w)
| éBi 2
-l e med),
where
1 B, ¢&éBi(1+v)
m=s[1-5 -,
2 Bl 1-v
Applying Lemma 1.4, we get
I€1B) B, &Bi(1+v)
ST L= +——¢,
WL B R g

which establishes (2.2).
Rewriting (2.11), we have

é‘:Bl 1 32 +1
ay = ————|c3— |l ——|cic - -
Tei-wal |2 7B s
where
(. B
—_(1=22_
7 2( B,
LetM:%(l g—f)andN:i_z%z_F%

(I-v)

B,

ﬁ 3 fB](3+4U)C1
2B, 4B;) !

41 - v) (e2=net) - %?] ’

4(1 — v)?

Taking the modulus and using the triangle inequality on a4, we obtain:

|£|By
< -
9l < ST oAy

AIMS Mathematics

[|c3 — Mcycp + chl +

I€1B1(3 + 4v)|cy]
A1 -v)

2 3
lca = neyl + el
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By applying Lemmas 1.4 and 1.6, we obtain
B B
€18, [2 L 1B

las| < 6(1 - A, 1 —v)(3 +4v) - max {1, |2n — 1|} + 8|‘PI].

Substituting the values of  and ¥, we obtain

€1B; I€1B,
4l < ST — oA, [2 TU-v

Proceeding similarly, taking the modulus on both sides of (2.12) and applying the triangle
inequality, we obtain

By  &Bi(1+v)
B, (-

2 p2 2
(3 +4v)-max{l, }+ 2615, +v) .

(I-vy

|€1B1
<———— (T1+T,+T3+T4+Ts5),
las| < (1 — v)A| (T, 2 3 4 5)
where
cz 3 1 B 3
T) =|ca — cic3 — 52 + Zc%cz - gc‘l‘ + 2—321 (20103 + c% - 3c%cz + Zc‘l‘)
+ — - —c7 |+ —cfl,
4B, (clc2 261) 8B,
(1+20)éB,| , (1+v)’&B} , (1+v)¢B; ,
T, = 1 ) ciki|,
4(1 —v) 4(1 — v)? 1-v
(2 + 3v)[é|Bilci] l 5 B 1, B; 5
= - + —C + —= - = + —c,
d1-v) |0 T TR\ 2T ) T g
EB (3 + 4v) EBi(1+v) ,\ &Bi(1+v) |
— ik + (ol Cils
41 —v) 2(1 —v) 4(1 — v)?
(1 +v)(2 + 3v)|é)*B? Bi(1 +v)
4 = > 1|C1|2 k1+§1—C% )
4(1 —v) 2(1 —v)
_EPB 4
TRl —vp

Now, by Lemma 1.7, provided the corresponding parameters satisfy its hypotheses, we have
T, <2.
Moreover, Lemma 1.4 yields
lelf <2, el <4, Jal* <16,
Hence,

1+ 20)ig1By

(1 +v)(1 + 2v)lé*B} (1 + v+ 2U)|§|3Bf

T +
2 1 (1 -v)

2
o) lr 1 —-v)
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Next, write
¢Bi(1+v)
k1 + mc% =C — ﬂc%,
where
1 B, fB](l +v)
n=35- -

2 2B 2(1-v) ~
Applying Lemma 1.4, we obtain

EBi(1+v) ,

k
0oy @

<2,

where
Bz + fBl(l + ‘U)

I' = max<1,
Bl 1-v

2

0<M<1, MQM-1)<N<M,

Furthermore, if the parameters in Lemma 1.6 satisfy

then
lcz —2Mcicy + chl <2.
Consequently,
22 +3v)EIB, (2 +3v)(3 +4v) |EPB:
T; < +
1-v 2 (1 -v)?
2 +3v)(1 +v)? 5,
B;.
oo KB
Similarly,
T, <2(1 +v)2 + 3v) L r
' (1-v)?"
and

EPBY(1 + v)’
(1-vy

Combining the above estimates, we conclude that

5=

€18, 22 +3)EB, (1+20)EB, .,  (1+v)(1 +20)KPB
sl e ol T T 1oy T aoy Nl 1=y

EPBIC+30)(T+8v) {1 B, ¢Bi(1+v) } | KPBIA +v)°(7 + 100)

|k |

2(1 —v)? | 1-v (1-v)?
This completes the proof.

We now establish the following Fekete-Szego-type inequality results.
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Theorem 2.4. Let f € Sﬁ:;(f, @), where f is given by (1.1). Then, for u € C, the Fekete-Szego
inequality holds:

B
2l < €181 max d 1:
las — pa;| < 30— o)Ayl x4 1;

By ¢Bi(l+v)  2uEBiA;
B, 1-v (1 - v)A?

where A, and As are given by (1.10).
Proof. From (2.9) and (2.10), we obtain
&8,

ay — pa; = m(cz — m2cY), (2.13)

where

- %[1 _ g_j _ 5311(:1» N (21;1{31)2]. (2.14)
Applying Lemma 1.4 to estimate

ey — Uzcﬂ,
we obtain
laz — pa3| < 20— oAl lfli;lAgl max{l; i_? + fBll(izU) ~ éﬂfil)i% }

This completes the proof. O

The following corollary follows immediately from Theorem 2.4 by taking the limit g — 1°.

Corollary 2.5. Let f € S;j’(.f, D), where f is given by (1.1). Then, for u € C, the following Fekete-
Szego inequality holds:

2
la; — pas| <

BI1B1(A+ DaBo(k)y {1; B, B ((1 +v) - zpi’,f(f ;-)(1}3(4/—1 Ir)(l;[ikz))”'

3y2(1 = v)(p)2 B, (1-v)
By employing a method analogous to the proof of Theorem 2.3 in conjunction with Lemma 1.5, we
derive the following result.

Theorem 2.6. Let f € S;:;’(f, D), where f is given by (1.1), with u € R and & > 0. Then, the following
Fekete-Szego inequality holds:

&8 B EB1(1+v)  2uéBIA .
2(l_U)l|A3| I:B_? ll—U - (lll_v)lAg ’ lf‘,u < Xy,
las — pa3) < —Z(Iflj;|A3|’ X1 <1< o)
—¢B B EB1(1+v)  2uéBIA .
2(l_U)|1A3| B_? ll—U - (/ll_v)lAg s lf‘lu > X2,
where i
1 -vA B, ¢Bi(1+
X1:¥—1+—2+M 2.15)
26B1As B, 1-v
and i
1 -v)A B Bi(1+
o= U U0 B Bl (2.16)
26B1As B, 1-v

with A, and Aj given by (1.10).
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Proof. Proceeding as in the proof of Theorem 2.4, we obtain (2.13) and (2.14).

e From Lemma 1.5, we have
ley —nejl < —4n+2, if n<0.

Using (2.14), the condition < 0 is equivalent to u < x;. Substituting this estimate into (2.13),
we obtain the first part of the theorem.
e For the case 0 <n < 1, Lemma 1.5 gives

Cy) — C2 <2
ney

By (2.14), this corresponds to the range x; < u < x,. Substituting into (2.13) yields the
second estimate.
e Finally, forn > 1, Lemma 1.5 implies

lcy — nct| < 4np = 2.

Again, from (2.14), the condition > 1 is equivalent to u > x,. Substituting into (2.13) gives the
third estimate.

Hence, the proof is complete. O

The following corollary follows from Theorem 2.6 by taking the limitg — 1°.

Corollary 2.7. Let f € S,i"lj(f, D), where f is given by (1.1), with u,y € R and & > 0. Then,

8|&|B1 (A+1)2(B)2(k) B éBi(1+v) 3uéB 1 Bk(p+1)(A+1) .
8 21724(1}112)@; kz [B_T L Zp(lﬂ—v)](k+1)(ﬂ+1)(/1+2)]’ if <y,
s ~ ] < '::S%((g_%%; :)’ EBi1(1+v)  3uéBik(p+(A+1) A
- + B +vU +1)(A+ .
D 0en [B_f T 2p<f—v>l(k+1><ﬂ+1>u+2)]’ if 2y,
where
201l —v)(k+ DB+ 1A+ 2 B B{(1 +
= (1 —v)( )(B + 1)( ) _1+_z+rf 1(1+v) 2.17)
3¢kB B + DA+ 1) B -
and
3 20(1 —v)(k + 1)(B+ 1)(1+2) B, ¢éBi(1+v)
Vs = 2 TP (2.18)
3¢kB S + DA+ 1) B, 1-v

The subsequent results are obtained by applying inequalities (1.15) and (1.16) through arguments
analogous to those used in the proof of Theorem 2.3.

Theorem 2.8. Let f € Sﬁ:;(f, @), where f is given by (1.1), and let u € R with & > 0. Then, the
following Fekete-Szego inequalities hold:

(i) For x; < u < x3,

(1-vAl[ B, éBi(1+v)  2uBiAs £B)
T ki) PR + 2o oA 2.19
R yvel L il e s vye] LIk romery WL
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(ii) For x3 < u < xa,

2
laz — ,uazl +

(1 -v)A7 [1 LB eBi(1+v)  2ueBiAs

B
d-vA; NP < 28 @20
26B, A, B, I—v  (1-v)A?

2(1 —v)A;

Here, x| and x, are given by (2.15) and (2.16), respectively and

b

(1 —v)A% B, &Bi(1+v)
3= | =
26B1A3 Bl 1-v

where A, (n = 2,3) is defined by (1.10).

Proof. Using the same procedure as in the proof of Theorem 2.3, we obtain Eqs (2.13) and (2.14).

Moreover, from (2.9), we have
2(1 —v)A,
= —0q

£B,

(i) To prove (2.19), we apply inequality (1.15). Substituting (2.13), (2.14), and (2.21) into (1.15), we
obtain inequality (2.19). Furthermore, the condition

C1

2. (2.21)

1
O<7]2§§

is equivalent to
X1 < U L X3,

(i1) Similarly, applying inequality (1.16) together with (2.13), (2.14), and (2.21), we arrive at
inequality (2.20). In this case, the condition

<m<l1
corresponds to
X3 < U< X
Hence, the proof is complete. O

The following corollary is obtained from Theorem 2.8 by taking the limit g — 1°.

Corollary 2.9. Let f € Sﬁf(f, @), where f is given by (1.1), and let u,y € R with & > 0. Then, the
following Fekete—Szego inequalities hold:

(i) Fory, <u <ys,

las —,ua%|
2p( —v)k + DE+ DA+ [ By B(+v) 3B fKp+ DA+ D ]
3EBBkp + DA+ 1) B 1-v  2p(l-uv)k+ DB+ DHA+2) |
< 8EB (A + 1)2(B)2(k)s

3y2(1 = v)(p):
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(ii) Fory; <u <y,

las — ,ua§|
N 20(1 —v)(k+ 1)(B+ 1)(1+2) |
3B Bk(p + DA+ 1)
< 8EB1(A + 1)2(B)a (k)2
3y:(1-v)p)

Here, v, and y, are given by (2.17) and (2.18), respectively, and

LB EBi1+v)  3uEBiBk(p+ DA+ D)
B, 1—v 20(1 = v)(k + DB + DA +2)

2

|as|

201 =v)(k+ DB+ (A +2)

B, + fBl(l + U)
3¢kB 1B+ 1)1+ 1)

B1 1-v

Y3

3. Applications involving functions associated with the Poisson distribution

In [45], Porwal investigated a power series whose coeflicients are associated with the probabilities
of the Poisson distribution (see also [46]). This consideration leads to the function

n—1

S
L) =z+ e’ zeD, (s>0).
; (n-1)!

Motivated by this work, Srivastava and Porwal [14] introduced the linear operator J° : A — A
defined by

n—

> 1
~S _ _ S -5 n
Jf@) =L@ * flz) =z+ nZ:; TR D,
where f € A is given by (1.1).

Definition 3.1. Let @ satisfy the conditions stated in Definition 2.1. For fixed parameters & € C*
and 0 < v < 1, and for a function g € A, a function f € A is said to belong to the class S;:;(g ; 8, D) if

the convolution f x g belongs to the class Sﬁ:;’(f, ®). Equivalently,
1 [ AT * D) ) 1]
EL =0T p,B)f * &)(@) + vz(T K. B(f * 9)())

is analytic in the open unit disk D and satisfies the subordination condition

. [ AT 5. B * @) ~
(L =0)TXp.B)(f * &)@ + vz(T . B(f * )

where k > 0,4 > -1and 0 < g < 1.

1} < d(2),

The class Si’;’(f; £; ®) may be regarded as a special case of the more general class Sz”;’(f; g; D),

obtained by taking g = ¥;. In this case, the defining condition reduces to J°f € S,f:;’(é—‘ ; D).
The following results are derived by applying Theorems 2.4 and 2.6 to the convolution
function f*g, defined in (1.3).
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Theorem 3.2. Let f € Sz”;’(f;g; @), where f is given by (1.1), and let g € A be given by (1.2)
with by, by # 0. If u € C, then the following Fekete-Szego inequality holds:

B
las —,ua%l < |§|—lmax{l;

By ¢Bi(1+v) _ uéBibiAs
" 201 = )bl

B, l-v (1 —v)bh3A2

where A, (n = 2,3) is defined by (1.10).

Proof. Since
AU/
f e Sk’q (f? g’ (D),
it follows from Definition 3.1 that
f*geSlE D).

Now,
(f % @) =2+ ) ab".
n=2
Applying Theorem 2.4 to the function f x g, we obtain

By ¢Bi(1+v) _ 2uéBiAs

B
lasbs — u(azh,)’| < Z(JL max {1;

2

—U)A3 Bl 1-v (1 —U)A%
Replacing
ubs
po by —,
by
and dividing both sides by |bs|, we arrive at the required inequality. m|

Theorem 3.3. Let f € Sz,’;’(f;g; @), where f is given by (1.1), and let g € A be given by (1.2)
with by,b; # 0. Furthermore, let u,B, € R and & > 0. Then, the following Fekete-Szego
inequality holds:

By By | éBi(14v) _ 2uéBibiAs :
2(1—v)lb3/As [31 T (1—v)h2A2 ] > fusx,
2 ¢B .
las — pas| < m, if x1 S p < xo,
¢8I By | eBiU+v) _ 2uEBibiAs -
2(1—v)bslAs | By v (1—u)b§A§]’ ifuzx.
Here,
(1 -v)b3A; - B, N EB (1 +v)
X = ——— == | — - z - Z
! 2§B1b3A3 Bl 1-v
and
(1 -v)b3A; {4+ B, N EB (1 +v)
Xy = ————= —+ ],
2§B1b3A3 B] 1-v

where A, (n = 2,3) is defined by (1.10).
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Proof. The proof follows directly by applying Theorem 2.6 to the convolution function
(f % @) =2+ ) aub,2",
n=2

together with the substitutions

a &= asb,, az = azbs
and )
b3
u—= —.
bs
After simplification, the stated inequalities follow immediately. O

For the particular choice g = £, we have
2
S

and b3 = 56_ .

Consequently, Theorems 3.2 and 3.3 yield the following results.

Theorem 3.4. Let f € Si”;@; Ly; D), where f is given by (1.1), and let u € C. Then, the following
Fekete-Szego inequality holds:

by = se”*

B, N &B\(1 +v)  péBiAs

las —ua%l < |§|$max 1;
_SA3 B, 1-v (1 - U)e_SA%

(1 —v)s?e
where A, (n = 2,3) is given by (1.10).
Proof. Substituting

2

S
b, = se”* and b; = Ee_s
into the inequality obtained in Theorem 3.2, we immediately obtain the stated result. O

Theorem 3.5. Let f € Si:;’(f; L; D), where f is given by (1.1), and let u, B, € R with & > 0. Then, the
following Fekete-Szego inequality holds:

§B| & .fB](1+U) _ ;lfB]A3 . %
2(1-v)s2e=5A3 [31 T (1_U)e—sA§] ,ifp < xy,
2 £B . N
las — uayl <3 e A if xj < u < x5,
—¢Bi By | éBi(l+v) péBiA;s . *
(1-v)s2eA; | B 1—v (]—U)eSA§:| ’ l‘fl't > x2.
Here,
o= (1- v)e"A% 14 & N éBi(1+v)
T EBIA; B 1-v
and

27 TR A, B, 1 —v
where A, (n = 2,3) is given by (1.10).

Proof. The proof follows directly from Theorem 3.3, by substituting

2
and by = —e

*—%[1_{_&4_@]

by = se”?’

| =

O
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4. Conclusions

In this study, we introduced a new linear operator associated with the g-analogue of the generalized
Bessel function and the g-analogue of the Carlson-Shaffer operator. Using this operator, we
established several Fekete-Szegd type inequalities for functions belonging to the class Si’;’(f; D).
Furthermore, the obtained results were applied to subclasses of analytic functions associated with the
Poisson distribution.

The results presented in this paper extend and unify several earlier investigations on coefficient
estimates and Fekete-Szegd problems in geometric function theory. In particular, the derived
inequalities provide new coefficient bounds for analytic and univalent function classes defined through
convolution operators and subordination conditions.

The present work also suggests several possible directions for future research. One may
investigate higher-order Hankel determinants, Toeplitz determinants, and coefficient estimates for
related subclasses generated by other special functions or integral operators. Moreover, analogous
problems involving fractional operators, (p, g)-calculus, or bi-univalent function classes may also be
explored. These extensions may further enhance the applicability of the obtained results in geometric
function theory and related areas of complex analysis.
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