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Abstract: In this scholarly article, we present novel generalized subclasses of ν uniformly starlike
functions of order ρ, designated as M(τ, ρ, ν), alongside ν uniformly convex functions of order ρ,
referred to as N(τ, ρ, ν). We provide comprehensive coefficient characterizations that delineate the
conditions under which analytic functions are classified within the newly established subclasses of
uniformly starlike and uniformly convex families, respectively. Furthermore, we conduct an analysis
of the implications of the Bessel function and explore the consequences of the Gaussian hypergeometric
function on these mathematical classes to substantiate an inclusion property for analytic functions that
reside within these subclasses.
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1. Introduction

Numerous subclasses of analytic functions associated with a complex variable that is well-defined
within the open unit disk, known as

U = {z ∈ C : |z| < 1} ,
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have received notable interest from a wide range of scholars in the field of geometric function theory.
The development of subclasses pertaining to starlike and convex functions of analytic functions is
fundamentally based on the open unit disk.

In this article, we carefully examine the subclasses of starlike and convex functions in the context
of analytic functions, which helps to expand the particular subclasses of analytic functions defined in
the existing literature.

The wide variety of generalized Bessel functions of the first kind has had a significant influence on
geometric function theory in recent years. The generalized Bessel functions of the first kind are being
studied in detail by a growing number of researchers, who have given them a definite categorization
in the classes of starlike and convex analytic functions. Recent investigations have involved the Bessel
function of the first kind in the study of geometric properties for various classes of analytic functions,
like seen in [1–3]. The Bessel function of the first kind was also investigated regarding monotony
conditions in recent studies like [4, 5] and was applied in order to introduce new operators in recent
publications like [6–8]. Given the extensive use of this special function in recent developments, the
present study was inspired to further obtain applications involving the new classes considered here.

The F(i, b, d, z) hypergeometric function acted as an effective role in the analysis related to various
topics of geometric function theory. Recently, interested researchers followed the Gaussian
hypergeometric function to investigate the inclusion characteristics of particular subclasses of analytic
functions. Numerous differential and integral operators are defined in the open unit disk and linked
with the Gaussian hypergeometric function. Recent such studies can be seen in [9, 10]. Cho et al.
in [11] applied the function F(i, b, d, z) and studied its properties related to convexity. Recent studies
on convexity properties of this function can be seen in [12]. At the beginning of the study of this
function, Merkes and Scott in [13] first applied the function F(i, b, d, z) and examined it for
starlikeness properties. Later on, Carlson and Shaffer in [14] and Ruscheweyh and Singh in [15]
additionally applied the Gaussian hypergeometric function and investigated the starlikeness,
prestarlikeness, and the order of starlikeness of the hypergeometric functions. Recently, the Gaussian
hypergeometric function has been adapted to fit the studies related to strong differential subordination
theory, as seen in [16].

A wide variety of scholarly contributions constitute a substantial foundation of inspiration for this
research’s endeavors, particularly their investigation into the geometric characterizations associated
with uniformly starlike and convex functions of various orders and their connections to conic sections.
Sharma et al. [17] employ Gaussian hypergeometric functions to define the functions, deriving results
pertinent due to their geometric characteristics. Murugusundaramoorthy, in [18], conducted an
examination of diverse subclasses of starlike and convex functions. Porwal and Dixit proposed and
scrutinized in [19] novel subclasses of analytic functions. Srinivas, Reddy and Niranjan investigate
in [20] the properties of analytic functions through the applications of Bessel functions, while
Silverman in [21] elucidated the criteria under which the Gaussian hypergeometric function maps the
open unit disk onto specific subclasses of univalent functions. This exhaustive analysis has generated
new ideas to investigate the potential introduction of new subclasses within U. In the examination of
simply connected starlike and convex domains, scholars could consult articles authored by Faisal and
Darus [22–24].

In the subsequent section, we present the novel subclasses of analytic functions within the context
of the open unit disk, specifically denoted as M(τ, ρ, ν) and N(τ, ρ, ν) as outlined in Definitions 2.1
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and 2.2, respectively, along with the numerous classes generalized by them and with known results
used as lemmas for the proofs of the outcome developed here. The new results obtained related to
these classes are presented in Section 3 of the paper. A brief overview of the new results presented
by this study is done in Section 4 and future research directions that include these new results are
suggested.

2. Preliminaries

The context for obtaining the new results is formed of functions based on the equation

f (z) = z +
∞∑

n=2

anzn, (2.1)

where z is in the open disk U. The class consisting of those functions that are analytic and univalent
within U will be referred to as A.

For f ∈ A given by (2.1) and g ∈ A given by

g(z) = z +
∞∑

n=2

bnzn,

we define the Hadamard product (or convolution) of f and g by

( f ∗ g)(z) = z +
∞∑

n=2

anbnzn, z ∈ U. (2.2)

A function f , as defined in Eq (2.1), is classified as a starlike function of order ρ (0 ≤ ρ < 1),
denoted f ∈ S ∗(ρ), if and only if

ℜ

(
z f ′(z)
f (z)

)
> ρ. (2.3)

Furthermore, a function f , as defined in the formula (2.1), is said to be a convex function of order
ρ (0 ≤ ρ < 1), represented as f ∈ C(ρ), if and only if

ℜ

(
1 +

z f ′′(z)
f ′(z)

)
> ρ. (2.4)

The classes of starlike function of order ρ (0 ≤ ρ < 1) and convex function of order ρ (0 ≤ ρ < 1)
were introduced by Robertson in 1936 [25].

In addition, the subclass T of A comprises functions of the form

f (z) = z −
∞∑

n=2

|an| zn, z ∈ U.

Note that T ∗ (ρ) and K (ρ) represent the classes of starlike and convex functions of order ρ, as
introduced and studied by Silverman [26].
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Let the function f defined by (2.1) be categorized within the classℜτ(A,C) if the condition∣∣∣∣ f ′(z)−1
(A−C)τ−C[ f ′(z)−1]

∣∣∣∣ < 1

is satisfied, where τ is an element of C, and the parameters satisfy

−1 ≤ C ≤ A ≤ 1

with z residing in U. The notationℜτ(A,C) was previously established by Dixit and Pal [27].
For the complex variables p, a, b ∈ C, the generalized Bessel function

ω(p, a, b) = ω

(see [28]) is expressed and represented there by

ω(z) = ω(p, a, b)(z) =
∞∑
0

(−1)nbn

n!Γ(p + n + a+1
2 )

( z
2

)2n+p
, (2.5)

which serves as the specific solution to the equation

z2ω′′(z) + azω′(z) + [bz2 − p2 + 1 − a]ω(z) = 0. (2.6)

Recently, numerous scholars have conducted investigations into the Bessel function; herein, we endorse
references [29–31].

Employing the concept of the shifted factorial, Murugusundaramoorthy and Janani (see [32]),
developed the function υp,a,b(z) in the following manner:

υp,a,b(z) = 2pΓ

(
p +

a + 1
2

)
z
−p
2 ω(p, a, b)(

√
z).

Subsequently, through the implementation of the shifted factorial in relation to the Gamma function, it
is feasible to articulate υp,a,b(z) in the following manner:

υp,a,b(z) =
∞∑

n=0

(
−b
4

)n(
p + a+1

2

)
n

(
zn

n!

)
,

p +
a + 1

2
, 0,−1,−2, . . . ,

and υp,a,b(z) signifies the analytic function that satisfies the second-order linear differential equation

4z2υ′′(z) + 2(2p + a + 1)zυ′(z) + bzυ(z) = 0.

Using the Hadamard product (*), as defined in Eq (2.2), the linear operator T (b, q) f (z) is defined as

T (b, q) f (z) = zυp,a,b ∗ f (z) = z +
∞∑

n=2

(
−b
4

)n−1

(q)n−1(n − 1)!
anzn, q = p +

a + 1
2
, 0. (2.7)
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For the sake of clarity and ease of reference in the subsequent discussions, we shall employ the
following symbols and notations:

υp,a,b(z) = υp(z) and q = p +
a + 1

2
,

and defining for b < 0 and q > 0:

z
(
2 − υp(z)

)
= z −

∞∑
n=2

(
−b
4

)n−1

(q)n−1(n − 1)!
zn. (2.8)

The Gauss hypergeometric function F(i, b, d, z) denotes the function defined by

F(i, b, d, z) =
∞∑

n=0

(i)n(b)n

(d)n(1)n
zn = F(z),

where i, b, d are complex numbers and d cannot take the value 0,−1, . . ., which is comprehensively
discussed in [33]. The F(i, b, d, z) hypergeometric function made important contributions in studies
regarding several topics, including the quasiconformal theory and conformal mappings [21]. The
function F(i, b, d, z) satisfies numerous identities that were studied in [34]. Moreover, the behavior of
the function F(i, b, d, z) near z = 1 was presented in three different ways in [35]. The value of the
function F(i, b, d, z) is given by the formula (see [34])

F(i, b, d, 1) =
Γ(d)Γ(d − i − b)
Γ(d − i)Γ(d − b)

= F(1),

provided
ℜ(d − i − b) > 0.

Remark 2.1. It is important to note that the Euler integral representation of the hypergeometric
function F(i, b, d, z) for

ℜ(d) > ℜ(b) > 0 and |z| < 1

is

F(i, b, d, z) =
Γ(d)

Γ(b)Γ(d − b)

∫ 1

0
tb−1(1 − t)d−b−1(1 − zt)−idt.

Then,

F(i, b, d, 1) =
Γ(d)

Γ(b)Γ(d − b)

∫ 1

0
tb−1(1 − t)d−b−1(1 − t)−idt

=
Γ(d)

Γ(b)Γ(d − b)

∫ 1

0
tb−1(1 − t)d−b−1−i, ( f or z = 1),

is the Euler integral for the Beta function, denoted by B(x, y), defined as

B(x, y) =
∫ 1

0
tx−1(1 − t)y−1dt =

Γ(x)Γ(y)
Γ(x + y)

,
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and comparing the Euler integral with the definition of the Beta function, it follows that

F(i, b, d, 1) =
Γ(d)

Γ(b)Γ(d − b)
B(b, d − b − i)

=
Γ(d)

Γ(b)Γ(d − b)
Γ(b)Γ(d − b − i)
Γ(b + d − b − i)

=
Γ(d)Γ(d − i − b)
Γ(d − i)Γ(d − b)

= F(1).

Definition 2.1. For 0 ≤ τ < 1 and ν ≥ 0, let M(τ, ρ, ν) be the subset of A consisting of functions as
given in (2.1) that meet the analytic criterion

ℜ

{
z f ′(z)

4(τ − τ2)z + (2τ2 − τ)z f ′(z) + (2τ2 − 3τ + 1) f (z)
− ρ

}
> ν

∣∣∣∣∣ z f ′(z)
4(τ − τ2)z + (2τ2 − τ)z f ′(z) + (2τ2 − 3τ + 1) f (z)

− 1
∣∣∣∣∣ , z ∈ U. (2.9)

If we set
τ = ν = 0,

it follows that

ℜ

{
z f ′(z)
f (z)

}
> ρ,

which results in
M(τ, ρ, ν) = S ∗(ρ)

as defined in (2.3) (see [26]). If we assume τ = 0, it follows that

ℜ

{
z f ′(z)
f (z)

− ρ

}
> ν

∣∣∣∣∣z f ′(z)
f (z)

− 1
∣∣∣∣∣ ,

leads to
M(τ, ρ, ν) = S D(ρ, ν)

as specified in ([36]). Observe that if f ∈ S D(ρ, ν), then f ∈ S ∗(ρ−ν1−ν ), as illustrated in ([37]). Also,
the previously mentioned class represents the generalized representation of various classes of starlike
functions, which will be discussed immediately following Definition 2.2.

Definition 2.2. Let N(τ, ρ, ν) be the subset of A consisting of functions as given in (2.1) that meet the
analytic criterion

ℜ

{
f ′(z) + z f ′′(z)

4(τ − τ2) + (2τ2 − τ)z f ′′(z) + (4τ2 − 4τ + 1) f ′(z)
− ρ

}
> ν

∣∣∣∣∣ f ′(z) + z f ′′(z)
4(τ − τ2) + (2τ2 − τ)z f ′′(z) + (4τ2 − 4τ + 1) f ′(z)

− 1
∣∣∣∣∣ . (2.10)

If one assumes
τ = ν = 0,
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it follows that

ℜ

{
1 +

z f ′′(z)
f ′(z)

}
> ρ,

resulting in the class M(τ, ρ, ν) being equivalent to C(ρ) as defined in (2.4) ([26]). If we examine the
case where τ = 0, then

ℜ

{
z f ′(z)
f (z)

− ρ

}
> ν

∣∣∣∣∣z f ′(z)
f (z)

− 1
∣∣∣∣∣ ,

leading to
M(τ, ρ, ν) = KD(ρ, ν)

as defined in ([36]). It is important to recognize that if f ∈ KD(ρ, ν), then it follows that f ∈ K(ρ−ν1−ν ) as
illustrated in ([37]). Similarly, the previously mentioned class serves as the generalized representation
of diverse subclasses of convex functions, which are elaborated upon below.

From (2.9) and (2.10), it is obvious that f ∈ N(τ, ρ, ν) if and only if z f ′ ∈ M(τ, ρ, ν). Moreover, let

T M(τ, ρ, ν) = T ∩ M(τ, ρ, ν)

and
T N(τ, ρ, ν) = T ∩ N(τ, ρ, ν).

Further, a straightforward computation shows that numerous subclasses of analytic functions
introduced in different papers are particular cases of the subclasses T M(τ, ρ, ν) and T N(τ, ρ, ν):

In the case of τ = 0, we identify the classes TS P(ρ, ν) and TS P(ρ, ν) which were considered by
Bharati et al. in [38]. For τ = 0 and ρ = 0, we find the classes TS P(ν) and T KP(ν), which were
previously examined by Subramanian et al. in [39, 40]. When τ = 0 and ν = 1, we observe the classes
TS P(ρ) and T KP(ρ), studied by Bharati et al. in [38]. In the case of ν = 0, we notice that T ∗(τ, ρ)
and C(τ, ρ) are the classes previously investigated by Altintas et al. in [41]. For τ = 0 and ν = 0, we
uncover the classes T ∗(ρ) and C(ρ), which were investigated earlier by Silverman in [26].

Lemma 2.1. [42] If p, a, c ∈ C and m , 0,−1,−2, . . ., then the function υp satisfies the recursive
relation

4mυ′p(z) = −cυp+1(z), ∀z ∈ U.

Lemma 2.2. [27] If f ∈ ℜτ(A,C) has the functions of the form (2.1), then

|an| ≤ (A −C)
|τ|

n
, n ∈ N {0}.

In the ensuing section, we initially derive the characterization properties, specifically related to the
coefficient bounds, of the newly established subclasses of analytic functions M(τ, ρ, ν) and N(τ, ρ, ν)
as expressed in Theorems 3.1 and 3.2. The necessary and sufficient conditions for the function given
by Eq (2.8) to be part of the classes M(τ, ρ, ν) and N(τ, ρ, ν) are provided in Theorems 3.3 and 3.4.
The impact of the Bessel function on the class T N(τ, ρ, ν) is investigated in Theorems 3.5 and 3.6. The
coefficient restriction proved in Theorem 3.2 is applied to investigate the impact of the hypergeometric
function on the class T N(τ, ρ, ν) in Theorems 3.7 and 3.8.
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3. Results

Theorem 3.1. Let 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0. A function f defined in (2.1) belongs to T M(τ, ρ, ν)
if and only if

∞∑
n=2

[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]|an| ≤ 1 − ρ.

Proof. For proving sufficiency, we need to get

ν

∣∣∣∣∣z f ′(z)
g(z)

− 1
∣∣∣∣∣ −ℜ{

z f ′(z)
g(z)

− ρ

}
≤ 1 − ρ,

where
g(z) = 4(τ − τ2)z + (2τ2 − τ)z f ′(z) + (2τ2 − 3τ + 1) f (z).

Then

(1 + ν)
∞∑

n=2
[n − n(2τ2 − τ) − (2τ2 − 3τ + 1)]|an||z|n−1

1 −
∞∑

n=2
[n(2τ2 − τ) + (2τ2 − 3τ + 1)]|an||z|n−1

≤ 1 − ρ,

which implies

∞∑
n=2

[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]|an| ≤ 1 − ρ.

For proving the necessity, let f ∈ T M(τ, ρ, ν) and z be real. Then

1 −
∞∑

n=2
anzn

1 −
∞∑

n=2
[2τ2 − 3τ + 1 + (2τ2 − τ)n]

− ρ > ν

∣∣∣∣∣∣∣∣∣∣∣
1 −

∞∑
n=2

anzn

1 −
∞∑

n=2
[2τ2 − 3τ + 1 + (2τ2 − τ)n]

− 1

∣∣∣∣∣∣∣∣∣∣∣ .
After several computations, supposing that z approaches to 1 on the real axes, the inequality

∞∑
n=2

[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]|an| ≤ 1 − ρ

is obtained. □

Corollary 3.1. For the parametric value τ = 0 in Theorem 3.1, we derive Theorem 2.1 in [36], which
asserts

if
∞∑

n=2

[n(1 + ν) − (ρ + ν)]|an| ≤ 1 − ρ,

then f ∈ S D(ρ, ν).
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Theorem 3.2. Let 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0. A function f given in (2.1) belongs to T N(τ, ρ, ν)
if and only if

∞∑
n=2

n[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]|an| ≤ 1 − ρ.

Proof. The proof steps are similar to those for Theorem 3.1. □

Corollary 3.2. For the parametric value τ = 0 in Theorem 3.2, we derive Theorem 2.2 in [36], which
asserts if

∞∑
n=2

n[n(1 + ν) − (ρ + ν)]|an| ≤ 1 − ρ,

then f ∈ S k(ρ, ν).

In the ensuing theorems, Lemma 2.1 is employed, and both the necessary and sufficient conditions
for the function z(2 − υp(z)) given by (2.8) to be categorized within the classes T N(τ, ρ, ν) and
T M(τ, ρ, ν), respectively, are given.

Theorem 3.3. For 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0, given the conditions where b < 0 and q > 0, it
follows that z(2 − υp(z)), as described in (2.8), belongs to T N(τ, ρ, ν) if and only if

[1 − (2τ2 − τ)(ρ + ν) + ν]υ′′p (1) + [2ν − ρ − 2τ(ρ + ν)(4τ2 − 3) + 3]υ′p(1)

+ [4τ(ρ + ν)(1 − τ) + 1 − ρ][υp(1) − 1] ≤ (1 − ρ) (3.1)

holds true.

Proof. Let z(2 − υp(z)) ∈ T N(τ, ρ, ν). Then, using Theorem 3.2, we write

∞∑
n=2

n
(
−b
4

)n−1
[(1 + ν)n − (2τ2 − 3τ + 1 + (2τ2 − τ)n)(ρ + ν)]

(q)n−1(n − 1)!
≤ (1 − ρ).

Since

n[(1 + ν)n − (2τ2 − 3τ + 1 + (2τ2 − τ)n)(ρ + ν)]
= (n + 2)2[1 − (2τ2 − τ)(ρ + ν) + ν] − (n + 2)(ρ + ν)(2τ2 − 3τ + 1),

it implies that

∞∑
n=2

n
(
−b
4

)n−1
[(1 + ν)n − (2τ2 − 3τ + 1 + (2τ2 − τ)n)(ρ + ν)]

(q)n−1(n − 1)!
=

∞∑
n=0

(
−b
4

)n+1
(n + 2)2[1 − (2τ2 − τ)(ρ + ν) + ν]

(q)n+1(n + 1)!

−

∞∑
n=0

(ρ + ν)(n + 2)
(
−b
4

)n+1
(2τ2 − 3τ + 1)

(q)n+1(n + 1)!
.

Since
n + 2 = n + 1 + 1, (n + 2)2 = (n + 1)2 + 2(n + 1) + 1,
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and
(n + 1)! = (n + 1)n!,

it follows that

∞∑
n=2

n
(
−b
4

)n−1
[(1 + ν)n − (2τ2 − 3τ + 1 + (2τ2 − τ)n)(ρ + ν)]

(q)n−1(n − 1)!

=

∞∑
n=0

(
−b
4

)n+1
(n + 2)2[1 − (2τ2 − τ)(ρ + ν) + ν]

(q)n+1(n + 1)!
−

∞∑
n=0

(ρ + ν)(n + 2)
(
−b
4

)n+1
(2τ2 − 3τ + 1)

(q)n+1(n + 1)!

= [1 − (2τ2 − τ)(ρ + ν) + ν]


∞∑

n=0

(n + 1)
(
−b
4

)n+1

(q)n+1(n)!
+ 2

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n)!
+

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n + 1)!

 ,
and since

∞∑
n=0

(n + 1)
(
−b
4

)n+1

(q)n+1(n)!
+ 2

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n)!
=

∞∑
n=0

n
(
−b
4

)n+1

(q)n+1(n)!
+ 3

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n)!
,

this implies that

∞∑
n=2

n
(
−b
4

)n−1
[(1 + ν)n − (2τ2 − 3τ + 1 + (2τ2 − τ)n)(ρ + ν)]

(q)n−1(n − 1)!

=

∞∑
n=0

(
−b
4

)n+1
(n + 2)2[1 − (2τ2 − τ)(ρ + ν) + ν]

(q)n+1(n + 1)!
−

∞∑
n=0

(ρ + ν)(n + 2)
(
−b
4

)n+1
(2τ2 − 3τ + 1)

(q)n+1(n + 1)!

= [1 − (2τ2 − τ)(ρ + ν) + ν]


∞∑

n=0

(n + 1)
(
−b
4

)n+1

(q)n+1(n)!
+ 2

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n)!
+

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n + 1)!


= [1 − (2τ2 − τ)(ρ + ν) + ν]


∞∑

n=0

n
(
−b
4

)n+1

(q)n+1(n)!
+ 3

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n)!
+

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n + 1)!


− (2τ2 − 3τ + 1)(ρ + ν)


∞∑

n=0

(
−b
4

)n+1

(q)n+1(n)!
+

∞∑
n=0

(
−b
4

)n+1

(q)n+1(n + 1)!

 ≤ (1 − ρ).

By employing the factorial identity
n! = n(n − 1)!

and amalgamating analogous terms, we can subsequently reformulate as

∞∑
n=0

(
−b
4

)n+1
[1 − (2τ2 − τ)(ρ + ν) + ν]

(q)n+1(n − 1)!
+

∞∑
n=0

(
−b
4

)n+1
[3 − 2τ(4τ2 − 3)(ρ + ν) + 2ν − ρ]

(q)n+1n!

+ [4τ(1 − τ)(ρ + ν) + 1 − ρ]
∞∑

n=0

(
−b
4

)n+1

(q)n+1(n + 1)!
≤ (1 − ρ).
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Applying
(q)n+1 = q(q + 1)n = q(q + 1)(q + 2)n−1,

we have

∞∑
n=0

[1 − (2τ2 − τ)(ρ + ν) + ν]
(
−b
4

)2 (
−b
4

)n−1

q(q + 1)(q + 2)n−1(n − 1)!
+

∞∑
n=0

[3 − 2τ(4τ2 − 3)(ρ + ν) + 2ν − ρ]
(
−b
4

) (
−b
4

)n

q(q + 1)nn!

+ [4τ(1 − τ)(ρ + ν) + 1 − ρ]
∞∑

n=0

(
−b
4

)n+1

(q)n+1(n + 1)!
≤ (1 − ρ).

By using Lemma 2.1,

[(1 + ν) − (ρ + ν)(2τ2 − τ)]υ′′p (1) + [3 + 2ν − ρ − 2τ(ρ + ν)(4τ2 − 3)]υ′p(1)

+ [1 − ρ + 4τ(ρ + ν)(1 − τ)][υp(1) − 1] ≤ (1 − ρ).

This completes the proof. □

Theorem 3.4. For 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0, given the conditions where b < 0 and m > 0, it
follows that z(2 − υp(z)), given by (2.8), belongs to T M(τ, ρ, ν) if and only if

[1 − (2τ2 − τ)(ρ + ν) + ν]υ′p(1) + [1 − (4τ2 − 4τ)(ρ + ν) − ρ][υp(1) − 1] ≤ (1 − ρ) (3.2)

holds true.

Proof. Let z(2 − υp(z)) ∈ T M(τ, ρ, ν), and using Theorem 3.1, we write

∞∑
n=2

(
−b
4

)n−1
[(1 + ν)n − (2τ2 − 3τ + n(2τ2 − τ) + 1)(ρ + ν)]

(q)n−1(n − 1)!
≤ (1 − ρ).

Since

[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ)]
= [[1 − (2τ2 − τ)(ρ + ν) + ν](n − 1) + 1 − (4τ2 − 4τ)(ρ + ν) − ρ],

we have that

∞∑
n=2

(
−b
4

)n−1
[[1 − (2τ2 − τ)(ρ + ν) + ν](n − 1) + 1 − (4τ2 − 4τ)(ρ + ν) − ρ]

(q)n−1(n − 1)!

=

∞∑
n=2

(
−b
4

)n−1
[1 − (2τ2 − τ)(ρ + ν) + ν](n − 1)

(q)n−1(n − 1)!
+

∞∑
n=2

(
−b
4

)n−1
[1 − (4τ2 − 4τ)(ρ + ν) − ρ]

(q)n−1(n − 1)!
≤ (1 − ρ).

Then after computation, one can write it as

=

∞∑
n=1

(
−b
4

)n
[1 − (2τ2 − τ)(ρ + ν) + ν]

(q)n(n − 1)!
+

∞∑
n=1

(
−b
4

)n
[1 − (4τ2 − 4τ)(ρ + ν) − ρ]

(q)n(n)!
≤ (1 − ρ),
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which implies

=

∞∑
n=0

(
−b
4m

) (
−b
4

)n
[1 − (2τ2 − τ)(ρ + ν) + ν]

(m + 1)n(n)!
+

∞∑
n=0

(
−b
4

)n+1
[1 − (4τ2 − 4τ)(ρ + ν) − ρ]

(q)n+1(n + 1)!
≤ (1 − ρ).

Employing Lemma 2.1, one can reformulate it as

=

(
−b
4m

)
[(1 + ν) − (ρ + ν)(2τ2 − τ)]υp+1(1) + [(1 − ρ) − (ρ + ν)(4τ2 − 4τ)][υp(1) − 1]

or
= [(1 + ν) − (ρ + ν)(2τ2 − τ)]υ′p(1) + [(1 − ρ) − (ρ + ν)(4τ2 − 4τ)][υp(1) − 1].

It is bounded above by (1 − ρ) if and only if (3.2) holds. □

In the subsequent theorems, Lemmas 2.1 and 2.2 are applied to investigate the impact of the Bessel
function on the class T N(τ, ρ, ν) and to demonstrate an inclusion property for T (b, q) f (z) and

∫ z

0
(2 −

υp(t))dt to be included within the class T N(τ, ρ, ν).

Theorem 3.5. For 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0, consider b < 0, q > 0, and f ∈ ℜτ(A,C). If

(A −C)|τ|{[(1 + ν) − (ρ + ν)(2τ2 − τ)]υ′p(1)

+
[
(1 − ρ) − (ρ + ν)(4τ2 − 4τ)

]
[υp(1) − 1]} ≤ (1 − ρ), (3.3)

then T (b, q) f (z) ∈ T N(τ, ρ, ν).

Proof. If T (b, q) ∈ T N(τ, ρ, ν), and using Theorem 3.2 then

∞∑
n=2

n[(2τ2 − 3τ) − (ρ + ν)(1 + n(2τ2 − τ) + n(1 + ν))]
(
−b
4

)n−1

(q)n−1(n − 1)!
|an| ≤ (1 − ρ).

Let the function f defined by (2.1) be an element ofℜτ(A,C); consequently, by employing Lemma 2.2,
it follows that

|an| ≤ (A −C)
|τ|

n
,

which leads to the implication

∞∑
n=2

(
−b
4

)n−1
n[(2τ2 − 3τ) − (ρ + ν)(1 + n(2τ2 − τ) + n(1 + ν))]

(q)n−1(n − 1)!
|an|

≤

∞∑
n=2

(
−b
4

)n−1
n[(2τ2 − 3τ) − (ρ + ν)(1 + n(2τ2 − τ) + n(1 + ν))]

n(q)n−1(n − 1)!
(A −C)|τ| ≤ (1 − ρ)

=

∞∑
n=2

(
−b
4

)n−1
[(2τ2 − 3τ) − (ρ + ν)[1 + n(2τ2 − τ) + n(1 + ν)]]

(q)n−1(n − 1)!
(A −C)|τ| ≤ (1 − ρ).
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Since

[(2τ2 − 3τ) − (ρ + ν)[1 + n(2τ2 − τ) + n(1 + ν)]]
= (1 − ρ) − (ρ + ν)(4τ2 − 4τ) + (n − 1)[(1 + ν) − (2τ2 − τ)(ρ + ν)],

using this equality, we rewrite as

∞∑
n=2

(
−b
4

)n−1
[(2τ2 − 3τ) − (ρ + ν)[1 + n(2τ2 − τ) + n(1 + ν)]]

(q)n−1(n − 1)!
(A −C)|τ|

=

∞∑
n=2

(
−b
4

)n−1
[(1 − ρ) − (ρ + ν)(4τ2 − 4τ) + (n − 1)[(1 + ν) − (2τ2 − τ)(ρ + ν)]]

(q)n−1(n − 1)!
(A −C)|τ|

= (A −C)|τ|


∞∑

n=1

n[(1 + ν) − (ρ + ν)(2τ2 − τ)]
(
−b
4

)n

(q)n(n)!
+

∞∑
n=1

(1 − ρ) − (ρ + ν)(4τ2 − 4τ)
(
−b
4

)n

(q)n(n)!

 ,
and since

n! = n(n − 1)!,

then it follows that

= (A −C)|τ|


∞∑

n=1

[(1 + ν) − (ρ + ν)(2τ2 − τ)]
(
−b
4

)n

(q)n(n − 1)!
+

∞∑
n=1

(1 − ρ) − (ρ + ν)(4τ2 − 4τ)
(
−b
4

)n

(q)n(n)!


= (A −C)|τ|


∞∑

n=0

[(1 + ν) − (ρ + ν)(2τ2 − τ)]
(
−b
4

)n+1

(q)n+1(n)!
+

∞∑
n=1

(1 − ρ) − (ρ + ν)(4τ2 − 4τ)
(
−b
4

)n

(q)n(n)!

 ,
which, with

(q)n+1 = q(q + 1)n,

gives

= (A −C)|τ|


∞∑

n=0

[(1 + ν) − (ρ + ν)(2τ2 − τ)]
(
−b
4

)1 (
−b
4

)n

q(q + 1)n(n)!
+

∞∑
n=1

(1 − ρ) − (ρ + ν)(4τ2 − 4τ)
(
−b
4

)n

(q)n(n)!

 .
Then, applying

∞∑
n=1

(
−b
4

)n

(q)n(n)!
= υp(1) − 1

and
∞∑

n=0

(
−b
4

)n

(q + 1)n(n)!
= υp+1(1),

we have

= (A −C)|τ|{
[(1 + ν) − (ρ + ν)(2τ2 − τ)]

(
−b
4

)
υp+1(1)

m
+

[
(1 − ρ) − (ρ + ν)(4τ2 − 4τ)

]
[υp(1) − 1]}.
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Employing Lemma 2.1, the expression can be reformulated as

= (A −C)|τ|{[(1 + ν) − (ρ + ν)(2τ2 − τ)]υ′p(1)

+
[
(1 − ρ) − (ρ + ν)(4τ2 − 4τ)

]
[υp(1) − 1]}.

It is bounded above by (1 − ρ) if and only if (3.3) holds. □

Theorem 3.6. For 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0, given the conditions where b < 0 and m > 0, it
follows that

∫ z

0
(2 − υp(t))dt belongs to T N(τ, ρ, ν) if and only if

[1 + ν − (ρ + ν)(2τ2 − τ)]υ′p(1) + [1 − ρ − (ρ + ν)(4τ2 − 4τ)][υp(1) − 1] ≤ (1 − ρ). (3.4)

Proof. Let ∫ z

0
(2 − υp(t))dt ∈ T N(τ, ρ, ν),

where ∫ z

0
(2 − υp(t))dt = z −

∞∑
n=2

(
−b
4

)n−1
zn

(q)n−1(n)!
.

Subsequently, by employing Theorem 3.2, this implies

∞∑
n=2

n[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]


(
−b
4

)n−1

(q)n−1(n)!

 ≤ 1 − ρ,

and applying
n! = n(n − 1)!,

we can rewrite as

=

∞∑
n=2

[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]


(
−b
4

)n−1
zn

(q)n−1(n − 1)!

 ≤ 1 − ρ.

And since

[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ)]
= [(n − 1)[(1 + ν) − (ρ + ν)(2τ2 − τ)] + (1 − ρ) − (ρ + ν)(4τ2 − 4τ)],

therefore we have

=

∞∑
n=2

[(n − 1)[(1 + ν) − (ρ + ν)(2τ2 − τ)] + (1 − ρ) − (ρ + ν)(4τ2 − 4τ)]


(
−b
4

)n−1

(q)n−1(n − 1)!

 ≤ 1 − ρ

=

∞∑
n=2

[(n − 1)[(1 + ν) − (ρ + ν)(2τ2 − τ)]](−b
4 )n−1

(q)n−1(n − 1)!
+

∞∑
n=2

[(1 − ρ) − (ρ + ν)(4τ2 − 4τ)](−b
4 )n−1

(q)n−1(n − 1)!
≤ 1 − ρ
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=

∞∑
n=2

[(1 + ν) − (ρ + ν)(2τ2 − τ)](−b
4 )n−1

(q)n−1(n − 2)!
+

∞∑
n=2

[(1 − ρ) − (ρ + ν)(4τ2 − 4τ)](−b
4 )n−1

(q)n−1(n − 1)!
≤ 1 − ρ

=

∞∑
n=0

(
−b
4q

)
[(1 + ν) − (ρ + ν)(2τ2 − τ)]

(
−b
4

)n

(q + 1)n(n)!
+

∞∑
n=0

[(1 − ρ) − (ρ + ν)(4τ2 − 4τ)]
(
−b
4

)n+1

(q)n+1(n + 1)!
≤ 1 − ρ

=

(
−b
4q

)
[(1 + ν) − (ρ + ν)(2τ2 − τ)]υp+1(1) + [(1 − ρ) − (ρ + ν)(4τ2 − 4τ)][υp(1) − 1].

Utilizing Lemma 2.1, this implies

[(1 + ν) − (ρ + ν)(2τ2 − τ)]υ′p(1) + [(1 − ρ) − (ρ + ν)(4τ2 − 4τ)][υp(1) − 1] ≤ 1 − ρ.

This completes the proof. □

In the subsequent theorems, the coefficient restriction proved in Theorem 3.2 is applied to
investigate the impact of the hypergeometric function on the class T N(τ, ρ, ν) and to substantiate an
inclusion property for zF(a, b; c; z) and z(2 − F(z)) to be contained within the class T N(τ, ρ, ν).

Theorem 3.7. For 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0, if i, b > −1, ib < 0, and d > i + b + 2, then zF(z)
belongs to T N(τ, ρ, ν) if and only if[

(i)2[(1 + ν) − (2τ2 − τ)(ρ + ν)](b)2 + (d − i − b − 2)2[1 − ρ − (4τ2 − 4τ)(ρ + ν)]

+ ib(d − i − b − 2)[−ρ − 2(4τ2 − 3)τ(ρ + ν) + 3 + 2ν]
]
≥ 0.

Proof. Let zF(z) ∈ T N(τ, ρ, ν), where

zF(z) = z +
ib
d

∞∑
n=2

(i + 1)n−2(b + 1)n−2

(d + 1)n−2(1)n−1
zn = z −

∣∣∣∣∣ ibd
∣∣∣∣∣ ∞∑

n=2

(i + 1)n−2(b + 1)n−2

(d + 1)n−2(1)n−1
zn.

Then, by employing Theorem 3.2, we get

∞∑
n=2

n[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))](i + 1)n−2(b + 1)n−2

(d + 1)n−2(1)n−1
≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ).
Since

n[n(1 + ν) − (ρ + ν)(1 + n(2τ2 − τ) + (2τ2 − 3τ))]
= (n + 2)2[1 − (2τ2 − τ)(ρ + ν) + ν] − (n + 2)(ρ + ν)(2τ2 − 3τ + 1)′,

therefore we have
∞∑

n=2

(n + 2)2[1 − (2τ2 − τ)(ρ + ν) + ν] − (n + 2)(ρ + ν)(2τ2 − 3τ + 1)(i + 1)n−2(b + 1)n−2

(d + 1)n−2(1)n−1
≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ)
=

∞∑
0

(i + 1)n(n + 2)2(b + 1)n[−(2τ2 − τ)(ρ + ν) + (1 + ν)]
(d + 1)n(1)n+1

−
(n + 2)(i + 1)n(b + 1)n(2τ2 − 3τ + 1)(ρ + ν)

(d + 1)n(1)n+1
≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ).
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And since
n + 2 = n + 1 + 1, (n + 2)2 = (n + 1)2 + 2(n + 1) + 1,

and
(1)n+1 = (n + 1)n! = (n + 1)(1)n,

therefore we obtain

=

[ ∞∑
0

(n + 1)(i + 1)n(b + 1)n

(d + 1)n(1)n
+ 2

∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n
+

∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n+1

]
[1 − (2τ2 − τ)(ρ + ν) + ν)]

− (2τ2 − 3τ + 1)(ρ + ν)[
∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n
+

∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n+1
] ≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ)
=

[ ∞∑
0

(n)(i + 1)n(b + 1)n

(d + 1)n(1)n
+ 3

∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n
+

∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n+1

]
[1 − (2τ2 − τ)(ρ + ν) + ν)]

− (2τ2 − 3τ + 1)(ρ + ν)[
∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n
+

∞∑
0

(i + 1)n(b + 1)n

(d + 1)n(1)n+1
] ≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ),
=

∞∑
0

[−(2τ2 − τ)(ρ + ν) + (1 + ν)]n(b + 1)n(i + 1)n

(d + 1)n(1)n
+

∞∑
0

[−2(4τ2 − 3)τ(ρ + ν) + 3 + 2ν − ρ](b + 1)n(i + 1)n

(d + 1)n(1)n

+ [4τ(1 − τ)(ρ + ν) + 1 − ρ]
∞∑

n=1

(i + 1)n−1(b + 1)n−1

(d + 1)n−1(1)n
≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ).
Using the properties

(1)n = n(1)n−1

and
(a + 1)n = (a + 1)(a + 2)n−1,

then we get

=

∞∑
0

[−(2τ2 − τ)(ρ + ν) + (1 + ν)](b + 2)n−2(i + 2)n−2(i + 1)(b + 1)
(d + 2)n−2(1)n−1(d + 1)

+

∞∑
0

[−2(4τ2 − 3)τ(ρ + ν) + 3 + 2ν − ρ](b + 1)n(i + 1)n

(d + 1)n(1)n

+ c[−(4τ2 − 4τ)(ρ + ν) − 1 − ρ]
∞∑
1

(b)n(i)n

ib(d)n(1)n
≤

∣∣∣∣∣ d
ib

∣∣∣∣∣ (1 − ρ).
Applying

Γ(i + 2) = (i + 1)Γ(i + 1)

and
Γ(d − i − b − 1) = (d − i − b − 2)Γ(d − i − b − 2),

we obtain

=
Γ(d + 1)Γ(d − i − b − 2)
Γ(d − i)Γ(d − b)

[
[(1 + ν) − (ρ + ν)(2τ2 − τ)](i + 1)(b + 1)
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+
(d − i − b − 2)[−2(4τ2 − 3)τ(ρ + ν) + 3 + 2ν − ρ]

+
(d − i − b − 2)2[−(4τ2 − 4τ)(ρ + ν) + 1 − ρ]

ib

]
≤ (1 − ρ)

[ ∣∣∣∣∣ d
ib

∣∣∣∣∣ + d
ib

]
−

(4τ2 − 4τ)(ρ + ν)d
ib

≤ 0.

It is imperative to observe that the condition τ < 1, in conjunction with ib < 0, leads to the conclusion
that

−(4τ2 − 4τ)d(ρ + ν)
ib

< 0.

Ultimately, upon the multiplication by ib < 0, we arrive at[
[(1 + ν) − (ρ + ν)(2τ2 − τ)](i)2(b)2 + [1 − ρ − (ρ + ν)(4τ2 − 4τ)](d − i − b − 2)2

+ ib[3 + 2ν − ρ − 2τ(ρ + ν)(4τ2 − 3)](d − i − b − 2)
]
≥ 0.

This completes the proof. □

Theorem 3.8. For 0 ≤ ρ < 1, 0 ≤ τ < 1, and ν ≥ 0, if d > i + b + 1 and i, b > 0, then (2z − zF(z))
belongs to the class T N(τ, ρ, ν) if and only if

Γ(d − i − b)Γ(d)
Γ(d − b)Γ(d − a)

[
[3 − 2τ(ρ + ν)(4τ2 − 3) + 2ν − ρ]ib

(1 − ρ)(d − i − b − 1)
+

(i)2[(1 + ν) − (2τ2 − τ)(ρ + ν)](b)2

(1 − ρ)(d − i − b − 2)2
+ 1

]
≤ 2.

Proof. Let z(2 − F(z)) ∈ T N(τ, ρ, ν). Then, using Theorem 3.2, we write

∞∑
2

n(i)n−1(b)n−1[(1 + ν)n − (1 + n(2τ2 − τ) + (2τ2 − 3τ))(ρ + ν)]
(d)n−1(1)n−1

≤ (1 − ρ).

Since

[(1 + ν)n − ((2τ2 − 3τ) + 1 + (2τ2 − τ)n)(ρ + ν)]n
= [(1 + ν) − (2τ2 − τ)(ρ + ν)](n + 2)2 − (1 + 2τ2 − 3τ)(n + 2)(ρ + ν),

then we get

∞∑
2

n(i)n−1(b)n−1[(1 + ν)n − (1 + n(2τ2 − τ) + (2τ2 − 3τ))(ρ + ν)]
(d)n−1(1)n−1

=

∞∑
2

(i)n−1(b)n−1[[(1 + ν) − (2τ2 − τ)(ρ + ν)](n + 2)2 − (1 + 2τ2 − 3τ)(n + 2)(ρ + ν)]
(d)n−1(1)n−1

,

which implies

=

∞∑
0

(i)n+1(n + 2)2[(1 + ν) − (2τ2 − τ)(ρ + ν)](b)n+1

(1)n+1(d)n+1
−

∞∑
0

(i)n+1(n + 2)(1 + 2τ2 − 3τ)(ρ + ν)(b)n+1

(d)n+1(1)n+1
≤ (1 − ρ).

And because
n + 2 = n + 1 + 1
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and
(n + 2)2 = (n + 1)2 + 2(n + 1) + 1,

hence we have

= [1 + ν − (2τ2 − τ)(ρ + ν)]
[ ∞∑

0

(i)n+1(b)n+1(n + 1)
(1)n(d)n+1

+ 2
∞∑
0

(b)n+1(i)n+1

(1)n(d)n+1
+

∞∑
0

(b)n+1(i)n+1

(1)n+1(d)n+1

]
− (1 − 3τ + 2τ2)(ρ + ν)

[ ∞∑
0

(b)n+1(i)n+1

(1)n(d)n+1
+

∞∑
0

(b)n+1(i)n+1

(1)n+1(d)n+1

]
≤ (1 − ρ)

= [1 + ν − (2τ2 − τ)(ρ + ν)]
[ ∞∑

0

(i)n+1(b)n+1(n)
(1)n(d)n+1

+ 3
∞∑
0

(b)n+1(i)n+1

(1)n(d)n+1
+

∞∑
0

(b)n+1(i)n+1

(1)n+1(d)n+1

]
− (1 − 3τ + 2τ2)(ρ + ν)

[ ∞∑
0

(b)n+1(i)n+1

(1)n(d)n+1
+

∞∑
0

(b)n+1(i)n+1

(1)n+1(d)n+1

]
≤ (1 − ρ)

=

∞∑
0

(i)n+2[(1 + ν) − (2τ2 − τ)(ρ + ν)](b)n+2

(1)n(d)n+2
+

∞∑
0

(i)n+1[−ρ − 2τ(ρ + ν)(4τ2 − 3) + 3 + 2ν](b)n+1

(1)n(d)n+1

+ [1 − ρ + 4τ(ρ + ν)(1 − τ)]
∞∑

n=1

(i)n(b)n

(d)n(1)n
≤ (1 − ρ).

Finally, using
(1)n = n(1)n−1

and
(b)n+1 = b(b + 1)n = b(b + 1)(b + 2)n−1,

and by simplifying, we get

Γ(d − i − b)Γ(d)
Γ(d − b)Γ(d − a)

[
[3 − 2τ(ρ + ν)(4τ2 − 3) + 2ν − ρ]ib

(1 − ρ)(d − i − b − 1)
+

(i)2[(1 + ν) − (2τ2 − τ)(ρ + ν)](b)2

(1 − ρ)(d − i − b − 2)2
+ 1

]
≤ 2,

hence proved. □

4. Conclusions

The article presents generalized subclasses of ν uniformly starlike and convex functions,
characterized by the order ρ, and offers coefficient bounds along with implications derived from
Bessel and hypergeometric functions. In Section 2, following the introduction of the newly defined
classes given by Definitions 2.1 and 2.2, it is shown that various subclasses of analytic functions
investigated in previous works represent particular instances of these generalized subclasses.
Coefficient bounds are obtained such that certain analytic functions reside within the newly
established subclasses of uniformly starlike and uniformly convex families. Furthermore, we have
evaluated the impact of the Bessel function and analyzed the implications of the hypergeometric
function on these classes to validate an inclusion property for analytic functions included within these
subclasses.
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We have stated that these innovative subclasses of starlike and convex functions represent a
generalized form of the classes discussed in the research articles [26, 36, 37]. By specializing the
parameters ρ, τ, and ν, we can highlight various intriguing results, as provided in the aforementioned
references. The connection of the present results with those already established in [38–41] is also
highlighted.

For future research, these subclasses can be extended to encompass multivalent and meromorphic
analytic functions, allowing us to explore properties related to coefficient bounds, growth and distortion
theorems, as well as subordination and superordination properties, among others.

Furthermore, the results presented here can be refined by deriving properties for the coefficients
of the functions within the classes examined and by exploring additional coefficient-related issues
concerning them.
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4. L. I. Cotı̂rlă, R. Szász, On the monotony of Bessel functions of the first kind, Comput. Methods
Funct. Theory, 24 (2024), 747–752. https://doi.org/10.1007/s40315-023-00498-0

5. M. Sharma, N. K. Jain, S. Kumar, Monotonicity, starlikeness and subordination related results for
some special functions, Iran. J. Sci., 2025. https://doi.org/10.1007/s40995-025-01847-5

6. G. I. Oros, G. Oros, D. A. Bardac-Vlada, Study on the criteria for starlikeness in integral operators
involving Bessel functions, Symmetry, 15 (2023), 1976. https://doi.org/10.3390/sym15111976

7. D. A. Bradac-Vlada, G. I. Oros, Applications of a new linear operator involving Dziok-
Srivastava operator and Bessel function of the first kind, Turk. J. Math., 49 (2025), 649–667.
https://doi.org/10.55730/1300-0098.3615

8. S. Mandal, M. M. Soren, Fourth-order differential subordination results for analytic functions
involving the generalized Bessel functions, TWMS J. Appl. Eng. Math., 15 (2025), 1245–1258.

9. A. Bunyan, F. Ghanim, H. F. Al-Janaby, A new investigation into a linear operator
connected to Gaussian hypergeometric functions, Iraqi J. Sci., 65 (2024), 3270–3278.
https://doi.org/10.24996/ijs.2024.65.6.26

10. P. Yadav, S. Joshi, H. Pawar, Mapping properties of holomorphic function associated with Gaussian
hypergeometric function, TWMS J. App. Eng. Math., 14 (2024), 1759–1771.

11. N. E. Cho, S. Y. Woo, S. Owa, Uniform convexity properties for hypergeometric functions, Fract.
Calculus Appl. Anal., 3 (2002), 303–313.

12. G. I. Oros, A. M. Rus, A note on convexity properties for Gaussian hypergeometric function,
Contemp. Math., 5 (2024), 2801–2813. https://doi.org/10.37256/cm.5320242739

13. E. Merkes, B. T. Scott, Starlike hypergeometric functions, Proc. Amer. Math. Soc., 12 (1961),
885–888.

14. B. C. Carlson, D. B. Shaffer, Starlike and prestarlike hypergeometric functions, J. Math. Anal.
Appl., 15 (1984), 737–745. https://doi.org/10.1137/0515057

15. S. T. Ruscheweyh, V. Singh, On the order of starlikeness of hypergeometric functions, J. Math.
Anal. Appl., 113 (1986), 1–11. https://doi.org/10.1016/0022-247X(86)90329-X

16. L. F. Preluca, Third-order strong differential subordinations involving fractional integral of
confluent (Kummer) and Gaussian hypergeometric functions, Gen. Math., 32 (2024), 28–45.
https://doi.org/10.2478/gm-2024-0003

17. A. K. Sharma, P. Saurabh, K. K. Dixit, Class mappings properties of convolutions involving certain
univalent functions associated with hypergeometric functions, Electron. J. Math. Anal. Appl., 1
(2013), 326–333.

18. G. Murugusundaramoorthy, Subclasses of starlike and convex functions involving Poisson
distribution series, Afr. Mat., 28 (2017), 1357–1366. https://doi.org/10.1007/s13370-017-0520-x

19. S. Porwal, K. K. Dixit, An application of generalized Bessel functions on certain analytic functions,
Acta Univ. Matthiae Belii Ser. Math., 21 (2013), 51–57.

AIMS Mathematics Volume 11, Issue 2, 3171–3192.

https://dx.doi.org/https://doi.org/10.54379/jiasf-2025-2-5
https://dx.doi.org/https://doi.org/10.54379/jiasf-2025-2-5
https://dx.doi.org/https://doi.org/10.1007/s40315-023-00498-0
https://dx.doi.org/https://doi.org/10.1007/s40995-025-01847-5
https://dx.doi.org/https://doi.org/10.3390/sym15111976
https://dx.doi.org/https://doi.org/10.55730/1300-0098.3615
https://dx.doi.org/https://doi.org/10.24996/ijs.2024.65.6.26
https://dx.doi.org/https://doi.org/10.37256/cm.5320242739
https://dx.doi.org/https://doi.org/10.1137/0515057
https://dx.doi.org/https://doi.org/10.1016/0022-247X(86)90329-X
https://dx.doi.org/https://doi.org/10.2478/gm-2024-0003
https://dx.doi.org/https://doi.org/10.1007/s13370-017-0520-x


3191

20. V. Srinivas, P. T. Reddy, H. Niranjan, Some properties of certain class of uniformly convex
functions defined by Bessel functions, In: V. Madhu, A. Manimaran, D. Easwaramoorthy,
D. Kalpanapriya, M. M. Unnissa, Advances in algebra and analysis, Springer, 2019.
https://doi.org/10.1007/978-3-030-01120-8 16

21. H. Silverman, Starlike and convexity properties for hypergeometric functions, J. Math. Anal. Appl.,
172 (1993), 574–581. https://doi.org/10.1006/jmaa.1993.1044

22. M. I. Faisal, M. Darus, A study of a special family of analytic functions at infinity, Appl. Math.
Lett. 25 (2012), 654–657. https://doi.org/10.1016/j.aml.2011.10.007

23. M. I. Faisal, Study of analytic functions related with simply connected convex set, Iran. J. Sci.
Technol. Trans. A Sci., 43 (2019), 2595–2600. https://doi.org/10.1007/s40995-019-00751-z

24. M. I. Faisal, Study of simply connected convex domain and its geometric properties (II), J. Taibah
Univ. Sci., 13 (2019), 597–603. https://doi.org/10.1080/16583655.2019.1611368

25. M. S. Robertson, On the theory of univalent functions, Ann. Math., 37 (1936), 374–408.
https://doi.org/10.2307/1968451

26. H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc., 51 (1975),
109–116.

27. K. K. Dixit, S. K. Pal, On a class of univalent functions related to complex order, Indian J. Pure
Appl. Math., 26 (1995), 889–896.

28. A. Baricz, Geometric properties of generalized Bessel functions, Publ. Math. Debrecen, 73 (2008),
155–178. https://doi.org/10.5486/pmd.2008.4126

29. L. M. Fatunsin, T. O. Opoola, On new subclasses of analytic functions
associated with generalized Bessel functions, Int. J. Nonlinear Anal. Appl., 2024.
https://doi.org/10.22075/ijnaa.2024.34524.5155

30. B. A. Frasin, F. Yousef, T. Al-Hawary, Application of generalized Bessel functions to classes of
analytic functions, Afr. Mat., 32 (2021), 431–439. https://doi.org/10.1007/s13370-020-00835-9
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