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1. Introduction

LetHp denote the family of analytic functions of the following form:

ϕ (x) = xp

1 +

∞∑
j=1

bp+ jx j

 , (p ∈ N = {1, 2, 3, ...}) , (1.1)

which are p-valent (multivalent of order p) in ∆ = {x ∈ C : |x| < 1} with H1 = H and also, the
subfamily ofH consisting of univalent (one-to-one) functions in ∆ is denoted byU. We denote by K
and S∗ the usual subclasses of U consisting of functions that are, respectively, bounded turning and
starlike in ∆, and have the following geometric inequalities: <{ϕ′ (x)} > 0 and<{xϕ′ (x) /ϕ (x)} > 0.
Singh [21] introduced an important subfamily ofU denoted by Bα that consists of Bazilevič functions
with the next inequality:

<

{
xϕ′ (x)
ϕ (x)

[
ϕ (x)

x

]α}
> 0,
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for a non-negative real number α. He noted in his work, that the cases α = 0 and α = 1 correspond
to S∗ and K , respectively. In [14], Obradovic introduced and studied the well-known subfamily of
non-Bazilevič functions, that is,

Nβ =

ϕ ∈ H : <

 xϕ′ (x)
ϕ (x)

[
x

ϕ (x)

]β > 0

 , 0 < β < 1.

Recently, several research papers have appeared on subfamilies related to Bazilevič functions, non-
Bazilevič functions that are sometimes defined by linear operators, and their generalizations (see, for
example, [7, 20, 22–24, 27, 28]).

Let Qk (σ) denote the family of analytic functions g (x) of the form:

g (x) = 1 +

∞∑
j=1

d jx j (x ∈ ∆) , (1.2)

satisfying the following inequality ∫ 2π

0

∣∣∣∣∣∣<{g (x)} − σ
1 − σ

∣∣∣∣∣∣ dθ ≤ kπ, (1.3)

where k ≥ 2, 0 ≤ σ < 1, and x = reiθ ∈ ∆. The family Qk (σ) was introduced and studied by
Padmanabhan and Parvatham [17]. For σ = 0, we obtain the family Qk (0) = Qk that was introduced
by Pinchuk [18].
Remark 1. For g (x) ∈ Qk (σ), we can write

g (x) =
1

2π

∫ 2π

0

1 + (1 − 2σ) xe−is

1 − xe−is dµ (s) (x ∈ ∆) , (1.4)

where µ (s) is a function with bounded variation on [0, 2π] such that∫ 2π

0
dµ (s) = 2π,

∫ 2π

0
|dµ (s)| < kπ. (1.5)

Since µ (s) has a bounded variation on [0, 2π], we may put µ (s) = A (s) − B (s), where A (s) and B (s)
are two non-negative increasing functions on [0, 2π] satisfying (1.5). Thus, if we set A (s) = k+2

4 µ1 (s)
and B (s) = k−2

4 µ2 (s), then (1.4) becomes

g (x) =

(
k + 2

4

)
1

2π

∫ 2π

0

1 + (1 − 2σ) xe−is

1 − xe−is dµ1 (s)

−

(
k − 2

4

)
1

2π

∫ 2π

0

1 + (1 − 2σ) xe−is

1 − xe−is dµ2 (s) . (1.6)

Now, using Herglotz-Stieltjes formula for the family Q (σ) of analytic functions with positive real part
greater than σ and (1.6), we obtain

g (x) =

(
k + 2

4

)
g1 (x) −

(
k − 2

4

)
g2 (x) , (1.7)
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where g1 (x) , g2 (x) ∈ Q (σ). Also, we have here Q (0) = Q, where Q is the family of analytic functions
g (x) in ∆ with<{g (x)} > 0.
Remark 2. It is well-known from [13] that the family Qk (σ) is a convex set.
Remark 3. For 0 ≤ σ1 < σ2 < 1, we have Qk (σ2) ⊂ Qk (σ1) (see [6]).

In recent years, researchers have been using the family Qk (σ) of analytic functions associated
with bounded boundary rotation in various branches of mathematics very effectively, especially in
geometric function theory (GFT). For further developments and discussion about this family, we can
obtain selected articles produced by some mathematicians like [1, 4, 5, 8, 12, 25] and many more.

Now, using the family Qk (σ), we introduce the subfamily BNα,β
p,k (λ, σ) of p-valent Bazilevič and

non-Bazilevič functions ofHp as the following definition:
Definition 1. A function ϕ ∈ Hp is said to be in the subfamily BNα,β

p,k (λ, σ) if it satisfies the
following condition:(

1 −
α − β

α + β
λ

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
∈ Qk (σ) ,

which is equivalent to

∫ 2π

0

∣∣∣∣∣∣∣∣∣∣
<

{(
1 − α−β

α+β
λ
) [

ϕ(x)
xp

]α−β
+

α−β

α+β
λ xϕ′(x)

pϕ(x)

[
ϕ(x)
xp

]α−β}
− σ

1 − σ

∣∣∣∣∣∣∣∣∣∣ dθ ≤ kπ,

where α, β ≥ 0; α + β ≥ 0; λ > 0; k ≥ 2; 0 ≤ σ < 1; x ∈ ∆; and all powers are principal ones.
Example 1. Let ϕ (x) : ∆→ C be an analytic function given by

ϕ (x) = xp

(
1 +

p (α + β) (1 − σ) k[
p (α + β) + λ

] x
) 1
α−β

∈ Hp (α , β) .

Clearly ϕ (x) ∈ Hp (with all powers being principal ones). After some calculations, we find that(
1 −

α − β

α + β
λ

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ

[
ϕ (x)

xp

]α−β xϕ′ (x)
pϕ (x)

= 1 + (1 − σ) kx.

Now, if x = reiθ (0 ≤ r < 1), then

<

{(
1 − α−β

α+β
λ
) [

ϕ(x)
xp

]α−β
+

α−β

α+β
λ xϕ′(x)

pϕ(x)

[
ϕ(x)
xp

]α−β}
− σ

1 − σ
= 1 + kr cos θ,

and ∫ 2π

0

∣∣∣∣∣∣<
{(

1− α−βα+βλ
)[
ϕ(x)
xp

]α−β
+
α−β
α+βλ

xϕ′(x)
pϕ(x)

[
ϕ(x)
xp

]α−β}
−σ

1−σ

∣∣∣∣∣∣ dθ =

∫ 2π

0
(1 + kr cos θ) dθ

= 2π ≤ kπ (k ≥ 2) .

Hence, ϕ (x) belongs to the subfamily BNα,β
p,k (λ, σ), and it is not empty.
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By specializing the parameters α, β, λ, p, k, and σ involved in Definition 1, we get the following
subfamilies, which were studied in many earlier works:
(i) For k = 2, β = 0 and σ = 1−L

1−M (−1 ≤ M < L ≤ 1), we have BNα,0
2,p

(
λ, 1−L

1−M

)
= Bαp (λ, L,M)

=

{
ϕ ∈ Hp : (1 − λ)

[
ϕ (x)

xp

]α
+ λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α
≺

1 + Lx
1 + Mx

}
,

where ≺ denotes the usual meaning of subordination, Bαp (λ, L,M) is a subfamily of multivalently
Bazilevič functions introduced by Liu [10] and Bαp (1, L,M) = Bαp (L,M)

=

{
ϕ ∈ Hp :

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α
≺

1 + Lx
1 + Mx

}
,

where the subfamily Bαp (L,M) was introduced by Yang [30];
(ii) BNα,0

2,1

(
1, 1−L

1−M

)
= Bα (L,M)

=

{
ϕ ∈ H :

xϕ′ (x)
ϕ (x)

[
ϕ (x)

x

]α
≺

1 + Lx
1 + Mx

}
,

where the subfamily Bα (L,M) was studied by Singh [21] (see also Owa and Obradovic [15]);
(iii) BNα,0

2,1 (1, σ) = Bα (σ)

=

{
ϕ ∈ H : <

{
xϕ′ (x)
ϕ (x)

[
ϕ (x)

x

]α}
> σ

}
,

where the family Bα (σ) was considered by Owa [16];
(iv) For k = 2, α = 0 and σ = 1−L

1−M (−1 ≤ M < L ≤ 1), we have BN0,β
2,p

(
λ, 1−L

1−M

)
= N

β
p (λ, L,M)

=

ϕ ∈ Hp : (1 + λ)
[

xp

ϕ (x)

]β
− λ

xϕ′ (x)
pϕ (x)

[
xp

ϕ (x)

]β
≺

1 + Lx
1 + Mx

 ,
where Nβ

p (λ, L,M) is the family of non-Bazilevič multivalent functions introduced by Aouf and
Seoudy [3], and Nβ

1 (λ, L,M) = Nβ (λ, L,M)

=

ϕ ∈ H : (1 + λ)
[

x
ϕ (x)

]β
− λ

xϕ′ (x)
ϕ (x)

[
x

ϕ (x)

]β
≺

1 + Lx
1 + Mx

 ,
where Nβ (λ, L,M) is the subclass of non-Bazilevič univalent functions defined by Wang et al. [29];
(v) BN0,β

2,1 (−1, σ) = Nβ (σ)

=

ϕ ∈ H : <

 xϕ′ (x)
ϕ (x)

[
x

ϕ (x)

]β > σ
 ,

where Nβ (σ) is the family of non-Bazilevič functions of order σ (see Tuneski and Daus [26]) and
Nβ (0) = Nβ

=

ϕ ∈ H : <

 xϕ′ (x)
ϕ (x)

[
x

ϕ (x)

]β > 0

 ,
AIMS Mathematics Volume 10, Issue 5, 12745–12760.
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where Nβ is the family of non-Bazilevič functions (see Obradovic [14]).
Also, we note that

(i) BNα,0
k,p (λ, σ) = Bαk,p (λ, σ)

=

{
ϕ ∈ Hp : (1 − λ)

[
ϕ (x)

xp

]α
+ λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α
∈ Qk (σ)

}
,

and Bαk,1 (λ, σ) = Bαk (λ, σ)

=

{
ϕ ∈ H : (1 − λ)

[
ϕ (x)

x

]α
+ λ

xϕ′ (x)
ϕ (x)

[
ϕ (x)

x

]α
∈ Qk (σ)

}
;

(ii) BN0,β
k,p (λ, σ) = N

β
k,p (λ, σ)

=

ϕ ∈ Hp : (1 + λ)
[

xp

ϕ (x)

]β
− λ

xϕ′ (x)
pϕ (x)

[
xp

ϕ (x)

]β
∈ Qk (σ)

 ,
and Nβ

k,1 (λ, σ) = N
β
k (λ, σ)

=

ϕ ∈ H : (1 + λ)
[

x
ϕ (x)

]β
− λ

xϕ′ (x)
ϕ (x)

[
x

ϕ (x)

]β
∈ Qk (σ)

 ;

(iii) BN1,0
k,p (λ, σ) = Bk,p (λ, σ)

=

{
ϕ ∈ Hp : (1 − λ)

ϕ (x)
xp + λ

ϕ′ (x)
pxp−1 ∈ Qk (σ)

}
,

and Bk,1 (λ, σ) = Bk (λ, σ)

=

{
ϕ ∈ H : (1 − λ)

ϕ (x)
x

+ λϕ′ (x) ∈ Qk (σ)
}

;

(iv) BN0,1
k,p (λ, σ) = Nk,p (λ, σ)

=

{
ϕ ∈ Hp : (1 + λ)

xp

ϕ (x)
− λ

xp+1ϕ′ (x)
pϕ2 (x)

∈ Qk (σ)
}
,

and Nk,1 (λ, σ) = Nk (λ, σ)

=

{
ϕ ∈ H : (1 + λ)

x
ϕ (x)

− λ
x2ϕ′ (x)
ϕ2 (x)

∈ Qk (σ)
}

;

(v) BNα,0
k,p (1, σ) = Bαk,p (σ)

=

{
ϕ ∈ Hp :

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α
∈ Qk (σ)

}
,
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and Bαk,1 (σ) = Bαk (σ)

=

{
ϕ ∈ H :

xϕ′ (x)
ϕ (x)

[
ϕ (x)

x

]α
∈ Qk (σ)

}
;

(vi) BN0,β
k,p (−1, σ) = N

β
k,p (σ)

=

ϕ ∈ Hp :
xϕ′ (x)
pϕ (x)

[
xp

ϕ (x)

]β
∈ Qk (σ)

 ,
and Nβ

k,1 (σ) = N
β
k (σ)

=

ϕ ∈ H :
xϕ′ (x)
ϕ (x)

[
x

ϕ (x)

]β
∈ Qk (σ)

 ;

(vii) B0
k,p (σ) = Sk,p (σ)

=

{
ϕ ∈ Hp :

xϕ′ (x)
pϕ (x)

∈ Qk (σ)
}
,

and Sk,1 (σ) = Sk (σ)

=

{
ϕ ∈ H :

xϕ′ (x)
ϕ (x)

∈ Qk (σ)
}
.

To prove our main results, the next lemmas will be required in our investigation.
Lemma 1. [11] Let γ = γ1 + iγ2 and δ = δ1 + iδ2 and Θ (γ, δ) be a complex-valued function satisfying
the next conditions:

(i) Θ (γ, δ) is continuous in a domain D ∈ C2.
(ii) (0, 1) ∈ D and Θ (1, 0) > 0.
(iii)<{Θ (iγ2, δ1)} > 0 whenever (iγ2, δ1) ∈ D and δ1 ≤ −

1+γ2
2

2 .
If g(x) given by (1.2) is analytic in ∆ such that (g (x) , xg′(x)) ∈ D and<{Θ (g (x) , xg′(x))} > 0 for

x ∈ ∆, then<{g (x)} > 0 in ∆.
Lemma 2. [2, Theorem 5 with p = 1] If g(x) ∈ Qk (σ) is given by (1.2), then∣∣∣d j

∣∣∣ ≤ (1 − σ) k ( j ∈ N) . (1.8)

This result is sharp.
Remark 4. For σ = 0 in Lemma 2, we get the result for the family Qk obtained by Goswami et al. [9].

In the present article, we have combined Bazilevič and non-Bazilevič analytic functions into a
new family BNα,β

k,p (λ, σ) associated with a bounded boundary rotation. In the next section, several
properties like inclusion results, some connections with the generalized Bernardi-Libera-Livingston
integral operator, and the upper bounds for

∣∣∣bp+1

∣∣∣ and
∣∣∣∣bp+2 +

α−β−1
2 b2

p+1

∣∣∣∣ for this family BNα,β
k,p (λ, σ)

and its special subfamilies are investigated. The motivation of this article is to generalize and improve
previously known works.

AIMS Mathematics Volume 10, Issue 5, 12745–12760.
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2. Main results

Theorem 1. If ϕ ∈ BNα,β
k,p (λ, σ), then [

ϕ (x)
xp

]α−β
∈ Qk (σ1) , (2.1)

where σ1 is given by

σ1 =
2p (α + β)σ + λ

2p (α + β) + λ
. (2.2)

Proof. Let ϕ ∈ BNα,β
k,p (λ, σ) and set[

ϕ (x)
xp

]α−β
= (1 − σ1) g (x) + σ1 (x ∈ ∆) (2.3)

=

(
k + 2

4

)
{(1 − σ1) g1 (x) + σ1} −

(
k − 2

4

)
{(1 − σ1) g2 (x) + σ1} ,

where gi (x) is analytic in ∆ with gi (0) = 1, i = 1, 2. Differentiating (2.3) with respect to x, we obtain(
1 −

α − β

α + β
λ

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
= (1 − σ1) g (x) + σ1 +

λ (1 − σ1) xg′ (x)
p (α + β)

∈ Qk (σ) ,

this implies that

1
1 − σ

{
(1 − σ1) gi (x) + σ1 − σ +

λ (1 − σ1) xg′i (x)
p (α + β)

}
∈ Q (x ∈ ∆; i = 1, 2) .

We form the functional Θ (γ, δ) by choosing γ = gi(x), δ = xg′i (x),

Θ (γ, δ) = (1 − σ1) γ + σ1 − σ +
λ (1 − σ1) δ

p (α + β)
.

Clearly, the first two conditions of Lemma 1 are satisfied. Now, we verify the condition (iii) of
Lemma 1 as follows:

<{Θ (iγ2, δ1)} = σ1 − σ +<

{
λ (1 − σ1) δ1

p (α + β)

}
≤ σ1 − σ −

λ (1 − σ1)
(
1 + γ2

2

)
2p (α + β)

=
2p (α + β) (σ1 − σ) − λ (1 − σ1) − λ (1 − σ1) γ2

2

2p (α + β)

=
A + Bγ2

2

2C
,

AIMS Mathematics Volume 10, Issue 5, 12745–12760.
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where

A = 2p (α + β) (σ1 − σ) − λ (1 − σ1) ,
B = −λ (1 − σ1) < 0,
C = 2p (α + β) > 0.

We note that<{Θ (iγ2, δ1)} < 0 if and only if A = 0, B < 0, and C > 0, and this gives us

σ1 =
2p (α + β)σ + λ

2p (α + β) + λ
.

Since B = −λ (1 − σ1) < 0 gives us 0 ≤ σ1 < 1. Therefore, applying Lemma 1, gi (x) ∈ Q (i = 1, 2)
and consequently g (x) ∈ Qk (σ1) for x ∈ ∆. This completes the proof of Theorem 1. �

Putting β = 0 in Theorem 1, we obtain the next result.
Corollary 1. If ϕ ∈ Bαk,p (λ, σ), then [

ϕ (x)
xp

]α
∈ Qk (σ2) ,

where σ2 is given by

σ2 =
2pαρ + λ

2pα + λ
.

Putting α = 0 in Theorem 1, we get the following result.
Corollary 2. If ϕ ∈ Nβ

k,p (λ, σ), then [
xp

ϕ (x)

]β
∈ Qk (σ3) ,

where σ3 is given by

σ3 =
2pβρ + λ

2pβ + λ
.

Theorem 2. If ϕ ∈ BNα,β
k,p (λ, σ), then

[
ϕ (x)

xp

] α−β
2

∈ Qk (σ4) , (2.4)

where σ4 is given by

σ4 =
λ +

√
λ2 + 4

[
p (α + β) + λ

]
p (α + β)σ

2
[
p (α + β) + λ

] . (2.5)

Proof. Let ϕ ∈ BNα,β
k,p (λ, σ) and let[

ϕ (x)
xp

]α−β
=

(
k
4

+
1
2

) [
(1 − σ4) g1 (x) + σ4

]2
−

(
k
4

+
1
2

) [
(1 − σ4) g1 (x) + σ4

]2

=
[
(1 − σ4) g (x) + σ4

]2 , (2.6)

AIMS Mathematics Volume 10, Issue 5, 12745–12760.
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where gi (x) is analytic in ∆ with gi (0) = 1, i = 1, 2. Differentiating both sides of (2.6) with respect to
x, we obtain (

1 −
α − β

α + β
λ

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
=

{[
(1 − σ4) g (x) + σ4

]2
+

[
(1 − σ4) g (x) + σ4

] 2λ (1 − σ4) xg′ (x)
p (α + β)

}
∈ Qk (σ) ,

this implies that

1
1 − σ

{[
(1 − σ4) gi (x) + σ4

]2
+

[
(1 − σ4) gi (x) + σ4

] 2λ (1 − σ4) xg′i (x)
p (α + β)

− σ

}
∈ Q (i = 1, 2) .

We form the functional Θ (γ, δ) by choosing γ = gi(x), δ = xg′i (x),

Θ (γ, δ) =
[
(1 − σ4) γ + σ4

]2
+

[
(1 − σ4) γ + σ4

] 2λ (1 − σ4) δ
p (α + β)

− σ.

Clearly, the conditions (i) and (ii) of Lemma 1 are satisfied. Now, we verify the condition (iii) of
Lemma 1 as follows:

<{Θ (iγ2, δ1)} = σ2
4 − (1 − σ4)2 γ2

2 +
2λσ4 (1 − σ4) δ1

p (α + β)
− σ

≤ σ2
4 − σ − (1 − σ4)2 γ2

2 −
λσ4 (1 − σ4)

(
1 + γ2

2

)
p (α + β)

=
A + Bγ2

2

2C
,

where

A = p (α + β)
(
σ2

4 − σ
)
− λσ4 (1 − σ4) ,

B = − (1 − σ4) (1 − σ4 + λσ4) < 0,

C =
p (α + β)

2
> 0.

We note that <{Θ (iγ2, δ1)} < 0 if and only if A = 0, B < 0, and C > 0, and this gives us σ4 as given
by (2.5), and B < 0 gives us 0 ≤ σ4 < 1. Therefore, applying Lemma 1, gi (x) ∈ Q (i = 1, 2), and
consequently g (x) ∈ Qk (σ4) for x ∈ ∆. This completes the proof of Theorem 2. �

Putting β = 0 in Theorem 2, we obtain the following.
Corollary 3. If ϕ ∈ Bαk,p (λ, σ), then [

ϕ (x)
xp

] α
2

∈ Qk (σ5) ,

where σ5 is given by

σ5 =
λ +

√
λ2 + 4 (pα + λ) ρpα

2 (pα + λ)
.
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Putting α = 0 in Theorem 2, we obtain the following.
Corollary 4. If ϕ ∈ Nβ

k,p (λ, σ) , then [
xp

ϕ (x)

] β
2

∈ Qk (σ6) ,

where σ6 is given by

σ6 =
λ +

√
λ2 + 4 (pβ + λ) ρpβ

2 (pβ + λ)
.

For a function ϕ ∈ Hp, the generalized Bernardi-Libera-Livingston integral operator Φp,µ : Hp →

Hp, with µ > −p, is given by (see [19])

Φp,µ (ϕ (x)) =
µ + p

xµ

x∫
0

ωµ−1ϕ(ω) dω (µ > −p) . (2.7)

It is easy to verify that for all ϕ ∈ Hp given by (1.2), we have

x
(
Φp,µ (ϕ (x))

)′
= (µ + p)ϕ(x) − µΦp,µ (ϕ (x)) . (2.8)

Theorem 3. If the function ϕ ∈ Hp satisfies the next condition(
1 −

α − β

α + β
λ

) [
Φp,µ (ϕ (x))

xp

]α−β
+
α − β

α + β
λ

ϕ (x)
Φp,µ (ϕ (x))

[
Φp,µ (ϕ (x))

xp

]α−β
∈ Qk (σ) , (2.9)

with Φp,µ is the integral operator defined by (2.7), then[
Φp,µ (ϕ (x))

xp

]α−β
∈ Qk (σ7) ,

where σ7 is given by

σ7 =
2 (p + µ) (α + β)σ + λ

2 (p + µ) (α + β) + λ
. (2.10)

Proof. Let[
Φp,µ (ϕ (x))

xp

]α−β
=

(
k
4

+
1
2

)
{(1 − σ7) g1 (x) + σ7} −

(
k
4

+
1
2

)
{(1 − σ7) g2 (x) + σ7}

= (1 − σ7) g (x) + σ7 (x ∈ ∆) , (2.11)

then where gi (x) is analytic in ∆ with gi (0) = 1, i = 1, 2. Differentiating (2.11) with respect to x and
using (2.8) in the resulting relation, we get(

1 −
α − β

α + β
λ

) [
Φp,µ (ϕ (x))

xp

]α−β
+
α − β

α + β
λ

ϕ (x)
Φp,µ (ϕ (x))

[
Φp,µ (ϕ (x))

xp

]α−β
= (1 − σ7) g (x) +

λ (1 − σ7) xg′(x)
(p + µ) (α + β)

∈ Qk (σ) (x ∈ ∆) .

Using the same method we used to prove Theorem 1, the remaining part of this theorem can be
derived in a similar way. �
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Putting β = 0 in Theorem 3, we obtain the following.
Corollary 5. If the function ϕ ∈ Hp satisfies the next condition

(1 − λ)
[
Φp,µ (ϕ (x))

xp

]α
+ λ

ϕ (x)
Φp,µ (ϕ (x))

[
Φp,µ (ϕ (x))

xp

]α
∈ Qk (σ) ,

with Φp,µ is defined by (2.7), then [
Φp,µ (ϕ (x))

xp

]α
∈ Qk (σ8) ,

where σ8 is given by

σ8 =
2 (p + µ)αρ + λ

2 (p + µ)α + λ
.

Putting α = 0 in Theorem 3, we obtain the following.
Corollary 6. If the function ϕ ∈ Hp satisfies the next condition

(1 + λ)
[

xp

Φp,µ (ϕ (x))

]β
− λ

ϕ (x)
Φp,µ (ϕ (x))

[
xp

Φp,µ (ϕ (x))

]β
∈ Qk (σ) ,

with Φp,µ is defined by (2.7), then [
xp

Φp,µ (ϕ (x))

]β
∈ Qk (σ9) ,

where σ9 is given by

σ9 =
2 (p + µ) (α + β)σ + λ

2 (p + µ) (α + β) + λ
.

Theorem 4. If 0 ≤ λ1 < λ2, then

BN
α,β
k,p (λ2, σ) ⊂ BNα,β

k,p (λ1, σ) .

Proof. If we consider an arbitrary function ϕ ∈ BNα,β
k,p (λ2, σ), then

ϕ2 (x) =

(
1 −

α − β

α + β
λ2

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ2

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
∈ Qk (σ) .

According to Theorem 1, we have

ϕ1 (x) =

[
ϕ (x)

xp

]α−β
∈ Qk (σ1) ,

where σ1 is given by (2.2). From (2.2), it follows that σ1 ≥ σ, and from Remark 3, we conclude that
Qk (σ1) ⊂ Qk (σ); hence, ϕ1 (x) ∈ Qk (σ).

A simple computation shows that(
1 −

α − β

α + β
λ1

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ1

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
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=

(
1 −

λ1

λ2

)
ϕ1 (x) +

λ1

λ2
ϕ2 (x) . (2.12)

Since the class Qk (σ) is a convex set (see Remark 2), it follows that the right-hand side of (2.12)
belongs to Qk (σ) for 0 ≤ λ1 < λ2, which implies that ϕ ∈ BNα,β

k,p (λ1, σ). �

Putting β = 0 in Theorem 4, we obtain the following.
Corollary 7. If 0 ≤ λ1 < λ2, then

Bαk,p (λ2, σ) ⊂ Bαk,p (λ1, σ) .

Putting α = 0 in Theorem 4, we get the following.
Corollary 8. If 0 ≤ λ1 < λ2, then

N
β
k,p (λ2, σ) ⊂ Nβ

k,p (λ1, σ) .

Theorem 5. If ϕ ∈ BNα,β
k,p (λ, σ) given by (1.1) with α , β, p (α + β)+λ , 0 and p (α + β)+2λ , 0, then

∣∣∣bp+1

∣∣∣ ≤ p |α + β| (1 − σ) k
|α − β| |p (α + β) + λ|

, (2.13)

and ∣∣∣∣∣bp+2 +
α − β − 1

2
b2

p+1

∣∣∣∣∣ ≤ p |α + β| (1 − σ) k
|α − β| |p (α + β) + 2λ|

. (2.14)

Proof. If ϕ ∈ BNα,β
k,p (λ, σ), from Definition 1, we have(

1 −
α − β

α + β
λ

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
= G (x) , (2.15)

where G (x) ∈ Qk (σ) is given by

G (x) = 1 + d1x + d2x2 + d3x3 + ... . (2.16)

Since (
1 −

α − β

α + β
λ

) [
ϕ (x)

xp

]α−β
+
α − β

α + β
λ

xϕ′ (x)
pϕ (x)

[
ϕ (x)

xp

]α−β
= 1 +

(α−β)[p(α+β)+λ]
p(α+β) bp+1x +

(α−β)[p(α+β)+2λ]
p(α+β)

(
bp+2 +

α − β − 1
2

b2
p+1

)
x2 + ..., (2.17)

Comparing the coefficients in (2.15) by using (2.16) and (2.17), we obtain

(α − β)
[
p (α + β) + λ

]
p (α + β)

bp+1 = d1, (2.18)

(α − β)
[
p (α + β) + 2λ

]
p (α + β)

(
bp+2 +

α − β − 1
2

b2
p+1

)
= d2. (2.19)

Therefore,

bp+1 =
p (α + β)

(α − β)
[
p (α + β) + λ

]d1,
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and

bp+2 +
α − β − 1

2
b2

p+1 =
p (α + β)

(α − β)
[
p (α + β) + 2λ

]d2.

Our result now follows by an application of Lemma 2. This completes the proof of Theorem 5. �

Putting β = 0 in Theorem 5, we obtain the following.
Corollary 9. If ϕ ∈ Bαk,p (λ, σ) is given by (1.1) with pα + λ , 0 and pα + 2λ , 0, then

∣∣∣bp+1

∣∣∣ ≤ p (1 − σ) k
|pα + λ|

,

and ∣∣∣∣∣bp+2 +
α − 1

2
b2

p+1

∣∣∣∣∣ ≤ p (1 − σ) k
|pα + 2λ|

.

Putting k = 2 and σ = 1−L
1−M (−1 ≤ M < L ≤ 1) in Corollary 9, we obtain the following corollary,

which improves the result of Liu [10, Theorem 4 with n = 1].
Corollary 10. If ϕ ∈ Bαp (λ, L,M) is given by (1.1) with pα + λ , 0 and pα + 2λ , 0, then

∣∣∣bp+1

∣∣∣ ≤ 2p (L − M)
|pα + λ| (1 − M)

,

and ∣∣∣∣∣bp+2 +
α − 1

2
b2

p+1

∣∣∣∣∣ ≤ 2p (L − M)
|pα + 2λ| (1 − M)

.

Putting α = 0 in Theorem 5, we get the following.
Corollary 11. If ϕ ∈ Nβ

k (λ, σ) given by (1.1) with pβ + λ , 0 and pβ + 2λ , 0, then

∣∣∣bp+1

∣∣∣ ≤ p (1 − σ) k
|pβ + λ|

,

and ∣∣∣∣∣bp+2 −
β + 1

2
b2

p+1

∣∣∣∣∣ ≤ p (1 − σ) k
|pβ + 2λ|

.

Putting k = 2 and σ = 1−L
1−M (−1 ≤ M < L ≤ 1) in Corollary 11, we obtain the following corollary,

which improves the result of Aouf and Seoudy [3, Theorem 8 with n = 1].
Corollary 12. If ϕ ∈ Nβ

k (λ, L,M) given by (1.1) with pβ + λ , 0 and pβ + 2λ , 0, then

∣∣∣bp+1

∣∣∣ ≤ 2p (L − M)
|pβ + λ| (1 − M)

,

and ∣∣∣∣∣bp+2 −
β + 1

2
b2

p+1

∣∣∣∣∣ ≤ 2p (L − M)
|pβ + 2λ| (1 − M)

.
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3. Conclusions

In this investigation, we have presented the subfamily BNα,β
k,p (λ, σ) of multivalent Bazilevič and

non-Bazilevič functions related to bounded boundary rotation. Also, we have computed a number of
important properties, including the inclusion results and the upper bounds for the first two Taylor-
Maclaurin coefficients for this function subfamily. For different choices of the parameters α, β,
λ, p, k, and σ in the above results, we can get the corresponding results for each of the next
subfamilies: Bαp (λ, L,M), Bαp (L,M), Bα (L,M), Bα (L,M), Bα (σ),Nβ

p (λ, L,M),Nβ (λ, L,M),Nβ (σ),
Nβ, Bαk,p (λ, σ), Bαk (λ, σ), Nβ

k,p (λ, σ), Nβ
k (λ, σ), Bk,p (λ, σ), Bk (λ, σ), Nk,p (λ, σ), Nk (λ, σ), Bαk,p (σ),

Bαk (σ), Nβ
k,p (σ), Nβ

k (σ), Sk,p (σ), and Sk (σ), which are defined in an introduction section. In
addition, this work lays the foundation for future research and encourages researchers to explore more
Bazilevič and non-Bazilevič functions involving some linear operators in geometric function theory
and related fields.
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16. S. Owa, On certain Bazilevič functions of order β, Int. J. Math. Math. Sci., 15 (1992), 613–616.
https://doi.org/10.1155/S0161171292000796

17. K. S. Padmanabhan, R. Parvatham, Properties of a class of functions with bounded boundary
rotation, Ann. Pol. Math., 31 (1975), 311–323. https://doi.org/10.4064/ap-31-3-311-323

18. B. Pinchuk, Functions with bounded boundary rotation, Isr. J. Math., 10 (1971), 7–16.
https://doi.org/10.1007/BF02771515

AIMS Mathematics Volume 10, Issue 5, 12745–12760.

https://dx.doi.org/https://doi.org/10.1007/s12215-011-0042-6
https://dx.doi.org/https://doi.org/10.1007/s12215-011-0042-6
https://dx.doi.org/https://doi.org/10.1016/j.aml.2011.05.029
https://dx.doi.org/https://doi.org/10.33205/cma.781936
https://dx.doi.org/https://doi.org/10.2298/FIL1908211A
https://dx.doi.org/https://doi.org/10.31926/but.mif.2020.13.62.2.4
https://dx.doi.org/https://doi.org/10.3390/math11204376
https://dx.doi.org/https://doi.org/10.18514/MMN.2017.1565
https://dx.doi.org/https://doi.org/10.1016/0022-247X(78)90181-6
https://dx.doi.org/https://doi.org/10.3934/math.20241339
https://dx.doi.org/https://doi.org/10.1155/S016117129200036X
https://dx.doi.org/https://doi.org/10.14492/hokmj/1351001289
https://dx.doi.org/https://doi.org/10.1155/S0161171292000796
https://dx.doi.org/https://doi.org/10.4064/ap-31-3-311-323
https://dx.doi.org/https://doi.org/10.1007/BF02771515


12760

19. H. Saitoh, On certain class of mulivalent functions, Math. Japonica, 37 (1992), 871–875.

20. T. M. Seoudy, A. E. Shammaky, On certain class of Bazilevič functions associated
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