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1. Introduction

Let H), denote the family of analytic functions of the following form:

go(x):xp[1+2bp+jxj], (peN={1,2,3,.), (1.1)
j=1

which are p-valent (multivalent of order p) in A = {x € C: |x| < 1} with H; = H and also, the
subfamily of H consisting of univalent (one-to-one) functions in A is denoted by U. We denote by K
and S&* the usual subclasses of U consisting of functions that are, respectively, bounded turning and
starlike in A, and have the following geometric inequalities: R {¢’ (x)} > 0 and R {x¢’ (x) /¢ (x)} > 0.
Singh [21] introduced an important subfamily of U denoted by B that consists of Bazilevi¢ functions

with the next inequality:
% {w’ (x) [wx)]“} o
() | x
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for a non-negative real number @. He noted in his work, that the cases « = 0 and @ = 1 correspond
to §* and K, respectively. In [14], Obradovic introduced and studied the well-known subfamily of
non-Bazilevi¢ functions, that is,

o _ P LA
N —{(péﬂ.‘R{ o) Lo(x)]}>0},0<ﬁ<l.

Recently, several research papers have appeared on subfamilies related to Bazilevi¢ functions, non-
Bazilevi€ functions that are sometimes defined by linear operators, and their generalizations (see, for
example, [7,20,22-24,27,28]).

Let Q, (o) denote the family of analytic functions g (x) of the form:

g =1+>dx/ (xeh), (1.2)
j=1

satisfying the following inequality

RigW)}-o

1-0

fZﬂ'
0

where k > 2,0 < 0 < 1, and x = re’” € A. The family Q (o) was introduced and studied by
Padmanabhan and Parvatham [17]. For o = 0, we obtain the family Q, (0) = @ that was introduced
by Pinchuk [18].

Remark 1. For g (x) € Q, (o), we can write

1 fz” 1+ -20)xe™
0

'dQ < km, (1.3)

i0

g0 =~ ———du(s)  (xed), (1.4)
V4 1 —xe

where u () is a function with bounded variation on [0, 27r] such that

27 27
f du(s) = 2m, f |du (s)| < k. (1.5
0 0

Since u () has a bounded variation on [0, 2], we may put i (s) = A (s) — B(s), where A (s) and B (s)
are two non-negative increasing functions on [0, 2r] satisfying (1.5). Thus, if we set A (s) = %,u] (s)

and B (s) = 3, (s), then (1.4) becomes

27 _ —is
=) [
0

4 |2n 1 —xes
k=2\1 (" 1+(=20)xe™s
_ (k=2 _f d=20x (). (1.6)
4 )21 J, I — xe's

Now, using Herglotz-Stieltjes formula for the family Q (o) of analytic functions with positive real part
greater than o and (1.6), we obtain

k+2 k-2

gx) = (T)éﬁ (x)—(T)gz (x), (L.7)
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where g, (x), g2 (x) € Q(0). Also, we have here Q (0) = Q, where Q is the family of analytic functions
g (x)in A with R {g (x)} > 0.

Remark 2. It is well-known from [13] that the family Q, (o) is a convex set.

Remark 3. For 0 < 0y < 0, < 1, we have Q, (0) C Qi (01) (see [6]).

In recent years, researchers have been using the family @, (o) of analytic functions associated
with bounded boundary rotation in various branches of mathematics very effectively, especially in
geometric function theory (GFT). For further developments and discussion about this family, we can
obtain selected articles produced by some mathematicians like [1,4,5,8,12,25] and many more.

Now, using the family Q; (0-), we introduce the subfamily BN Zf (4, 0) of p-valent Bazilevi¢ and
non-Bazilevi¢ functions of H, as the following definition:

Definition 1. A function ¢ € H, is said to be in the subfamily BNZf (A, 0) if it satisfies the
following condition:

a—p ’
(1 ~ a—ﬁ/l)[so(X)] L @B () [so(x)

ap
a+p xP a+p pe(x) xl’] € (@),

which is equivalent to

[Pl sl s )
0

do < km,

1-0

where @, > 0;+B8>0;1>0;k>2;0 <0 < 1; x € A; and all powers are principal ones.
Example 1. Let ¢ (x) : A — C be an analytic function given by

pla+p(d-o)k
[p(a+pB)+A1]

go(x):xp(1+ x)a_ﬂe'Hp (@ #p).

Clearly ¢ (x) € H, (with all powers being principal ones). After some calculations, we find that

— ap _ a—pB ’
s ﬁ/l @ (x) L@ B/l @ (x) x¢(x):l+(1—a)kx.
a+p xP a+p xP pe(x)
Now, if x = re” (0 < r < 1), then
R {(1 - 222 [M]"‘ﬁ P RUAC) [@]“‘B} —
a+p xP a+B° pp(x) | xP
=1+ krcosé9,
1-0
and
2 | R{(1-28 )| €0 et e 1@ P 2
f ez ilked o1kl ! lde = [ (+krcoso)an
0 0

= 2n<kn (k=2).
Hence, ¢ (x) belongs to the subfamily BN Z’f (4, 0), and it is not empty.
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By specializing the parameters a, 3, 4, p, k, and o involved in Definition 1, we get the following
subfamilies, which were studied in many earlier works:
() Fork=2,8=0and o = 1=k (-1 < M < L < 1), we have BN3 (A, =£) = B2 (1, L. M)

2p\"” 1-M
_ o nle@] L D [e@]" 1+ Lx
_{goewp.u /l)[ = ] +/1p<p(x)[ - ] < 1+Mx},

where < denotes the usual meaning of subordination, Bg (4,L, M) is a subfamily of multivalently
Bazilevi€ functions introduced by Liu [10] and Bg (1,L,M) = Bg (L,M)

' C1+L

peq @@ 1wLx)
pe(x) | xP 1+ Mx

where the subfamily 87 (L, M) was introduced by Yang [30];

(i) BN5Y (1,55 ) = B2 (L, M)

> 1-M

xo' () [e)]" 1+ Lx
= H - ,
{(pe @ (x) [ X <1+M)c
where the subfamily 8% (L, M) was studied by Singh [21] (see also Owa and Obradovic [15]);

(iii) BN (1,0) = B (0)
_ Lo J @ o]
frermn 5 1)

where the family 8¢ (0-) was considered by Owa [16];
(iv)Fork =2, =0and o = =5 (-1 < M < L < 1), we have BN,” (1, =5) = NF (A, L, M)

2,p > 1-M
B ) P xg' (x)| xP SRy
‘{"DE%'(“” so(x)] ~ e me] ) 1+Mx}’

where ij (4,L, M) is the family of non-Bazilevi¢ multivalent functions introduced by Aouf and
Seoudy [3], and N¥ (A, L, M) = N* (A, L, M)

/lx‘P’(X)[ x r< 1+Lx},

B
:{“W‘(”” o) Ve sl <o

where N? (4, L, M) is the subclass of non-Bazilevi¢ univalent functions defined by Wang et al. [29];

(V) BN (-1,0) = NP (o)
’ B
“loer: R W(x)[x] ,
{“’E {SO(x) sl [T

where N” (o) is the family of non-Bazilevi¢ functions of order o (see Tuneski and Daus [26]) and

NP (0) = NP
’ B
- R ’“/’(’”[_"] ol
{‘067{ {so(x) el [~
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where N is the family of non-Bazilevi¢ functions (see Obradovic [14]).
Also, we note that
) BNy, (o) = B, (4, 0)

xP

xP pe (x)

= {90 eH,: (1 —/l)[(’o(x)] ARG [(’O(x)] € Q (0')},

and 87, (4,0) = 87 (4,0)

_ {9067‘(:(1 —A)["”ix)] PR ["Dix)] er(a)};

¢ (x)

(i) BN, (4,0) = Ny | (4,0)

:{¢€Wp1(1+/l)

¢ (x) pe (x) [ (x)

and N¥ | (4,0) = N¥ (4, 0)

ex) ek

= H:(1+2
{soe (+)‘p(x)

(i) BN, ) (1,0) = By, (4, 0)

:{9067-{[,:(1—/1)$+/12xg?

GQk(U)},
and Bk,l (ﬂ,O’) = Bk (A,O')
:{9067-(:(1—1)@+ﬂ¢'(x)€@k(o')};

(V) BN}, (,0) = Nip (4, 0)

B _ xP xPHe’ (x)
_{<pe?{p.(1+/l)(p(x)— 2 () er(o-)},
and Ny (4,0) = Ny (4, 0)
3 , X XY () ,
_{¢e7{.(1+/l)¢(x) /l(pz(x) er(O')},

V) BN} (1) = By (o)

_ Cxf (D) e |
_{()067‘{[,. pcp(x)[ . ] EQk(O')},

X! r B /lxw' (x) [ P r ca (0_)},

B ’ B
= ] - (X)[ = ] eak(m};
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and 8¢, (o) = BY (o)

= {90 eH: X' () [(p(x)] € Qy (o’)};
e | x

Vi) BN (-1,0) = N, (o)

3 Cxg' (x) | xP s
= {QDEWP . —p(p(x) [(p(x)] er(o-)},

and Ny | (o) = N (0)

_ @[ x .
_{tpe(/‘(. o) LO(X)] EQk(O')},

(vii) B}, (0) = Sk, (0)

_ X’ (x)
and Sk,l (O') = Sk (O')
= {90 eEH : X' (%) € Qk(O')}.
@ (x)

To prove our main results, the next lemmas will be required in our investigation.
Lemma 1. [11] Lety =y, + iy, and 6 = §; + i9, and O (y, §) be a complex-valued function satisfying
the next conditions:

(i) O (y, 6) is continuous in a domain D € C2.

(i1) (0,1) e Dand ® (1,0) > 0.

(iii) R {O (iy,, 61)} > 0 whenever (iy,,d;) € D and 6; < —1+—2y%.

If g(x) given by (1.2) is analytic in A such that (g (x), xg’(x)) € D and R {® (g (x), xg’(x))} > O for
x € A, then R {g(x)} > 0inA.

Lemma 2. [2, Theorem 5 with p = 1] If g(x) € Q, (o) is given by (1.2), then
| <(1-)k  (jeN). (1.8)

This result is sharp.
Remark 4. For o = 0 in Lemma 2, we get the result for the family @Q; obtained by Goswami et al. [9].
In the present article, we have combined Bazilevi¢ and non-Bazilevi¢ analytic functions into a
new family BNZ,f (4, 0) associated with a bounded boundary rotation. In the next section, several
properties like inclusion results, some connections with the generalized Bernardi-Libera-Livingston
integral operator, and the upper bounds for |bp+1| and ‘bpﬂ + %bi .| for this family BNZ’F'B A,0)
and its special subfamilies are investigated. The motivation of this article is to generalize and improve
previously known works.
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2. Main results

Theorem 1. If ¢ € BN’ Zﬁ (1, 0), then

xP

a-B
[QD(X)] € Qi (o),

where o is given by
_2p(@+Po+a

T @B A

Proof. Let ¢ € BN} % (1, 0) and set

[w(x)

a—p
] =(l-opng+0o; (xeA)
xP

(k+2

k—2
T){(l—Ul)gl(x)‘l'Ul}—(T){(l—Ul)gz(x)+0'1},

2.1)

(2.2)

(2.3)

where g; (x) is analytic in A with g; (0) = 1, i = 1, 2. Differentiating (2.3) with respect to x, we obtain

a=f ’ a—f
(l_a—ﬁﬁ[¢uq +a—ﬁfw(m[¢uq

a+p xP a+pB pe(x)| xP
A - ’
—U-opg@ o+ p(glig Y e @,

this implies that

1

—{(1 —o)g()+o—o+ A~ o) xg; ()

pla+p)
We form the functional O (y, §) by choosing y = g;(x), 6 = xg! (x),

1-0

}GQ (xeAi=1,2).

/1(1 —0'1)5

OWw,o)=0-0)y+0, -0+ @t p)

Clearly, the first two conditions of Lemma 1 are satisfied. Now, we verify the condition (iii) of

Lemma 1 as follows:

RAO (iy2,61)}

o —U+‘R{—/l(1 _0-1)6]}

pla+p)
A=) (1+93)
2p(a+pB)
2p(@+pB) (o —o)—A(1—o) - A1 -0 y;
2p(a+pB)

IA

o -0 —

A+B)/§
2C 7
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where
A = 2p@+B)(or—0)—A(1 -0y),
B = -A(1-0y) <0,
C = 2p(a+p)>0.

We note that R {® (iy,,6,)} < 0if and only if A = 0, B < 0, and C > 0, and this gives us

_2p@+Po+Aa
A Py W

Since B = —A(1 —o01) < 0 gives us 0 < 0| < 1. Therefore, applying Lemma 1, g;(x) € Q(i = 1,2)
and consequently g (x) € Q, (o) for x € A. This completes the proof of Theorem 1. i

Putting 8 = 0 in Theorem 1, we obtain the next result.
Corollary 1. If ¢ € Bip (4, 0), then

(x) @
[¢ € Qi (02),
xP
where o, is given by
2pap + A
0y = ————.
g 2pa + A

Putting @ = 0 in Theorem 1, we get the following result.
Corollary 2. If ¢ € NY (4, 0), then

p )B
[ﬁ] € Q (03),

where o3 is given by

2pBp + 4
o3 = ——.
2pB+ A
Theorem 2. If ¢ € BN’ Zf (1, 0), then
W7
X
[‘” ] € Q(04), (2.4)
xP

where o4 is given by

A+ 2 +4[p@+P+Apla+po

7 2[p(@+p) +A] 23
Proof. Let ¢ € BN}% (1, 0) and let
Pk 1 ko1
[(px(:)] = (4_1 + E) [(1 —04) 81 (x) + 0'4]2 - (4_1 + 5) [(1 —04) 8 (x) + 0'4]2
=[(1 - o) g(x) + 0], (2.6)
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where g; (x) is analytic in A with g; (0) = 1, i = 1, 2. Differentiating both sides of (2.6) with respect to
X, we obtain

a=f ’ a—fB
(l_a—ﬁﬁ[¢@q +a—ﬁfw(m[¢@q

a+p )| xP a+pB pp(x)| x
24(1 — ’
= {[(1 —oDg (4o + (1 - o g (0 + oy T T (x)} €Q.(0).
pla+p)
this implies that
1 24(1 - !
T {[(1 0800+ T+ [ - ) g0 + 0] T ; (jfgfl S cr} €Q (i=12).
We form the functional ® (y, 6) by choosing y = gi(x), 6 = xg; (x),
20(1 —04) 6
©0(1.6) = [(1 - o)y + oul +[(1 — )y + o] T TI0_,

pla+p)

Clearly, the conditions (i) and (ii) of Lemma 1 are satisfied. Now, we verify the condition (iii) of
Lemma 1 as follows:

2/10'4(1 —0'4)61

. _ 2 _ 2.2 _
RAO (iy2,61)} = o5—- (1 —04) vy, + D@t h) o
Aoy (1-04) (1+73)
2 _ _ 2.2
s qimo- -y p@tp)
B A+By§
a 2C
where
A = p(a+ﬂ)(0'ﬁ—0')—/10'4(1—0'4),
B = —(1-0y) =04+ Adoy) <0,
C::Qg§@>0

We note that R {® (iy,,61)} < Oif and only if A = 0, B < 0, and C > 0, and this gives us o4 as given
by (2.5), and B < 0 gives us 0 < o4 < 1. Therefore, applying Lemma 1, g;(x) € Q (i = 1,2), and
consequently g (x) € Q (04) for x € A. This completes the proof of Theorem 2. O

Putting 8 = 0 in Theorem 2, we obtain the following.
Corollary 3. If ¢ € Bg’p (4, 0), then

[¢(x)

xP

] € Q (05),

where o5 1s given by

A+ VA2 +4(pa + ) ppa
B 2 (pa + A)

(O

AIMS Mathematics Volume 10, Issue 5, 12745-12760.
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Putting @ = 0 in Theorem 2, we obtain the following.
Corollary 4. If o € N¥ (1,0, then

B
2
LP)ZX)] € Qi (0¢),

where o7 is given by

A+ A2 +4(pB+ D) ppp
N 2(pB+ ) '

J¢

For a function ¢ € H,, the generalized Bernardi-Libera-Livingston integral operator ®,, : H, —
‘H,, with 1 > —p, is given by (see [19])

D, (p(x) = £ ;p f W o(w)dw (> -p). 2.7
0

It is easy to verify that for all ¢ € H, given by (1.2), we have

X (D (0 (1)) = (1 + PIp(x) — Dy (0 (). (2.8)
Theorem 3. If the function ¢ € H,, satisfies the next condition
=B\ [ @@ «p LB, e [Ppulp()
a+p xP a+p O,,(x) xP
with @, , is the integral operator defined by (2.7), then

B
] €Q (o), (2.9)

a—f
2O g,
xP
where 07 is given by
2(p+)(@+p)o+4a
= . 2.10
2p+w)(@+p)+4 10
Proof. Let
) Pk ko1
[W] = (4_1 + E){(l —o7)g (x) + o7} - (4_1 + 5){(1 —07) 8 (x) + o7}
=(l-0o79gx)+07; (xeA)), 2.11)

then where g; (x) is analytic in A with g;(0) = 1, i = 1,2. Differentiating (2.11) with respect to x and
using (2.8) in the resulting relation, we get

( e ,8/1) [cb,,,,l (¢ (x))]“"* a-p. ok [cb,,,ﬂ (¢ (x))]“-ﬁ

- + 7
a+p xP a+p O,,(x) xP

A(1 = 07) xg'(x)

(p+w(@+p)

Using the same method we used to prove Theorem 1, the remaining part of this theorem can be
derived in a similar way. O

=(1-07)gx)+ EQ (o) (xeA).
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Putting 5 = 0 in Theorem 3, we obtain the following.
Corollary 5. If the function ¢ € H), satisfies the next condition

Dy ()| e(x) [Py le(x)]"
[ p#xp ] w1 [ piit

(-2 T ]eak<a),

with @, , is defined by (2.7), then

@ a
[—Wi‘j (X))] € Q (03),

where o is given by
_2(pt+twap+A
S 2(pp+wa+’
Putting @ = 0 in Theorem 3, we obtain the following.
Corollary 6. If the function ¢ € H), satisfies the next condition

xP r IEAC) [ xP
Dy (@ (%)) D (0 (1) | Ppy (¢ (X))
with @, , is defined by (2.7), then

B
(1+2) ] €Q (o),

xP P Q
[—q)p’ﬂ (@ (x))] € Qi (09),

where o7y 1s given by
_2(pp+tw@+po+a

2(p+w@+p+a -

Theorem 4. If 0 < 1; < A,, then
BN (A, 0) € BN (41, 0) .

Proof. If we consider an arbitrary function ¢ € BN Zﬁ (A, 0), then

a-p, \[¢@ - B () [ew “p
a+p )[ ] taipt p(P(X)[ ] € Q@)

According to Theorem 1, we have

¢ (x) = (

a-p
o1 () = [&f)] e Qo).
X

where o is given by (2.2). From (2.2), it follows that o; > o, and from Remark 3, we conclude that
Qi (01) € Qi (0); hence, ¢ (x) € Qi (0).
A simple computation shows that

o8B |ew Loa-B, X ) 90(X) -t
a/+,8 XxP a/+B ptp(x)
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A A
= (1 - 7;)¢1 (x) + /1—;902 (x). (2.12)

Since the class @ (o) is a convex set (see Remark 2), it follows that the right-hand side of (2.12)
belongs to Q; (o) for 0 < A; < A,, which implies that ¢ € BN Zf (A4, 0). O

Putting 5 = 0 in Theorem 4, we obtain the following.
Corollary 7. If 0 < 4; < A,, then

Bz’p (/12,0') - ’Bz,p (/11,0').

Putting @ = 0 in Theorem 4, we get the following.
Corollary 8. If 0 < 1; < A, then

NE (A, 0) € NE (1, 0).
Theorem 5. If ¢ € Bsz (4,0) givenby (1.1) witha # B8, p(a + )+ # 0and p (@ + B)+21 # 0, then

pla+p(d -0k

b < , 2.13
bl R @B+ 319
and g1 @+ Bl (- o)k
a—-pB- pla+ -
b+ ——b. | < . 2.14
2t T | S G Ap @+ B + 24 14

Proof. If ¢ € BN’ Zﬁ (1, o), from Definition 1, we have

a—p ’
(1_a—ﬁg[¢uq +a—ﬁlw(w[¢u)

a—p
a+p xP a+pB pe(x) xl’] =G, 2.15)

where G (x) € Q (o) is given by

GX)=1+dix+dox* +dsx° + ... (2.16)
Since " "
[T\ e " =B () e(x)
a+p xP a+pB pe(x)| xP
a— o a— o a—-pB-1
-1y by, g el (S0 e, @

Comparing the coeflicients in (2.15) by using (2.16) and (2.17), we obtain
(@-Plp@+p) +A1]

parp ot TN 19
_ 21 -B-1
(a ﬁ)l[)zﬁ(c(ya+;€)+ ](bp+z+%b§+1) = d,. (2.19)
Therefore,
pla+p)

1s

b, =
P @-p)lpla+p) +1]
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and
b +a—ﬁ—12 _ pla+p)
s 2 M @=B)[pla+p) +21] >
Our result now follows by an application of Lemma 2. This completes the proof of Theorem 5. O

Putting 8 = 0 in Theorem 5, we obtain the following.
Corollary 9. If ¢ € Bg,p (4,0) 1s given by (1.1) with pa + A4 # 0 and pa + 24 # 0, then

oy < =28,
and
bpes + %bfm < %{.
Putting k = 2 and o = 11_;1@ (-1 <M < L<1)in Corollary 9, we obtain the following corollary,

which improves the result of Liu [10, Theorem 4 with n = 1].
Corollary 10. If ¢ € B;j (4, L, M) is given by (1.1) with pa + A4 # 0 and pa + 24 # 0, then

2p(L—-M)
lpa+ A (1 -M)’

|bp+1| S

and

~1
bz + —— b

< 2p(L—-M)
2 p+l

T pa+ 241 (1 - M)’

Putting @ = 0 in Theorem 5, we get the following.
Corollary 11. If p € Nf (4,0) given by (1.1) with pB + A # 0 and pf + 24 # 0, then

p(l-o0)k

ol < =

and
B+1 ,
2 p+1

p(-o)k
T pp 241
Putting k = 2 and o = ﬁ (=1 <M < L<1)in Corollary 11, we obtain the following corollary,

which improves the result of Aouf and Seoudy [3, Theorem 8 with n = 1].
Corollary 12. If ¢ € Nf (4, L, M) given by (1.1) with pB + A # 0 and pf + 24 # 0, then

bp+2 -

2p(L—-M)
pB+A(1-M)

|61 < |

and

+1
by = B2

< 2p(L—- M)
2 p+1

T pB+241(1 - M)
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3. Conclusions

In this investigation, we have presented the subfamily BN Zf (4, 0) of multivalent Bazilevi¢ and
non-Bazilevi¢ functions related to bounded boundary rotation. Also, we have computed a number of
important properties, including the inclusion results and the upper bounds for the first two Taylor-
Maclaurin coefficients for this function subfamily. For different choices of the parameters «, S,
A, p, k, and o in the above results, we can get the corresponding results for each of the next
subfamilies: Bg A, L, M), BZ (L,M), B*(L,M), B* (L, M), B* (o), Nf (A, L, M), N® (A, L, M), NP (o),
NB, BY (A, 0), BE (4,0), N (4,0), N (1,0), By, (1,0), Bi(4,0), Nip (4,0), Nie (4, 0), B (),
B (o), Nfi , (o), Nf (0), Sip(0), and Si (o), which are defined in an introduction section. In
addition, this work lays the foundation for future research and encourages researchers to explore more
Bazilevi¢ and non-Bazilevi¢ functions involving some linear operators in geometric function theory
and related fields.
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