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Abstract: This study investigated the impact of the fractional Caputo-tempered two-phase-lag (FCT-
TPL) heat conduction model on thermoelastic vibrations within a medium containing spherical cavities 
and voids. In the proposed model, the nonlocality of time and space is integrated to unify classical and 
generalized thermoelastic theories, enabling a thorough investigation of size-dependent phenomena 
and the scattering characteristics of thermo-mechanical waves. Also, by integrating fractional calculus 
with tempered derivatives, the proposed model adeptly captures the complex interaction between 
localized thermal effects and nonlocal mechanical responses, particularly in materials with pronounced 
microstructural features. The fractional order and tempering parameter are shown to play a crucial role 
in controlling thermal relaxation times and the amplitude of thermoelastic vibrations. The findings 
reveal that the integration of the fractional Caputo-tempered derivative, along with temporal and 
spatial nonlocal effects, into the two-phase-lag model significantly improves the accuracy of predicting 
transient thermoelastic responses in materials with cavities and voids. 
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1. Introduction  

Thermoelasticity, which examines the interaction between thermal and mechanical properties in 
materials, has long been a cornerstone in the fields of materials science and engineering. Traditional 
thermoelastic theories, largely founded on Fourier’s law of heat conduction, have laid the groundwork 
for the analysis of thermal stress and energy dissipation [1,2]. Nevertheless, these classical models 
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often fall short in accurately depicting the behavior of contemporary materials, particularly those with 
microstructural anomalies such as voids, cavities, or granular structures. These characteristics, 
frequently present in advanced composites, porous materials, and microelectromechanical systems 
(MEMS), create localized thermal gradients, contribute to wave scattering, and induce size-dependent 
phenomena, thereby challenging the validity of classical theoretical models [3]. 

To overcome these shortcomings, researchers have formulated generalized thermoelastic models, 
including the two-phase-lag (TPL) model [4–6], which accounts for time delays in the correlation 
between heat flux and temperature gradients. Moreover, Lord and Shulman [7] put forward a theory 
based on a revised heat conduction law that includes the rate of heat flux. At the same time, Green and 
Lindsay [8] established a theory that factors in the rate of temperature change as one of the constitutive 
variables. These generalized theories suggest that heat propagation should be understood as a wave-
like phenomenon instead of solely a diffusion process, a concept frequently discussed in academic 
literature as the “second sound effect”. 

Although these cutting-edge models improve upon traditional methods, they frequently face 
challenges when addressing materials with nonlocal interactions, where both thermal and mechanical 
responses are shaped by spatial and temporal histories [9]. Furthermore, materials that display memory-
dependent behavior require more sophisticated modeling approaches to accurately represent their intricate 
dynamics. These issues underscore the need for continued advancements in thermoelasticity to provide 
reliable predictions relevant to real-world applications. Nonlocal elasticity theories [10–14] have emerged 
as a notable breakthrough in materials science, particularly for analyzing the behavior of materials at the 
nanoscale. These theories introduce an internal length scale, which is essential for capturing size-dependent 
effects that classical elasticity models often fail to account for. 

In recent years, the concept of spatiotemporal nonlocality has gained significant attention in physics 
and engineering, particularly in the study of nanoscale materials. Traditional local theories, which assume 
that a material's behavior at a given point is determined solely by its immediate surroundings, often fall 
short in accurately describing phenomena where size effects play a critical role [15]. Spatiotemporal 
nonlocality addresses these limitations by accounting for interactions that occur across both space and 
time, providing a more comprehensive framework to analyze complex material behaviors [16,17]. 

This approach is especially relevant for modeling phenomena such as wave propagation, thermal 
conduction, and mechanical deformation in nanostructured materials. By incorporating spatiotemporal 
nonlocality, researchers can better understand how microstructural features and boundary conditions 
significantly influence the overall behavior of materials at smaller scales [18]. This methodology 
captures the intricate interplay between distant regions and historical effects, which are often 
overlooked in classical models but are crucial for nanoscale systems [19,20]. 

The integration of spatiotemporal nonlocality into modeling frameworks allows for more accurate 
predictions of material responses under various loading conditions and environmental influences. This 
advancement not only enhances fundamental understanding but also opens new avenues for designing 
and optimizing advanced materials and structures [21]. As a result, it facilitates breakthroughs in diverse 
fields, including nanotechnology, aerospace engineering, and biomedical applications, among others, 
enabling the development of innovative technologies and solutions tailored to modern challenges. 

Fractional derivatives generalize the concept of classical differentiation to non-integer orders, 
offering a robust mathematical framework for modeling processes that involve memory and hereditary 
effects. Among the various definitions of fractional derivatives, the Caputo derivative is one of the most 
commonly used, especially valued for its effectiveness in physical and engineering applications [22]. 
The emergence of non-singular fractional derivatives has attracted considerable interest in recent times, 
especially with the advent of Caputo–Fabrizio (CF) [23,24] and Atangana–Baleanu (AB) fractional 
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derivatives [25,26]. These groundbreaking methods provide versatile and powerful tools for accurately 
modeling intricate physical phenomena. The CF derivative, introduced by Caputo and Fabrizio, 
operates at a fractional order and is designed to address the limitations of traditional fractional 
derivatives that often involve singular kernels [23,24]. The AB fractional derivative [25,26] is based 
on the Mittag-Leffler kernel, which allows for non-singular behavior. 

The introduction of tempered fractional derivatives (TF derivatives) marks an advancement in 
fractional calculus (FC), expanding traditional concepts to include exponential factors. This 
enhancement enables a more refined modeling of diverse physical phenomena, especially in systems 
where standard fractional derivatives may fall short in accurately capturing dynamic processes [27]. 
TF derivatives and integrals are formulated by incorporating an exponential factor into fractional 
derivatives and integrals. This adjustment brings about a tempering effect that modifies the behavior 
of these derivatives, making them applicable to a broader spectrum of scenarios [28]. A key application 
of TF derivatives lies in tempered fractional diffusion systems. In these settings, the conventional 
second-order derivative concerning spatial coordinates is substituted with a TF derivative, enabling 
the modeling of diffusion processes that showcase nonlocal and memory-dependent behaviors [29]. 
The parameters associated with irregular walk models featuring exponentially tempered power-law 
barrier distributions can be effectively characterized using TF derivatives, thereby improving the 
models’ ability to capture intricate diffusion patterns. TF time derivatives, derived from the tempered 
power law for future instances, have demonstrated their usefulness across various scientific domains, 
including geophysics [30]. They support the modeling of phenomena such as wave propagation, heat 
transfer, and material behavior in atypical conditions. 

In this paper, a novel model is introduced to address a critical gap in the existing literature on 
nonlocal thermal conduction in porous thermoelastic materials, offering both innovative improvements 
and substantial contributions to the field. Unlike previous approaches, the proposed framework 
integrates the dual-phase lag (TPL) theory with both spatial and temporal nonlocality, employing 
Caputo-tempered fractional derivatives to capture behavior that is simultaneously memory-dependent 
and reflective of microscopic scale effects. These advanced elements form a unified methodology for 
modeling thermomechanical phenomena in porous thermoelastic materials, overcoming challenges in 
accurately predicting energy dissipation, wave propagation, and thermomechanical coupling. 

By effectively addressing the complexities of memory effects, the model provides predictions of 
material behavior that closely mirror real-world observations, thereby bridging theoretical concepts 
with practical applications. Furthermore, it strikes a critical balance between mathematical simplicity 
and physical accuracy, marking a significant advancement in the study and application of porous 
thermoelastic materials. This achievement not only deepens understanding but also enhances the 
design and optimization of engineering systems, facilitating a wide range of applications and paving 
the way for future research in this pivotal area. 

The remainder of this paper is organized as follows: Section 2 presents the mathematical 
formulation of the fractional Caputo-tempered two-phase-lag (FCT-TPL) model. In Section 3, direct 
application of the proposed model is provided, along with the corresponding problem formulation. 
Section 4 describes the mathematical techniques utilized to solve the governing equations, while 
Section 5 introduces a numerical approach for computing the inverse transformations of the physical 
fields. Subsequently, Section 6 delivers numerical results, accompanied by insights and discussions 
regarding the impact of the fractional order, the smoothing parameter, and the specific geometric 
configurations. Finally, Section 7 concludes the paper by summarizing the key findings, exploring the 
practical implications of the results, and identifying potential directions for future research in this field. 
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2. Fractional nonlocal thermoelastic models for voided porous materials 

Understanding the behavior of porous materials containing voids under thermal and mechanical 
loading is crucial and necessitates the use of fractional nonlocal thermoelastic models. These models 
provide a more accurate depiction of the complex responses exhibited by such materials, which cannot 
be captured by classical elasticity theories. By incorporating nonlocal effects and fractional derivatives, 
these models offer a comprehensive analysis of the interactions between thermal, mechanical, and 
void-related phenomena [31]. 

The governing equations for the linear homogeneous two-phase thermoelastic model with voids, 
which considers the displacement field 𝑢௜, the void volume fraction 𝜙, and the temperature variation 
field 𝜃 in the absence of external forces, are expressed as follows [32]: 

𝑔 = 𝜉ଵ𝜃 − 𝜉ଶ𝜙 − 𝓋𝑒 (1) 

where 𝜉ଵ  is a constitutive parameter related to thermal response, 𝜉ଶ  is the coupling parameter 
between voids and thermal effects, 𝑔 denotes the void-related body force, 𝑒 = 𝜀௞௞ refers to cubic 
dilation, and 𝓋 is the mechanical response parameter due to voids [33]: 

ℎ௜ = 𝑝𝜙,௜, (2) 

where 𝑝 is a constitutive parameter related to the volume fraction and ℎ௜ are the components of the 
equilibrated stress tensor [34]: 

𝜎௜௝ = 𝓋𝜙𝛿௜௝ − 𝛽𝜃𝛿௜௝ + 𝜆𝜀௞௞𝛿௜௝ + 2𝜇𝜀௜௝, (3) 

where 𝛽 = (3𝜆 + 2𝜇)𝛼௧ connects thermal and elastic properties, 𝜆 and 𝜇 are the Lamé parameters, 
𝛼௧ is the linear thermal expansion coefficient, and 𝛿௜௝ is the Kronecker delta. 

𝜀௜௝ =
1

2
൫𝑢௜,௝ + 𝑢௝,௜൯, (4) 

where 𝜀௜௝ are the strain tensor components. 
Nonlocal elasticity, which considers the influence of surrounding material points on a material point's 

behavior, is particularly relevant for nanostructured materials where size effects are significant. The 
fundamental equations of nonlocal elasticity include spatial integrals that account for contributions from 
surrounding points, providing a more comprehensive understanding of material behavior at the nanoscale. 

In this section, we establish the constitutive relations and field equations for nonlocal 
thermoelastic materials with voids based on fractional derivative heat transfer. The nonlocal force 
stress tensor 𝑇௞௟(𝑷), equilibrated stress components 𝐻௜(𝑷), and equilibrated body force 𝐺(𝑷) are 
defined as [35,36]: 

𝑇௞௟(𝑷) = න 𝜎௞௟(𝑷ᇱ)ℏ(|𝑷 − 𝑷ᇱ|)𝑑𝛺(𝑷), (5) 

𝐻௜(𝑷) = න ℎ௜(𝑷ᇱ)ℏ(|𝑷 − 𝑷ᇱ|)𝑑𝛺(𝑷ᇱ), (6) 

𝐺(𝑷) = න 𝑔(𝒓ᇱ)ℏ(|𝑷 − 𝑷ᇱ|)𝑑𝛺(𝑷ᇱ), (7) 

where ℏ(|𝑷 − 𝑷ᇱ|) is the kernel function that incorporates nonlocal influences, and |𝑷 − 𝑷ᇱ| is the 
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Euclidean distance between points 𝑷 and 𝑷ᇱ. 
Inspired by Eringen’s nonlocal elastic model and the Boltzmann superposition integral model, 

stress and strain are treated as convolution functions of time and space. This means the stress and strain 
at a reference point depend on historical data and the state of the material at all points within the 
domain. The mathematical representation of this concept is as follows [20,21]: 

𝑇௞௟(𝑷, 𝑡) = න න ℏ(|𝑷 − 𝑷ᇱ|, 𝑡 − 𝑡ᇱ)𝜎௞௟(𝑷ᇱ, 𝑡ᇱ)𝑑𝛺(𝑷ᇱ)𝑑𝑡ᇱ

ఆ

௧

ିஶ

. (8) 

The kernel function ℏ(|𝑷 − 𝑷ᇱ|, 𝑡 − 𝑡ᇱ)  determines the nature and extent of nonlocal 
interactions. It typically exhibits properties ensuring that the influence of distant points diminishes 
with increasing distance and time. 

In the same vein, the nonlocal equilibrated stress components 𝐻௜(𝑷) and the equilibrated body 
force 𝐺(𝑷) can be derived as follows [37]: 

𝐻௜(𝑷, 𝑡) = න ℏ(|𝑷 − 𝑷ᇱ|, 𝑡 − 𝑡ᇱ)ℎ௜(𝑷ᇱ, 𝑡ᇱ)𝑑𝛺(𝑷ᇱ)𝑑𝑡ᇱ, (9) 

𝐺(𝑷, 𝑡) = න ℏ(|𝒓 − 𝒓ᇱ|, 𝑡 − 𝑡ᇱ)𝑔(𝑷ᇱ, 𝑡ᇱ)𝑑𝛺(𝑷ᇱ)𝑑𝑡ᇱ.   (10) 

To further develop the nonlocal elasticity theory, we suggest employing the Klein-Gordon (KG) 
operator as a means to capture both spatial and temporal nonlocalities within the framework of nonlocal 
elasticity. The KG differential operator, denoted as Δ, is defined in the following manner [21,38]: 

𝛥 = 1 − 𝜂ଶ𝛻ଶ + 𝜁ଶ
𝜕ଶ

𝜕𝑡ଶ
. (11) 

Here, 𝜂 represents the internal length scale parameter that is linked to spatial nonlocality, while 
𝜁 serves as the characteristic time scale that captures temporal nonlocality. Additionally, ∇ଶ denotes 
the Laplacian operator, which addresses spatial variations within the model. 

When the KG operator Δ  is applied to the nonlocal stress tensor 𝜏௞௟ , the equilibrated stress 
components 𝐻௜, and the equilibrated body force 𝐺, we arrive at the governing equations for isotropic 
materials within the framework of KG-type nonlocal elasticity [39,40]: 

ቆ1 − 𝜂ଶ𝛻ଶ + 𝜁ଶ
𝜕ଶ

𝜕𝑡ଶ
ቇ 𝑇௞௟ = 𝜎௞௟ = (𝓋𝜙 − 𝛽𝜃 + 𝜆𝜀௞௞)𝛿௜௝ + 2𝜇𝜀௜௝, (12) 

ቆ1 − 𝜂ଶ𝛻ଶ + 𝜁ଶ
𝜕ଶ

𝜕𝑡ଶ
ቇ 𝐺 = 𝑔 = −𝜉ଶ𝜙 + 𝜉ଵ𝜃 − 𝓋𝑒, (13) 

ቆ1 − 𝜂ଶ𝛻ଶ + 𝜁ଶ
𝜕ଶ

𝜕𝑡ଶ
ቇ 𝐻௜ = ℎ௜ = 𝛼ଵ𝜙,௜. (14) 

According to Newton's second law, the fundamental equation of motion can be expressed as: 

𝜏௜௝,௝ + 𝐹௜ = 𝜌
𝜕ଶ𝑢௜

𝜕𝑡ଶ
. (15) 

By inserting Eq (12) into Eq (15), the equation of motion transforms into: 
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𝜇𝑢௜,௝௝ + (𝜆 + 𝜇)𝑢௝,௜௝ − 𝛽𝜃,௜ + 𝓋𝜙,௜ = 𝜌 ቆ1 − 𝜂ଶ𝛻ଶ + 𝜁ଶ
𝜕ଶ

𝜕𝑡ଶ
ቇ

𝜕ଶ𝑢௜

𝜕𝑡ଶ
. (16) 

In the absence of any external equilibrated body force, the volume fraction field equation is 
represented as [41]: 

𝐺 = 𝜌𝜒ଵ𝜙̈ − 𝐻௜,௜, (17) 

where 𝜒ଵ refers to the equilibrated inertia. By incorporating 𝐺 from Eq (13) and 𝐻௜ from Eq (14), 
the volume fraction field equation is modified to [42]: 

𝑝𝜙,௜௜ − 𝜉ଶ𝜙 + 𝜉ଵ𝜃 − 𝓋𝑒 = 𝜒ଵ𝜌 ቆ1 − 𝜂ଶ𝛻ଶ + 𝜁ଶ
𝜕ଶ

𝜕𝑡ଶ
ቇ 𝜑̈. (18) 

The equation that represents the coupling between entropy (𝑆), temperature (𝜃), and voids (𝜙) is 
expressed as [43]: 

𝜌𝑇଴𝑆 = 𝜉ଵ𝑇଴𝜙 + 𝜌𝐶ா𝜃 + 𝛽𝑒, (19) 

where 𝐶ா represents specific heat at constant strain. The energy equation defines the regulation of heat 
balance by including factors like internal heat generation (𝑆଴) and the components of heat flux (𝑞௜) as 
follows [44]: 

𝜌𝑇଴𝑆̇ = −𝑞௜,௜ + 𝑆଴. (20) 

The TPL thermoelastic model builds upon Fourier’s law by adding phase lags for heat flux (𝜏௤) 
and the temperature gradient (𝜏ఏ), which can be expressed as [4–6]: 

൬1 + 𝜏௤

𝜕

𝜕𝑡
൰ 𝑞௜ = −𝐾 ൬1 + 𝜏ఏ

𝜕

𝜕𝑡
൰ 𝜃,௜, (21) 

where 𝐾 denotes the thermal conductivity. 
To increase accuracy, fractional derivatives are incorporated into the TPL model, allowing for the 

representation of memory effects and interactions that are nonlocal in nature. The adjusted DPL 
equation that includes fractional derivatives is expressed as [45]: 

൫1 + 𝜏௤
ఈ𝐷௧

ఈ൯𝑞௜ = −𝐾(1 + 𝜏ఏ
ఈ𝐷௧

ఈ)𝜃,௜. (22) 

In this context, 𝐷௧
ఈ denotes a fractional derivative of order 𝛼 that falls within the interval (0,1), 

extending the notion of differentiation to include effects related to memory and heredity. 
Various formulations of fractional derivatives are employed based on the specific requirements 

of each application. In this study, we will focus solely on two key examples of fractional operators. 
The Caputo fractional derivative of order 𝛼 (0 < 𝛼 < 1) for 𝑌(𝑡) is defined as [46]: 

𝐷଴
஼

଴
(ఈ)

𝑌(𝑡) =
1

𝛤(1 − 𝛼)
න

1

(𝑡 − 𝓈)ఈ

𝑑

𝑑𝓈
𝑌(𝓈)

௧

଴

𝑑𝓈. (23) 

The Caputo-tempered fractional derivative of order 𝛼 (0 < 𝛼 < 1) with tempering parameter 
𝜎 > 0 is defined as [47,48]: 
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𝐷௧
ఈ,ఙ

଴
஼் 𝑌(𝑡) =

𝑒ିఙ௧

𝛤(1 − 𝛼)
න

𝑑

𝑑𝓈
൫𝑒ఙ𝓈𝑌(𝓈)൯ (𝑡 − 𝓈)ିఈ

௧

଴

𝑑𝓈. (24) 

The Caputo-tempered fractional derivative incorporates a tempering parameter (𝜎) to adjust long-
range memory effects. When 𝜎 is set to 0, it simplifies to the Caputo derivative. If 𝜎 is greater than 0, it 
adds an exponential tempering effect, which is perfect for systems that display declining memory 
characteristics. The CT derivative proves especially beneficial for materials that demonstrate both 
short-term and long-term memory behaviors. 

Combining the fractional TPL model with the integrated thermal-mechanical framework allows 
us to derive the fractional heat conduction equation as follows: 

൫1 + 𝜏௤
ఈ𝐷௧

ఈ൯ ൤𝜌𝐶ா

𝜕𝜃

𝜕𝑡
+ 𝛽𝑇଴

𝜕𝜀௞௞

𝜕𝑡
+ 𝜉ଵ𝑇଴

𝜕𝜙

𝜕𝑡
−

𝜕𝑄

𝜕𝑡
൨ = 𝐾(1 + 𝜏ఏ

ఈ𝐷௧
ఈ)𝜃,௜௜ . (25) 

3. Formulation of the problem 

This study focuses on a nonlocal, homogeneous, isotropic thermoelastic medium described as 
infinite, containing a spherical cavity of radius 𝑅, where 𝑅 < 𝑟 and 𝑟 tends to infinity, filled with 
empty pores (see Figure 1). At the start, the surface of the cavity is held at a constant temperature 𝑇଴, 
with neither stress nor deformation present. The cavity’s center is designated as the origin in the 
spherical polar coordinate system (𝑟, Θ, Φ). In this coordinate setup, the body exhibits symmetrical 
characteristics, and the displacement components are simply defined as 𝑢௥ =  𝑢(𝑟, 𝑡), while both 𝑢஀ 
and 𝑢஍  are zero. This expression arises due to the spherical symmetry of the problem. This 
configuration is based on the assumption that there are no body forces, external heat sources, or outside 
equilibrium forces acting on the system.  

 

Figure 1. Schematic of a thermoelastic infinite medium with a spherical cavity and 
embedded voids. 

The components of the strain tensor can be expressed as follows: 
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𝜀௥௥  =  
𝜕𝑢

𝜕𝑟
, 𝜀௵௵ = 𝜀ఃః =  

𝑢

𝑟
, 𝜀௥ః = 𝜀௥௵  =  𝜀௵ః  =  0. (26) 

Based on this arrangement, the cubic dilatation 𝑒 is characterized as: 

 𝑒 = 𝜀௞௞ =
డ௨

డ௥
+

ଶ௨

௥
=

ଵ

௥మ
 
డ(௥మ௨)

డ௥
. (27) 

The nonlocal constitutive relationships (12) in the spherical polar coordinate system can be 
expressed as: 

 
ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ 𝑇௥௥ = 𝜎௥௥ =  2𝜇

డ௨

డ௥
+ 𝜆 𝑒 + 𝓋𝜙 − 𝛽 𝜃,

ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ 𝑇஀஀ = 𝜎஍஍  =  2𝜇

௨

௥
+ 𝜆 𝑒 + 𝓋𝜙 − 𝛽 𝜃.

 (28) 

Here, in spherical coordinates, the operator ∇ଶ is defined as: 

 ∇ଶ=
డమ

డ௥మ
 +

ଶ

௥

డ

డ௥
. (29) 

Consequently, the motion equation in spherical coordinates can be defined as: 

 𝑇௥௥,௥  +
ଶ

௥
 ൫𝑇௥௥  − 𝑇టట൯ =  𝜌

డమ௨

డ௧మ
. (30) 

Moreover, the volume fraction field equation (18) linked to the voids can be rephrased as: 

 𝑝∇ଶ𝜙 − 𝓋𝑒 − 𝜉ଶ𝜙 + 𝜉ଵ𝜃 = 𝜌𝜒ଵ ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ

డమథ

డ௧మ
. (31) 

By substituting Eq (28) into Eq (30), we derive: 

 (𝜆 + 2𝜇) ቀ
డమ௨

డ௥మ
 +

ଵ

௥

డ௨

డ௥
−

ଶ௨

௥మ
ቁ + ቀ𝓋

డథ

డ௥
− 𝛽

డఏ

డ௥
ቁ  = 𝜌 ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ

డమ௨

డ௧మ
. (32) 

Taking the divergence of Eq (32) results in: 

 (𝜆 + 2𝜇)∇ଶ𝑒 + (𝓋∇ଶ𝜙 − 𝛽∇ଶ𝜃)  = 𝜌 ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ

డమ௘

డ௧మ
. (33) 

The revised fractional TPL heat transfer equation can be articulated as: 

 𝐾(1 + 𝜏ఏ
ఈ𝐷௧

ఈ)∇ଶ𝜃 = ൫1 + 𝜏௤
ఈ𝐷௧

ఈ൯ ቂ𝜌𝐶ா
డఏ

డ௧
+ 𝜉ଵ𝑇଴

డథ

డ௧
+ 𝛽𝑇଴

డ௘

డ௧
ቃ. (34) 

4. Initial and boundary conditions 

Assuming the medium starts from rest, the following initial conditions are set: 

 
𝜙(𝑟, 0) = 0,

డథ(௥,଴)

డ௧
= 0, 𝜃(𝑥, 0) = 0,

డఏ(௥,଴)

డ௧
= 0,

𝜏௜௝(𝑟, 0) = 0,
డఛ೔ೕ(௥,଴)

డ௧
= 0, 𝑢(𝑟, 0) = 0,

డ௨(௥,଴)

డ௧
= 0.

 (35) 

It is assumed that the surface of the medium is free of traction, with no voids crossing the boundary. 
Thus, the following mechanical boundary conditions are established: 

 𝑇௥௥(𝑥, 𝑡) = 0,
డథ(௥,௧)

డ௥
= 0     at       𝑟 = 𝑅.  (36) 
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The surface of the cavity at 𝑟 = R is expected to experience a pulsed heat flux. Therefore, the 
thermal boundary condition can be formulated as [49]: 

 −𝐾
డఏ(௥,௧)

డ௥
= 𝑞଴

௧మ

ଵ଺௧೛
మ exp ൬−

௧

௧೛
൰      a𝑡        𝑟 = 𝑅, (37) 

where 𝑞଴ indicates the peak intensity of the applied heat flux, and 𝑡௣ serves as a time parameter 
designed to regulate the rise and fall rates of the pulse. 

Utilizing the modified Fourier’s law (23), the thermal condition can be represented as: 

 −𝐾(1 + 𝜏ఏ
ఈ𝐷௧

ఈ)
డఏ(௥,௧)

డ௥
= 𝑞଴൫1 + 𝜏௤

ఈ𝐷௧
ఈ൯ ቈ

௧మ

ଵ଺௧೛
మ e

൬ି
೟

೟೛
൰
቉       a𝑡        𝑟 = 𝑅. (38) 

5. Non-dimensional variables 

To create a non-dimensional formulation for the thermoelastic porous half-space, we introduce 
non-dimensional variables that simplify the equations and highlight the crucial parameters influencing 
the system’s behavior, particularly how voids affect thermal and mechanical interactions. The 
following non-dimensional variables will be defined based on the characteristic scales of the problem: 

 
(𝑟ᇱ, 𝑢ᇱ, ℓ′) = 𝜐ଵ 𝜂ଵ(𝑟, 𝑢, ℓ), ൫𝑡ᇱ, 𝜏௤

ᇱ , 𝜏ఏ
ᇱ , 𝜏ᇱ൯ = 𝜐ଵ

ଶ 𝜂ଵ൫𝑡, 𝜏௤ , 𝜏ఏ, 𝜏൯,  𝜑ᇱ = 𝜒ଵ𝜐ଵ
ଶ𝜂ଵ

ଶ𝜑,

 𝜏௜௝
ᇱ =

ఛ೔ೕ

జభ
మఘ

,  𝜃ᇱ =
ఉఏ

జభ
మఘ

,  𝜂ଵ =
ఘ஼ಶ

௄
, 𝑝′ =

௣

జభ
మఞభఘ

,  𝜐ଵ
ଶ =

ఒାଶఓ

ఘ
.

 (39) 

The governing Eqs (29), (31), (33), and (34) can thus be expressed in non-dimensional form as follows: 

 
ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ 𝑇௥௥ = Υଵ  

డ௨

డ௥
+ Υଶ𝑒 + ℛଵ𝜙 − 𝜃 ,

ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ 𝑇஀஀  =  Υଵ

௨

௥
+ Υଶ𝑒 + ℛଵ𝜙 − 𝜃,

 (40) 

 ∇ଶ𝑒 + ℛଵ∇ଶ𝜙 − ∇ଶ𝜃 = ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ

డమ௘

డ௧మ
, (41) 

 𝑝∇ଶ𝜙 − ℛହ𝑒 − ℛସ𝜙 + ℛ଺𝜃 = ቀ1 − 𝜂ଶ∇ଶ + 𝜁ଶ డమ

డ௧మ
ቁ

డమథ

డ௧మ
, (42) 

 (1 + 𝜏ఏ
ఈ𝐷௧

ఈ)∇ଶ𝜃 = ൫1 + 𝜏௤
ఈ𝐷௧

ఈ൯ ቂℛଶ
డ௘

డ௧
+ ℛଷ

డథ

డ௧
+

డఏ

డ௧
ቃ, (43) 

where 

 
ℛଵ =

𝓋

జభ
రఎభ

మఞభఘ
, ℛଶ = బ்ఉమ

జభ
మఎభ

, ℛଷ =
కభ బ்ఉ

జభ
రఎభ

యఞభఘ௄
, ℛସ =

కమ

జభ
రఎభ

మఞభఘ
,

ℛହ =
𝓋

జభ
మఘ

, ℛ଺ =
௠

ఉ
, Υଵ =

ଶఓ 

ఒ ାଶఓ 
, Υଶ =

ఒ 

ఒ ାଶఓ 
.

 (44) 

6. Approach to solving the system of governing equations 

The solution method involves converting the system of coupled partial differential equations 
(PDEs) into ordinary differential equations (ODEs) by utilizing the Laplace transform. The Laplace 
transform for a function ℊ(𝑥, 𝑡), which varies with time 𝑡, is defined as: 

 ℊഥ(𝑥, 𝑠) = ℒ[ℊ(𝑥, 𝑡)] = ∫ 𝑒ି௦௧ஶ

଴
ℊ(𝑥, 𝑡)𝑑𝑡. (45) 
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Applying the Laplace transform to the governing Eqs (40) through (43), while incorporating the 
initial conditions specified in Eq (35), leads to the derivation of the following transformed equations: 

 
(1 −  𝜆଴∇ଶ)𝑇ത௥௥ = 𝒬ଵ  

ௗ௨ഥ

ௗ௥
+ 𝒬଴

௨ഥ

௥
+ 𝒬ଷ𝜙ത − 𝒬ଶ𝜃̅ ,

(1 −  𝜆଴∇ଶ)𝑇ത஀஀ =  𝒬଴
ௗ௨ഥ

ௗ௥
+ 𝒬ଵ

௨ഥ

௥
+ 𝒬ଷ𝜙ത − 𝒬ଶ𝜃̅,

 (46) 

 (∇ଶ − 𝒬ସ)𝑒̅ = 𝒬ହ∇ଶ𝜃̅ − 𝒬଺∇ଶ𝜙, (47) 

 ቀ
ௗమ

ௗ௫మ
− 𝒬଴ቁ 𝜃̅ = 𝒬଻𝑒̅ + 𝜛଴ℛଷ𝜙ത, (48) 

 (∇ଶ − 𝒬ଽ)𝜙ത = 𝒬଼𝑒̅ − 𝒬ଵ଴𝜃̅, (49) 

where  

 

𝒬଴ =
஌మ

ଵା఍మ௦మ
, 𝒬ଵ =

஌భ

ଵା఍మ௦మ
, 𝒬ଶ =

ଵ

ଵା఍మ௦మ
, 𝒬ଷ =

ℛభ

ଵା఍మ௦మ
, 𝒬ସ =

௦మ൫ଵା఍మ௦మ൯

ଵାఎమ௦మ
,

𝒬ହ =
ଵ

ଵାఎమ௦మ
, 𝒬଺ =

ℛభ

ଵାఎమ௦మ
, 𝒬଻ = 𝜛଴𝛿ଶ, 𝜛଴ =

௦ቀଵାఛ೜ℱ(௦)ቁ

൫ଵାఛഇℱ(௦)൯
,

𝒬଼ =
ℛఱ

௣ାఎమ௦మ
, 𝒬ଽ =

௦మ൫ଵା఍మ௦మ൯ାℛర

௣ାఎమ௦మ
, 𝒬ଵ଴ =

ℛల

௣ାఎమ௦మ
, 𝜆଴ =

ఎమ

ଵା఍మ௦మ
.

 (50) 

The transformed fractional operator ℱ(𝑠) is defined based on the type of fractional derivative used: 

 ℳ(𝑠) = ൜
sఈ                    for   C fractional operotor,

(s + 𝜎)ఈ        for   CT fractional operotor.
 (51) 

By combining Eqs (47) to (49), we obtain the following sixth-order DE: 

 (∇଺ − 𝐿ଵ∇ସ  + 𝐿ଶ∇ଶ  − 𝐿ଷ)𝒢̅ = 0,  (52) 

where 𝒢̅ = {𝑒̅, 𝜃̅, 𝜙ത} and coefficients 𝐿ଵ, 𝐿ଶ, and 𝐿ଷ are defined as: 

 

𝐿ଵ =
ଵ

𝒬ళ
[𝑝ହ + 𝒬଻𝑝ଵ + 𝒬଼𝑝ଶ],

𝐿ଶ =
ଵ

𝒬ళ
[𝑝ଵ𝑝ହ + 𝒬଻𝒬ସ𝒬଴ + 𝑝ଶ𝑝ସ + 𝒬଼𝑝ଷ],

𝐿ଷ =
ଵ

𝒬ళ
[𝒬ସ𝒬଴𝑝ହ + 𝑝ଷ𝑝ସ].

  (53) 

Here, 

 
𝑝ଵ = 𝒬ସ + 𝜛଴ + 𝒬ହ𝒬଻, 𝑝ଶ = 𝜛଴ℛଷ − 𝒬଺𝒬଻, 𝑝ଷ = 𝒬ସ𝜛଴𝛿ଷ,

𝑝ସ = 𝒬଼𝜛଴ + 𝒬଻𝒬ଵ଴, 𝑝ହ = 𝒬ଽ𝒬଻ − 𝒬଼𝜛଴ℛଷ.
    (54) 

The DE (52) can be expressed as the product of three second-order factors: 

 (∇ଶ − 𝑚ଵ
ଶ)(∇ଶ − 𝑚ଶ

ଶ)(∇ଶ − 𝑚ଷ
ଶ){𝑒̅, 𝜃̅, 𝜙ത} = 0,  (55) 

where 𝑚ଵ
ଶ, 𝑚ଶ

ଶ, and 𝑚ଷ
ଶ are roots with positive real parts of the characteristic equation: 

 𝑚଺ − 𝐿ଵ𝑚ସ + 𝐿ଶ𝑚ଶ − 𝐿ଷ = 0.  (56) 

The formulation of the solution to Eq (55), under the condition that the variables remain finite as 
𝑟 approaches infinity, can be expressed as follows: 

 {𝜃̅, 𝜙ത, 𝑒̅} =
ଵ

√௥
∑ {1, Ψ௜ , Γ௜}𝐶௜

ଷ
௜ୀଵ 𝐾ଵ/ଶ(𝑚௜

 𝑟). (57) 



12671 

AIMS Mathematics  Volume 10, Issue 5, 12661–12688. 

Here, 𝐶௜ represent constants that are established based on the boundary conditions, while Ψ௜ 
and Γ௜ are outlined as follows: 

 Ψ௜ =
௠೔

రି௣భ௠೔
మା𝒬రℳబ

௣మ௠೔
మି௣య

, Γ௜ =
௠೔

మ(𝒬ఱି𝒬రஏ೔)

௠೔
మି𝒬ర

,   𝑖 = 1,2,3.  (58) 

By transforming Eq (27) using the Laplace transform and leveraging Eq (59), we can perform an 
integration with respect to 𝑟 to derive the displacement 𝑢̄ as follows: 

 𝑢̄ = −
ଵ

√௥
∑

୻೔

௠೔
𝐶௜𝐾ଷ/ଶ(𝑚௜𝑟)ଷ

௜ୀଵ . (59) 

In the process of deriving Eq (59), the following relation for the modified Bessel functions of the 
second kind has been utilized: 

 
ௗ

ௗ௥
𝐾ଵ/ଶ(𝑚௜𝑟) =

ଵ

ଶ௥
𝐾ଵ/ଶ(𝑚௜𝑟) − 𝑚௜𝐾ଷ/ଶ(𝑚௜𝑟). (60) 

As 𝒴 becomes large, the modified Bessel functions of the second kind behave asymptotically as 
follows: 

 𝐾ଵ/ଶ(𝒴)~eି𝒴ට
గ

ଶ𝒴
,   𝐾య

మ

(𝒴) = eି𝒴ට
గ

ଶ𝒴
ቀ1 +

ଵ

𝒴
ቁ. (61) 

When the asymptotic relations (50) are substituted into Eqs (46) and (49), we derive: 

 {𝜃̅, 𝜙ത, 𝑒̅} =
ଵ

√௥
∑ {1, Ψ௜ , Γ௜}𝐶௜e

ି௠೔௥ට
గ

ଶ௠೔௥
,ଷ

௜ୀଵ  (62) 

 𝑢ത = −
ଵ

√௥
∑

୻೔

௠೔

ଶ
௜ୀଵ 𝐶௜e

ି௠೔௥ට
గ

ଶ௠೔௥
ቀ1 +

ଵ

ଶ௠೔௥
ቁ. (63) 

Ultimately, by inserting Eqs (62) and (63) into Eq (46), we are able to determine the distributions 
of thermal stress. 

Once the Laplace transform has been applied to the boundary conditions specified in Eqs (36) 
and (38), they are reformulated accordingly: 

  𝜏௥̅௥(𝑟, 𝑠) = 0,
ௗథഥ (௥,௦)

ௗ௥
= 0      a𝑡        𝑟 = R, (64) 

 
ௗఏഥ(௥,௧)

ௗ௥
= −

ఋబ௤బ௧೛

଼൫௦௧೛ାଵ൯
య = −𝐺̅(𝑠)     a𝑡        𝑟 = R. (65) 

To ascertain the values of constants 𝐶ଵ, 𝐶ଶ, and 𝐶ଷ, we substitute the functions 𝜏௥̅௥, 𝜙ത, and 𝜃̅ 
into the boundary conditions and solve the resulting system of equations. With this approach, we have 
successfully obtained the solutions across the entire domain within the Laplace transform space. 

7. Converting solutions from Laplace domain to time domain 

The Gaver-Stehfest method serves as an efficient numerical technique widely utilized in 
engineering and applied sciences for inverting the Laplace transform. This approach facilitates the 
transition from the Laplace domain into the physical domain, addressing both spatial and temporal 
variables. By combining numerical techniques with the essential features of the Laplace transform, 
this method provides a reliable way to compute inverse transforms, particularly for functions that are 
difficult to invert analytically. 
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The Gaver-Stehfest method can be employed to estimate the values of ℊ(𝑟, 𝑡) at different time 
intervals through the following formula [50]: 

 ℊ(𝑟, 𝑡) ≈
୪୬(ଶ)

௧
∑ 𝜔௞𝑔̅ ቀ𝑟,

௡

௧
ln(2)ቁே

௞ୀଵ , 𝑘 ≥ 1, 𝑡 > 0. (66) 

In this scenario, 𝜔௞  signifies the coefficients linked to the individual terms within the series 
expansion, and 𝑁 denotes the total count of terms that are incorporated into the expansion; a number 
that is required to be even. The determination of the coefficients 𝜔௞  is based exclusively on the 
quantity of expansion terms 𝑘, and they are defined in the manner described as [51]: 

 𝜔௞ = (−1)௞ା
ಿ

మ ∑
௝

ಿ
మ (ଶ௝)!

ቀ
ಿ

మ
ି௝ቁ!(௞ି௝)!(ଶ௝ି௞)!(௝ିଵ)!௝!

௠௜௡{௞,ே/ଶ}

௝ୀ
ೖశభ

మ

,     𝑘 ≥ 1,      1 ≤ 𝑁 ≤ 𝑘. (67) 

The Gaver-Stehfest method is particularly advantageous for its use in numerical analysis due to 
several key benefits. Its primary advantage is its efficiency. The method uses a straightforward 
summation formula, bypassing the more intricate processes of contour integration or symbolic 
inversion, thereby substantially decreasing the time required for computations. Furthermore, it is 
highly adaptable, being able to handle a wide array of Laplace-transformed functions that are 
commonly found in areas such as heat conduction, diffusion, and fluid dynamics. When it comes to 
smooth functions in the Laplace domain that are free from singularities or discontinuities, the Gaver-
Stehfest method is capable of providing highly precise outcomes [52]. The simplicity of its formula 
also makes it accessible and easy to incorporate into numerical algorithms. 

Nevertheless, the method is not without its drawbacks. A primary issue is numerical instability. 
As the parameter 𝑁 is raised, the factorial elements within the coefficients 𝜔௞ can increase sharply, 
leading to a decrease in precision. Additionally, if the Laplace-domain function ℊഥ(𝑟, 𝑠)  possesses 
singularities or discontinuities, the method's accuracy may be compromised. It is crucial to carefully 
select the value of 𝑁. While a higher 𝑁 can improve precision for smooth functions, extremely large 
values of 𝑁 might exacerbate numerical instability, potentially leading to difficulties in achieving 
dependable results. 

8. Numerical results and analysis 

This section focuses on the numerical simulation of the thermoelastic behavior of an infinite 
porous magnesium elastic body with a spherical cavity. The main goal is to validate the nonlocal 
thermoelastic model, which integrates spatial and temporal effects, fractional derivatives, and phase 
delays. Through this analysis, we aim to enhance our understanding of the interactions among different 
field variables and examine how the key model parameters affect the dynamic and transient responses 
of the material within the medium. For the simulations, we have utilized the unique material properties 
of porous elastic magnesium, a material commonly employed in mechanical and thermal engineering 
applications. The details of the material parameters are presented in Table 1: 
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Table 1. Material constants required for numerical simulations (magnesium) [53,54]. 

Property Symbol Value Units 

First Lamé parameter 𝜆 2.17 × 10ଵ଴ Nmିଶ 

Shear modulus 𝜇 3.278 × 10ଵ଴ Nmିଶ 

Density 𝜌 1740 kg mଷ⁄  

Void-strain coupling parameter 𝓋 1.13849 × 10ଵ଴ Nmିଶ 

Void coupling parameter 𝜉ଶ 1.475 × 10ଵ଴ Nmିଶ 

Thermal conductivity 𝐾 1.7 × 10ଶ WmିଶKିଵ 

Thermal coupling coefficient 𝛽 2.68 × 10଺ NmିଶKିଵ 

Thermal expansion coefficient 𝛼௧ 2.5 × 10ିହ Kିଵ 

Specific heat capacity 𝐶௘ 1.04 × 10ଵ଴ J kg Kିଵ 

Reference temperature 𝑇଴ 298 K 

Void-thermal coupling parameter 𝜉ଵ 2 × 10଺ NmିଶKିଵ 

Void density parameter 𝜒ଵ 1.753 × 10ିଵହ mଶ 

Void interaction parameter 𝑝 3.688 × 10ିହ N 

Wave speed parameter  𝜐ଵ
ଶ 5.92 × 10଺ mଶsିଶ 

Thermal diffusivity  𝜂ଵ 1.065 × 10ଵଵ sିଵ 

In this study, the parameters governing the system’s behavior are crucial for understanding the 
material’s response to thermal and mechanical stimuli. The fractional order (𝛼) is a pivotal factor that 
determines the extent of memory effects in the material. Lower 𝛼 values enhance long-term memory, 
while higher values diminish these effects. The tempering parameter (𝜎) introduces exponential decay 
to the material’s response, with higher values limiting long-range interactions and wave scattering, and 
lower values amplifying nonlocal interactions and wave dispersion. 

Nonlocal parameters, such as spatial nonlocality (𝜂) and temporal nonlocality (𝜁), are essential 
for capturing size-dependent mechanical behavior and transient thermal effects. The spatial nonlocal 
parameter (𝜂 ) dictates the localization of the material’s response—smaller 𝜂  values yield more 
localized effects, whereas larger values produce smoother, broader responses. The temporal nonlocal 
parameter (𝜁) governs the material’s reaction speed, influencing wave propagation rates. 

Lastly, phase lags (𝜏௤ and 𝜏ఏ) are critical for describing time delays in the material’s thermal 
and heat flux responses. These lags contribute to the relaxation behavior, reducing vibration amplitudes; 
larger phase lags lead to longer relaxation times. Together, these parameters are integral to the model’s 
precision and its capacity to predict the material’s behavior under varying conditions. 

8.1. Comparison of fractional derivatives in thermoelastic response 

In this section, we analyze the numerical results to compare the behaviors of physical fields under 
two types of fractional derivatives: the fractional-Caputo derivative (C) and the tempered-Caputo 
fractional derivative (CT). By varying the fractional order (𝛼) and the exponential tempering parameter 
(𝜎), we aim to clarify the impact of memory effects on the thermoelastic responses of porous materials. 
The results, presented in Figures 2 to 5, focus on critical physical quantities such as temperature (𝜃), 
radial displacement (𝑢), nonlocal thermal stresses (𝑇௥௥ and 𝑇ΘΘ), and the volume fraction field (𝜙), as 
influenced by the chosen fractional operators. 

Figure 2 specifically illustrates the variation of the temperature field (𝜃) based on the type of 
fractional derivative, the fractional order ( 𝛼 ), and the tempering parameter ( 𝜎 ). One notable 
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observation is the effect of the fractional order: when employing the Caputo fractional derivative (C-
TPL), reducing 𝛼 from 1.0 to 0.5 causes a significant decrease in temperature values across all radial 
distances (𝑟). This trend indicates that lower fractional orders enhance memory effects, resulting in 
more gradual thermal diffusion and lower peak temperatures. Additionally, the tempering parameter 
(𝜎 ) plays a critical role. With the tempered-Caputo fractional derivative (CT-TPL), increasing 𝜎 
correlates with a further reduction in temperature values. For instance, at 𝛼 = 0.5, as 𝜎 increases 
from 0 to 20, the temperature drops considerably, suggesting that the effect of exponential tempering 
accelerates thermal memory decay, leading to faster attenuation of temperature profiles. 

Moreover, when comparing the C-TPL and CT-TPL models, it becomes evident that the 
tempered-Caputo fractional derivative consistently results in lower temperature values than the 
traditional Caputo fractional derivative for the same fractional order (𝛼). This observation highlights 
the additional damping effect introduced by the tempering parameter (𝜎), especially pronounced at 
larger radial distances (𝑟). Lastly, the dependence of temperature (𝜃) on radial distance (𝑟) is notable, 
showing a consistent decrease as 𝑟 increases for all scenarios. However, the decay rate is affected by 
both the fractional order (𝛼) and tempering parameter (𝜎). Lower values of 𝛼 and higher values of 𝜎 
lead to steeper declines in temperature, reflecting stronger memory effects and quicker thermal 
relaxation. These observations underscore the critical role of fractional calculus and tempering 
parameters in modeling thermoelastic responses. The ability to tune memory effects and thermal 
relaxation through 𝛼  and 𝜎  provides a powerful tool for designing advanced materials with 
optimized thermoelastic properties. This study highlights how fractional operators, especially the 
tempered-Caputo derivative, enhance the accuracy and flexibility of modeling thermoelastic behaviors 
in porous materials. 

 

Figure 2. Temperature (𝜃) variations with fractional order (𝛼) and tempering (𝜎) parameters. 

Figure 3 illustrates the radial displacement (𝑢) and how it is influenced by the type of fractional 
derivative, as well as the fractional order (𝛼 ) and the exponential tempering parameter (𝜎 ). The 
examination of these parameters reveals significant trends in how displacement behaves within the 
porous medium. As the fractional order (𝛼) is adjusted, variations in displacement patterns become 
evident, suggesting that the nature of memory effects plays a pivotal role in how the material responds. 
When the tempering parameter (𝜎) is held constant at 0.0, a reduction in the fractional order (𝛼) from 
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1.0 to 0.5 leads to a marked decrease in the magnitude of radial displacement (𝑢) across all radial 
distances (𝑟). For instance, at 𝑟 = 1, 𝑢 changes from -0.590416 (for 𝛼 = 1.0) to -0.511017 (for 𝛼 
= 0.5). This trend suggests that lower fractional orders (𝛼 < 1) enhance memory effects, resulting in 
slower changes in displacement and a greater retention of previous mechanical states. In contrast, as 
𝛼 approaches 1, the displacement stabilizes more rapidly, reflecting a behavior similar to classical 
elasticity with diminished memory influences. 

With a fixed fractional order (𝛼), increasing the tempering parameter (𝜎) leads to a reduction in the 
magnitude of radial displacement (u). For example, at 𝑟 = 1 and 𝛼 = 0.5, u decreases from -0.511017 
(for 𝜎 = 0.0) to -0.383079 (for 𝜎 = 20). The exponential tempering factor 𝑒ିఙ  speeds up the decay 
of memory effects, resulting in faster stabilization of displacement. This effect enhances the material’s 
response by making it more localized over time and space, which is beneficial for applications that 
require quick recovery or dynamic stability. 

 

Figure 3. Displacement (𝑢) variations with fractional order (𝛼) and tempering (𝜎) parameters. 

The interplay between the fractional order (𝛼) and tempering parameter (𝜎) allows for precise 
tuning of the material's mechanical response. For example, a combination of low 𝛼  and high 𝜎 
creates a highly damped response with rapid stabilization, ideal for applications like vibration damping 
or shock absorption. Conversely, high 𝛼 combined with low 𝜎 results in a more traditional elastic 
reaction with slower stabilization, beneficial for scenarios needing prolonged deformation. 

Initially, at smaller radial distances (𝑟 = 1), the displacement values are negative, indicating inward 
movement due to thermal and mechanical loading near the cavity. The radial displacement (𝑢) shows a 
clear correlation with radial distance (𝑟 ). At smaller radial distances (𝑟  = 1), displacement values 
manifest the greatest magnitude due to proximity to the spherical cavity, where thermal and mechanical 
interactions are most intense. As 𝑟 increases, the displacement consistently decreases, suggesting that 
the influence of the cavity lessens with distance. The decay rate is determined by both the fractional order 
(𝛼) and tempering parameter (𝜎), with lower 𝛼 values and higher 𝜎 values resulting in steeper declines 
in displacement, highlighting stronger memory effects and quicker stabilization. 

Manipulating the fractional order (𝛼 ) and the tempering parameter (𝜎 ) provides a powerful 
approach to customizing the mechanical characteristics of porous materials. By fine-tuning these 
parameters, engineers can develop materials specifically suited for various applications. For instance, 
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in dynamic systems, higher 𝜎 values allow for quick stabilization, which is essential for effective 
vibration damping or dynamic thermal management. Meanwhile, lower 𝛼 values can improve energy 
absorption capabilities, making the materials particularly effective for resisting impacts. Additionally, 
materials designed with lower 𝛼 can demonstrate reduced heat dissipation, making them well-suited 
for applications requiring thermal insulation or heat retention. 

Figure 4 presents the radial nonlocal thermal stresses (𝑇௥௥ ) and examines how these stresses 
depend on the type of fractional derivative, alongside the fractional order (𝛼) and the exponential 
tempering parameter (𝜎). This analysis reveals critical insights into the behavior of thermal stresses in 
porous materials under varying conditions. Examining the stress distribution specifically near the 
cavity surface (at 𝑟 = 1), it is notable that 𝑇௥௥ remains zero across all scenarios. This observation 
aligns with the established boundary condition for a traction-free cavity surface, where no thermal 
stress is exerted. As one moves just outside of the cavity (𝑟 > 1), thermal stress begins to emerge, 
peaking at 𝑟  = 1.4 before gradually tapering off with increasing radial distance. This pattern 
emphasizes the critical role of proximity to the cavity in determining the distribution of thermal stresses 
within the material. The radial thermal stress (𝑇௥௥) shows a distinct correlation with radial distance (𝑟). 
At smaller distances, particularly at 𝑟  = 1.4, the stress values are at their highest, indicating the 
significant impact of thermal and mechanical disturbances close to the spherical cavity. As the distance 
from the cavity increases, stress levels decrease steadily, illustrating that the influence of the cavity 
weakens with greater separation. 

 

Figure 4. Nonlocal stress (𝑇௥௥ ) variations with fractional order (𝛼 ) and tempering (𝜎 ) 
parameters. 

When the tempering parameter (𝜎) is held constant at 0.0, lowering the fractional order (𝛼) from 
1.0 to 0.5 results in a reduction of the radial thermal stress (𝑇௥௥) across all radial distances (r). For 
instance, at 𝑟 = 1.4, 𝑇௥௥ decreases from -0.220284 (when 𝛼 = 1.0) to -0.171524 (when 𝛼 = 0.5). 
This trend indicates that lower fractional orders (𝛼  < 1) tend to enhance memory effects, which 
contribute to slower stress relaxation and a longer retention of thermal stresses. As 𝛼 approaches 1, 
the decay of stress occurs more swiftly, reflecting behavior characteristics of classical mechanics, 
where memory effects become less significant.  

With a fixed fractional order (𝛼), an increase in the tempering parameter (𝜎) leads to a notable 
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decrease in the magnitude of radial thermal stress (𝑇௥௥). For example, at r = 1.4 and 𝛼 = 0.5, 𝑇௥௥ 
drops from -0.171524 (for 𝜎 = 0.0) to -0.072994 (for 𝜎 = 20). The exponential tempering factor 
𝑒ିఙ௫  plays a critical role in accelerating the decay of memory effects, resulting in faster stress 
relaxation and a more localized response in the material. This characteristic makes the material 
particularly advantageous for applications that necessitate quick thermal recovery or minimized 
residual stresses. 

The interaction between 𝛼  and 𝜎  enables precise adjustment of the material’s thermoelastic 
behavior. For instance, utilizing a combination of low 𝛼 and high 𝜎 leads to a significantly damped 
response characterized by swift stress relaxation. This configuration is particularly beneficial for 
applications like thermal shock resistance or vibration damping, where quick recovery from 
mechanical or thermal loads is essential. On the other hand, employing a combination of high 𝛼 and 
low 𝜎 yields a more traditional elastic response, marked by slower stress relaxation. This setup is 
ideal for scenarios that demand sustained stress retention, making it suitable for applications where 
stability and long-term performance are critical. 

Figure 5 illustrates the variation of the volume fraction field (𝜙) in relation to the radius within a 
porous infinite elastic material featuring a spherical cavity. This representation highlights the 
dependence of the volume fraction on several factors, including the type of fractional derivative, the 
fractional order (𝛼), and the exponential smoothing factor (𝜎). The volume fraction field (𝜙) clearly 
varies with radial distance (𝑟 ). At smaller distances, specifically at 𝑟  = 1, the volume fraction 𝜙 
reaches its peak values, highlighting the significant impact of thermal and mechanical disturbances 
near the spherical cavity. As one moves further away and 𝑟 increases, there is a steady decline in the 
volume fraction 𝜙, signifying that the effect of the cavity weakens with increasing distance. 

 

Figure 5. Volume fraction (𝜙) variations with fractional order (𝛼) and tempering (𝜎) parameters. 

When the tempering parameter (𝜎) is held constant at 0.0, decreasing the fractional order (𝛼) from 
1.0 to 0.5 results in a reduction of the volume fraction field (𝜙) at all radial distances (r). For instance, 
at 𝑟 = 1, 𝜙 drops from 0.177517 (with 𝛼 = 1.0) to 0.13496 (with 𝛼 = 0.5). This trend indicates 
that lower fractional orders (𝛼 < 1) strengthen memory effects, which leads to a slower evolution of 
the volume fraction field 𝜙 and a longer retention of previous conditions. As 𝛼 nears 1, the volume 
fraction field stabilizes more rapidly, showcasing behavior akin to classical mechanics, where memory 
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effects play a diminished role.  
With a fixed fractional order (𝛼), an increase in the tempering parameter (𝜎) markedly decreases 

the volume fraction field (𝜙). For example, at r = 1 and 𝛼 = 0.5, 𝜙 reduces from 0.13496 (for 𝜎 = 
0.0) to 0.096955 (for 𝜎  = 20). The exponential tempering factor 𝑒ିఙ   accelerates the fading of 
memory effects, resulting in a quicker stabilization of the volume fraction field. This characteristic 
lends the material a more localized temporal and spatial response, making it particularly suited for 
applications that require swift recovery or dynamic stability. 

8.2. Influence of internal length scale and time scale parameters 

The internal length scale (η) serves as a vital metric that indicates how the surrounding material 
points influence a specific location within a substance. This parameter is particularly significant in the 
context of wave dispersion and size-dependent phenomena, which are commonly observed in 
nanostructures. Here, the microstructural characteristics greatly shape the material’s overall response 
to external stimuli. The characteristic time scale (ζ), on the other hand, captures the essence of time-
delayed interactions, accounting for the lag between the application of loads and the resulting 
responses of the material. This aspect becomes crucial when modeling dynamic situations, such as the 
heat fluxes generated by laser pulses, where transient effects play a dominant role. 

In the classical framework where both η and ζ are set to zero, the system defaults to the local two-
phase lag (FTPL) thermoelastic model that incorporates fractional derivatives. In this scenario, the 
responses are strictly determined by the local thermal and mechanical properties, effectively ignoring the 
influences of spatial nonlocality and time scale effects. Stress and strain fields rely solely on nearby 
temperature gradients and deformations. However, this approach has its limitations, as it fails to account 
for wave dispersion and size-dependent effects, overlooking the critical transient delays in heat 
conduction and stress propagation, especially pertinent in nanoporous materials and scenarios involving 
laser-induced heat fluxes. In contrast, the nonlocal framework, characterized by non-zero values for both 
η and ζ, introduces a more nuanced perspective. It leverages the KG operator to incorporate both spatial 
and temporal nonlocality, enabling responses to be shaped by not just neighboring points but also by 
historical states of the material. This approach effectively captures size-dependent phenomena, such as 
stress concentrations near voids and wave scattering, while also modeling time-delayed thermal and 
mechanical effects. As a result, this framework provides improved accuracy in dynamic scenarios, 
making it a more robust choice for understanding complex material behaviors. 

Figure 6 illustrates the impact of the intrinsic length scale (η) and characteristic time scale (ζ) on 
the non-dimensional temperature distribution (𝜃 ) as a function of radial distance (𝑟 ). The figure 
demonstrates the interaction between spatial nonlocality (η) and temporal nonlocality (ζ), showing 
how these parameters influence the temperature distribution within a porous medium. 

In the standard scenario, where both η and ζ are set to zero, the system behaves in line with 
classical local models that exclude any spatial or temporal nonlocal effects. Here, the highest 
temperature values emerge because heat diffusion operates without the complexities introduced by size 
or time-dependent memory effects. Conversely, in nonlocal scenarios where η is greater than zero and 
ζ is non-negative, there is a noticeable decline in temperature readings. Increasing the internal length 
scale (η), which introduces spatial nonlocality, along with the characteristic time scale (ζ), which 
accounts for temporal nonlocality, leads to diminished temperature values. This reduction arises from 
the interplay of spatial averaging and the delayed propagation of heat, resulting in slower heat diffusion 
and lower peak temperatures. 

Radially, the temperature consistently decreases as the radial distance increases. Close to the 
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cavity, at a radial distance of 𝑟 = 1, the temperature is significantly higher due to concentrated thermal 
interactions. However, as one moves outward to larger distances, such as 𝑟  = 5, the temperature 
experiences substantial decay, reflecting smaller values. Specifically examining the impact of η and ζ, 
in the absence of nonlocal effects (η = 0.000, ζ = 0.000), the temperature follows a predictable 
decreasing trend with respect to radial distance, illustrating classical heat conduction behavior. As η 
increases, the temperature consistently decreases across all radial distances, especially pronounced 
near the cavity. For instance, at 𝑟 = 1, the temperature drops from 0.796883 (η = 0.000) to 0.739311 
when η is increased to 0.004 and ζ to 0.003. In a similar vein, higher ζ values further reduce temperature, 
notably beyond 𝑟  = 1.4, as evidenced by a decrease from 0.0163379 (η = 0.000, ζ = 0.000) to 
0.0128245 (η = 0.004, ζ = 0.005) at 𝑟 = 3. 

 

Figure 6. Temperature (𝜃) variations with space-time nonlocality parameters (η and ζ). 

The intrinsic length scale (η) plays a pivotal role in introducing spatial nonlocality, affecting each 
location’s temperature by factoring in the influence of surrounding material points. This leads to 
increased spatial averaging, effectively smoothing temperature gradients and lowering peak values. 
Most prominently, this effect is observed near the cavity, where localized thermal conditions are spread 
over a broader area. As η escalates from 0.002 to 0.006, the temperature decreases across all radial 
distances, with the most significant reductions appearing close to the cavity. 

In terms of the characteristic time scale (ζ), this parameter brings temporal nonlocality into the 
model, taking into account the delay in heat propagation over time. Higher ζ values result in slower 
thermal diffusion, which manifests as lower temperature readings because it takes longer for heat to 
reach an equilibrium state. This impact is particularly observable at greater radial distances, such as 
those beyond 𝑟 = 2, where the delays play a significant role. As ζ progresses from 0.000 to 0.005, a 
decrease in temperature becomes evident, particularly in areas farther from the cavity. 

The combined influence of η and ζ accentuates the nonlocal characteristics of the model. Elevated 
η values work to decrease the temperature by spatially averaging the thermal profile, while increased 
ζ values contribute to this decline by introducing delays in heat diffusion. For instance, at 𝑟 = 1, the 
temperature descends from 0.796883 (η = 0.000, ζ = 0.000) to 0.625518 (η = 0.004, ζ = 0.005), 
illustrating the compounded effects of spatial and temporal nonlocality. 

The findings hold several practical implications. For thermal insulation, materials characterized 
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by higher values of η and ζ display slower heat diffusion and reduced peak temperatures, making them 
particularly suitable for insulation purposes. In dynamic thermal management systems, the delays in 
heat propagation associated with higher ζ values could be advantageous for applications requiring 
gradual heat dissipation, such as in electronics or nanostructured components. Lastly, incorporating 
nonlocal parameters such as η and ζ is crucial in accurately modeling the behavior of nanoporous 
materials, where size and time-dependent effects are critical considerations in their thermal responses. 

Figure 7 examines the impact of the intrinsic length scale (η) and characteristic time scale (ζ) on 
the dimensionless displacement (𝑢) within an infinite nanoelastic medium that contains a spherical 
cavity. The curves in Figure 7 illustrate the behavior of 𝑢 as a function of the radial distance (𝑟) for 
various combinations of η and ζ. The radial displacement (𝑢) exhibits complex patterns that vary with 
the radial distance (𝑟), the intrinsic length scale (η), and the characteristic time scale (ζ). At smaller 
radial distances (around 𝑟 = 1), the displacement is negative, indicating inward movement due to 
thermal and mechanical influences near the cavity. As r increases, u becomes positive, signifying 
outward movement caused by the same loading effects. The magnitude of u diminishes with increasing 
𝑟, showing that the cavity’s influence lessens at greater distances. 

 

Figure 7. Displacement (𝑢) variations with space-time nonlocality parameters (η and ζ). 

In the standard scenario (η = 0, ζ = 0), the system behaves like a classical local model, displaying 
the largest displacement magnitudes. Near 𝑟 = 1, significant negative values are observed due to the 
absence of spatial or temporal nonlocal effects, meaning displacement (𝑢 ) depends only on local 
mechanical properties. However, when η and ζ are non-zero, the displacement magnitude decreases 
both near the cavity and at larger distances. This reduction is due to the smoothing effect of spatial 
nonlocality (η) and the damping effect introduced by temporal nonlocality (ζ). 

The intrinsic length scale (η) plays a critical role in shaping displacement (𝑢) behavior. As η 
increases, it promotes spatial averaging, reducing the localization of mechanical responses and 
resulting in a smoother displacement field (𝑢), especially near the cavity. For example, at 𝑟 = 1, as η 
increases from 0.000 to 0.006 (with ζ = 0.001), the inward displacement (𝑢) decreases from −0.383079 
to −0.338451. At larger distances (𝑟 > 3), the influence of η diminishes as displacement values become 
inherently small. For instance, at 𝑟 = 4.6, the displacement 𝑢 decreases slightly from 0.00159686 (η 
= 0.000) to 0.00141083 (η = 0.006, ζ = 0.001). 
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Similarly, the characteristic time scale (ζ) introduces time-delay effects that further dampen 
mechanical responses. As ζ increases, the stabilization of the displacement field (𝑢 ) slows down, 
particularly at larger radial distances. For example, near 𝑟  = 1, increasing ζ reduces inward 
displacement (𝑢) from −0.355403 (η = 0.004, ζ = 0.003) to −0.320056 (η = 0.004, ζ = 0.005). At greater 
distances, such as 𝑟 = 5, the damping effect of ζ becomes more pronounced, with 𝑢 decreasing from 
0.00130603 (η = 0.004, ζ = 0.003) to 0.00117 (η = 0.004, ζ = 0.005). 

The interaction between η and ζ amplifies the overall nonlocal effects in the model. Higher η 
values redistribute mechanical responses spatially, while higher ζ values introduce delays, enhancing 
displacement dampening. For instance, at 𝑟  = 1, the displacement (𝑢 ) decreases from −0.383079 
(classical case, η = 0.000, ζ = 0.000) to −0.320056 (η = 0.004, ζ = 0.005), illustrating the combined 
effects of these parameters. 

These findings have significant practical implications. Materials with higher η and ζ values 
exhibit reduced displacement magnitudes and faster stabilization, making them ideal for applications 
requiring effective vibration damping or shock absorption. Additionally, the influence of η and ζ is 
crucial for modeling nanostructured materials, where size- and time-dependent effects dominate. The 
ability to control temporal nonlocality (ζ) also allows for precise management of time-delayed 
mechanical responses, enabling the design of materials with enhanced dynamic stability for various 
advanced applications. 

Figure 8 illustrates the nonlocal, non-dimensional thermal stress distribution (𝑇௥௥) for various 
values of the intrinsic length scale (η) and characteristic time scale (ζ). The figure highlights the 
influence of spatial and temporal nonlocality on the size- and time-dependent stress behavior of 
materials with nanoscale characteristics. From the analysis presented in Figure 8, it is clear that at a 
radial distance of 𝑟 = 1, the thermal radial stress (𝑇௥௥) remains at zero, regardless of the configurations 
of η and ζ. This observation aligns perfectly with the condition of a free-traction boundary, where no 
stress is exerted at that surface. Beyond this point, 𝑇௥௥  takes on negative values, which signify 
compressive stress arising from thermal expansion effects. Moreover, as the radial distance increases, 
the magnitude of 𝑇௥௥ decreases, illustrating the diminishing impact of the cavity with distance. 

 

Figure 8. Nonlocal thermal stress (𝑇௥௥) variations with space-time nonlocality parameters (η and ζ). 
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In the benchmark scenario where both η and ζ equal zero, the results in Figure 8 display adherence 
to the classical local model, revealing that the thermal stress 𝑇௥௥ achieves its peak value in the absence 
of nonlocal effects. When delving into nonlocal scenarios where η is positive and ζ is non-negative, 
Figure 8 indicates a noticeable reduction in the magnitude of 𝑇௥௥, both close to the cavity at 𝑟 = 1.4 
and further out at 𝑟 = 5. This decrease is caused by the smoothing effects related to spatial nonlocality 
(η) and the damping effects associated with temporal nonlocality (ζ). 

As η increases, the stress gradients illustrated in Figure 8 become more uniform, leading to a 
reduction in stress concentrations near the cavity’s surface. For example, at 𝑟 = 1.4, the thermal stress 
𝑇௥௥ diminishes from -0.141646 (when η = 0.000) to -0.111186 (at η = 0.006 and ζ = 0.001). Even at a 
greater radial distance of 𝑟  = 5, the stress 𝑇௥௥  decreases from -0.000533963 (η = 0.000) to -
0.000419138 (η = 0.006, ζ = 0.001), though the effect is less pronounced. The characteristic time scale 
represented by ζ introduces temporal nonlocality, which accounts for delays in stress propagation. In 
Figure 8, it is depicted that larger values of ζ lead to lower stress magnitudes, indicating a delay in the 
system’s response to thermal and mechanical loads. For instance, at 𝑟 = 1.4, the thermal stress 𝑇௥௥ 
falls from -0.125144 (with η = 0.004 and ζ = 0.003) to -0.10307 (with η = 0.004 and ζ = 0.005). This 
damping effect becomes even more evident at 𝑟  = 5, where the stress 𝑇௥௥  reduces from -
0.000471757 (η = 0.004, ζ = 0.003) to -0.000388546 (η = 0.004, ζ = 0.005). 

Additionally, Figure 8 highlights the interactive effects of η and ζ on the thermal stress 𝑇௥௥ . 
Higher values of η contribute to the spatial redistribution of thermal effects, while elevated ζ values 
further diminish stress through delayed mechanical responses. This interaction is particularly 
significant near the cavity, such as at 𝑟 = 1.4 but begins to wane at extended distances. For example, 
the thermal stress 𝑇௥௥  decreases from -0.141646 (in the absence of nonlocal effects) to -0.10307 
(when incorporating both η = 0.004 and ζ = 0.005), illustrating how spatial and temporal nonlocality 
cooperatively smooth and weaken the stress distributions. 

These insights carry substantial practical implications. Materials with increased values of η and ζ tend 
to show diminished stress concentrations and smoother stress distributions, significantly enhancing 
resistance to thermal shocks. In the realm of nanostructured materials, recognizing the contributions of 
spatial and temporal nonlocality is essential for accurately modeling stress behavior, especially in contexts 
where size and time-dependent phenomena are critical. Moreover, the influence of temporal nonlocality (ζ) 
facilitates controlled stress relaxation, thus boosting the dynamic stability of materials subjected to sudden 
loading conditions (an important attribute for numerous engineering applications). 

Figure 9 illustrates the impact of the intrinsic length scale (η) and characteristic time scale (ζ) on 
the distribution of the non-dimensional volume fraction field (𝜙) within an infinite elastic medium 
containing a spherical cavity. This analysis investigates how spatial nonlocality (η) and temporal 
nonlocality (ζ) affect the evolution of 𝜙 , which represents the void or porosity field. The volume 
fraction field (𝜙) is a critical parameter in porous materials, as it indicates the distribution of voids 
under thermoelastic loading conditions. 

Close to the cavity (at 𝑟 = 1), the volume fraction field (𝜙) reaches its highest value due to the 
significant thermal and mechanical interactions occurring near the spherical cavity. However, as the 
parameters η and ζ increase, 𝜙 begins to decline, demonstrating the dampening effects of both spatial 
and temporal nonlocality. Moving farther from the cavity (when 𝑟 > 1), 𝜙 consistently decreases as 
the radial distance increases, indicating that the impact of the cavity lessens with distance. The rate at 
which ϕ decays is influenced by both η and ζ, as larger values of these parameters promote smoother 
and more subdued distributions. 
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Figure 9. Volume fraction field (𝜙) variations with space-time nonlocality parameters (η and ζ). 

In the standard scenario (η = 0.000, ζ = 0.000), the results illustrate a classical local model where 𝜙 
is maximized across all radial distances since no nonlocal effects are considered. Here, the behavior is 
predominantly determined by local thermal and mechanical properties, showcasing sharp gradients near 
the cavity. When η and ζ are greater than zero, the introduction of spatial (η) and temporal (ζ) nonlocality 
leads to a noticeable reduction in 𝜙 values throughout all radial distances, especially in close proximity 
to the cavity. Increasing η and ζ smooths the spatial layout of 𝜙, reducing peak values near 𝑟 = 1 and 
signifying a more gradual evolution of voids due to the influences of nonlocal interactions. 

Understanding the physical interpretation of η shows that it introduces spatial nonlocality, where 
the state at a particular point is affected not only by local conditions but also by the neighboring areas. 
An increase in η results in smoother distributions, as the void fraction field becomes more averaged 
out. Near 𝑟 = 1, it is noted that an increase in η leads to a decrease in 𝜙. Specifically, 𝜙 diminishes 
from 0.13496 when η = 0.000 to 0.105938 with η = 0.006 and ζ = 0.001. As the distance from the 
cavity increases (𝑟 > 3), the influence of η diminishes; for example, at 𝑟 = 3, 𝜙 decreases from 
0.00302298 with η = 0.000 to 0.00237291 with η = 0.006 and ζ = 0.001. 

The influence of ζ introduces temporal nonlocality, accounting for the delays that occur in the 
evolution of voids. Higher values of ζ effectively dampen the evolution of 𝜙, leading to a slower 
response to thermal and mechanical stimuli. As observed near the cavity (at 𝑟  = 1), increasing ζ 
decreases 𝜙 even further; for instance, it shifts from 0.119238 (η = 0.004, ζ = 0.003) to 0.0982058 (η 
= 0.004, ζ = 0.005). At greater distances (specifically 𝑟 = 5), the damping effect of ζ is particularly 
significant, with 𝜙 declining from 0.000166467 (η = 0.004, ζ = 0.003) to 0.000137104 (η = 0.004, ζ 
= 0.005). 

The interplay between η and ζ yields a powerful impact. Spatial nonlocality (η) reduces the 
highest values of 𝜙  and smooths out its distribution, while temporal nonlocality (ζ) adds further 
damping by inducing time delays. This combination is most pronounced near the cavity, where the 
evolution of the void fraction field occurs more gradually due to the synergistic effects of spatial and 
temporal influences. For example, at 𝑟 = 1, 𝜙 decreases from 0.13496 (with η = 0.000 and ζ = 0.000) 
to 0.0982058 (with η = 0.004 and ζ = 0.005). 

The insights gained from these findings offer substantial practical implications. With larger values 
of η and ζ, the resulting void fraction distributions become smoother and more damped. This 
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characteristic is crucial for controlling localized void growth and enhancing the structural integrity of 
porous materials. Additionally, the dampening implications attributed to η and ζ help minimize peak 
values of 𝜙 , reducing stress concentrations and bolstering the overall stability of materials under 
thermal and mechanical loading. In the design of nanostructures, recognizing the role of spatial and 
temporal nonlocality is essential for accurately modeling void evolution, especially in scenarios where 
size and time-dependent effects play a dominant role. 

9. Conclusions 

This study examined the Caputo-tempered two-phase lag (FCT-TPL) heat conduction model and 
its influence on thermoelastic vibrations in materials containing spherical cavities and voids. By 
integrating fractional calculus and tempered derivatives, along with spatial and temporal nonlocality, 
the model effectively bridges the gap between classical and generalized thermoelastic theories, 
offering a robust framework for accurately analyzing size-dependent phenomena and wave scattering. 

The results demonstrate that the distinction between the fractional Caputo (C) and tempered 
Caputo (CT) derivatives highlights the versatility of fractional calculus in modeling thermoelastic 
behaviors. Additionally, it is revealed that the fractional-order parameter and the stiffness parameter in 
differential actuators serve as effective tools for adjusting memory effects, thermal relaxation, and 
mechanical stability in porous materials. Notably, it is observed that employing low-fractional-order 
values in combination with high-stiffness parameter values leads to rapid attenuation of responses, 
making this configuration particularly advantageous for applications requiring dynamic stability and 
efficient vibration damping. Conversely, utilizing high-fractional-order values alongside low stiffness 
parameter values results in prolonged response durations, which is ideal for applications involving 
thermal insulation and long-term material performance. This capability to fine-tune material behaviors 
through these parameters underscores the immense potential of fractional calculus in real-world 
engineering and material design applications. 

From the study and analysis, it is evident that the integration of the parameters η and ζ is crucial 
for accurately modeling size- and time-dependent phenomena in porous nanomaterials, where 
localized effects are highly significant. Higher values of spatial nonlocality are shown to enhance 
spatial averaging, resulting in smoother gradients (e.g., temperature, displacement, and stress) while 
simultaneously reducing peak magnitudes around localized features such as cavities. Moreover, 
increasing values of temporal nonlocality introduces time-dependent damping, which slows heat 
diffusion, stabilizes displacement, and influences void evolution. 

The findings conclude that the interaction between spatial nonlocality and temporal nonlocality 
substantially improves the precision of material modeling under thermoelastic loading. These 
parameters effectively capture size-dependent behaviors and time-delayed responses, establishing 
them as indispensable tools in the design of materials with enhanced thermal, mechanical, and 
structural properties. 

While the Caputo-tempered two-phase lag (FCT-TPL) heat conduction model effectively 
addresses size- and time-dependent phenomena, it faces notable challenges. These include high 
computational complexity from fractional calculus and nonlocal parameters, sensitivity to parameter 
calibration, and limited applicability to heterogeneous or anisotropic materials due to its assumptions 
of homogeneity and isotropy. Additionally, insufficient experimental validation across diverse 
materials and conditions limits its practical use. 

Future advancements should focus on reducing computational demands through efficient 
numerical methods or machine learning, extending the model to handle irregular geometries and 
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anisotropy, and integrating it with additional physical phenomena. Comprehensive experimental 
validation, refined parameter identification techniques, and exploration of applications in emerging 
technologies are essential. Incorporating nonlinear effects could further enhance its accuracy and 
relevance, particularly under extreme conditions, solidifying its value in engineering applications. 
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