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Abstract: In this paper, a new mathematical model of diffuse large B-cell lymphoma (DLBCL) in
the germinal center and its microenvironment has been considered. The model is a five-dimensional
system of first-order nonlinear ordinary differential equations that consists of interactions between
centroblasts, centrocyts, plasmablasts, DLBCL cells, and effector cells. Our analysis focuses on
understanding the long-term behavior of the DLBCL from a mathematical perspective. The cycle
characteristics of DLBCL growth that can be used to detect the duration of the dormant states of the
cancer cells and to choose the treatment methods are important to study. By using codimension-one
and codimension-two bifurcations, we found Hopf bifurcations that show the appearance of the cycle
and some bifurcations of the periodic solutions that are able to be used to characterize the cycle of the
disease. In our case, by varying the carrying capacity parameter and the decay rate of effector cells
due to the competition with DLBCL, the system undergoes a Hopf bifurcation and then is followed
by a generalized Hopf bifurcation, a limit point bifurcation, and a branch point bifurcation. The
occurrence of these bifurcations is crucial for understanding the role of effector cells in the regulation
of the DLBCL cycle. Furthermore, the appearance of chaotic solutions reflects the irregularity of the
system due to changes in initial conditions, highlighting potential uncertainty in the progression of
DLBCL metastasis.
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1. Introduction

Cancer is one of the leading causal factors of death worldwide. Based on GLOBOCAN data, there
were approximately ten million deaths due to cancer in 2022, see [1]. The cancer cells have the
possibility to be treated better into clearance level if they are detected in an earlier stage. It is enabling
the timely diagnosis and the treatment of cancer.

Lymphoma is a hematopoietic malignant lymphoid tissue that has similar characteristics to cancer.
It accounts for one of ten most common types of human cancer in Australia and the United States [2,3].
There are two general classifications of lymphoma, i.e., Hodgkin lymphoma (HL) and non-Hodgkin
lymphoma (NHL). Based on the GLOBOCAN report [1], the new cases of NHL occur almost seven
times more than HL, where the number of new invasive NHL cases was estimated at 553, 010 and
the deaths were estimated at 250, 475 worldwide. Meanwhile, there were around 80, 550 new cases
and 20, 180 deaths of NHL based on the American Cancer Society report in 2023 [3]. In line with
other studies, in [4], the authors showed that the number of NHL cases in Indonesia is higher than HL
in 2022.

Diffuse large B-cell lymphoma (DLBCL) is the most common and heterogeneous histological
subtype of aggressive B-cell NHL. This disease has a diffuse growth pattern and is capable of replacing
surrounding normal tissue or organs microscopically. A total 25–40% of adult represent NHL cases
reported worldwide [5].

There are three subtypes of DLBCL. The first one is germinal center B-cell (GCB) DLBCL, the
second one is activated B-cell (ABC) DLBCL, and the third one is called primary mediastinal B-cell
lymphoma, where this type does not express the gene characteristics of GCB or ABC; see [5, 6].

The DLBCL can be treated with a standard series of R-CHOP, i.e., rituximab, cyclophosphamide,
vincristine, doxorubicin, and prednisone, where about 60–70% of patients are sustained and they have
complete remission, and about 30–40% of patients are relapsed/refractory (R/R), see [7]. Currently,
some clinical tools are widely used to predict the overall survival of DLBCL patients; see [8–10].
However, we have not been able to identify the high-risk patients or R/R patients optimally by using
those tools [7].

The development of treatment strategies in DLBCL patients is still challenging for health
practitioners and professionals. In this paper, we consider the mechanism of DLBCL growth involving
centroblasts, centrocyts, plasmablasts, and the effector cells in mathematical perspective. Our study is
important to detect the appearance of DLBCL in earlier stages.

In Byrne [11], the authors point out that the collaboration of mathematical and biological models
of cancer in the last 50 years accelerated the development of cancer treatment methods and strategies.
Several mathematical models have been proposed to study cancer–immune system interactions. For
instance, mathematical models focusing on the immune response and its therapeutic implications in
tumor invasion have been developed; see [12, 13]. Meanwhile, other models have considered the
interaction between cervical cancer and the immune system; see [14–16]. Furthermore, age-structured
mathematical models of tumor growth have also been explored to capture more detailed dynamics of
cancer progression [17]. Some other mathematical models describe the interactions between tumor or
cancer cells, the immune response, and treatment combinations involving chemotherapy and oncolytic
viruses; see [18–20]. In addition, models that consider the effects of chemotherapy have also been
studied in [21–23].
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Studies on stochastic disturbances in tumor dynamics during chemotherapy have been conducted
using various approaches. For example, Gaussian white noise affects the stability of the system, where
one equilibrium point remains stable only if the noise intensity is weak, while the other equilibrium
points remain unstable [24]. In contrast, Gaussian colored noise shows that, in addition to intensity,
time correlation also plays a role in system stability. This phenomenon of noise-enhanced stability
suggests that stability can be regulated by adjusting time correlation parameters, which has implications
for controlling tumor stability during chemotherapy [25]. A tumor-immune model incorporating
noise is used to understand the impact of biological uncertainty on chemotherapy efficacy and system
stability. In addition to these studies, developing a mathematical model aimed at understanding and
predicting the effects of immunotherapy on lymphoma cells has also been explored [26, 27]. A
continuous-time Markov process-based model of competition among naı̈ve, normal, and lymphoma
T cells has also been proposed [28].

While mathematical modeling has been widely used to study cancer dynamics, models specifically
focusing on DLBCL in the germinal center remain limited. Recently, Sabir et al. [29] proposed a
mathematical model describing the interaction between CAR T-cells and DLBCL in lymph nodes,
providing insights into treatment response and immunosuppression mechanisms. Additionally, Ganesh
et al. [30] developed a mathematical model to investigate drug resistance dynamics in DLBCL,
exploring interclonal interactions between drug-sensitive and drug-resistant cell populations. However,
their study does not explicitly focus on the germinal center microenvironment, which plays a crucial
role in lymphoma progression. On the other hand, medical research indicates that the exact cause of
DLBCL remains unknown. However, several risk factors have been identified that may increase the
likelihood of developing DLBCL [31]. Additionally, studies suggest that DLBCL arises from abnormal
mutations of B cells occurring during the differentiation process in the germinal center, initiated by
the activation-induced cytidine deaminase (AID) protein [32]. Furthermore, research has shown that
DLBCL originates from centroblasts or plasmablasts undergoing abnormal transformations [5, 33].

Our study aims to fill this gap by developing a model that specifically captures the progression
of DLBCL within the germinal center, considering B cells as the origin of lymphoma development,
particularly centroblasts and plasmablasts. By incorporating key factors influencing disease
progression and immune response, our model provides a complementary perspective to existing
studies, offering insights into the early-stage dynamics of DLBCL within its microenvironment.
Understanding the prognosis of DLBCL at the cellular level in mathematical perspective is a new study.
We propose a new model that describes the general behavior of DLBCL without health interventions
by considering the interaction between the centroblasts, centrocyts, plasmablasts, DLBCL cells, and
effector cells in the lymph nodes. The model is a five-dimensional system of ordinary differential
equations with twenty-two dimensions of parameter space.

The cycle characteristics of DLBCL are important to be understood. It can be used not only to detect
the dormant state of the disease but also regarding the treatment strategies in the long-term period.
From a mathematical point of view, we use codimension-one and codimension-two bifurcations to
detect the appearance of Hopf bifurcations and some other bifurcations of the periodic solutions that
are important to understand the characteristics of the cycle. In this case, we found Hopf bifurcation
that is followed by generalized Hopf bifurcation, limit point bifurcation, and branch point bifurcation
for the continuations of the carrying capacity parameter and the decay rate parameter of the effector
cells due to the competition with DLBCL.
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The paper is organized as follows: In Section 2, we introduce the formulation of the growth of
DLBCL in germinal centers as well as the local stability analysis of the steady-state solutions. In
Section 3, we perform numerical simulations of the model based on the results of some medical
references. Those simulations are important to support and validate the analytical results of the model
compared with the medical facts qualitatively. We will close this paper with some concluding remarks.

2. Formulation of DLBCL model

2.1. The origins of DLBCL subtypes derived from germinal center

The germinal center (GC) microenvironment that has a major role in normal B-cell differentiation
is the main source of memory and plasma cells that play important roles in the high-affinity antibody
production that is needed to protect against microorganisms invasion. However, the beneficial role of
GC B cells in immunity is offset by their detrimental role in lymphomagenesis. It is due to the fact that
the majority of B-cell lymphomas originate from GC B cells [34].

There are two distinct regions of the GC, i.e., the dark zone (DZ) and the light zone (LZ). The
normal process that occurs in the development of GC is as follows. The GC B cells divide and mutate
in the DZ and then migrate to the LZ, where they capture antigen via their immunoglobulin surface and
present it to the T follicular helper cell [34]. The DZ region consists of centroblasts, which are rapidly
proliferating cells that are able to divide every 6–12 hours [35] and then undergo the genes random
somatic hypermutations (SHM) that code for immunoglobulin’s variable region. After dividing 1–6
times, the centroblasts have the ability to undergo transition to the LZ, where their newly modified
B cell receptor (BCR) affinity for antigen is tested. The cells, which are not selected in the LZ or
damaged during SHM in the DZ, undergo apoptosis. The LZ consists of non-replicative B cells called
centrocytes and presents several types of cells, including follicular dendritic cells (FDC), T follicular
helper (TFH), and macrophages [34]. Activation-induced cytidine deaminase (AID), a protein that is
necessary for undergoing SHM and for class switch recombination (CSR), is expressed in the GC,
particularly in centroblasts, and lower in centrocytes [32].

Next, we provide some biological facts that occur in the early stages of DLBCL growth in the
GC on the lymph node. The migration of DZ to LZ is mediated by chemokine receptors CXCR4
(LZ-DZ) and CXCR5 (DZ-LZ) [33]. The GCB DLBCL cells, which originate from the LZ in the
germinal center, displays differentiation towards germinal center B cell characteristics. Conversely,
the ABC DLBCL cells arise from early-stage germinal center cells differentiating into plasmablasts,
predominantly originating from the DZ [5]. Moreover, plasmablasts that are responsible for antibody
production undergo rapid clonal expansion but exhibit a short lifespan [36].

Our study is focused on understand the dynamics of the cells in the tissue near the DLBCL site
during the GC reaction, where the behavior of lymphoma is assumed to be homogeneous. The growth
of DLBCL that starts from the occurrence of the abnormal centroblasts and the abnormal plasmablasts
undergoes abnormal genetic mutations, which are initiated by AID during SHM/CSR.

Based on the ideas of [37, 38], the growth rates of DLBCL cells and centroblasts are assumed to
follow the logistic growth. The effector cells that play a role in eliminating the DLBCL cells are CD8+

T cells and natural killer (NK) cells. Those cells are assumed to have positive growth parameters, and
their growth follows the Michaelis-Menten reaction; see [37, 39]. Those types of cells are often found
in the paracortex of lymph nodes.
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The reactions between effector cells and DLBCL cells are able to lead to the inactivation of effector
cells or the death of the DLBCL cells. The DLBCL cell has an important role in stimulating the
response of the effector cell without an immunoediting mechanism. In the absence of the tumor, the
effector cells will undergo apoptosis to maintain homeostasis and to contribute to the generation of
memory cells. The ability of the effector cells to eliminate the abnormal cells is not considered in this
model. Furthermore, some interactions that occur between centroblasts and plasmablasts with DLBCL
cells involve a series of biochemical reactions.

Based on those facts and assumptions, we show the interaction of DLBCL cells with immune cells
during the GC reaction in Figure 1.

Figure 1. Early growth of DLBCL. (1) Formation of GC through B cell activation; (2)
Proliferation and SHM by B cells in the DZ; (3) B cells migrate from the DZ to the LZ; (4)
Selection based on affinity for antigen is carried out through interaction with FDC and TFH in
the LZ. After positive selection, cells can return to the DZ for mutation or clonal expansion;
(5) Selected cells differentiate into plasma cells or memory B cells, while low-affinity cells
undergo apoptosis; (6) DLBCL is considered an AID-induced proliferative malignancy; (7)
Response of effector cells to the presence of DLBCL.

In this paper, we create a new mathematical model, which is formed as a five-dimensional system
of differential equations, where the variables consist of centroblasts (B) and plasmablasts (P) that
potentially trigger DLBCL, centrocytes (C), DLBCL cells (T), and effector cells (I). Based on Figure 1,
we compose the components of the origins of DLBCL growth in Figure 2.

Figure 2 shows the DLBCL cell progression as a result of abnormal cell division of centroblasts and
plasmablasts in the germinal center environment of the lymph node.
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Figure 2. Biological scenarios of DLBCL progression and its interaction with effector cells.

The biological processes of each concentration are described as follows. First, the centroblasts
concentration increases with logistic growth rate expressed by the term δ B (1 − bB) in the model. The
parameter δ represents the centroblast growth rate and 1

b shows the carrying capacity of the maximum
concentration of centroblasts that can be accommodated in the GC. Logistic growth was chosen for the
centroblast concentration because it reflects the limited space and resources in the germinal center. As
centroblasts proliferate, the available resources such as nutrients, survival signals, and space within the
GC becomes increasingly limited. This leads to apoptosis or differentiation into centrocytes, ensuring
that only B cells with high affinity for the antigen survive. The logistic model accurately captures
this balance between cell proliferation and regulatory processes within the GC. The recruitment of
centroblasts due to the presence of centrocytes with BCR against their specific antigen o that they
recirculate to the DZ is denoted by ε. Parameter α denotes the migration of centroblasts to the LZ
mediated by the CXCR5 signal. Then, centroblasts undergo apoptosis with the rate µB and interact
with DLBCL cells with decay rate e1. Therefore,

dB
dt

= δB (1 − bB) + εC − e1BT − (α + µB) B.

Centrocytes have three potential pathways depending on the affinity of the BCR for antigen [34,35].
The first pathway is the programmed centrocytes’ cell apoptosis. It happens when the cells are not able
to recognize their specific antigen called not positively selected [34]. This pathway is denoted by µC.
The second one is the centrocytes whose high-affinity BCRs for the positively selected antigen by TFH
cells. It has been rescued from the apoptosis that differentiates into plasmablasts, which is also called
pre-plasma cells. It is denoted by γ. Last, centrocytes, which are only capable of interacting with
TFH cells, have the ability to evade apoptosis. However, they are not sufficient for positive selection in
the LZ, and then undergo recycling to the DZ mediated by CXCR4 signals. The rate is denoted by ε.
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Additionally, the centrocyte recruitment is an effect of the centroblast migration to the LZ by α,

dC
dt

= αB − (ε + γ + µC) C.

Plasmablast concentrations proliferate with the rate u. Centrocytes that successfully undergo
positive selection in the LZ are capable of differentiating into plasmablasts by γ. Then, when DLBCL
cells inhibit or attack the plasmablasts with the rate e2, the plasmablasts also undergo apoptosis with
the rate µP, if they do not immediately differentiate into plasma cells. As a result, the plasmablast
concentrations rate at time t is given by

dP
dt

= uP + γC − e2PT − µPP.

The DLBCL cell recruitment is stimulated by two things. First, the abnormal centroblasts and
plasmablasts are able to be the DLBCL following the Michaelis-Menten reaction. The maximal
conversion rate of abnormal centroblasts is expressed as θ1, and then the increasing of the total
concentration of DLBCL cells follows the Michaelis-Menten term θ1BT

k1+T where k1 is the Michaelis-
Menten constant that represents the DLBCL cells addition by abnormal centroblasts. Likewise,
the maximal conversion rate of abnormal plasmablasts is denoted by θ2. Furthermore, the total
concentration of DLBCL cells can increase with the term θ2PT

k2+T , where k2 represents the Michaelis-
Menten constant for the recruitment of DLBCL cells by abnormal plasmablasts. The recruitment of
DLBCL cells by abnormal centroblasts and plasmablasts is modeled using Michaelis-Menten kinetics
because it accurately captures the saturation effect observed in enzyme-substrate interactions. In
this analogy, abnormal centroblasts and plasmablasts act as enzymes, while DLBCL cells serve as
the substrates. At low concentrations of DLBCL cells, the recruitment rate increases as abnormal
cells efficiently convert these substrates. However, as DLBCL cell concentration rises, recruitment
saturates due to limited resources, reflecting the saturation effect. This non-linear behavior, where the
recruitment rate increases initially but slows as the number of available DLBCL cells grows, is well
described by the Michaelis-Menten function, making it an ideal choice for modeling this process.

Second, DLBCL cells exhibit intrinsic logistic growth modeled by rT (1 − aT ), where r denotes the
growth rate, and 1

a represents the carrying capacity of DLBCL cells in the lymph node. The maximal
decay rate of DLBCL cells by those effector cells is given by v. Furthermore, we obtain

dT
dt

= rT (1 − aT ) − vT I +
θ1BT
k1 + T

+
θ2PT
k2 + T

.

The recruitment of effector cells is stimulated by cancer antigens produced by DLBCL cells on their
surface. The concentration of effector cells will increase following the Michaelis-Menten equation
represented by the term ηT I

k+T , where η is the increasing rate of the effector cell, and k is the proliferation
rate of the effector cell by DLBCL. In addition, the interaction between effector cells and DLBCL cells
can also inhibit the effector cells, where the inhibition rate is ϕ. The death rate of the Effector cells is
denoted by µI . For that reason, we obtain

dI
dt

=
ηT I

k + T
− ϕT I − µI I.
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By putting all the equations together, the DLBCL growth model in the germinal center can be
expressed through a system of ordinary differential equations,

dB
dt

= δB (1 − bB) + εC − e1BT − (α + µB) B, (2.1)

dC
dt

= αB − (ε + γ + µC) C, (2.2)

dP
dt

= uP + γC − e2PT − µPP, (2.3)

dT
dt

= rT (1 − aT ) − vT I +
θ1BT
k1 + T

+
θ2PT
k2 + T

, (2.4)

dI
dt

=
ηT I

k + T
− ϕT I − µI I, (2.5)

where the initial conditions are B (0) = B0, C (0) = C0, P (0) = P0, T (0) = T0, I (0) = I0. Additionally,
all variables and parameters in Systems (2.1)–(2.5) are assumed to be non negative.

2.2. Existence of equilibrium points

The DLBCL-free equilibrium is defined as the condition that DLBCL cells do not appear in the
lymph node, i.e., T = 0 is satisfied. The following theorem gives the guarantees for the existence
of equilibrium.

We consider the Systems (2.1)–(2.5). Before presenting the theorem, namely Theorems 2.1–2.3, we
define the following set of parameters, which is important to determine the existence of equilibrium
points: ξ1 = bδ

e1
, ξ2 = 1

e1

(
εα
ν2

+ δ − ν1

)
, ν1 = α + µB, ν2 = ε + γ + µC, ζ̃ = 1

a , ζ∗ =
u−µP

e2
, and ζ̂ =

(η−µI−ϕk)
2ϕ ±

√
(η−µI−ϕk)2−4ϕkµI

2ϕ . Let ζ̂+ =
(η−µI−ϕk)

2ϕ +

√
(η−µI−ϕk)2−4ϕkµI

2ϕ and ζ̂− =
(η−µI−ϕk)

2ϕ −

√
(η−µI−ϕk)2−4ϕkµI

2ϕ .
Now, we present the existence conditions for the equilibrium points.

Theorem 2.1. The equilibrium point E0 = [0, 0, 0, 0, 0] of the system exists anywhere. The other
equilibrium point, i.e., E1 =

[
ξ2
ξ1
, αξ2
ν2ξ1

,− αγξ2
ν2e2ξ1ζ∗

, 0, 0
]
, exists for ξ2 > 0 and ζ∗ < 0.

Proof. For dT
dt = 0 in Eq (2.4), we have T = 0 or r (1 − aT ) − vI + θ1B

k1+T + θ2P
k2+T = 0, and for dI

dt = 0,
we have I = 0 or ηT

k+T − ϕT − µI = 0. Thus, we obtain three cases as a combination of those two
conditions while still considering the steady state condition of System (2.1)–(2.5). If T = 0 and I = 0,
by direct calculation, we found that two equilibrium points were obtained, i.e., E0 as the trivial state
where all the populations are zero, and E1 that exists if ξ2 > 0 and ζ∗ < 0. The condition of ξ2 > 0
indicates that centroblasts undergo a transition to the bright zone and differentiate into centrocytes. This
process can contribute to lymphoma development if abnormal mutations occur. Meanwhile, ζ∗ < 0
indicates that the rate of plasmablast proliferation is lower than the rate of apoptosis. This means that
more plasmablasts die than proliferate, leading to a decrease in the plasmablast population, which may
contribute to the loss of immune response or impaired antibody production. �

In Theorem 2.1, we have found two equilibrium points with T = 0 and I = 0. The equilibrium
point E1 with the condition ζ∗ < 0, has less possibility to occur in a biological system. Based on [36],
it is generally known that the proliferation rate of plasmablasts is higher than their apoptosis rate.
However, our existence condition ζ∗ > 0 suggests a scenario where the proliferation rate is lower than
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the apoptosis rate, which may not be typical but is still possible. This condition does not necessarily
invalidate the biological relevance of the ζ∗ > 0 case, as it represents a potential but uncommon
biological scenario.

Theorem 2.2. (1) The equilibrium point E2 =
[
0, 0, 0, ζ̃, 0

]
of the system exists for all values of

parameters. (2) If 0 < ζ̃ < ζ∗, then the equilibrium point E3 =
[
0, 0, ra

θ2

(
ζ∗ − ζ̃

)
(k2 + ζ∗) , ζ∗, 0

]
exists.

(3) If ξ2 > ζ̃ > ζ
∗, then exists the other equilibrium point, i.e., E6 =

[
κP6,

α
ν2
κP6, P6,

1
e1

(δ (1 − bκP6)

+ εα
ν2
− ν1

)
, 0

]
where κ =

(
ξ2−ζ

∗

αγ
e2ν2

+ξ1P6

)
by considering k1 + ζ∗ = k2 + ζ∗ = 0. Furthermore, if E6 satisfies

(1) r0 >
q2

0
3 , then P6 takes the form

P6 =
3

√√√
−b0

2
+

√
b2

0

4
+

a3
0

27
−

3

√√√
b0

2
+

√
b2

0

4
+

a3
0

27
−

q0

3
,

or
(2) r0 <

q2
0

3 , then P6 takes the form

P6 =

√
−

a0

3
cos(

ψ

3
) −

q0

3
,

where a0 = 1
3

(
3r0 − q2

0

)
, b0 = 1

27

(
2q3

0 − 9q0r0 + 27s0

)
, cosψ = −

√
b2

0
4 /

a3
0
−27 , r0 =

αγ

θ2e2
2ν2ξ

2
1

((
rae2ξ1

(̃
ζ − ζ∗

)
+ θ1e2

)
(ξ2 − ζ

∗) +
θ2αγ

ν2

)
,

q0 = 1
θ2e2ξ1

(
θ1e2 (ξ2 − ζ

∗) +
2θ2αγ

ν2

)
, and s0 =

raα2γ2

θ2e2
2ν

2
2ξ

2
1

(̃
ζ − ξ2

)
(ξ2 − ζ

∗).

Proof. For r (1 − aT ) − vI + θ1B
k1+T + θ2P

k2+T = 0 and I = 0, by solving dB
dt = dC

dt = 0, we get B = 0 and
T = −ξ1B + ξ2. Then, we have two equilibrium points, i.e., E2 that exists anywhere and E3 that exists
for 0 < ζ̃ < ζ∗. Now, for T = −ξ1B + ξ2, dC

dt = dP
dt = 0, and r (1 − aT ) − vI + θ1B

k1+T + θ2P
k2+T = 0, we get

4th-degree polynomial equation and can be written as

z0P4 + z1P3 + z2P2 + z3P + z4 = 0, (2.6)

where

z0 = θ2e3
2ξ

3
1 (k1 + ζ∗) ,

z1 = e2
2ξ2

1(rae2ξ1

(̃
ζ − ζ∗

)
(k1 + ζ∗) (k2 + ζ∗) + θ1e2 (ξ2 − ζ

∗) (k2 + ζ∗) +

θ2αγ

ν2
(3k1 + ξ2 + 2ζ∗)),

z2 = e2
αγ

ν2
ξ1(rae2ξ1(

((̃
ζ − ξ2

)
(k1 + ζ∗) + (k1 + ξ2)

(̃
ζ − ζ∗

))
(k2 + ζ∗) +(̃

ζ − ζ∗
)

(k1 + ζ∗) (k2 + ξ2)) + θ1e2 (ξ2 − ζ
∗) (2k2 + ξ2 + ζ∗) +

θ2αγ

ν2
(3k1 + 2ξ2 + ζ∗)),
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z3 =
α2γ2

ν2
2

(rae2ξ1(
(̃
ζ − ξ2

)
(k1 + ξ2) (k2 + ζ∗) + (

(̃
ζ − ξ2

)
(k1 + ζ∗) +(̃

ζ − ζ∗
)

(k1 + ξ2)) (k2 + ξ2)) + e2θ1 (k2 + ξ2) (ξ2 − ζ
∗) + θ2

αγ

ν2
(k1 + ξ2)),

z4 = ra
α3γ3

ν3
2

(̃
ζ − ξ2

)
(k1 + ξ2) (k2 + ξ2) ,

by considering ζ̃ = 1
a and ζ∗ =

u−µP
e2

. Let k1 + ζ∗ = k2 + ζ∗ = 0, then (2.6) becomes a cubic
polynomial, i.e.,

P3 + q0P2 + r0P + s0 = 0, (2.7)

where q0 = 1
θ2e2ξ1

(
θ1e2 (ξ2 − ζ

∗) +
2θ2αγ

ν2

)
, s0 =

raα2γ2

θ2e2
2ν

2
2ξ

2
1

(̃
ζ − ξ2

)
(ξ2 − ζ

∗), and r0 =

αγ

θ2e2
2ν2ξ

2
1

((
rae2ξ1

(̃
ζ − ζ∗

)
+ θ1e2

)
(ξ2 − ζ

∗) +
θ2αγ

ν2

)
, satisfies ξ2 > ζ̃ > ζ∗. Obviously, q0, r0 > 0,

s0 < 0, and r0 > q0. This condition indicates that (2.7) has exactly one positive real root based on
Descartes’ rule of signs. Equation (2.7) can be reduced by substitution

P = w −
q0

3
(2.8)

into the normal form
w3 + a0w + b0 = 0, (2.9)

where a0 = 1
3

(
3r0 − q2

0

)
and b0 = 1

27

(
2q3

0 − 9q0r0 + 27s0

)
. If r0 >

q2
0

3 > 0 then a0 > 0 and b0 < 0 are

obtained. In addition, Polynomials (2.9) have exactly one positive root provided b0 < 0 and b2
0

4 +
a3

0
27 > 0,

w = A − B, where

A =
3

√√√
−

b0

2
+

√
b2

0

4
+

a3
0

27
, B =

3

√√√
b0

2
+

√
b2

0

4
+

a3
0

27
. (2.10)

It is clear that A > B > 0 thus results in w > 0. From Eq (2.8), we have the positive root of a
Polynomial (2.7), P6. Meanwhile, if 0 < r0 <

q2
0

3 then a0 < 0 and b0 > 0. Noted b2
0

4 +
a3

0
27 < 0. Since

b0 > 0 and according to [40], Polynomial (2.9) has two positive roots, wi and w j, of the form

wi = 2
√
−

a0

3
cos

(
ψ

3

)
,w j = 2

√
−

a0

3
cos

(
ψ + 4π

3

)
, (2.11)

where cosψ = −

√
b2

0
4 /

a3
0
−27 . Each of wi and w j corresponds to a root of a Polynomial (2.7) of the

form (2.8). We get −1 ≤ cosψ < 0 or π
2 < ψ ≤ π so that cos

(
ψ

3

)
≥ cos

(
ψ+4π

3

)
. This shows that wi ≥ w j.

Because wi ≥ w j and it is known that the Polynomial (2.7) has exactly one positive root, the positive
real root that satisfies is wi, so (2.8) becomes P6 = wi −

q0
3 . Thus, it can be concluded that for Case 2

(δ (1 − bB) − e1T + εα
ν2
− ν1 = 0) which k1 + ζ∗ = k2 + ζ∗ = 0, then a Polynomial (2.6) has exactly one

positive root as long as it satisfies ξ2 > ζ̃, ξ2 > ζ∗, and if it satisfies the conditions: r0 >
q2

0
3 or r0 <

q2
0

3 .
Simultaneously it is proven that E6 exists. �
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The condition k1+ζ∗ = k2+ζ∗ = 0 at the equilibrium point E6 signifies that the growth of plasmablast
concentration is influenced by the proliferation and decay of centroblasts, either through apoptosis
or abnormal mutations, in proportion to the concentration of DLBCL cells required by enzymes in
centroblasts or plasmablasts to attain maximum reaction rates. Then, in Theorem 2.2, we have found
three equilibrium points that T , 0 and I = 0.

Theorem 2.3. If 0 < ζ̂ < ζ̃, then exists the equilibrium point E4 =
[
0, 0, 0, ζ̂, ra

v(̃
ζ − ζ̂

)]
. If 0 < ζ̂ < ξ2 and ζ∗ < ζ̂ < ζ̃, then we have the equilibrium point E5 =[

B5,
α
ν2

B5,
αγB5

e2ν2(ζ̂−ζ∗) , ζ̂,
1
v

(
ra

(̃
ζ − ζ̂

)
+ B5

(
θ1

k1+ζ̂
+

αγθ2

e2ν2(k2+ζ̂)(ζ̂−ζ∗)

))]
. In addition, for both equilibrium

points E4 and E5, ζ̂ > 0 must satisfy the following conditions to ensure their existence: (i) The condition
η − µI − ϕk > 0 must hold; (ii) The discriminant condition (η − µI − ϕk)2

≥ 4ϕkµI must be satisfied to
guarantee that ζ̂ is real and positive.

Proof. The condition ζ̂ > 0 is satisfied as long as η−µI −ϕk > 0 and (η − µI − ϕk)2
≥ 4ϕkµI . By direct

calculation and considering the steady state of the system, the equilibrium point E4 exists if 0 < ζ̂ < ζ̃.
Furthermore, we also have the other equilibrium point, E5 =

(
B5,C5, P5, ζ̂, I5

)
, where B5 = 1

ξ1

(
ξ2 − ζ̂

)
,

which exists if 0 < ζ̂ < ξ2 and ζ∗ < ζ̂ < ζ̃. �

In Theorem 2.3, we have found two pairs of equilibrium points, T = ζ̂ and I , 0. The two pairs
of equilibria are E4+ and E4−, as well as E5+ and E5−. The presence of the ± sign in the solution
indicates two distinct values for T , leading to two corresponding equilibrium points. We obtain two
equilibrium points: E4+ and E4− for the first pair, and E5+ and E5− for the second pair. These pairs
of equilibrium points are determined under the given conditions of the system and correspond to the
positive roots of T = ζ̂. Specifically, the equilibrium point E4 is biologically relevant and exists when
the carrying capacity of the DLBCL cells is greater than the concentration of effector cells, along with
a concurrent reduction in the number of effector cells. This suggests that in the context of DLBCL
dynamics, the conditions for E4 represent a feasible scenario where lymphoma growth is restrained
due to the imbalance between the lymphoma cell carrying capacity and effector cell concentration.
On the other hand, the equilibrium point E5 represents a scenario where all cell populations have
survived the competition and coexist harmoniously. In other words, the DLBCL cells persist, but
their concentration is sufficiently low compared to the different cell types. This indicates a balanced
state where the immune system, particularly the effector cells, can effectively control the DLBCL
population, leading to a stable coexistence with a low lymphoma burden.

2.3. Stability analysis of equilibrium points

For all values of the parameters, the stability of the equilibrium points is described by the
following theorems.

Theorem 2.4. The equilibrium points E0 and E1 are saddle-types.

Proof. By using linear analysis, we found that near equilibrium point E0, there are five eigenvalues

i.e., −µI , r,
−(ν1+ν2−δ)±

√
((ν1+ν2−δ)2−4(ν2(ν1−δ)−εα))

2 , u − µP, and −ν1. Thus, E0 is unstable (saddle-type). By
the same manner, we have the eigenvalues of the equilibrium point E1, are −µI , r + θ1

bδk1

(
εα
ν2

+ δ − ν1

)
+
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αγθ2
bδµPk2ν2

(
εα
ν2

+ δ − ν1

)
(always positive based on the existence condition of equilibrium point E1), u−µP,

−ν2, and δ − 2
(
δ + εα

ν2
− ν1

)
− ν1. Thus, E1 is also unstable (saddle-type). �

The trivial equilibrium point E0 is interpreted as the absence of all cell populations. It indicates the
extinction of cells or no living cell.

To facilitate the analysis in Theorems 2.5 and 2.6 on the stability of equilibrium points, we
introduce the following parameters: Γ1 =

ηζ̃

k+ζ̃
− ϕζ̃ − µI , Γ2 =

ηζ∗

k+ζ∗
− ϕζ∗ − µI , Γ3 =

δ−(e1ζ̃+ν1+ν2)±
√

(δ−(e1ζ̃+ν1+ν2))2
−4((e1ζ̃+ν1−δ)ν2−εα)

2 , Ψ1 =
δ−(e1ζ̂+ν1+ν2)±

√
(δ−(e1ζ̂+ν1+ν2),)2

−4((e1ζ̂+ν1−δ)ν2−εα)
2 , and

Ψ2 =
−raζ̂

2 ±
1
2

√(
raζ̂

)2
− 4raζ̂

(̃
ζ − ζ̂

) (
ηk

(k+ζ̂)2 − ϕ
)
.

Theorem 2.5. (1) The equilibrium point E2 has eigenvalues Γ1, −r, e2

(
ζ∗ − ζ̃

)
, and Γ3. It is

locally asymptotically stable if ζ∗ < ζ̃, ζ̃ > ξ2, and Γ1 < 0. (2) The equilibrium point E3 has

eigenvalues 1
2

raζ∗

k2+ζ∗

(̃
ζ − k2 − 2ζ∗

)
± 1

2

√(
raζ∗

k2+ζ∗

(̃
ζ − k2 − 2ζ∗

))2
− 4rae2ζ∗

(
ζ∗ − ζ̃

)
, Γ2, Γ3, and it is locally

asymptotically stable if ζ̃ > ξ2 and Γ2 < 0. Both E2 and E3 are unstable (saddle-type) if their
eigenvalues are real, have opposite signs, and none are zero.

Proof. The eigenvalues associated with the equilibrium point E2, are Γ1, −r, e2

(
ζ∗ − ζ̃

)
, and Γ3. In

order for the eigenvalues of Γ3 to have all negative real parts, then δ −
(
e1ζ̃ + ν1 + ν2

)
< 0 and(

e1ζ̃ + ν1 − δ
)
ν2 − εα > 0. Both of these conditions occur provided that ζ̃ > 1

e1

(
εα
ν2

+ δ − ν1

)
= ξ2. The

equilibrium point E2 is locally asymptotically stable for ζ∗ < ζ̃, ζ̃ > ξ2, and Γ1 < 0. The eigenvalues

for equilibrium point E3, are 1
2

raζ∗

k2+ζ∗

(̃
ζ − k2 − 2ζ∗

)
± 1

2

√(
raζ∗

k2+ζ∗

(̃
ζ − k2 − 2ζ∗

))2
− 4rae2ζ∗

(
ζ∗ − ζ̃

)
, Γ2,

Γ3. The equilibrium point E3 is locally asymptotically stable for ζ̃ > ξ2 and Γ2 < 0. Both E2 and E3

are unstable (saddle-type) if at least one eigenvalue is positive and at least one is negative, with the
condition that none of the eigenvalues are zero. �

The equilibrium point E2 represents the DLBCL threshold of invasion that indicates the maximum
abnormal mutations of the centroblast and plasmablast cells. The stability condition of E2 is reached
when the interaction between DLBCL cells reaches maximum capacity with the contribution of
abnormal centroblasts to the appearance of DLBCL cells is larger than the combination between the
growth of the normal centroblast and normal plasmablast contributions, supported by continuously
decreasing immune cell proliferation. It indicates that the equilibrium point E2 tends to appear in
the GCB subtype (originating from abnormal centroblasts), which is less aggressive compared to the
ABC subtype.

By using the same terms, we have the existence of E3 for 0 < ζ̃ < ζ∗. Those existence
conditions imply the limitations of the carrying capacity against DLBCL by the growing concentration
of plasmablasts, which are the host that supports the growth of ABC DLBCL, see [5] for the detail.
Meanwhile, plasmablast growth is influenced by two important processes, i.e., cell proliferation and
decay, as well as other factors such as DNA mutations and apoptosis. An abnormal mutation causes
plasmablasts to develop into DLBCL cells before they have time to differentiate into plasma cells. As
a result, DLBCL cells gain the ability to invade other healthy plasmablasts.
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The threshold of the substances represented by equilibrium point E3 is reached when the interaction
between the carrying capacity of DLBCL and the conversion rate of abnormal centroblasts into
DLBCL cells exceed the growth contribution of centroblasts that are in line with the decay of effector
cell proliferation.

We note that the stability conditions of E2 affect the existence of E3. The equilibrium E3 only exists
when E2 is unstable, and it disappears when E2 is asymptotically stable. The situation indicates that
the patient is not able to have both ABC DLBCL and GCB DLBCL simultaneously. In general, the
composite lymphoma cases are very rare to find; see [41].

Theorem 2.6. (1) The equilibrium point E4− has eigenvalues 1
e2

(
ζ∗ − ζ̂

)
, Ψ1, and Ψ2. It is locally

asymptotically stable provided that ζ̂− > ξ2, ζ∗ < ζ̂−, and (η − µI − ϕk)2 > 4ϕkµI . Then, E4− is unstable
(saddle-type) if its eigenvalues are real, have opposite signs, and none are zero. (2) The equilibrium
point E4+ is unstable (saddle-type) if

(
ζ∗ − ζ̂

)
, 0, and Ψ1 is a real nonzero.

Proof. Eigenvalues for E4 are 1
e2

(
ζ∗ − ζ̂

)
, Ψ1, and Ψ2. It is clear that Ψ1 < 0 if ζ̂ > ξ2. Consider

ηk

(k+ζ̂)2 − ϕ with the existence condition of E4. If (η − µI − ϕk)2 > 4ϕkµI , we obtain ηk

(k+ζ̂−)2 − ϕ > 0

such that Ψ2 having negative real parts or negative values. Simultaneously, we acquire ηk

(k+ζ̂+)2 − ϕ < 0

resulting in Ψ2 having both negative and positive values. Meanwhile, for (η − µI − ϕk)2 = 4ϕkµI , we
obtain ηk

(k+ζ̂)2 −ϕ = 0 such that Ψ2 having nonpositive values. It is clear that ηk

(k+ζ̂)2 > ϕ is absolutely only

fulfilled by ζ̂−. Hence, the equilibrium point E4− is locally asymptotically stable provided that ζ̂− > ξ2,
ζ∗ < ζ̂−, (η − µI − ϕk)2 > 4ϕkµI , and unstable (saddle-type) when it has at least one positive and one
negative eigenvalue, with none equal to zero. Otherwise, E4+ becomes unstable due to ηk

(k+ζ̂+)2 < ϕ,

saddle-type. Otherwise, E4+ becomes unstable due to ηk

(k+ζ̂+)2 < ϕ, and it is a saddle provided that
1
e2

(
ζ∗ − ζ̂

)
is nonzero, with Ψ1 being real and nonzero. Moreover, E4 = E4− = E4+ is a non-hyperbolic

point due to ηk

(k+ζ̂+)2 = ϕ. �

The equilibrium point E4 as total DLBCL invasion indicates the presence of resistance. This
condition occurs when the carrying capacity of DLBCL cells exceeds the concentration of effector
cells, accompanied by a decay in effector cell concentration. Despite the absence of host cells, DLBCL
cells and effector cells persist. The recovery of normal cells does not occur due to competition with
DLBCL cells, resulting in the elimination of normal cells. In other words, the abnormal cells transform
into DLBCL cells, leading to invasion and subsequent metastasis beyond the lymph node tissue.

The equilibrium points E5 and E6 are determined through numerical simulations using their
bifurcation boundaries in the next section. The equilibrium point E5 indicates a state in which all
cell populations have survived the competition and coexist. While E6 exists when the growth in
centroblast concentration is above the carrying capacity of DLBCL cells and also exceeds the growth
in plasmablast concentration.

3. Numerical bifurcation analysis

In this section, we explain some numerical continuation of the equilibrium points to determine some
scenarios regarding the stability conditions of the equilibrium points. The analysis is done by using
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a numerical continuation toolbox, Matcont, see [42]. The numerical continuation of the equilibrium
points of System (2.1)–(2.5) is used to obtain some bifurcations for various parameter sets.

Some parameter values, i.e., u, e1, e2, θ1, and θ2, are assumed based on relevant biological
references. The value of u represents the proliferation of plasmablasts, which arises from the
proliferation of antigen-specific B cells and their differentiation during the first six days of the immune
response, with plasmablast differentiation occurring between days 3 and 6 [43]. The value of the
inactivation rate of centroblasts and plasmablasts, e1 and e2, by DLBCL is based on the idea of the
inactivation rate of effector cells, such as CD8+ T cells, NK cells, CD4+ T cells, and other hunter
cells, by tumors, which ranges from 10−12 cell−1day−1 to 10−6 cell−1day−1 [39, 44]. Meanwhile, the
maximal conversion rate of abnormal centroblasts and abnormal plasmablasts to DLBCL, denoted as
θ1 and θ2, is based on the general mutation rate of tumor cells [45].

The details of parameters are also presented in Table 1.

Table 1. Parameter values used for the numerical simulation of System (2.1)–(2.5).

Parameter Range Reference
δ 2.5 − 3 day−1 [38, 46]
b 6.67 × 10−4cells−1 [38]
ε 2.5 day−1 [38]
µB 0.3 day−1 [38, 46]
α 0.3 − 2.5 day−1 [38, 46]
µC 1.44 − 3.84 day−1 [47]
γ 3.42 day−1 [48]
µP 0.2 − 0.33 day−1 [36]
r 0.18 − 0.514 day−1 [39, 44]
a 1.02 × 10−9 − 2.0 × 10−9cells−1 [39, 44]
v 1.101 × 10−7 − 3.23 × 10−7 cell−1day−1 [39, 44]
k1 105 cell [37]
k2 105 cell [37]
η 0.1245 day−1 [39]
k 2.019 × 107cells [39]
ϕ 3.422 × 10−10 cell−1day−1 [39]
µI 0.02 − 0.0412 day−1 [39]
u 0.2 day−1 Assumed
e1 1 × 10−6 cell−1day−1 Assumed
e2 1 × 10−6 cell−1day−1 Assumed
θ1 1 × 10−2 day−1 Assumed
θ2 1 × 10−10 day−1 Assumed

In this case, we consider a codimension two bifurcation analysis of the equilibrium points based
on the parameters a and ϕ that represent the carrying capacity of the DLBCL’s concentration and
the decay rate of the effector cells as the effects of the interaction with DLBCL, respectively. Those
parameters are important because the combination of these two parameters allows for the exploration
of stability transitions, particularly between uncontrolled lymphoma growth and other states. This is
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crucial for studying the tumor microenvironment’s response to biological changes and understanding
how cancer weakens the immune system. Such insights are relevant for exploring immune dynamics
and the effectiveness of the immune response against cancer.

The details of the bifurcation boundaries are outlined in Table 2.

Table 2. Conditions for the existence and local stability of the equilibrium.

Eq. Existence conditions Stability conditions
E0 - Unstable
E1 ξ2 > 0 > ζ∗ Unstable
E2 - Stable if ζ∗ < ζ̃, ζ̃ > ξ2, Γ1 < 0
E3 0 < ζ̃ < ζ∗ Stable if ζ̃ > ξ2, Γ2 < 0
E4+ 0 < ζ̂+ < ζ̃, η − µI − ϕk > 0, Unstable

(η − µI − ϕk)2
≥ 4ϕkµI

E4− 0 < ζ̂− < ζ̃, η − µI − ϕk > 0, Stable if ξ2 < ζ̂−, ζ∗ < ζ̂−,
(η − µI − ϕk)2

≥ 4ϕkµI η − µI − ϕk > 0, (η − µI − ϕk)2 > 4ϕkµI

E5+
0 < ζ̂+ < ξ2, ζ∗ < ζ̂+ < ζ̃, Stable/Unstable
η − µI − ϕk > 0, (η − µI − ϕk)2

≥ 4ϕkµI

E5− 0 < ζ̂− < ξ2, ζ∗ < ζ̂− < ζ̃, Stable/Unstable
η − µI − ϕk > 0, (η − µI − ϕk)2

≥ 4ϕkµI

E6 k1 + ζ∗ = k2 + ζ∗ = 0, ξ2 > ζ̃ > ζ
∗, Stable/Unstable

ζ̃−ζ∗

ξ2−ζ̃
> k2+ζ∗

k2+ξ2
+

k1+ζ∗

k1+ξ2

Eq.“Equilibrium”.

Based on the existence and stability conditions in Table 2, and by considering the parameter values
in Table 1, we obtain set of functions of a and ϕ. From the condition E2 we get a > −1 × 10−4,

a < 5.049740484 × 10−7, and ϕ > a
(

2
a(1000+ 1

a ) − 0.02
)
. Based on the conditions of E3, we obtain

a < −1 × 10−5, a < 5.049740484 × 10−7, and ϕ < −0.2000202020 × 10−4. In general, the existence
condition for E4 and E5 must satisfy 1.98 − 1000ϕ > 0 and (1.98 − 1000ϕ)2

≥ 80ϕ. The bifurcation
boundaries for the existence and stability conditions of E4 and E5 are derived based on algebraic
computations (see Appendix A for details). For the final one, we acquire the existence of E6, that is,
−1 × 105 < 1

a < 1.980299786 × 106. In this paper, we consider the bifurcation value with the positive
value of a and ϕ, so that the bifurcation boundary is also considered to be positive, which is relevant to
the biological interpretation and behavior of the system.

The diagram below illustrates a codimension two bifurcation for parameters a and ϕ, along with a
zoomed-in view of two specific areas that reveals seven regions with distinct qualitative properties, see
Figure 3.
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Figure 3. (a) Codimension two bifurcation diagrams that show the continuation of a and ϕ.
The bifurcation boundary that ilustrates some bifurcation scenario of a and ϕ in the parameter
space (a-ϕ) are represented by: a = 5.049740484 × 10−7 (blue), a = 9 × 10−3 (brown),
a = 99 × 10−3 (yellow), ϕ = 0.999339 × 10−6 (magenta), ϕ = 81

50000 (dark green), and ϕ =

a
(

2
1+1000a − 0.02

)
(red). These curves are derived from the existence and stability conditions

of equilibrium points, obtained by substituting parameter values from Table 1. The detailed
derivation can be found in the previous discussion. (b) Enlarged dashed rectangular detail
from Figure (a). (c) Enlarged dashed circle detail from Figure (a). (d) A recaptured result
based on Figures (a) to (c), seven regions with different qualitative properties are shown.

Some numerical simulations of the projection of phase portrait and trajectories of the system are
presented in Figures 4–13.
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Figure 4. Projection of phase portrait of asymptotically stable and unstable equilibrium
points in region I with a = 5 × 10−7 and ϕ = 3.422 × 10−3: E0-magenta, E1-pink, E2-cyan,
E6-red, E61-orange, E62-grey.
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In Figure 4, we show the appearance of several solution behaviors. (a) shows three equilibrium
points i.e., two DLBCL-free points E0 and E1 which are both saddles, and one equilibrium point E2

which is locally asymptotically stable. The heteroclinic orbit connects two points, E0 and E2, then E1

and E2. (b) shows the heteroclinic orbit connecting the saddle point (E6) and the node point (E2). (c,d)
show that if some initial values are taken around the equilibrium points E61 and E62, respectively, the
corresponding solutions move away from their respective equilibrium points, indicating instability. No
periodic orbits or connections between orbits are visible in this plot. The other equilibrium points are
non-hyperbolic (E4+-brown, E5+-yellow) and saddle (E4−-blue, E5−-green) presented in (e,f). There
are homoclinic orbits connected by saddle points E4− (e) and E5− (f).

Figure 5: The three subplots (a)–(c) discuss the solution around the equilibrium point E4− with
different focuses. Subplot (a) illustrates the final trajectory as a torus that becomes increasingly dense
over time. This is supported by the Lyapunov exponents in subplot (b), where four exponents are
negative and one is positive, confirming the presence of chaotic oscillations. Subplot (c) presents
the phase portrait of (T, I), showing a spiral trajectory that initially moves away from the initial
conditions and eventually leads to dense periodic oscillations as t → ∞. This behavior is further
reflected in subplot (d), which illustrates the time evolution of T (t), where the increasingly dense
oscillations can be directly observed. This pattern indicates a transition to chaotic oscillations, as
observed in subplot (a). The continuous fluctuations between DLBCL cells and effector cells during
DLBCL growth are likely caused by the interaction dynamics within the tumor microenvironment,
where DLBCL cells grow, evade detection, and resist damage by effector cells. In contrast, the
concentration of normal cells (centroblasts, centrocytes, and plasmablasts) tends to approach zero,
suggesting that the presence of normal cells does not influence the fluctuations between DLBCL
cells and effector cells. Subplot (d) demonstrates locally asymptotic stable behavior around E5− =

(1187.577483, 38.14488703, 1304.368175, 14.33344256, 1.635950007 × 106), providing insights into
the stable coexistence of lymphoma cells, immune cells, and normal cells. When initial conditions are
taken near E5−, all trajectories converge toward this equilibrium point, indicating its local asymptotic
stability. The presence of DLBCL cells at this equilibrium indicates that lymphoma is not completely
eradicated by the immune system. However, its population remains controlled, preventing the
destruction of normal or immune cells. Numerical simulations suggest this stability, although an
analytical determination of the stability conditions is still an open problem and will be explored in
future work.

In Figure 5(b), the chaotic phenomenon indicated by the Lyapunov exponent (E4−) results suggests
that DLBCL lymphoma patients with identical initial conditions can exhibit significantly different
therapeutic responses or prognostic outcomes. The sensitivity of this model corresponds to the fact
that DLBCL is a subtype with high heterogeneity, which can confer different prognoses [5, 6]. This
heterogeneity can refer to diversity in genetics, phenotype, and interactions with the immune system.
Therefore, it is crucial to identify the most influential parameters in DLBCL development to manipulate
the system’s more stable or regular behavior. While, Figure 5(d) demonstrates the coexistence of
normal cells, DLBCL cells, and effector cells over an extended period. Generally, strategies for both
conditions focus on managing DLBCL by maintaining the lymphoma population at a low, controlled
level that does not compromise the patient’s bodily functions, thereby improving quality of life and
clinical outcomes.
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Figure 5. Projection of phase portrait-trajectory near equilibria E4− and E5− in region II.
From left to right and top to bottom: (a) cross-section of trajectory over a specific time
interval near E4−, (b) dynamic of the Lyapunov exponent near E4−, (c) phase portrait (T − I)
near E4−, (d) trajectory (T − t) near E4−, (e) trajectory in phase space (T − I − t) near E5−.

In Figure 6, we show that the DLBCL lymphoma remains in the population at its carrying capacity
or moves toward a locally asymptotically stable equilibrium point, E2. Similarly, selecting initial
conditions near E5+ also leads the solution toward E2. Simultaneously, the concentration of normal
cells tends towards zero. To reword, DLBCL can “hide” from effector cells to maintain their growth.
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Figure 6. The concentration evolution at E5+ in region II.
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In Figure 7, the continuation of the equilibrium point E4− leads to a Hopf bifurcation at negative a.
However, continuation at the Hopf point with respect to its period yields some LPCs and PDs, which
are observed at positive a values. Biologically, only positive a values are relevant, representing the
dynamic balance between effector and DLBCL cells. While the Hopf bifurcation initially occurs at
a non-biological parameter value (a < 0), its continuation reveals sustained oscillations, including
LPC2, LPC5, and PD4, which are relevant for understanding the system’s long-term dynamics in a
biologically meaningful regime.
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Figure 7. Continuation starting from the non-hyperbolic equilibrium E4− =

(0, 0, 0, 10.10101087, 1.634877384 × 106) in region III reveals a Hopf bifurcation as the
parameter a varies, with the bifurcation occurring at a = −2.3196609 × 10−18, approaching
zero. There is no biological interpretation for this phenomenon, as it occurs when a
is negative. Continuation from the Hopf point with respect to the period leads to the
emergence of Limit Point Cycle (LPC) and period doubling (PD). All LPCs and PDs share
the same period of 1.052473 × 102, with the following corresponding values for a and
Normal form coefficients, i.e., LPC1, a = −2.299093 × 10−18, Normal form coefficient =

3.289885× 10−8; PD1, a = −2.448590× 10−13, Normal form coefficient = 1.886291× 10−18;
PD2, a = −2.448590 × 10−13, Normal form coefficient = 1.940624 × 10−18; LPC2, a =

5.274856×10−15, Normal form coefficient = −1.792046×10−8; LPC3, a = −3.430147×10−18,
Normal form coefficient = −5.104872 × 10−9; PD3, a = −5.395832 × 10−15, Normal form
coefficient = 6.241529 × 10−15; LPC4, a = −4.772857 × 10−14, Normal form coefficient =

1.874483×10−8; LPC5, a = 1.051630×10−17, Normal form coefficient = −3.799681×10−6;
PD4, a = 3.121192 × 10−13, Normal form coefficient = 2.294637 × 10−18. The cycles that
appeared in PD/LPC are similar in size and spatially separated in phase space, possibly due
to special conditions in the dynamical system, such as symmetric structure.
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In Figure 8, at the LP, two equilibria (one stable-solid curve and one unstable-dashed curve) meet
and vanish, indicating a saddle-node bifurcation (or fold bifurcation). The equilibrium points merge
and disappear as ϕ crosses the LP. After this point, no equilibrium points exist in this parameter
range. As ϕ increases, the concentration of DLBCL cells rises, while other cells oscillate slightly
but tend to remain constant. After crossing the LP point, ϕ decreases, but DLBCL cells continue
to increase. This suggests that beyond the LP, the growth of DLBCL cells becomes increasingly
unchecked, alongside a decrease in the decay rate of immune cells (ϕ). Overall, the concentration
of DLBCL cells appears to correlate positively with the decay rate of effector cells induced by DLBCL
cells (ϕ). In contrast, the concentration of normal cells tends to remain constant. The neutral saddle in
Figure 8 reflects a dynamic equilibrium between the concentrations of normal cells and DLBCL cells,
where neither significantly increases nor decreases. These conditions still allow for small fluctuations
in cell population, without a strong tendency toward convergence or divergence. The immune system
attempts to control the growth of DLBCL cells without damaging or eliminating normal cells. While
the concentration of DLBCL cells remains steady, further growth is possible without treatment or
effective control.
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Figure 8. Continuation is performed starting from ϕ = 3.422 × 10−11 with the non-
hyperbolic equilibrium E5− as the initial condition in region IV. As ϕ varies, a bifurcation
scenario is revealed, where a non-degenerate limit point (LP) is detected at ϕ = 0.001620
with eigenvalues −9.44161, −1.95888, −0.100111, −6.93749 × 10−8 ± i3.29047 × 10−6,
indicating two eigenvalues approaching zero. Additionally, neutral saddle is found at
ϕ = 0.0015279313 with eigenvalues −9.44161, −1.95875, −0.100242, −0.100242, and
0.100242.
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In Figure 7, where a is positive, the occurrence of limit cycles and periodic dynamics can be
interpreted as indicating a balanced state, potentially reflecting tumor dormancy. This behavior may
correspond to a situation where the DLBCL lymphoma mass maintains a balance between proliferation
and decline due to the presence of effector cells [49]. However, Figure 9 presents results for negative
values of a, where the dynamics remain purely mathematical, and no direct biological conclusions can
be drawn from this analysis. Meanwhile, the dynamics around the Generalized Hopf (GH) point also
exhibit oscillations in the system; see Figure 10 (right). However, the biological interpretation of this
phenomenon also requires further examination, as the parameters supporting it are not always realistic
in a biological context.
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Figure 9. Starting from a = 2.2 × 10−11 with E5− as the initial value in
region IV, continuation is performed by varying a. This reveals the emergence
of a non-degenerate Hopf bifurcation at a = −6.929159 × 10−9 with H =

(1187.580021, 38.144969, 1304.426164, 10.101010, 1635956.027314) (left). The
continuation of Hopf’s point on the a and its period produces the LPC (right). Additionally,
the phase portrait around the Hopf point, considering values of a both less than and
greater than −6.929159 × 10−9, shows oscillations (bottom). The phase portraits for both
conditions were displayed on the same graph for comparison, in order to observe the
dynamics for a < −6.929159 × 10−9 and a > −6.929159 × 10−9 (bottom). From a biological
perspective, the interpretation remains unclear for a < −6.929159 × 10−9. The negative
values observed in this continuation are included for completeness and do not impact the
biological conclusions of this study. Conversely, as a increases from values just above
−6.929159 × 10−9 (negative) to small positive values and eventually larger positive values,
the concentration of DLBCL and effector cells decreases, showing small fluctuations. These
trends reflect the mathematical structure of the model, and their biological significance, if
any, remains unclear.
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Figure 10. A generalized Hopf (GH) bifurcation curve (left) is obtained by continuing the
Hopf point, previously determined (in Figure 9), with respect to the parameters a and ϕ. The
dynamics of the solution that occurs around the GH point is depicted by taking the values
a = −6.930539 × 10−9 and ϕ = −0.15797224 (right).

Bifurcation analysis of a in region V, as shown in Figure 11, reveals that decreasing a raises the
carrying capacity, leading to higher DLBCL concentration. These bifurcation structures highlight that
changes in the tumor microenvironment affecting carrying capacity may drive disease progression.
Such alterations could serve as early indicators of more aggressive DLBCL behavior.
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Figure 11. Bifurcation diagram in region V under the variation of a, starting from
a = 2 × 10−2: (a) Continuation from the equilibrium E2 = (0, 0, 0, 50, 0) with
respect to a reveals a neutral saddle and a branch point; (b) Continuation from E6 =

(1187.556074, 38.14419937, 1303.879249, 50.03297117, 0) results in a branch point (BP)
and a neutral saddle. A decrease in the value of a indicates an increase in the carrying
capacity, which in turn leads to an increase in DLBCL concentration, and vice versa.

Figures 12 and 13, respectively, show the trajectories near saddle points E4+ and E5+ in region VI
with a = 1 × 10−5, ϕ = 1 × 10−4, yielding locally asymptotically stable E6. The concentration of
DLBCL has increased, whereas the effector cells reach zero. This condition may be a sign that the
immune system is losing its ability to effectively fight the DLBCL growth, which could be linked
to progression to a higher stage or malignancy of the DLBCL. Then, by selecting a = 1 × 10−6,

AIMS Mathematics Volume 10, Issue 5, 12631–12660.



12653

ϕ = 1.7 × 10−3, in region VII we obtain 4 nonnegative points: Three unstable equilibria (E0, E1, E2)
and one locally asymptotically stable (E6).
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Figure 12. Trajectories near saddle points E4+ in region VI with a = 1 × 10−5, ϕ = 1 × 10−4.
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Figure 13. Trajectories near saddle points E5+ in region VI with a = 1 × 10−5, ϕ = 1 × 10−4.

Other findings show that the concentration of DLBCL cells remains constant over an extended
period, while other cell populations tend to approach zero; see Figure 6. The local asymptotic stability
observed in point E2 provides compelling evidence for this phenomenon. This phenomenon could
indicate that DLBCL lymphoma triggers the immune system’s “immune evasion” mechanism to evade
the body’s defenses [50]. Lymphoma cells possess the capability to “hide” from the immune system
through the reduction of the expression of molecules crucial for antigen presentation or, in some
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cases, their complete elimination. In addition, lymphoma cells can also develop resistance to apoptosis
through several chemical pathways, such as the Granzyme pathway. Furthermore, the interaction of
lymphoma cells with their microenvironment may favor their escape from the immune system through
the formation of an “Immunosuppressive Microenvironment,” such as through the cytokine interleukin-
10 with an immunosuppressive role.

Efforts to overcome immune evasion in DLBCL are one of the main challenges in therapy
because a single therapy or monotherapy may not be effective enough in DLBCL. Insights into the
model’s phenomena have therapeutic implications that can direct the development of treatments like
combination therapies and even “personalized medicine”. This aims to increase the effectiveness of
treatment to better suit the specific conditions and characteristics of the patient while reducing the
treatment side effects. Immune checkpoint inhibition is a form of customized immunotherapy treatment
that is effective in lung cancer and hematological malignancies [50], the purpose is to revive the body’s
immune response to cancer. Thus, understanding the phenomena of the model can provide insight
for clinicians in designing treatments that are more precise and personalized to the complexity of
the patient.

4. Conclusions

The mathematical model developed in this study offers a novel contribution to understanding
diffuse NHL growth, specifically focusing on the interactions between DLBCL cells and the immune
system. This model includes important assumptions that simplify complex biological processes into
mathematical forms, allowing for quantitative analysis. Through this analysis, several equilibrium
points have been identified, providing insights into asymptotically stable conditions where lymphoma
growth may either stop or persist. Numerical bifurcations show that the carrying capacity “1/a” and
the loss rate of effector cells due to DLBCL cell interactions “ϕ” play a role in controlling the dynamics
of the model solution and maintaining the DLBCL concentration constant. There are indications
of bifurcation, such as Hopf, limit points, and branch points. We also detect neutral saddle, period
doubling, generalized Hopf, and limit point cycles. The chaotic phenomenon that we found indicates
that the model used to comprehend the growth characteristics of DLBCL is a system sensitive to
initial conditions. This further highlights the complexity of the interactions between DLBCL cells
and effectors, as even minor differences in the cellular environment or patient’s starting condition can
significantly affect the course of the DLBCL progression and the immune response. The discovery of
some phenomena also provides valuable insights into how variations in both parameters may influence
lymphoma progression, potentially relevant for planning therapeutic strategies.

Although this model offers new contributions, the system’s complexity makes it challenging to
analyze the stability of all equilibrium points, particularly for highly nonlinear parameters. While
numerical approaches have been helpful in bifurcation analysis, the results still depend on the choice
of initial parameters, which can affect the generalizability of these findings. Sensitivity analysis aids in
selecting the appropriate bifurcation parameters by highlighting those that most significantly impact the
model’s results. Sensitivity analysis by integrating relevant clinical data to identify the most influential
parameters on DLBCL growth dynamics, validate the model, and improve prediction accuracy is one
of our future research considerations. Furthermore, an analytical approach is needed to determine the
normal form of the bifurcation. The development of more sophisticated analysis methods to explore
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the stability and bifurcation of these system is also needed. Additionally, perturbation methods could
be used to examine the impact of small parameter variations on system stability.

It is important to realize that mathematical models can provide new insights but cannot always
reflect all aspects of clinical field situations because models are generally based on assumptions and
limitations. Therapeutic decisions are so complex that it is not enough to simply consider them from
the perspective of mathematical models but also based on clinical data and a deep understanding
of each patient’s unique situation. The current model provides a basic understanding of DLBCL
dynamics without medical intervention. Although there are some limitations in this study, one that
should be considered is that some parameter values in bifurcation phenomena may not be biologically
meaningful, as they can become negative when bifurcation curves extend into certain regions, even
though these dynamics remain mathematically significant. Refining parameter constraints will be
necessary to ensure biological feasibility while preserving the key dynamical properties of the
model. To better simulate lymphoma growth dynamics more realistically and predictively, models
should consider variables such as dosage and frequency of therapy. Future studies also may
concentrate on the pathways connected to apoptosis resistance, immunosuppression, and the addition
of therapeutics as controls, as well as the mechanisms of DLBCL immune evasion. The integration
of actual clinical data is essential to validate the results and improve model accuracy. Further
research will focus on understanding the characteristics of DLBCL by combining specific clinical
data, particularly those related to immune evasion and apoptosis resistance, in collaboration with
experimental researchers. This approach is expected to validate the results, improve model accuracy,
and provide new perspectives for cancer biologists, thereby accelerating progress in understanding the
growth mechanisms of DLBCL.
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Appendix A

In this section, we provide the detailed derivation of the existence and stability conditions for
equilibrium points E4 and E4, which define the bifurcation boundaries illustrated in Figure 3. The
existence condition for E4 determines the bifurcation boundary, which is given by the following:

0 <
1
2

1.98 − 1000ϕ ±
√

(1.98 − 1000ϕ)2
− 80ϕ

ϕ
<

1
a
.

Similarly, the stability conditions for E4 define additional constraints, given by:

1.980299786 × 106 <
1
2

1.98 − 1000ϕ −
√

(1.98 − 1000ϕ)2
− 80ϕ

ϕ
,

−1 × 105 <
1
2

1.98 − 1000ϕ −
√

(1.98 − 1000ϕ)2
− 80ϕ

ϕ
,

(1.98 − 1000ϕ)2 > 80ϕ.
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For equilibrium E5, its existence conditions also determine a bifurcation boundary, expressed as:

0 <
1
2

(1.98 − 1000 × ϕ ±
√

(1.98 − 1000ϕ)2
− 80.00ϕ

ϕ
< 1.980299786 × 106,

−1 × 105 <
1
2

1.98 − 1000ϕ ±
√

(1.98 − 1000ϕ)2
− 80ϕ

ϕ
<

1
a
.
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