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Abstract: The Allee effect is crucial to population ecology and conservation biology because it 
clarifies how difficult it can be for tiny populations to endure and expand. Low population densities 
make it more difficult for individuals to survive or reproduce in a phenomenon. Therefore, it is 
important to study the ecological system, including the Allee effect. Accordingly, our goal in this paper 
was to examine equilibria’s behaviors in a three-species food chain model incorporating the Allee 
effect. This model includes a linear type of functional response. The points of equilibrium are 
categorized and depicted. The behaviors of these equilibrium points are then illustrated analytically 
through stability and bifurcation analyses. Moreover, the numerical simulation utilizes realistic 
hypothetical data to confirm the analytical results and detect the influence of varying the parameters 
on the system’s dynamics. It is observed that the system undergoes bistable behavior; otherwise, the 
trivial equilibrium point is globally asymptotically stable. Under specific circumstances, the food chain 
system experiences a transcritical bifurcation around the axial and border equilibrium points. However, 
under some conditions, a Hopf bifurcation happens around the border equilibrium point. 
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1. Introduction  

A tri-trophic system with prey, a predator, and an apex predator is frequently used to illustrate a 
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food chain model, which usually consists of several creatures dependent on one another for sustenance. 
Ecosystem stability and interactions are studied using this structure. The system's stability and 
dynamics are impacted by the many functional responses employed to describe the interactions 
between species, such as predator-dependent [8], ratio-dependent [13], and prey-dependent [4,12,20] 
interactions. Food chain models, commonly used in applied mathematics and theoretical ecology, 
include prey, predators, and superpredators. Some self-interaction linkages between various trophic 
levels were discovered in prior investigations. Gakkhar and Naji [9] examined a three-trophic-level 
food chain model with ratio-dependent predation for the interaction. They showed this model’s stability, 
periodicity, and chaotic dynamics under a range of biologically realistic parameter values. Later 
research has created and examined other food chain models that use ratio-dependent functional 
responses; see [1,2,14]. They demonstrated that these food chain systems can produce a variety of 
dynamic behaviors, including chaotic dynamics.  

Pathak et al. [24] introduced a three-level food chain model with a Hassle-Varley functional response 
to investigate the dynamic behavior and the effect of discrete time delays on the system's stability. Similar 
results have been found in most studies of continuous-time deterministic models, pointing to two basic 
patterns: An approach to equilibrium or a limit cycle; for example, see [6,19,22,29] and the references 
therein. The implicit assumption that the majority of food chains in nature match a stable equilibrium 
in the model served as the basic rationale for such an analysis. A tri-trophic food chain model was 
examined by Pattanayak et al. [25] using conventional techniques as a substitute for local stability 
analysis, utilizing perspective basin stability analysis. For multistable ecosystems, especially for 
specific transitions between two different stable states, basin stability analysis is more suitable. Over a 
broad range of parameters, they found that a food chain model transitions from monostability to bistability 
and vice versa. Tanner [30] examined eight food chain systems that account for the natural population 
growth rate of prey and their predators using numerical simulation and analytical analysis. Upadhyay and 
Naji [31] studied a three-trophic-level food chain model with a hybrid type of predator- and prey-dependent 
functional response. Once persistence conditions were established, it analyzed local and global stability 
and generated bifurcation diagrams with biologically feasible values. Furthermore, this study illustrated 
the basic steps and methods of biological food chain analysis. The obtained data illustrated the many 
complex features of the system, such as periodic, chaotic, and stable dynamics. Subsequent research on 
the dynamics of three-species food chain models revealed intricate dynamics, such as chaos; see, for 
instance, [7,17,23,34]. Moreover, understanding real-world ecological systems requires an understanding 
of complex dynamics, such as oscillations and bifurcations, which can result from the introduction of extra 
elements like refuges [10,33], illness [5,28], predator cannibalism [18], and fear [15]. Recently, there has 
been consideration of a diffusive predator-prey model that incorporates the fear effect and nonlocal 
competition [35]. 

Allee first coined the phrase “Allee effect” in 1931. It describes a process that slows down a 
population’s increase at low densities and frequently happens in fisheries, plants, vertebrates, and 
invertebrates. This phenomenon is sometimes referred to as the dispensation effect in fisheries and 
the negative competition impact on population dynamics. In a given species, the Allee effect often 
denotes a positive relationship between any aspect of individual fitness and population density. 
Numerous environmental conditions, such as low-density mating partner difficulty, genetic 
inbreeding, social felicitation of reproduction, low mating probability, depletion of the inbreeding 
rate, and antipredator aggression, might contribute to the Allee effect [3,32]. Consequently, by 
slowing growth rates at low population densities, the Allee effect can majorly affect population 
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dynamics and even cause extinction [16, 21]. In models, the Allee effect is frequently a bifurcation 
parameter that affects equilibrium stability and causes phenomena like Hopf bifurcations. While 
moderate Allee intensity can stabilize populations by lowering chaotic oscillations, high Allee 
intensity can hinder species’ cohabitation [27]. Under some circumstances, the Allee effect can 
stabilize populations even though it can cause a population’s decrease and extinction. The Allee effect 
and the food chain model interact to show how complicated ecological systems are and how variables 
like more food and fear can further affect the results, providing insights on preserving ecological 
balance and biodiversity. 

Based on the findings above, the interest in studying simple food chains when there is an Allee 
effect is increasing because of its impact on the existence and persistence of living organisms in the 
environment, which is the main contribution of this study. The need to get a deeper understanding of 
intricate ecological dynamics and the relationships among population growth, predation, and survival 
thresholds is the motivation for studying a food chain model with the Allee effect, with a special 
emphasis on equilibrium behaviors. Accordingly, this research is carried out by proposing and studying 
a novel trigeneric food chain involving an Allee effect. The purpose is to discover the role of the Allee 
effect on the dynamics of a simple food chain. The structure of the paper is as follows: In Section 2, 
the mathematical model is developed. The stability and bifurcation evaluations of the developed model 
are carried out in Section 3. In Section 4, a numerical simulation is presented. The results obtained are 
discussed in Section 5. Section 6 presents the conclusion. 

2. Model formulation 

A three-trophic-level food chain model, which includes the prey, a predator, and a superpredator, is 
examined in this work. The model uses the following system of ordinary differential equations (ODEs) to 
represent a specific Allee effect manifestation: 

��
��

= 푟푥 �1 − �
�

� �1 − �����
����

� − 푚�푥푦,
��
��

= 푒�푚�푥푦 − 푚�푦푧 − 푑�푦,       
��
��

= 푒�푚�푦푧 − 푑�푧.              

                (1) 

The model system has a Lotka-Volterra (or Holling Type I) functional response (1). The premise 
behind the Lotka-Volterra functional response is that predator feeding rates rise linearly with the 
density of their prey population. Furthermore, the prey density, predator density, and superpredator 
density at time 푡 are represented by the variables 푥(푡), 푦(푡), and 푧(푡), respectively. The positive 
constants defined by the parameters 푟, 푘, 푚�, 푒�, 푑�, and 푛� correspond to the following: the prey’s 
intrinsic growth rate, environmental carrying capacity, consumption rates, conversion rates, species 
death rates, and Allee constants, respectively. By looking at this model system, we can determine the 
basic relationship between these three levels: 푦 only preys on 푥, and 푧 exclusively preys on 푦. This 
approach does not consider nutrient recycling. 

We initially disregard the Allee effect by leaving out the Allee constants to derive this food chain 
model without the Allee impact. The three-trophic-level food chain model with the Lotka-Volterra 
functional response can be as follows: 
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푑푥
푑푡

= 푟푥 �1 −
푥
푘

� − 푚�푥푦,   

푑푦
푑푡

= 푒�푚�푥푦 − 푚�푦푧 − 푑�푦,

푑푧
푑푡

= 푒�푚�푦푧 − 푑�푧.       

 

It should be noted that in [9,24], the parameters 푚�  are dependent variables of 푥  and 푦 , 
respectively, leading to ratio-dependent and Hassle-Varley functional responses [24]. On the other 
hand, they are treated as fixed constants in this analysis, since they are consumption rates.  

Unlike previous models, like the ones presented by [9], and [24], the Allee effect in our model (1) 
will only affect the rate at which the amount of prey is growing. This rate will surely become less. The 
influence of the Allee effect increases as the number of prey individuals decreases. Moreover, 푥 will 
begin to decline until it goes extinct if it drops below 푛�. Furthermore, the first term 푟푥 �1 − �

�
� �1 −

�����
����

� will get closer to the logistics model as 푥 grows. We observe that the model (1) has 10 variables 

before beginning to analyze the system. The dimensionless variables are selected as follows to 
nondimensionalize and simplify this model: 

푢 = �
��

, 푣 = �
��

, 푤 = �
��

, 휏 = 푡푟, 

where 푥� = �
����

, 푦� = �
��

 , and 푧� = �
��

. Then the nondimensional model system takes the form 

��
��

= 푢(1 − 푎�푢) �1 − �����
����

� − 푢푣 = 푢푔�(푢, 푣, 푤),
��
��

= 푢푣 − 푣푤 − 푎�푣 = 푣푔�(푢, 푣, 푤),           
��
��

= 푎�푣푤 − 푎�푤 = 푤푔�(푢, 푣, 푤),             

               (2) 

where 푎� = �
�����

, 푎� = ��
�

, 푎� = ����
��

, 푎� = ��
�

, 푏� = ������
�

, and 푏� = ������
�

. 

Except for the dimensionless parameters 푒� and 푒�, the original system (1) had eight parameters. 
It decreased the number of parameters in the nondimensional system (2) to six to comply with 
Buckingham’s Pi Theorem, which states that the number of parameters in a dimensionless system 
should be greater than or equal to the number of parameters in the original system less the number of 
primary dimensions. Additionally, the nondimensionalized system (2) is easier to understand because 
it is more condensed. For the sake of simplicity, the nondimensionalized system has been the focus of 
our investigation. Moreover, since the right-hand side functions 푔� in system (2) are continuous and 
have continuous partial derivatives, it is a Lipschitzian function, and hence system (2) has a unique 
solution fall in the domain ℝ�

� = {(푢, 푣, 푤) ∈ ℝ�: 푢(0) ≥ 0, 푣(0) ≥ 0, 푤(0) ≥ 0}. 

3. Stability and bifurcation analysis 

This part calculates the stability requirements for each equilibrium point, identifies all potential 
equilibrium points, and looks at the likelihood of bifurcation around each equilibrium point. According 
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to the system (2), it is simple to identify the existence of the following equilibrium points. 
1) The trivial equilibrium point 퐸� = (0,0,0) always exists. 

2) The axial equilibria 퐸� = (푏�, 0,0) and 퐸� = � �
��

, 0,0� always exist. 

3) The boundary equilibrium point 퐸� = �푎�, (������)(�����)
�����

, 0� = (푢�, 푣�, 0) exists if and only if the 

following condition holds: 

푏� < 푎� < �
��

표푟
�

��
< 푎� < 푏�

�.               (3) 

Condition (3) guarantees that the numerator of 푣� is positive. 

4) The positive interior equilibrium point 퐸� = �푢∗, ��
��

, 푢∗ − 푎��, where 푢∗ is the solution to the 

following equation, which results from the first equation of the system (2): 

푎�푢� + ���
��

− 1 − 푎�푏�� 푢 + ����
��

+ 푏� = 0,              (4) 

that satisfies the following condition: 

푎� < 푢∗.                (5) 

According to Eq (4), there are either two positive roots or zero positive roots when 

 ��
��

< 1 + 푎�푏�.              (6) 

However, it will be a unique positive interior equilibrium whenever it exists, if, in addition to 

Conditions (5) and (6), the discriminant of Eq (4) is zero: ���
��

− 1 − 푎�푏��
�

= 4푎� �����
��

+ 푏��.   

Now the general Jacobian matrix of the system (2) can be written as 

 퐷퐅(퐗) = �
푔� + 푢 ���

��
−푢 0

푣 푢 − 푤 − 푎� −푣
0 푎�푤 푎�푣 − 푎�

�,               (7) 

where 

푔� + 푢 ���
��

= −푣 + (1 − 푎�푢) �1 − �����
����

� + 푢 �(�����)(�����)
(����)� − 푎� �1 − �����

����
��. 

퐅 = (푔�, 푔�, 푔�)� and 퐗 = (푢, 푣, 푤)�. 
While the second directional derivatives of 퐅 can be computed by 
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 퐷�퐅(퐗). (푄. 푄) = �
푞� �������(�����)���(���������(�����)��

�)�
(����)� − 2푞��

2푞�(푞� − 푞�)
2푎�푞�푞�

�,         (8) 

where 푄 = (푞�, 푞�, 푞�)� vsn be any nonzero vector. 
Consequently, the dynamic behavior around the obtained equilibria is established in the following theorems. 
Theorem 1. The trivial equilibrium point of the system (2) is unconditionally locally asymptotic stable. 
It will be globally asymptotically stable, provided that 

 푏� = �
��

.                 (9) 

Proof. The Jacobian matrix (7) at the trivial equilibrium point becomes 

퐽(퐸�) = �
− ��

��
0 0

0 −푎� 0
0 0 −푎�

�. 

Thus, there are three negative eigenvalues �− ��
��

, −푎�, −푎��, which lead to a solution that is 

unconditionally locally asymptotically stable at the point 퐸�.  

To investigate under which conditions 퐸� would be globally asymptotically stable, consider the 
following function 퐿� = 푢 + 푣 + �

��
, which is a real-valued positive definite function at 퐸�. Now the 

derivative of 퐿� can be written as 

���
��

= 푢(1 − 푎�푢) �����
����

� − 푎�푣 − ��
��

푤 = 푎�푢 � �
��

− 푢� �����
����

� − 푎�푣 − ��
��

푤. 

Consequently, under condition (9), the term 푎�푢 � �
��

− 푢� �����
����

� = 푎�푢(푏� − 푢) �����
����

� < 0 for 

all values of 0 < 푢 < 푏�  or 푢 > 푏� . Hence ���
��

  is a negative definite that makes 퐸�  globally 
asymptotically stable.  

However, for 푢 = 푏�, the derivative ���
��

= −푎�푣 − ��
��

푤 becomes a negative semidefinite that 

makes 퐸� a stable point. So, by using Lasalle’s invariance principle [11], and the fact that the point 
퐸� is the only invariant set within the set of points, this makes ���

��
= 0. Hence, the trivial point is also 

attractive. Hence, it is asymptotical stable. Moreover, since the function 퐿� is readily unbounded, 퐸� 
is globally asymptotically stable. Thus, the proof is done.  

Since the trivial equilibrium is a structurally stable point and is unconditionally asymptotically 
stable, bifurcation cannot occur close to it, as demonstrated by the aforementioned theorem. 
Furthermore, it is globally asymptotically stable under condition (9), which means the two axial points 
퐸� and 퐸� coincide with each other, and the carrying capacity (푘) is equal to the critical value of the 
Allee effect (푛�).  
Theorem 2. When 푏� ≠ �

��
, the axial points 퐸� and 퐸� satisfy the following: 

1) The point 퐸� is locally asymptotically stable if and only if �
��

< 푏� < 푎�. 
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2) The point 퐸� is a saddle point for 푏� < �
��

 or 푎� < 푏�. 

3) If 푎� passes through the value 푎�
∗ = 푏�, then a transcritical bifurcation takes place around the 

point 퐸�. 
4) The point 퐸� is locally asymptotically stable if and only if 푏� < �

��
< 푎�. 

5) The point 퐸� is a saddle point for �
��

< 푏� or 푎� < �
��

. 

6) If 푎� passes through the value 푎�
∗ = �

��
, then a transcritical bifurcation takes place around the 

point 퐸�. 
Proof. Direct computation shows that the Jacobian matrix (7) at the axial points 퐸�  and 퐸� , 
respectively, becomes 

퐽(퐸�) = �

����� �
��

����

�����
−푏� 0

0 −푎� + 푏� 0
0 0 −푎�

⁠�, and 퐽(퐸�) =

⎝

⎜
⎛

��� �
��

�
��

���
− �

��
0

0 �
��

− 푎� 0
0 0 −푎�

⁠

⎠

⎟
⎞

. 

The eigenvalues of 퐽(퐸�) are determined by 휆�� =
����� �

��
����

�����
, 휆�� = −푎� + 푏�, and 휆�� = −푎�, 

which are negative under the condition given in Part (1). However, 휆�� > 0 or 휆�� > 0 under the 
conditions given in Part (2). Hence, the proofs of Parts (1) and (2) are done. 
Now, to prove Part (3), when 푎� = 푎�

∗ = 푏�, the Jacobian matrix 퐽(퐸�) becomes 

퐽� = 퐽(퐸�, 푎�
∗) = �

����� �
��

����

�����
−푏� 0

0 0 0
0 0 −푎�

⁠�. 

Thus the eigenvalues become 휆�� =
����� �

��
����

�����
 , 휆�� = 0 , and 휆�� = −푎� , which makes 퐸�  a 

nonhyperbolic point. Let 푄� = (푞��, 푞��, 푞��)� and 푃� = (푝��, 푝��, 푝��)� are the eigenvectors of 퐽� 
and 퐽�

� corresponding to 휆�� = 0. Direct computation gives the following: 

푄� = � �����
(������) , 1,0�

�
, and 푃� = (0,1,0)�. 

Moreover, it can be obtained that 

훛퐅
흏��

= 퐅�� = (0, −푣, 0)� ⇛ 퐅��(퐸�, 푎�
∗) = (0,0,0)�. 

Thus 푃�
�퐅��(퐸�, 푎�

∗) = 0. Hence, a saddle node cannot occur. In addition   

퐷퐅�� = �
0 0 0
0 −1 0
0 0 0

� ⇛ 퐷퐅��(퐸�, 푎�
∗). 푄� = �

0
−1
0

�. 

Thus 
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푃�
��퐷퐅��(퐸�, 푎�

∗). 푄�� = −1. 

Now according to Eq (8), the second derivative becomes  

 퐷�퐅(퐸�, 푎�
∗). (푄�. 푄�) =

⎝

⎜
⎛

�����
(������) �������(�����)�����(��

�����������
�)�

(�����)� − 2�

2 �����
(������)

0 ⎠

⎟
⎞

. 

Therefore, it can be obtained that 

푃�
�[퐷�퐅(퐸�, 푎�

∗). (푄�. 푄�)] = 2 �����
(������) ≠ 0. 

Hence, according to the Sotomayor theorem [26], a transcritical bifurcation occurs around 퐸�. 

Now, to prove Parts (4) and (5), the eigenvalues of 퐽(퐸�) are determined by 휆�� =
��� �

��
�

��
���

, 휆�� = �
��

−

푎� , and 휆�� = −푎� , which are negative under the condition given in Part (4). However, 휆�� > 0  or 
휆�� > 0 under the conditions given in Part (5). Hence the proofs of Parts (4) and (5) are done. 

To prove Part (6), when 푎� = 푎�
∗ = �

��
, the Jacobian matrix 퐽(퐸�) becomes 

퐽� = 퐽(퐸�, 푎�
∗) =

⎝

⎜
⎛

��� �
��

�
��

���
− �

��
0

0 0 0
0 0 −푎�

⁠

⎠

⎟
⎞

. 

Thus the eigenvalues become 휆�� =
��� �

��
�

��
���

 , 휆�� = 0 , and 휆�� = −푎� , which makes 퐸�  a 

nonhyperbolic point. Let 푄� = (푞��, 푞��, 푞��)� and 푃� = (푝��, 푝��, 푝��)� are the eigenvectors of 퐽� 
and 퐽�

� corresponding to 휆�� = 0. Direct computation shows that 

푄� = �
�

��
���

������ �
��

�
, 1,0�

�

, and 푃� = (0,1,0)�. 

Moreover, it can be obtained that 

퐅�� = (0, −푣, 0)� ⇛ 퐅��(퐸�, 푎�
∗) = (0,0,0)�. 

Thus 푃�
�퐅��(퐸�, 푎�

∗) = 0. Hence a saddle node cannot occur. In addition   

퐷퐅�� = �
0 0 0
0 −1 0
0 0 0

� ⇛ 퐷퐅��(퐸�, 푎�
∗). 푄� = �

0
−1
0

�. 
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Thus 

푃�
��퐷퐅��(퐸�, 푎�

∗). 푄�� = −1. 

Now according to Eq (8), the second derivative becomes  

 

퐷�퐅(퐸�, 푎�
∗). (푄�. 푄�) =                                               

⎝

⎜
⎜
⎜
⎛� ������

��(������)� �
�� ������

��(������)����(�����)����� �
��

�
�

��� �
��

�
�

���(�� �
��

����)��
���

�� �
��

�����
� − 2�

2 � ������
��(������)�

0 ⎠

⎟
⎟
⎟
⎞

.
 

Therefore, it is found that 

푃�
�[퐷�퐅(퐸�, 푎�

∗). (푄�. 푄�)] = 2 � ������
��(������)� ≠ 0. 

Hence, according to the Sotomayor theorem, a transcritical bifurcation takes place around 퐸�. Thus, 
the proof is complete. 
Note that since all the eigenvalues of 퐽(퐸�) and 퐽(퐸�) are real, a Hopf bifurcation does not exist.  
On the other hand, when 푏� = �

��
, the two axial equilibrium points 퐸� and 퐸� coincide with each 

other and become, say, 퐸 = (푏�, 0,0), and the Jacobian matrix around this point is written 

퐽(퐸) = �
0 −푏� 0
0 −푎� + 푏� 0
0 0 −푎�

⁠�. 

Hence the eigenvalues are (0,−푎� + 푏�,−푎�), which means that 퐸 is a nonhyperbolic point, and their 
stability cannot be studied using the linearization technique. Moreover, the boundary equilibrium point 
퐸� will not exist, as condition (3) is not satisfied. 
Theorem 3. The boundary equilibrium point 퐸�  is locally asymptotically stable if the following 
conditions hold: 

 (������)��(�����)
�����

< 푎�,                     (10) 

 (�����)
��������������

< 푎�.           (11) 

If we reverse one of the two conditions (10) or (11), then it is a saddle point. Moreover, if condition (11) 
holds with 푎� = (������)��(�����)

�����
 (≡ 푎�

∗), then the system (2) undergoes a transcritical bifurcation. 

However, when condition (10) holds with 푎� = (�����)
��(�����)�(�����)(�����)

 (≡ 푎�
∗), then the system (2) 

undergoes a Hopf bifurcation, provided that 

푎�(푏� + 푏�) + (푎� − 푏�)(푎� + 푏�) > 0.            (12) 

Proof. The Jacobian matrix (7) at the point 퐸� becomes 
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퐽(퐸�) =

⎝

⎜
⎛

푎�
(������)(�����)���(�����)(�����)

(�����)� −푎� 0
(������)(�����)

�����
0 − (������)(�����)

�����

0 0 −푎� + (������)��(�����)
����� ⎠

⎟
⎞

= �푐���. 

Thus the characteristic polynomial of 퐽(퐸�) can be written as 

[휆� − 푐��휆 − 푐��푐��](휆 − 푐��) = 0. 

Therefore, the eigenvalues are written as 휆��, 휆�� = ���
�

± �������������
�

, and 휆�� = 푐��.  It is easy 

to verify that conditions (10) and (11) lead to 푐�� < 0 and 푐�� < 0, respectively. Thus, using the 
existence condition (3), the eigenvalues 휆�� and 휆�� are negative or have negative real parts, while 
the third eigenvalue 휆��  is negative under the given conditions. Therefore, 퐸�  is locally 
asymptotically stable. 

Now, reversing condition (10) yields 휆�� > 0, while reversing condition (11) means that 휆�� 
and 휆�� have positive real parts, and hence 퐸� becomes the saddle point. 

For 푎� = 푎�
∗, the element 푐�� = 0; therefore, 퐽� = 퐽(퐸�, 푎�

∗) has a zero eigenvalue with two 
negative real parts due to condition (11). So 퐸� becomes a nonhyperbolic point.  
Let 푄� = (푞��, 푞��, 푞��)�  and 푃� = (푝��, 푝��, 푝��)�  be the eigenvectors of 퐽�  and 퐽�

� 
corresponding to 휆�� = 0. Direct computation gives 

푄� = �1, − ���
���

, 1�
�
 and 푃� = (0,0,1)�. 

Moreover, it is found that 

 퐅�� = (0,0, −푤)� ⇛ 퐅��(퐸�, 푎�
∗) = (0,0,0)�. 

Thus 푃�
�퐅��(퐸�, 푎�

∗) = 0. Hence, a saddle node cannot occur. In addition   

 퐷퐅�� = �
0 0 0
0 0 0
0 0 −1

� ⇛ 퐷퐅��(퐸�, 푎�
∗). 푄� = �

0
0

−1
�. 

Thus 

 푃�
��퐷퐅��(퐸�, 푎�

∗). 푄�� = −1. 

Now, according to Eq (8), the second derivative becomes  

 퐷�퐅(퐸�, 푎�
∗). (푄�. 푄�) =  

⎝

⎛
�����(�����)���(��

�����
����(������)��

�)�
(�����)� + 2 ���

���
�

0
−2푎�

���
��� ⎠

⎞. 

Therefore, it is found that 
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 푃�
�[퐷�퐅(퐸�, 푎�

∗). (푄�. 푄�)] = −2푎�
���
���

≠ 0 . 

Hence, according to the Sotomayor theorem, a transcritical bifurcation occurs around 퐸�.  
Finally, for 푎� = 푎�

∗, the element 푐�� = 0; therefore, 퐽�� = 퐽(퐸�, 푎�
∗) has two pure imaginary 

eigenvalues 휆��, 휆�� = ±푖�푎�
(����∗��)(�����)

�����
 , and 휆�� = 푐�� < 0  due to condition (10). 

Accordingly, in the neighborhood of 푎�
∗ , the eigenvalues 휆��  and 휆��  becomes complex; say, 

휆��, 휆�� = 훼 ± 푖훽 , with 훼(푎�) = ���
�

 , 훼(푎�
∗) = 0 , and 훽(푎�) > 0 . Consequently, the system 

undergoes a Hopf bifurcation if the following transversality condition holds: ��(��)
���

�
�����

∗
≠ 0. Direct 

computation with the help of condition (12) gives 

 �
�

����
���

�
�����

∗
= �

�
�푎�

���(�����)�(�����)(�����)
(�����)� � < 0. 

Hence, Hopf bifurcation takes place, and thus the proof is complete. 
Theorem 4. The positive interior equilibrium point 퐸� = (푢∗, 푣∗, 푤∗) = �푢∗, ��

��
, 푢∗ − 푎�� is locally 

asymptotically stable if the following condition holds: 

 (푏� + 푏�) + 푎�푏�푏� < 푎�(푢∗� + 2푏�푢∗).              (13) 

Proof. The Jacobian matrix (7) at the point 퐸� becomes 

퐽(퐸�) = �
휌�� −푢∗ 0
��
��

0 − ��
��

0 푎�(푢∗ − 푎�) 0
�, 

where 휌�� = 푢∗ �(�����)���(�∗������∗�����)
(����)� � . The characteristic polynomial equation of 퐽(퐸�)  is 

determined by 

 휆� + 퐴�휆� + 퐴�휆 + 퐴� = 0,        (14) 

where  

 퐴� = −휌��, 

 퐴� = ���
��

� [푢∗ + 푎�(푢∗ − 푎�)], 

 퐴� = − ���
��

� 푎�(푢∗ − 푎�)휌��, 

with 

 퐴�퐴� − 퐴� = − ���
��

� 푢∗휌��. 

Consequently, all the requirements of the Routh-Hurwitz criterion, which are given by 퐴� > 0, 
퐴� > 0, and 퐴�퐴� − 퐴� > 0, to have negative real parts in the eigenvalues (roots) of Eq (14) are 
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satisfied if and only if condition (13) holds. Therefore, 퐸� is locally asymptotically stable.  
Note that since the positive interior equilibrium, whenever it exists, will not be unique, and the trivial 

equilibrium point always exists and is unconditionally asymptotically stable, then the positive point 퐸� 
cannot be globally stable. However, when the inequality changes to equality in condition (12), the value 
of 휌��  becomes zero. Hence, Eq (14) becomes 휆� + 퐴�휆 = 0 , which gives three roots 휆��,�� =
±푖�퐴� , and 휆�� = 0 . Therefore, Hopf bifurcation around the positive interior equilibrium point 
cannot occur because the real part always has a zero value.  

4. Numerical simulation 

To make our research more practical, numerical methods are utilized to simulate the behaviors of 
the equilibria that have been analyzed. The objectives were to confirm our obtained findings and 
specify the role of each parameter in the dynamic system’s behavior. To reach these objectives, a 
hypothetical set of parameter values are given below that are biologically feasible for a wide range of 
food chain systems is used throughout this section. 

 푎� = 0.1, 푎� = 0.1, 푎� = 0.25, 푎� = 0.15, 푏� = 0.2, 푏� = 0.2.       (15) 

By solving system (2) using dde45 Matlab code and the dataset of (15), starting from various 
initial points, we observed that the solutions of system (2) asymptotically approached 퐸� = (0,0,0) 
and 퐸� = (3.19,0.59,3.1) simultaneously, which means that bistable behavior occurs between these 
two equilibrium points (see Figure 1). Note that in the following figures, the red dot and blue dot stand 
for the attracting equilibrium points and initial points, respectively. 

From Figure 1, it is concluded that there is no global stability regarding the positive equilibrium 
point; instead, the positive point is locally asymptotically stable, as condition (13) holds using the 
dataset of (15). Hence, each of the points 퐸� and 퐸� has its specific basin of attraction that gives the 
system its bistable behavior. 

The aforementioned findings might be understood as follows. There may be two basins of 
attraction in the food chain model, one of which leads to the trivial equilibrium and the other to the 
positive equilibrium. Which equilibrium the system converges to is determined by initial population 
densities or outside influences. From a biological perspective, this implies that the ecosystem is 
susceptible to both the original conditions and outside influences. The balance between survival and 
collapse could be tipped by minor adjustments. 

Now the role of varying the system’s parameters is investigated. It was found that when we vary 
the parameter 푎� in the ranges of 푎� < 0.15 and 푎� ≥ 0.15, the system (2) has bistable behavior 
between 퐸� with 퐸�, and was globally asymptotically stable at 퐸�; see Figure 1 for the first range 
and Figure 2 for the second range. 

Figure 2 shows the global stability of 퐸� in the range 푎� ≥ 0.15 as the axial points are saddle 
points, while the boundary equilibrium point 퐸� and the positive equilibrium point (퐸�) do not exist 
because the roots of Eq (4) are complex numbers. A bifurcation diagram as a function of 푎� in the 
range 0 ≤ 푎� ≤ 0.25 is also added to confirm the transmission of the dynamics from 퐸� to 퐸� at 
the bifurcation value 푎� = 0.15 ; see Figure 3. Further numerical analysis shows that varying the 
parameters 푎�, 푏�, and 푏� has a similar influence on the dynamic behavior of the system (2) to that 
shown for 푎�.  
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Figure 1. The solutions of system (2) using the dataset (15) and starting from different initial 
points approach 퐸�  and 퐸�  simultaneously, indicating bistable behavior. (a) Bistable 
dynamics in a three-dimensional (3D) phase portrait. (b) The projection in the 푢푣-plane. (c) 
The projection in the 푢푤-plane. (d) The projection in the 푣푤-plane. (e) The time series. 

One or more populations in the food chain achieve zero density, which is known as a trivial 
equilibrium point. According to biology, this means that a predator population may become extinct if 
its prey becomes too scarce, or a prey population may plummet as a result of overpredation or a lack 
of resources. When at least one species is unable to endure under the current dynamics, this usually 
signifies an unstable or unsustainable condition of the ecosystem. 

Now, varying the parameter 푎� in the range of 푎� < 3.38 and 푎� ≥ 3.38 makes the system (2) 
undergo bistability between 퐸� and 퐸� for the first range and bistability between 퐸� and 퐸� for 
the second range; see Figures 4 and 5 for selected values. 
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Figure 2. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 0.2 asymptotically approach (a) 퐸� in a 3D phase portrait. (b) The 
time series. 

 

Figure 3. The bifurcation diagrams of the system (2) using the dataset (15) with 0 ≤ 푎� ≤
0.25 and starting from the initial point (2,1,5). (a) The trajectory of 푢 as a function of 
푎�. (b) The trajectory of 푣 as a function of 푎�. (c) The trajectory of 푤 as a function of 푎�. 

 

Figure 4. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 1  asymptotically approach 퐸�  and 퐸� = (3.19,0.6,2.2) 
simultaneously. (a) Bistability in a 3D phase portrait. (b) The time series. 
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Figure 5 shows the transfer from bistable behavior between 퐸�  and 퐸�  to bistable behavior 
between 퐸� and 퐸� when the positive equilibrium point disappears, while the boundary equilibrium 
point exists and their stability conditions are satisfied. Moreover, a bifurcation diagram, as a function 
of 푎� in the range 0.1 ≤ 푎� ≤ 4, is added to confirm the transmission of the dynamics from 퐸� to 
퐸� at the bifurcation value 푎� = 3.38; see Figure 6.  

 

 

 

Figure 5. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 3.4  approach 퐸�  and 퐸� = (3.4,0.58,0)  simultaneously, 
indicating bistable behavior. (a) Bistable dynamics in a 3D phase portrait. (b) The 
projection in the 푢푣-plane. (c) The projection in the 푢푤-plane. (d) The projection in the 
푣푤-plane. (e) The time series. 
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Figure 6. The bifurcation diagrams of the system (2) using the dataset (15) with 0.1 ≤ 푎� ≤
4, and starting from the initial point (2,1,5). (a) The trajectory of 푢 as a function of 푎�. (b) 
The trajectory of 푣 as a function of 푎�. (c) The trajectory of 푤 as a function of 푎�. 

Moreover, it is observed that the system (2) asymptotically approaches 퐸�  and is bistable 
between 퐸�  and 퐸�  when the parameter 푎�  belongs to the ranges 푎� < 0.23  and 푎� ≥ 0.23 , 
respectively, as explained in Figures 7 and 8.  

 

Figure 7. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 0.2 asymptotically approach (a) 퐸� in a 3D phase portrait. (b) The 
time series. 
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Figure 8. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 0.5  asymptotically approach 퐸�  with 퐸� = (6.81,0.29,6.71) 
simultaneously. (a) Bistability in a 3D phase portrait. (b) The time series. 

Finally, to confirm the results of Theorem 2, the system (2) is solved using the dataset (15) with 
푎� = 15 and 푏� = 0.08. Where the conditions in the first and fifth points of Theorem 2 are satisfied 
for this set of parameter values, it is found that the system (2) has bistable behavior between 퐸� and 
퐸� = (푏�, 0,0), as shown in Figure 9. 

Direct computation shows that both the axial points 퐸� and 퐸� exist, but 퐸� is asymptotically 
stable while 퐸� is a saddle point.  

On the other hand, the system (2) is solved using the dataset (15) with 푎� = 15 and 푏� = 0.05. 
Where the conditions in the second and fourth points of Theorem 2 are satisfied for this set of parameter 
values, it is found that the system (2) has bistable behavior between 퐸� and 퐸� = ( �

��
, 0,0) as shown 

in Figure 10. 
Direct computation shows that both the axial points 퐸� and 퐸� exist, but 퐸� is asymptotically 

stable while 퐸� is a saddle point.  

 

Figure 9. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 15  and 푏� = 0.08  asymptotically approach 퐸�  and 퐸� =
(0.08,0,0) simultaneously. (a) Bistability in a 3D phase portrait. (b) The time series. 
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Figure 10. The solutions of the system (2) using the dataset (15) and starting from different 
initial points with 푎� = 15  and 푏� = 0.05  asymptotically approach 퐸�  and 퐸� =
(0.06,0,0) simultaneously. (a) Bistability in a 3D phase portrait. (b) The time series. 

5. Discussion  

To describe the analytical results, the stability analysis is discussed first. Regarding stability, 
Theorem 2 establishes that 퐸�  is globally asymptotically stable when 푏� = �

��
  and that the other 

points are unstable in this scenario wherever they are present. In addition, it is demonstrated that global 
stability can only be attained at the trivial equilibrium point by examining the behavior of this crucial 
consequence. This is because the system (2) always converges to 퐸� under the starting condition 푢� <
min � �

��
, 푏��, which is clear from the first equation of the system (2). This indicates that regardless of 

the initial condition, there is no scenario in which the system would converge to one of the other 
equilibrium points. As a result, the other equilibrium points are always either unstable or locally 
asymptotically stable.  

Next, regarding the bifurcation, Hopf bifurcations for the boundary equilibrium point and the 
positive interior equilibrium point are discussed, as there is a possibility of having complex eigenvalues 
in these two cases only. However, it is proven that Hopf bifurcation may occur around the boundary 
point, while it does not exist around the positive point. On the other hand, Theorems 2 and 3 revealed 
the possibility of having a transcritical bifurcation near the axial points and boundary points under 
certain conditions.  

6. Conclusions 

In this paper, the behaviors of the equilibria of the food chain model with the Allee effect, in general, 
are investigated. Analytically, the equilibrium points have been computed and further classified. 
Additionally, the stability and bifurcation analyses have been completed. Numerically, realistic data 
are used to analyze the equilibrium points. All the numerical results match the analytical results. This 
verifies the results obtained by the analytical methods. Moreover, the model’s features have been 
visually displayed by conducting numerical simulations. It is summarized below. The system does not 
have global stability except at the trivial equilibrium point; instead, the system has bistable cases due 
to a specific basin of attraction for each point. Decreasing the carrying capacity, increasing the 
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superpredator death rate, or increasing the Allee effect rate lead to the system's collapse, and the system 
approaches a trivial point globally. The increase in predator death rates leads to the extinction of the 
superpredator. Finally, the increase in the conversion rate of biomass to the superpredator keeps the 
possibility of persisting at a positive equilibrium point under certain conditions and initial points. 

The data above suggest that the model may contain crucial thresholds (e.g., the lowest amount of 
prey required for maintaining predators). The system transitions from coexistence to extinction if these 
thresholds are exceeded. For instance, a vanishing equilibrium may result from predators starving if 
the prey population drops below a particular threshold. On the other hand, the system stabilizes at a 
positive balance if prey continues to be plentiful. It was found that Allee effects or high predation 
pressure can produce bistability conditions in the suggested model. The trivial equilibrium may result 
from the prey being driven to extinction if the predator population is too high in comparison with the 
prey. If not, the system might reach a positive equilibrium and stabilize. 
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