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1. Introduction

The purpose of this article is to establish the nonexistence results of nontrivial solutions of elliptic
inequalities and systems in the Heisenberg group.

In this paper, we study the nonexistence of entire nontrivial weak solutions of quasilinear elliptic
inequalities of the following type:

Lau = =divy(AE, u, Vyu) > (K@) * 'y, ¢ € H", (1.1)

where p,g > 0, and the map A : H" X R x R** — R?" is a Carathéodory function with A&, z,0) =
0, A&, z,m) - > 0, for every (£,z,n) € H" X [0, 00) x R*". In addition, L4 is assumed to be a weakly
m—coercive operator, that is, there exists a constant ¢, > 0 and an exponent m > 1, such that the
inequality

A&, z,m) -1 = colAE 2™, (1.2)

holds, where m” = -. The function K € C(H" \ {0}), K > 0 satisfies lim;_,o K(£) > 0, and there exists
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p>0and 0 < B < 7 such that

K(€) = clél™?, (1.3)

for all € € H", |¢] > p, where ¢ > 0 is a positive constant. The quantity K = u” is defined as a standard
convolution operator on the Heisenberg group by the following:

K xul(€) = f K™ o &uP(n)dn, for all & € H".
-

In recent years, increasing attention has been given to the analysis and partial differential equations
(PDEs) on the Heisenberg group. In particular, the classification of solutions to elliptic equations
and systems has been extensively studied by mathematicians. For instance, B. Ahmad, A. Alsaedi
and M. kirane [1] demonstrated the nonexistence of global solutions for a class of nonlocal spatial
evolution equations on the Heisenberg group by constructing suitable test functions. M. Jleli, M. Kirane
and B. Samet [2] extended such nonexistence results to a broader framework of evolution equations,
revealing profound connections between nonlinear terms and the group structure. In the context of
elliptic equations, I. Birindelli [3] established Liouville-type theorems for the Laplace operator on the
Heisenberg group by deriving decay estimates for superharmonic functions. A. Kassymov and D.
Suragan [4] analyzed nonlinear equations with Hardy potentials and investigated the multiplicity of
positive solutions in relation to potential parameters using variational methods.

In an influential paper [5], Gidas and Spruck discovered that the semilinear equation

—-Au=u’"inR" n>3,

has no C? positive solutions for 1 < p < % and the upper exponent % is sharp.
Recently, T. Godoy [6] considered the positive solutions of nonpositone sublinear elliptic problems.

The nonexistence results for solutions of inequalities of the type
Ay(au) + |ul’ <0,
in H", with a € L™ was studied in [7]. The quasilinear elliptic inequality
div(A(IVuVu) = f(w),

was discussed in [8,9] in connection with the strong maximum principle and the compact support
principle.
The work [10] dealt with noncoercive elliptic systems of quasilinear elliptic inequalities of the
following type:
{ —div(h; (x)A(IVu|lVu)) > f(x,u,v,Vu,Vv), inR", (1.4)

—div(hy(x)B(IVv|Vv)) > g(x,u,v,Vu,Vv), inR".

To the best of our knowledge, the first results that dealt with quasilinear elliptic inequalities that
featured nonlocal terms appeared in [11]. The authors in [11] obtained local estimates and Liouville
type results for the following:

—div[A(x,u,Vu)] > K = u? inR",
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where K > 0 and g > 0.

The study of functional inequalities and variational problems on the Heisenberg group has been
a central topic in geometric analysis and nonlinear partial differential equations. A foundational
contribution in this direction was made by Jerison and Lee [12], who established sharp extremals for the
Sobolev inequality on the Heisenberg group and laid crucial groundwork for the CR Yamabe problem.
Their work has inspired extensive research into related inequalities and variational frameworks in
sub-Riemannian settings. For instance, J. Dou, P. Niu, and Z. Yuan [13] investigated a Hardy-type
inequality with remainder terms and explored its applications to weighted eigenvalue problems on
stratified Lie groups. Recent advances have focused on nonlinear elliptic problems with critical
growth. In particular, X. Sun, Y. Song, and S. Liang [14] studied the critical Choquard-Kirchhoff
problem on the Heisenberg group, addressing existence and multiplicity results under nonlocal-to-
local transitions. Y. Hu [15] studied the Hardy-Littlewood-Sobolev inequalities with weights, which
extended classical duality principles to the subelliptic context and uncovered new phenomena tied to
the stratified structure.

There are many interesting results about sub-Laplacian and p— sub-Laplacian equations on the
Heisenberg group (see [16—18]). In particular, in [19], the authors studied the Kirchhoff elliptic,
parabolic, and hyperbolic-type equations on the Heisenberg group. In addition, the analogous results
were transferred to the cases of systems.

Later, Y. Zheng [20] established Liouville theorems for the following system of differential
inequalities:

Agu™ + | v|P <0,
{ d H (1.5)

Apv™ + [l 1ul? < 0,

on different unbounded open domains of the Heisenberg group H”, including the whole space, and the
half space of H".

Our work is motivated by a recent paper [21], where the authors proved the existence and
nonexistence of positive solutions for the following quasilinear elliptic inequality:

—div[A(x, u, Vu)] > (I, = u”)u?, in Q,

where QQ € R",n > 1, is an open set. I, stands for the Riesz potential of order @ € (0,n), p > 0, and
qg €R.

The paper is organized as follows: In Section 2, we review some basic notations on the Heisenberg
group; and in Section 3, we give the proof of our main results.

Throughout the paper, we denote some positive constants by C,Cy,C; - - -, which may vary from
line to line.

2. Preliminaries

Before describing our results, we need to recall some notions on the Heisenberg group, see also [22—
24].
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The 2n + 1-dimensional Heisenberg group H" is R” X R" X R" endowed with group law “o

Eof = (x+)%,y+j),t+f+22x,-§/,~—y,~)?i ,
i=1
for any & = (x,y,1),& = (%,9,0) in H", with x = (x,--- , %), £ = X1, , %), Y = 01, -+, ¥u), and
v =1, , V) denoting the elements of R".
The 2n + 1-dimension Heisenberg algebra is the Lie algebra spanned by the following left-invariant
vector fields:

0 0
X;i= — +2y—, i=1,-
l ax1+ ylat’ l 9 ’n’
Y; —i—ina, i=1,---,n,
0y; ot
0
T :=—. 2.1
5 (2.1)

Then, the Heisenberg gradient, or the horizontal gradient of a regular function u, is defined by the
following:
Vyu = (Xqu, -, X,u, Yiu, -, Y,u).

Given the real number A > 0, a natural dilation on the Heisenberg group is given by the following:
62(6) = (Ax, Ay, 1), (2.2)

whose Jacobian determinant is A¢, where Q = 2n + 2 stands for the homogeneous dimension of H”.
The norm on H" is defined by

1
n 4

2
€1y == p(&) = [(Z X2+ y,z) +7

i=1

, (2.3)

and the associated Heisenberg distance

du(&,&) = p(§ ' 0 &),

where &' is the inverse of & with respect to “o” (i.e., & = —&).
The open ball of radius R centered at ¢ is the following set:

Dg(¢) := {n € H"|dy(&,m) < R}.

It important to note that
IDr(€)] = |Dr(0)| = ID1(0)IR?,

where |D;(0)| is the volume of the unit Heisenberg ball under a Haar measure, which is equivalent to
the 2n + 1 dimensional Lebesgue measure of R>*+!,
Define
Wo(Q) = {u: Q> Rlu, Vyu € L' (Q)},

loc

and let W'(Q) be the subspace of Wllo’cl, (Q) of functions with a compact support.
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3. Main results

Let us formulate a definition of the weak solution of Eq (1.1).

Definition 3.1. A locally integrable nonnegative function u € C(€2) N Wz](;T(Q) is called a entire weak
solution of (1.1) in Q = H", if

(i) u>0, AE u,Vyu) € L' ()*;

(ii) (K * uP)u? € L} (Q);

loc

(iii) For any y € CZ(Q), ¥ > 0, we have

f AE, u, V) - Vgpde > f (K * ulyuydé. 3.1)
Q Q

Our main result that concerns (1.1) is as follows.

Theorem 3.2. Assume (1.2) and (1.3), then, every entire weak solution of (1.1) is necessarily constant
when

2max{1,m—1}<p+q;<M (3.2)

O-m+p
We start with the following result, which provides an extra local integrability of u.
Lemma 3.3. Let u be a nonnegative solution of (1.1), then u'z e L (H).

loc

Proof. Let R > p be large enough for & € Dg(0), additionally, using (1.3), we obtain the following:

(K * u)(&) > K" o &u(m)dn
Dg(0)

:j" K" o &y (p)dy
[n~toél<p

+j‘ Ko™ o &uP(n)dn
7~ o&l>p,In<R,I€|<R

> inf K(z u’(n)d
o @ In~lol<p o

+cf‘ ™" o &P ur Gy
I~ oél>p.Inl<R.Jé|<R

> inf K u’(n)d
z€D1(0) (Z) |77_|0{"|Sp (n) r,

+c(2R)” f u”(m)dn
In~1oél>p,Inl<R

> CR™ [ f u?(n)dn + f u? (n)dn]
In~1oé|<p,Inl<R I~ oél>p,Inl<R

> CR™” f u” (n)dn. (3.3)
Dr(0)
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Consequently, using (3.3) and the Holder inequality, we deduce the following:

o0 > f (K * W (@(E)de > CR ( f u”(é)df) ( f u"(é)df)
Dg(0) Dg(0) Dgr(0)

2
> CR” ( f u”?’@df) ,
Dgr(0)

which shows u'z" € L'(Dg(0)). This completes the proof of the lemma.

Lemma 3.4. Let u be a nonnegative nontrivial weak solution to (1.1), for every T > 0, define
Ur :=u+T.

Then, for any d € (0,1), k > m, and ¢ € C!(H";R"), the following holds

f (K * u”)ud™4¢kd¢ + c. f u T K AE, u, Vi)™ dé
.

H"

< ds f M_d+m_1¢k_m|VH¢|md§, (34)

for some positive constants c. and d., which is given by

ke™ k
Ce=dco— ——, de = —

m me™
forl <e< (dcom’)ﬁ, where cy and m are given in (1.2).

Proof. Let € > 0 be sufficiently small, and let ({;)..o be a standard family of mollifiers, that is,

L€ CO(H'RY), supp() € Du(0), f L=1.

We define
=T+ f L™ o Eu(n)dn,

for £ € H". Clearly, it, u, > 0. In particular, since u € L, (H"), we have & € C'(H"), which shows that
the function ¢ = i~?¢* > 0 can be used as a test function in the weak formulation of (1.1), so that

(K + uP yuli ¢t dé + d f R AE, u, Vu) - V yiidé
Hn H)l

<k f @ AE, u, Vyu) - Vyodé,

where k positive will be chosen later. Since &t — u, in L}UC(H”) as € — 0, then, by the Lebesgue

dominated convergence theorem and being Vyu, = Vyu, we arrive at the following:

n

(K = u”)uqu;%kdg + df u;d_lqﬁkfﬂ(f, u, Vyu) - Vyudé

HVl
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<k f u g AE, u, Vigu) - Vypdé.
Hn

Applying condition (1.2), we deduce the following:
[ it v dey A ol de

Skf G NAE, u, V)|V pldE. (3.5)

Now, by using the Young’s inequality with exponents €, €’ > 1, we obtain the following:

f WA u, V||Vl

d+l (m’ -1k _

—% ko _q —d+7 1
= | eu " |AE u, Vyuwlm e u. " ¢ T [Vydlds
e e o
< — | wNAE u, Vyw)" ¢hde
m’ Jyn

1 A
+—f u,d+’""‘¢k_m|VH¢|md§.

mem

Consequently, by inserting this estimation in the right hand side of (3.5), we obtain the following:

k m, ’
f (K * u” )uluz?¢*dé + (dcy — %) u T GNAE u, V)™ dé
n Hn

1 I
<— | TV g (3.6)

me™ Jygn
An application of Fatou’s Lemma when 7 — 0 in (3.6) immediately gives (3.4).

Lemma 3.5. Let [ > 1 and u > 0 be a solution of (1.1) such that u' € L} (H"), if we define

loc

J= f ()dH@)de, 37)
Hn
then

f (K = uPyul¢'dé
Hn

(I-m+d+1)(m—1)
Im

SCEJ'"TI( BT |V | P dg
HVl

I-m+1-d(m—1)

im
X ( ¢k‘f—m+"—"?m—w|vH¢|f—m+fi’2<m—wd§) . (3.8)
Hn
Proof. To claim the inequality (3.8), we multiply the inequality (1.1) by ¢*, and find the following:
(K * ulyu'¢dé < f \AE, u, V)|V ¢ |dé. (3.9)
H" supp(V¢)
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Using the Holder inequality with exponents m, m’ > 1, we obtain the following:

\AE, u, V)|V n¢|dé

Hn

< k( f uw T GNAE, u, VHu)l’"'df)W

1
X (f u(d+1)(m—1)¢k—m|VH¢|mdé\;) )

Moreover, by using Lemma 3.4, we have

LA, u, V )|V n¢|dé

Hn

< k(o) ( | u‘d+m‘l¢k‘m|vﬂ¢|"’d§)'

Ce

7

3

% (f l/l(d+1)(m_1)¢k_m|VH¢|md§) . (310)

Now, we use the Holder inequality in all the factors of the right hand side of (3.10), so that

f M_d+m_l¢k_m|VH¢|md§

1 7
< (f Mlgbkdf) ( ¢k—m9 |VH¢|m9 dé';) , (311)
supp(Vu ) H"
_ 1 = |
where 0 = ——, ¢ = ——.
[ s gt ga
1 L
< ( f u’¢kd§) ( ¢k‘"”’|vH¢|'"K’d§) : (3.12)
supp(Viz) Hr
where k = m, K = m'

Consequently, by inserting (3.11) and (3.12) into (3.10), we compute the following:

f A 1, V)V

1
m'e’

<C. ( f u’¢kd§)w( ¢k""9’|vH¢|m9’d§)
\ -

x ( f ulcpkdf)m( ¢k-"“|vH¢|mK’d§)m
H" H"
=C. ( f u’¢kd§) ( |V ™ df)
n H}l
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1

X (f ¢k—mk’|vH¢|mk’d§)mK ,
H)‘l

where C, = k(%)ﬁ. Finally, from (3.9), we have

(K * uPu'g*dé

Hn

< C, ( f u’¢"d§) ( f ¢"‘mﬂ’|vH¢|'"“’d§)

1

% ( ¢k—mK,|VH¢|ITlK,d§) )
Hn

We obtain
1 +L:m—1 e — Im e = Im
Om’  mk [’ l-m+d+1’ I-m+1-dim-1)
I (=m+d+Dm=1) 1 _l-m+1l—dm-1)
me Im Sk Im '

Thus, (3.13) gives (3.8).
Now, we specialize the choice of the cut-off function ¢. Taking

4 =14 2
o) =T @B e R0

with ¥ € C°(R™") is the standard cut-off function
I, if0<r<l,
Y(ir)y=4 N\, ifl<r<2,
0, ifr>2.
We note that supp(¢) is a subset of
O = ((£,€,7) € H'|IEI" + |&" + 171 < 2R,
and supp(Vy¢) are supported on

Qr ={(& &) e H'IR* < |&* + |&* + 7] < 2R*).

4 FA L2
Letr = W, we calculate

1

Vol = (Z Xigl” + |Y,~¢|2]
i=1

= 4R (ML + 1E° + 72( &l + 1ER) + 27 - E(€P — P12
<C,R".

(3.13)

(3.14)

(3.15)
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Lemma 3.6. Let u be a solution of (1.1), and | = ’%q > 1, then,

2
( f ul<f>¢"<-f>d§) < cr,
Dg(0)

for an opportune real exponent a given by

o= P+ Q-—m+p)—2m-1)Q
B p+qg-m+1 ’

and ¢ as a cut-off function in (3.14).

Proof. If R > p is large enough, then we have the following:

(K * uP)(&) > cR™" f u’(n)dn > cR™” f

D2r(0) H

n u” ()" (m)dn.

Furthermore, for [ = ’% > 1, by the Holder inequality, we have

2

( f f u”(n)¢"(n)uq(€)¢k(§)d§dn)
H"xH"
_ ( f f u"(n)¢k(n)uq(§)¢"(§)d§dn)
H'"xH"
« ( f fH » u"(n)¢"(n)u"(§)¢"(f)dfdn)
2
. ( f f » u”z”<n>¢k<n>u”z”<f>¢’<<§>dfdn)
4

- ( f ,, u’@)«zsk(f)df) =

Hence,

( f f u”(n)¢"(n)u"(§)¢"(§)d§dn) > P,
-

By (3.17) and (3.18), we have

(K * u yulg*d¢ > cRP f f u’ ()¢ Mu(&)¢*dédn > cRPJ.
H" H'"xH"

Thus,
2 1 B k
J < -R (K * uP)ulp“dé
C n
m=1 (I-m+d+1)(m-1)
Ce 3 1 .k ! - Im lm
< —R u ¢ dé‘-‘ ¢ Em+ds1 |VH¢| I—m+d+1d§
C n HVL
AIMS Mathematics
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I-m+1-d(m—1)
Im

x ( | ¢"—1—m+1‘1’9w—1>|vﬂ¢|f—m+l’f”«m—»d§) . (3.19)

We perform the change of variables RE = & Ré = &, and R*F = 1, from (3.15), we obtain the
following estimates:

f P TR ET |V g |t dg < C R f de¢
n Qr
< CIRQ_ l—ml+md+1 s

and

e m _Im___ o Im
@ ErT=din=h) |VH¢| I—m+1—d(m—l)d§ < C{R™ Fml-dn=1) df
H" Q

R

< CIRQ—I-mHI-%, (3.20)

Consequently, by (3.19), we obtain
mT—]

(I-m+d+1)(m—1)
7 < CC]Rﬁ( f u’qﬁkdf) (ROwr) ™
c n

I=m+1=d(m=1)

x@&mﬁﬁm) tm

< C(Jz) 5 (l o mif
Hence, we have
2
( f ul(§)¢"(§)d§) < CR", (3.21)
Dg(0)

where a = ((l miDO _ 4 ,8)(21_%“). Recall that [ = ’%rq > 1, thus, we have the following:

(U -m+ l)Q 21

= UL TR

_p+g)Q-m+p)-2m-DHO

p+g—m+1

Proof of Theorem 3.2. Now, We claim that u is constant. For this aim, first suppose that (3.2) holds,
this means that @ < 0 in (3.21). Hence, from (3.21), by letting R — oo, we get

J = fH ,, u'(&)¢h(&)dé = 0,

which contradicts our assumptions on u, thus completing the proof of the theorem.
Let us consider the following system

{ Lau = =divy (A&, u, Vyu)) > (K(§) = v v,

3.22
Lgv = —divyg(B(&, v, Vpv)) = (1(€) = uP?)u®, ( )

AIMS Mathematics Volume 10, Issue 5, 12576-12597.
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where A, B are Carathéodory functions with

AE z,m) -2 CLAE 2™, B z,n) -1 = CilBE, 2™, (3.23)

for some m/,m, > 1 and m;, m, are the corresponding conjugate exponents of m,, m,, respectively.

The quality K * v and [ * u”? are defined as standard convolution operators on the Heisenberg group
by

K «vP'(€) = f K™ o & ()dn, forall ¢ € H",
and
I+ ul(€) = f 17" o &)uP*(n)dn, for all ¢ € H",

respectively. We assume that there exist positive constants cy, ¢, Ry and real exponents S, 5, € R such
that

K(E) 2 il 16) = calél ™, (3.24)

for all & with |¢] > R,.
Let us give a definition of the weak solution to (3.22) as follows.

Definition 3.7. By an entire weak solution of (3.22), we mean a couple (u,v) of nonnegative functions
of class WL H™Y x WENHT) such that (u, v) is a distribution solution of (3.22), that is,

loc loc
A, u, Vyu) € L (HY", BE,v, Vi) € L2 (H™,

(K = vy e L}

loc

(H"), (I« uP)u® e L}

loc

(H"),

A&, u, Vyu) - Vyydé > f (K = vP Ty,
H" H"

f B(E&, v, V) - Vyydé > f (1 * u)u"yde,
forally € CX(H") withy > 0. '
Theorem 3.8. Assume that the inequalities
Q < max{Kj, K}, (3.25)
and
pitq >m—1, py+q>m -1, (3.26)

hold with Q = 2n + 2, which is the homogeneous dimension of H", then, the system of elliptic type
inequalities (3.22) does not have an entire nontrivial weak solution, where

K, = (P2 + q2)(p1 + q1)(my — B2) + (p2 + q2)(ma — 1)(my = By)
(my = 1)(=p2— q2 = 2m1 + 2) + (p1 + q1)(p2 + q2)

_(p2+q)(p1 + q1)my = B1) + (p1 + q1)(my — 1)(ma — 32)

= DEpi—q - 2m+2) + (pr+ q)(pa + q2)

K>
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Proof of Theorem 3.8. Assume that there exists a entire weak solution to (3.22). Let 7 > 0, and define
U =u+7and v, = v+ 7, so that u,,v, > 0and Vyu = Vyu,, Vgv = Vyv..
Step 1. The following inequalities hold:

f (K + V"W uPykdé + f u PR AE u, Vgu)|Mdé
Hn n
<C f w Y g dE, (3.27)

n

f VE upz)u‘”v;“tﬁkdf + f V;a_llﬁk@(f, v, Vv)|"2dé
Hr H

< wa v;a+m2—lwk—m2|VHw|mgd§’
H

n

where C, C are positive constants.
To prove Step 1, let y € C°(H") be a standard nonnegative cut-off function. Let € > 0 be sufficiently
small, and (g¢)-0 be a standard family of mollifiers, that is,

Se € C((;O(HnaRz)—)’ Supp(ge) - DE(O)’ fge = 1.

For t > 0, define

WE) =T+ f o Eundn, WE =T+ f

s o Ev(mdn.
-

In particular, since u,v € L! (H"), then i1, 7 € C'(H";R"), which shows that both ##y* and 7~*y* can

loc

be used as test functions in (3.22), @, B € (0, 1), so that, using also (3.23),

f (K« P Wi Py dé + C\ f G A, u, Vi)™ dé

<k fH P Y g de,

and
f x uP Y u =Yk de + Cra f n YK BE, v, Vgv)|"2dé
<k fH Ol g g

Since it — u, and ¥ — v, in L}OC(H ") as € — 0, then, by the Lebesgue dominated convergence theorem,
we arrive to

(K s v uPybde + C B | uP " WHAE, u, V)™ dé

HYl Hll

S kf u;ﬁ-'—ml_llﬁk_mllVHlﬂlmldf,

AIMS Mathematics Volume 10, Issue 5, 12576-12597.
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and

Hl’l

f (I * u")uv;*y*dé + Cra f VI WK BE, v, Vgv) " dé
Hn
<k f VRl g g

Step 2. The inequalities

f (K % v W g
H

N
L e\
< kC™ u'yrdé
1 1

’ ’ W ’ 7 W
X f wk‘*"'ﬂwr"“dg) ( f Y df) :
Hn Hn

(3.28)
and
f (I % uP)uytdé
Hn
T ] s
< kO ( f vlwkdf)
Hn
x( f e T df) ( f e\ T B
n Hn
(3.29)

hold, where u, 4, y,¢ > 1, which will be given later, and ¥ € C Cl (H") 1s a standard nonnegative cut-off
function to be specified later.

To show the validity of Step 2, we multiply the first inequality in (3.22) by /* so that we obtain the
following using the Holder inequality with exponents m;,m| > 1,

(K % v i yhde < f A, 1, V) IV g e

H" supp(Vuiy)

"

< k(f u P YN AE u, VH”)|m/ld§)

1
lnl
% (f M7(_ﬁ+1)(m1—1)¢/k—m1 |VHl//|m1dé‘:) .

Hence, by inserting the estimation (3.27) in the right hand side of the above inequality, we obtain the
following:

f (K v ywiykde
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1
1 m',
< kG (f u;ﬁ+ml_1lﬂk_ml|VHlﬂ|mld§) 1
Hn
1
m
><( u?*”(’"“”wk‘"“|VHw|"“d§) : (3.30)
H}’l
Analogously, we arrive at

f (I = uP)u®yrdé

Hn

1
mé (f V7—_(1+m2— 1 l//k—mz |VHI//|m2 dg) "y
n

<kC
X( V-(rw+1)(mz_1)l/’k_m2|VHl//|m2d§:) 2 . (331)
Hl'l

Further applications of the Holder inequality with exponents A, u > 1 give

f u;ﬂ+ml_lwk_m1|VHw|mld§

L
7

1
< (f ) kdf) ( tﬁk_'"'”IVm//I""”%) , (3.32)
supp(Vuy) H"
and
f uq(—ﬁ-'—l)(ml_l)wk_ml|VHw|mld§
Hn
1 L
< ( f u" wkdf) ( f wk‘m‘“'IVle’"‘“'df) : (3.33)
supp(Vuy) H"
where l ;
P B O S,
ml—ﬁ—l ll—m1+,8+l
l [

— 1 ’— .
F=Bs0m -0 * T Sm+ 1= Bm - 1)

Hence, by inserting (3.32) and (3.33) in (3.30), we deduce the following:

f (K = v yp?! wkdf

1 1

Nt A
<kC™ ulytdé
1 1

’ ’ W —mu’ miu’ mu
X f tﬁ"""”IVHwI’"”df) ( f e\ df) .
H" H"
(3.34)

An application of Fatou’s Lemma when 7 — 0 in (3.34) immediately gives (3.28).
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A similar reasoning allows us to prove

f v;a+mz—l¢k—m2 |VHw|m2d§

L
%

< ( f v?w"df) ( w"-mzxwvﬂ«//lm’df) :
supp(Vyy) H"

and
f V.([.a+l)(m2_l)',0k_m2|VH!//|m2d§
Hﬂ
! )
< (f vlzwkdé;) ( wk—mzt’lvalmgt’dé;) ,
supp(Vuy) H"
where
b , L,
X= mz—a—l’)( Cbh-mta+1’
I , l

et hm-0 " T hom+l—atm—1)
Hence, by inserting (3.35) and (3.36) in (3.31), we have the following:

f (I = uP)u®y*dé¢
H

1 o Ymy
< kC7% ( f vlfwkdf) T

1 1

x( f wk—m2*’|vﬂw|mzx'df)”2 ( f lp"—’"z"|w|'"2‘df)m”.
n HYl

An application of Fatou’s Lemma when 7 — 0 in (3.37) immediately gives (3.29).

Step 3. Let [, = 252 and [, = 2324 if we define

Ji = f ubyrde, J, = f Viyrde,
Dgr(0) Dr(0)

where Dy, is the ball of H" which has a center at £ = 0 and a radius R > 0, then

J? < CR"',
J; < CR™,
for some real exponents oy and o, which are given below.

To show Step 3, we first recall the proof of Lemma 3.6, which leads to

(K * v Wwiykdé > ¢ RP I3,
Hn

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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and
f (I * uP)uyrdé > c,RP J2.

Therefore, from (3.28), we have the following:

1
J5<—RY f (K = v/ yrdé

(&]

IA

1 J S U
ﬁém’l Rﬁ] (Jl)ﬁm’l +llm1
C1
1

i

_1
x( wk—m‘ﬂvwlm‘”dé) | ( f WY g™ dg
H" H"

(3.41)
Similarly, we have
1
J2<—RP | (I uP)uytde
(&) H"
ﬁ ;}2 ﬁZ(JZ)Xm +Wl'z
)
1 1
, , x'm , , myl
x ( f WV g df) ( f WV ™ df) :
H" H"
(3.42)

We use a combination of (3.41) and (3.42) , which leads to the following:
k
2

JP< —C"R ﬂZ(Jz)Xm’ *on

( f oy |7 g X df) ( f w‘mﬂ’|vﬂwlmﬂ’d§)m”
H n

k ~ k A :
— cm RE () ( f Yy «//I’"”df)
Cy

oA
"

R”

N\"—

<—=C"

1 1
—_ 2)(m'2 + 2umy

kmm mip i
IVay| d«f) ]

AA
h

Z: : ;o\
k —mayx’ |V d/lmz,\/ df) (f l//k—mzt |VH¢I|m2L dé'_-)
H’l

7+
2

ZAzm

I/\
’%

2Lm2 (12)( 2/lm’1 2un11 )( 2)(,;1’ 2Lﬂ12 )

(/{/ 7 )(2)(7"'2”]”2)
x| [ YV gyt a’f) -

n

,)(

)

ZX/n’ 2lm2

X

n

(
|
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1

x( | w"—"'ZX’|VHw|m2X’d§)”2 ( | wk‘m2"|vﬂw|’"2"df)"’”.
H" H"

(3.43)
In (3.43), we compute the following:
-1
,32+2ﬁ + Fi =ﬁ2+u,
xm,  2um 210,
1 (ll—m1+,8+1)(m1—1) I Lh-m+1-Bm —1)
/1'17’11 - lll’l’ll mlu’ B llml ’
1 _(lz—m2+a+1)(m2—1) 1 _lz—m2+1—oz(m2—l)
x'm, B l,m, T mat l,m, ’
¥ limy , lim
mA = , =
S —m B+ U T L T =By — 1)
) lym, , lym;
myy’ = , mot’ = .
X mrar U T Ll —atm - 1)
From (3.43), we deduce
(JZ)]_(W W)(ZXT m (J2)1 (mzllll)(mzlzl)
((11 —my+p+1)(my — )(m2 ])
(m l)ﬁ , , lymy 20
<CR* % ( f e\ T df)
(llfmlw;lfﬁ(ml l))(mzzl 1
’ , 1m 2
x| [ w TV df)
Hn
(lp—my+a+1)(my—1)
k_ ’ ’ 12m2
X YNV ™Y df)
Hﬂ
ly—my+1-a(my—1)
e , , Iymy
X e AV e df) , (3.44)
Hn

where, by (3.26),
nmy; — 1 nyp — 1
1- 0.
( o (= L ) >
Now, we specialize the choice of the cut-off function ¢, by taking ¥/(§) = Yx(€), where y € Cy(H"),

with

1 + 1+ 72
R4
with ¥ € C*(R") is a the standard cut-off function

Yr(m) = ¥( =& &1 eH" R>0, (3.45)

I, if0<r<i,
Y=<\, ifl<r<2,
0, ifr>2.
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We note that supp(¥) is subset of

O = {(€.€,1) € H'llEl" + &' + 7 < 2RY,

and supp(Vyy) are supported on

Qr = {(&,€,7) € H'IR* < |¢I* + 18" + |7 < 2R*).

It follows from (3.15) that

< CIR(ml—l)(mz—l)(W—z)

( f wk""'ﬂwr"l”’df)
p

Thus,
<
<
<
AIMS Mathematics

. , , (T)(W)
(f e |VH'7[’|ml/ld§)
H

Vgl < CR™'.

([ =my+p+1)(my=1) mpy—1

S

(| —mp+B+1)(my=1), my—1
. (UemBebon Dy
CR™ f dé
Qp

O(ly—my+p+1) 1

Iy —my+1-Bmy-1), my—1
e )

Iy =my+1=Bmy=1) my—1
[
R""‘” d§
Q([l—ml+1—ﬁ(m| 1) 1
(m-D(——rmm———3;5)
C2R 21 lym 2l s

(lp—my+a+1)(my—1)
lmy

( f w"‘"’%wlmz*’df)
H"

(lp—my+a+1)(my—1)

, lymy
S(CR_’"ZX f dg-“)
Qr

O(lp—mp+a+1)(my—1) _
S C3R lhmy ma+1

2

ly—my+1-a(my—1)

k—mpt myt a2
f Y gl dg
H”l

ly—my+1-a(my—1)

lymy
for= [
C

Q(lz m2+| a(mz 1)) _1
4R ymy

IA

(3.46)
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Consequently, from (3.44), we obtain the following:

J? < CR™,
{ J3 < CR™,
where
o = AL LBy —my) + 2L (my — 1)(B1 —my) + 20[(my — D)(=1y —m; + 1) + 21112],
4hl — (my — 1)(my — 1)
and
oy = AL1L(B1 —my) + 2L(my — 1)(By — mp) + 20[(my — 1)(=l, —my + 1) + 2 lz].
4hlh — (my — 1)(my = 1)
From the estimates of Step 3, it immediately follows that (i, v) is constant. We recall that [, = MT””, I =

’”TWI. Consequently, from (3.39), we note that either oy < 0 or o, < 0 if and only if (3.25) holds. In
the case where oy < 0, the integral J;, which is increasing in R, is uniformly bounded with respect to
R. Using the dominated convergence theorem, we obtain the following:

lim J 1 = 0,
R—+c0

which implies that # = 0 in H". The proof in the case where o, < 0 is analogous.
4. Conclusions

We established the criteria for the nonexistence of nonnegative solutions to quasilinear elliptic
inequalities and divergence-type systems on the Heisenberg group. Through contradiction arguments
rooted in maximum principle-type inequalities, we demonstrate that specific critical exponents
governed by the group’s homogeneous dimension and the nonlinearities’ interaction act as thresholds
beyond which solutions cannot exist. Further investigations could explore applications to coupled
systems with mixed nonlinearities, weighted function spaces, or time-dependent analogues, where
similar geometric constraints may impose novel nonexistence regimes.
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