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Abstract: This paper establishes sharp nonexistence criteria for nonnegative solutions to a class
of quasilinear elliptic inequalities and divergence-type systems in the subelliptic framework of the
Heisenberg group Hn. By developing an optimized test function methodology adapted to the stratified
Lie group structure, nonexistence is established through a contradiction argument based on maximum
principle-type inequalities. The analysis contributes new insights into the role of sub-Riemannian
geometry in constraining the solution behavior for degenerate elliptic operators.

Keywords: quasilinear elliptic inequalities; elliptic systems; Heisenberg group
Mathematics Subject Classification: 35J62, 35B09, 35A23, 35R03

1. Introduction

The purpose of this article is to establish the nonexistence results of nontrivial solutions of elliptic
inequalities and systems in the Heisenberg group.

In this paper, we study the nonexistence of entire nontrivial weak solutions of quasilinear elliptic
inequalities of the following type:

LAu = −divH(A(ξ, u,∇Hu)) ≥ (K(ξ) ∗ up)uq, ξ ∈ Hn, (1.1)

where p, q > 0, and the map A : Hn × R × R2n → R2n is a Carathéodory function with A(ξ, z, 0) =

0,A(ξ, z, η) · η ≥ 0, for every (ξ, z, η) ∈ Hn × [0,∞) × R2n. In addition, LA is assumed to be a weakly
m−coercive operator, that is, there exists a constant c0 > 0 and an exponent m > 1, such that the
inequality

A(ξ, z, η) · η ≥ c0|A(ξ, z, η)|m
′

, (1.2)

holds, where m′ = m
m−1 . The function K ∈ C(Hn \ {0}),K > 0 satisfies limξ→0 K(ξ) > 0, and there exists
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ρ > 0 and 0 < β < m
2 such that

K(ξ) ≥ c|ξ|−β, (1.3)

for all ξ ∈ Hn, |ξ| > ρ, where c > 0 is a positive constant. The quantity K ∗ up is defined as a standard
convolution operator on the Heisenberg group by the following:

K ∗ up(ξ) =

∫
Hn

K(η−1 ◦ ξ)up(η)dη, for all ξ ∈ Hn.

In recent years, increasing attention has been given to the analysis and partial differential equations
(PDEs) on the Heisenberg group. In particular, the classification of solutions to elliptic equations
and systems has been extensively studied by mathematicians. For instance, B. Ahmad, A. Alsaedi
and M. kirane [1] demonstrated the nonexistence of global solutions for a class of nonlocal spatial
evolution equations on the Heisenberg group by constructing suitable test functions. M. Jleli, M. Kirane
and B. Samet [2] extended such nonexistence results to a broader framework of evolution equations,
revealing profound connections between nonlinear terms and the group structure. In the context of
elliptic equations, I. Birindelli [3] established Liouville-type theorems for the Laplace operator on the
Heisenberg group by deriving decay estimates for superharmonic functions. A. Kassymov and D.
Suragan [4] analyzed nonlinear equations with Hardy potentials and investigated the multiplicity of
positive solutions in relation to potential parameters using variational methods.

In an influential paper [5], Gidas and Spruck discovered that the semilinear equation

−∆u = up in Rn, n ≥ 3,

has no C2 positive solutions for 1 ≤ p < n+2
n−2 and the upper exponent n+2

n−2 is sharp.
Recently, T. Godoy [6] considered the positive solutions of nonpositone sublinear elliptic problems.

The nonexistence results for solutions of inequalities of the type

∆H(au) + |u|p ≤ 0,

in Hn, with a ∈ L∞ was studied in [7]. The quasilinear elliptic inequality

div(A(|∇u|)∇u) ≥ f (u),

was discussed in [8, 9] in connection with the strong maximum principle and the compact support
principle.

The work [10] dealt with noncoercive elliptic systems of quasilinear elliptic inequalities of the
following type: {

−div(h1(x)A(|∇u|∇u)) ≥ f (x, u, v,∇u,∇v), in Rn,

−div(h2(x)B(|∇v|∇v)) ≥ g(x, u, v,∇u,∇v), in Rn.
(1.4)

To the best of our knowledge, the first results that dealt with quasilinear elliptic inequalities that
featured nonlocal terms appeared in [11]. The authors in [11] obtained local estimates and Liouville
type results for the following:

−div[A(x, u,∇u)] ≥ K ∗ uq in Rn,
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where K ≥ 0 and q > 0.
The study of functional inequalities and variational problems on the Heisenberg group has been

a central topic in geometric analysis and nonlinear partial differential equations. A foundational
contribution in this direction was made by Jerison and Lee [12], who established sharp extremals for the
Sobolev inequality on the Heisenberg group and laid crucial groundwork for the CR Yamabe problem.
Their work has inspired extensive research into related inequalities and variational frameworks in
sub-Riemannian settings. For instance, J. Dou, P. Niu, and Z. Yuan [13] investigated a Hardy-type
inequality with remainder terms and explored its applications to weighted eigenvalue problems on
stratified Lie groups. Recent advances have focused on nonlinear elliptic problems with critical
growth. In particular, X. Sun, Y. Song, and S. Liang [14] studied the critical Choquard-Kirchhoff

problem on the Heisenberg group, addressing existence and multiplicity results under nonlocal-to-
local transitions. Y. Hu [15] studied the Hardy-Littlewood-Sobolev inequalities with weights, which
extended classical duality principles to the subelliptic context and uncovered new phenomena tied to
the stratified structure.

There are many interesting results about sub-Laplacian and p− sub-Laplacian equations on the
Heisenberg group (see [16–18]). In particular, in [19], the authors studied the Kirchhoff elliptic,
parabolic, and hyperbolic-type equations on the Heisenberg group. In addition, the analogous results
were transferred to the cases of systems.

Later, Y. Zheng [20] established Liouville theorems for the following system of differential
inequalities:

 ∆Hum1 + |η|
γ1
H |v|

p ≤ 0,

∆Hvm2 + |η|
γ2
H |u|

q ≤ 0,
(1.5)

on different unbounded open domains of the Heisenberg group Hn, including the whole space, and the
half space of Hn.

Our work is motivated by a recent paper [21], where the authors proved the existence and
nonexistence of positive solutions for the following quasilinear elliptic inequality:

−div[A(x, u,∇u)] ≥ (Iα ∗ up)uq, in Ω,

where Ω ⊂ Rn, n ≥ 1, is an open set. Iα stands for the Riesz potential of order α ∈ (0, n), p > 0, and
q ∈ R.

The paper is organized as follows: In Section 2, we review some basic notations on the Heisenberg
group; and in Section 3, we give the proof of our main results.

Throughout the paper, we denote some positive constants by C,C1,C2 · · · , which may vary from
line to line.

2. Preliminaries

Before describing our results, we need to recall some notions on the Heisenberg group, see also [22–
24].
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The 2n + 1-dimensional Heisenberg group Hn is Rn × Rn × Rn endowed with group law “◦”

ξ̂ ◦ ξ :=

x + x̂, y + ŷ, t + t̂ + 2
n∑

i=1

xiŷi − yi x̂i

 ,
for any ξ = (x, y, t), ξ̂ = (x̂, ŷ, t̂) in Hn, with x = (x1, · · · , xn), x̂ = (x̂1, · · · , x̂n), y = (y1, · · · , yn), and
ŷ = (ŷ1, · · · , ŷn) denoting the elements of Rn.

The 2n+1−dimension Heisenberg algebra is the Lie algebra spanned by the following left-invariant
vector fields:

Xi :=
∂

∂xi
+ 2yi

∂

∂t
, i = 1, · · · , n,

Yi :=
∂

∂yi
− 2xi

∂

∂t
, i = 1, · · · , n,

T :=
∂

∂t
. (2.1)

Then, the Heisenberg gradient, or the horizontal gradient of a regular function u, is defined by the
following:

∇Hu := (X1u, · · · , Xnu,Y1u, · · · ,Ynu).

Given the real number λ > 0, a natural dilation on the Heisenberg group is given by the following:

δλ(ξ) = (λx, λy, λ2t), (2.2)

whose Jacobian determinant is λQ, where Q = 2n + 2 stands for the homogeneous dimension of Hn.

The norm on Hn is defined by

|ξ|H := ρ(ξ) =


 n∑

i=1

x2
i + y2

i

2

+ t2


1
4

, (2.3)

and the associated Heisenberg distance

dH(ξ, ξ̂) = ρ(ξ̂−1 ◦ ξ),

where ξ̂−1 is the inverse of ξ̂ with respect to “◦” (i.e., ξ̂−1 = −ξ̂).
The open ball of radius R centered at ξ is the following set:

DR(ξ) := {η ∈ Hn|dH(ξ, η) < R}.

It important to note that
|DR(ξ)| = |DR(0)| = |D1(0)|RQ,

where |D1(0)| is the volume of the unit Heisenberg ball under a Haar measure, which is equivalent to
the 2n + 1 dimensional Lebesgue measure of R2n+1.

Define
W1,1

loc (Ω) = {u : Ω→ R|u,∇Hu ∈ L1,1
loc(Ω)},

and let W1,1
c (Ω) be the subspace of W1,1

loc (Ω) of functions with a compact support.
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3. Main results

Let us formulate a definition of the weak solution of Eq (1.1).

Definition 3.1. A locally integrable nonnegative function u ∈ C(Ω) ∩W1,m
loc (Ω) is called a entire weak

solution of (1.1) in Ω = Hn, if
(i) u > 0, A(ξ, u,∇Hu) ∈ Lm′

loc(Ω)2n;
(ii) (K ∗ up)uq ∈ L1

loc(Ω);
(iii) For any ψ ∈ C∞c (Ω), ψ ≥ 0, we have∫

Ω

A(ξ, u,∇Hu) · ∇Hψdξ ≥
∫

Ω

(K ∗ up)uqψdξ. (3.1)

Our main result that concerns (1.1) is as follows.

Theorem 3.2. Assume (1.2) and (1.3), then, every entire weak solution of (1.1) is necessarily constant
when

2 max{1,m − 1} < p + q <
2(m − 1)β
Q − m + β

. (3.2)

We start with the following result, which provides an extra local integrability of u.

Lemma 3.3. Let u be a nonnegative solution of (1.1), then u
p+q

2 ∈ L1
loc(H

n).

Proof. Let R > ρ be large enough for ξ ∈ DR(0), additionally, using (1.3), we obtain the following:

(K ∗ up)(ξ) ≥
∫

DR(0)
K(η−1 ◦ ξ)up(η)dη

=

∫
|η−1◦ξ|≤ρ

K(η−1 ◦ ξ)up(η)dη

+

∫
|η−1◦ξ|>ρ,|η|<R,|ξ|<R

K(η−1 ◦ ξ)up(η)dη

≥ inf
z∈D1(0)

K(z)
∫
|η−1◦ξ|≤ρ

up(η)dη

+ c
∫
|η−1◦ξ|>ρ,|η|<R,|ξ|<R

|η−1 ◦ ξ|−βup(η)dη

≥ inf
z∈D1(0)

K(z)
∫
|η−1◦ξ|≤ρ

up(η)dη

+ c(2R)−β
∫
|η−1◦ξ|>ρ,|η|<R

up(η)dη

≥ CR−β
[∫
|η−1◦ξ|≤ρ,|η|<R

up(η)dη +

∫
|η−1◦ξ|>ρ,|η|<R

up(η)dη
]

≥ CR−β
∫

DR(0)
up(η)dη. (3.3)

AIMS Mathematics Volume 10, Issue 5, 12576–12597.



12581

Consequently, using (3.3) and the Hölder inequality, we deduce the following:

∞ >

∫
DR(0)

(K ∗ up(ξ))uq(ξ)dξ ≥ CR−β
(∫

DR(0)
up(ξ)dξ

) (∫
DR(0)

uq(ξ)dξ
)

≥ CR−β
(∫

DR(0)
u

p+q
2 (ξ)dξ

)2

,

which shows u
p+q

2 ∈ L1(DR(0)). This completes the proof of the lemma.

Lemma 3.4. Let u be a nonnegative nontrivial weak solution to (1.1), for every τ > 0, define

uτ := u + τ.

Then, for any d ∈ (0, 1), k > m, and φ ∈ C1
c (Hn;R+), the following holds∫

Hn
(K ∗ up)uq−dφkdξ + cε

∫
Hn

u−d−1φk|A(ξ, u,∇Hu)|m
′

dξ

≤ dε

∫
Hn

u−d+m−1φk−m|∇Hφ|
mdξ, (3.4)

for some positive constants cε and dε , which is given by

cε = dc0 −
kεm′

m′
, dε =

k
mεm ,

for 1 < ε < (dc0m′)
1

m′ , where c0 and m are given in (1.2).

Proof. Let ε > 0 be sufficiently small, and let (ζε)ε>0 be a standard family of mollifiers, that is,

ζε ∈ C∞0 (Hn;R+
0 ), supp(ζε) ⊂ Dε(0),

∫
ζε = 1.

We define
ũ = τ +

∫
Hn
ζε(η−1 ◦ ξ)u(η)dη,

for ξ ∈ Hn. Clearly, ũ, uτ > 0. In particular, since u ∈ L1
loc(H

n), we have ũ ∈ C1(Hn), which shows that
the function φ = ũ−dφk ≥ 0 can be used as a test function in the weak formulation of (1.1), so that∫

Hn
(K ∗ up)uqũ−dφkdξ + d

∫
Hn

ũ−d−1φkA(ξ, u,∇Hu) · ∇Hũdξ

≤ k
∫

Hn
ũ−dφk−1A(ξ, u,∇Hu) · ∇Hφdξ,

where k positive will be chosen later. Since ũ → uτ in L1
loc(H

n) as ε → 0, then, by the Lebesgue
dominated convergence theorem and being ∇Huτ = ∇Hu, we arrive at the following:∫

Hn
(K ∗ up)uqu−d

τ φ
kdξ + d

∫
Hn

u−d−1
τ φkA(ξ, u,∇Hu) · ∇Hudξ
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≤ k
∫

Hn
u−d
τ φ

k−1A(ξ, u,∇Hu) · ∇Hφdξ.

Applying condition (1.2), we deduce the following:∫
Hn

(K ∗ up)uqu−d
τ φ

kdξ + dc0

∫
Hn

u−d−1
τ φk|A(ξ, u,∇Hu)|m

′

dξ

≤ k
∫

Hn
u−d
τ φ

k−1|A(ξ, u,∇Hu)||∇Hφ|dξ. (3.5)

Now, by using the Young’s inequality with exponents ε, ε′ > 1, we obtain the following:

∫
Hn

u−d
τ φ

k−1|A(ξ, u,∇Hu)||∇Hφ|dξ

=

∫
Hn
εu
− 1+d

m′
τ |A(ξ, u,∇Hu)|φ

k
m′ ε−1u

−d+ d+1
m′

τ φ
(m′−1)k

m′ −1|∇Hφ|dξ

≤
εm′

m′

∫
Hn

u−d−1
τ |A(ξ, u,∇Hu)|m

′

φkdξ

+
1

mεm

∫
Hn

u
−d+ 1

m′−1
τ φk−m|∇Hφ|

mdξ.

Consequently, by inserting this estimation in the right hand side of (3.5), we obtain the following:∫
Hn

(K ∗ up)uqu−d
τ φ

kdξ + (dc0 −
kεm′

m′
)
∫

Hn
u−d−1
τ φk|A(ξ, u,∇Hu)|m

′

dξ

≤
1

mεm

∫
Hn

u
−d+ 1

m′−1
τ φk−m|∇Hφ|

mdξ. (3.6)

An application of Fatou’s Lemma when τ→ 0 in (3.6) immediately gives (3.4).

Lemma 3.5. Let l > 1 and u ≥ 0 be a solution of (1.1) such that ul ∈ L1
loc(H

n), if we define

J =

∫
Hn

ul(ξ)φk(ξ)dξ, (3.7)

then ∫
Hn

(K ∗ up)uqφkdξ

≤ CεJ
m−1

l

(∫
Hn
φk− lm

l−m+d+1 |∇Hφ|
lm

l−m+d+1 dξ
) (l−m+d+1)(m−1)

lm

×

(∫
Hn
φk− lm

l−m+1−d(m−1) |∇Hφ|
lm

l−m+1−d(m−1) dξ
) l−m+1−d(m−1)

lm

. (3.8)

Proof. To claim the inequality (3.8), we multiply the inequality (1.1) by φk, and find the following:∫
Hn

(K ∗ up)uqφkdξ ≤
∫

supp(∇Hφ)
|A(ξ, u,∇Hu)||∇Hφ

k|dξ. (3.9)
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Using the Hölder inequality with exponents m,m′ > 1, we obtain the following:∫
Hn
|A(ξ, u,∇Hu)||∇Hφ

k|dξ

≤ k
(∫

Hn
u−d−1φk|A(ξ, u,∇Hu)|m

′

dξ
) 1

m′

×

(∫
Hn

u(d+1)(m−1)φk−m|∇Hφ|
mdξ

) 1
m

.

Moreover, by using Lemma 3.4, we have∫
Hn
|A(ξ, u,∇Hu)||∇Hφ

k|dξ

≤ k(
dε
cε

)
1

m′

(∫
Hn

u−d+m−1φk−m|∇Hφ|
mdξ

) 1
m′

×

(∫
Hn

u(d+1)(m−1)φk−m|∇Hφ|
mdξ

) 1
m

. (3.10)

Now, we use the Hölder inequality in all the factors of the right hand side of (3.10), so that∫
Hn

u−d+m−1φk−m|∇Hφ|
mdξ

≤

(∫
supp(∇Hφ)

ulφkdξ
) 1
θ
(∫

Hn
φk−mθ′ |∇Hφ|

mθ′dξ
) 1
θ′

, (3.11)

where θ = l
m−d−1 , θ

′ = l
l−m+d+1 .∫

Hn
u(d+1)(m−1)φk−m|∇Hφ|

mdξ

≤

(∫
supp(∇Hφ)

ulφkdξ
) 1
κ
(∫

Hn
φk−mκ′ |∇Hφ|

mκ′dξ
) 1
κ′

, (3.12)

where κ = l
(d+1)(m−1) , κ

′ = l
l−m+1−d(m−1) .

Consequently, by inserting (3.11) and (3.12) into (3.10), we compute the following:∫
Hn
|A(ξ, u,∇Hu)||∇Hφ

k|dξ

≤ Cε

(∫
Hn

ulφkdξ
) 1
θm′

(∫
Hn
φk−mθ′ |∇Hφ|

mθ′dξ
) 1

m′θ′

×

(∫
Hn

ulφkdξ
) 1
κm

(∫
Hn
φk−mκ′ |∇Hφ|

mκ′dξ
) 1

mκ′

= Cε

(∫
Hn

ulφkdξ
) 1
θm′ +

1
mκ

(∫
Hn
φk−mθ′ |∇Hφ|

mθ′dξ
) 1

m′θ′
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×

(∫
Hn
φk−mκ′ |∇Hφ|

mκ′dξ
) 1

mκ′

,

where Cε = k(dε
cε

)
1

m′ . Finally, from (3.9), we have∫
Hn

(K ∗ up)uqφkdξ

≤ Cε

(∫
Hn

ulφkdξ
) 1
θm′ +

1
mκ

(∫
Hn
φk−mθ′ |∇Hφ|

mθ′dξ
) 1

m′θ′

×

(∫
Hn
φk−mκ′ |∇Hφ|

mκ′dξ
) 1

mκ′

. (3.13)

We obtain
1
θm′

+
1

mκ
=

m − 1
l

, mθ′ =
lm

l − m + d + 1
, mκ′ =

lm
l − m + 1 − d(m − 1)

,

1
m′θ′

=
(l − m + d + 1)(m − 1)

lm
,

1
mκ′

=
l − m + 1 − d(m − 1)

lm
.

Thus, (3.13) gives (3.8).
Now, we specialize the choice of the cut-off function φ. Taking

φ(η) = Ψ(
|ξ|4 + |ξ̃|4 + τ2

R4 ), η = (ξ, ξ̃, τ) ∈ Hn,R > 0, (3.14)

with Ψ ∈ C∞c (R+) is the standard cut-off function

Ψ(r) =


1, if 0 ≤ r ≤ 1,
↘, if 1 < r ≤ 2,
0, if r > 2.

We note that supp(φ) is a subset of

Ω̃R = {(ξ, ξ̃, τ) ∈ Hn||ξ|4 + |ξ̃|4 + |τ|2 ≤ 2R4},

and supp(∇Hφ) are supported on

ΩR = {(ξ, ξ̃, τ) ∈ Hn|R4 < |ξ|4 + |ξ̃|4 + |τ|2 ≤ 2R4}.

Let r =
|ξ|4+|ξ̃|4+τ2

R4 , we calculate

|∇Hφ| =

 n∑
i=1

|Xiφ|
2 + |Yiφ|

2


1
2

= 4R−4|Ψ′(r)|[|ξ|6 + |ξ̃|6 + τ2(|ξ|2 + |ξ̃|2) + 2τξ · ξ̃(|ξ|2 − |ξ̃|2)]
1
2

≤ C1R−1. (3.15)
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Lemma 3.6. Let u be a solution of (1.1), and l =
p+q

2 > 1, then,(∫
DR(0)

ul(ξ)φk(ξ)dξ
)2

≤ CRα, (3.16)

for an opportune real exponent α given by

α =
(p + q)(Q − m + β) − 2(m − 1)Q

p + q − m + 1
,

and φ as a cut-off function in (3.14).

Proof. If R > ρ is large enough, then we have the following:

(K ∗ up)(ξ) ≥ cR−β
∫

D2R(0)
up(η)dη ≥ cR−β

∫
Hn

up(η)φk(η)dη. (3.17)

Furthermore, for l =
p+q

2 > 1, by the Hölder inequality, we have("
Hn×Hn

up(η)φk(η)uq(ξ)φk(ξ)dξdη
)2

=

("
Hn×Hn

up(η)φk(η)uq(ξ)φk(ξ)dξdη
)

×

("
Hn×Hn

up(η)φk(η)uq(ξ)φk(ξ)dξdη
)

≥

("
Hn×Hn

u
p+q

2 (η)φk(η)u
p+q

2 (ξ)φk(ξ)dξdη
)2

=

(∫
Hn

ul(ξ)φk(ξ)dξ
)4

= J4.

Hence, ("
Hn×Hn

up(η)φk(η)uq(ξ)φk(ξ)dξdη
)
≥ J2. (3.18)

By (3.17) and (3.18), we have∫
Hn

(K ∗ up)uqφkdξ ≥ cR−β
"

Hn×Hn
up(η)φk(η)uq(ξ)φkdξdη ≥ cR−βJ2.

Thus,

J2 ≤
1
c

Rβ

∫
Hn

(K ∗ up)uqφkdξ

≤
Cε

c
Rβ

(∫
Hn

ulφkdξ
)m−1

l
(∫

Hn
φk− lm

l−m+d+1 |∇Hφ|
lm

l−m+d+1 dξ
) (l−m+d+1)(m−1)

lm
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×

(∫
Hn
φk− lm

l−m+1−d(m−1) |∇Hφ|
lm

l−m+1−d(m−1) dξ
) l−m+1−d(m−1)

lm

. (3.19)

We perform the change of variables Rξ̄ = ξ,Rξ̂ = ξ̃, and R2τ̃ = τ, from (3.15), we obtain the
following estimates: ∫

Hn
φk− lm

l−m+d+1 |∇Hφ|
lm

l−m+d+1 dξ ≤ C1R−
lm

l−m+d+1

∫
ΩR

dξ

≤ C1RQ− lm
l−m+d+1 ,

and ∫
Hn
φk− lm

l−m+1−d(m−1) |∇Hφ|
lm

l−m+1−d(m−1) dξ ≤ C1R−
lm

l−m+1−d(m−1)

∫
ΩR

dξ

≤ C1RQ− lm
l−m+1−d(m−1) . (3.20)

Consequently, by (3.19), we obtain

J2 ≤
CεC1

c
Rβ

(∫
Hn

ulφkdξ
)m−1

l (
RQ− lm

l−m+d+1
) (l−m+d+1)(m−1)

lm

×
(
RQ− lm

l−m+1−d(m−1)
) l−m+1−d(m−1)

lm

≤ C(J2)
m−1

2l R
(l−m+1)Q

l −m+β.

Hence, we have (∫
DR(0)

ul(ξ)φk(ξ)dξ
)2

≤ CRα, (3.21)

where α = ( (l−m+1)Q
l − m + β)( 2l

2l−m+1 ). Recall that l =
p+q

2 > 1, thus, we have the following:

α = (
(l − m + 1)Q

l
− m + β)(

2l
2l − m + 1

)

=
(p + q)(Q − m + β) − 2(m − 1)Q

p + q − m + 1
.

Proof of Theorem 3.2. Now, We claim that u is constant. For this aim, first suppose that (3.2) holds,
this means that α < 0 in (3.21). Hence, from (3.21), by letting R→ ∞, we get

J =

∫
Hn

ul(ξ)φk(ξ)dξ = 0,

which contradicts our assumptions on u, thus completing the proof of the theorem.
Let us consider the following system LAu = −divH(A(ξ, u,∇Hu)) ≥ (K(ξ) ∗ vp1)vq1 ,

LBv = −divH(B(ξ, v,∇Hv)) ≥ (I(ξ) ∗ up2)uq2 ,
(3.22)
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whereA,B are Carathéodory functions with

A(ξ, z, η) · η ≥ C1|A(ξ, z, η)|m
′
1 , B(ξ, z, η) · η ≥ C2|B(ξ, z, η)|m

′
2 , (3.23)

for some m′1,m
′
2 > 1 and m1,m2 are the corresponding conjugate exponents of m1,m2, respectively.

The quality K ∗ vp1 and I ∗ up2 are defined as standard convolution operators on the Heisenberg group
by

K ∗ vp1(ξ) =

∫
Hn

K(η−1 ◦ ξ)vp1(η)dη, for all ξ ∈ Hn,

and

I ∗ up2(ξ) =

∫
Hn

I(η−1 ◦ ξ)up2(η)dη, for all ξ ∈ Hn,

respectively. We assume that there exist positive constants c1, c2,R0 and real exponents β1, β2 ∈ R such
that

K(ξ) ≥ c1|ξ|
−β1 , I(ξ) ≥ c2|ξ|

−β2 , (3.24)

for all ξ with |ξ| ≥ R0.

Let us give a definition of the weak solution to (3.22) as follows.

Definition 3.7. By an entire weak solution of (3.22), we mean a couple (u, v) of nonnegative functions
of class W1,1

loc (Hn) ×W1,1
loc (Hn) such that (u, v) is a distribution solution of (3.22), that is,

A(ξ, u,∇Hu) ∈ Lm′1
loc(H

n)2n, B(ξ, v,∇Hv) ∈ Lm′2
loc(H

n)2n,

(K ∗ vp1)vq1 ∈ L1
loc(H

n), (I ∗ up2)uq2 ∈ L1
loc(H

n),∫
Hn
A(ξ, u,∇Hu) · ∇Hψdξ ≥

∫
Hn

(K ∗ vp1)vq1ψdξ,∫
Hn
B(ξ, v,∇Hv) · ∇Hψdξ ≥

∫
Hn

(I ∗ up2)uq2ψdξ,

for all ψ ∈ C∞c (Hn) with ψ ≥ 0.

Theorem 3.8. Assume that the inequalities

Q ≤ max{K1,K2}, (3.25)

and

p1 + q1 > m2 − 1, p2 + q2 > m1 − 1, (3.26)

hold with Q = 2n + 2, which is the homogeneous dimension of Hn, then, the system of elliptic type
inequalities (3.22) does not have an entire nontrivial weak solution, where

K1 =
(p2 + q2)(p1 + q1)(m2 − β2) + (p2 + q2)(m2 − 1)(m1 − β1)

(m2 − 1)(−p2 − q2 − 2m1 + 2) + (p1 + q1)(p2 + q2)
,

K2 =
(p2 + q2)(p1 + q1)(m1 − β1) + (p1 + q1)(m1 − 1)(m2 − β2)

(m1 − 1)(−p1 − q1 − 2m2 + 2) + (p1 + q1)(p2 + q2)
.
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Proof of Theorem 3.8. Assume that there exists a entire weak solution to (3.22). Let τ > 0, and define
uτ = u + τ and vτ = v + τ, so that uτ, vτ > 0 and ∇Hu = ∇Huτ,∇Hv = ∇Hvτ.
Step 1. The following inequalities hold:∫

Hn
(K ∗ vp1)vq1u−βτ ψ

kdξ +

∫
Hn

u−β−1
τ ψk|A(ξ, u,∇Hu)|m

′
1dξ

≤ Ĉ
∫

Hn
u−β+m1−1
τ ψk−m1 |∇Hψ|

m1dξ, (3.27)

∫
Hn

(I ∗ up2)uq2v−ατ ψ
kdξ +

∫
Hn

v−α−1
τ ψk|B(ξ, v,∇Hv)|m

′
2dξ

≤ C̃
∫

Hn
v−α+m2−1
τ ψk−m2 |∇Hψ|

m2dξ,

where Ĉ, C̃ are positive constants.
To prove Step 1, let ψ ∈ C∞c (Hn) be a standard nonnegative cut-off function. Let ε > 0 be sufficiently

small, and (ςε)ε>0 be a standard family of mollifiers, that is,

ςε ∈ C∞0 (Hn;R+
0 ), supp(ςε) ⊂ Dε(0),

∫
ςε = 1.

For τ > 0, define

ũ(ξ) = τ +

∫
Hn
ςε(η−1 ◦ ξ)u(η)dη, ṽ(ξ) = τ +

∫
Hn
ςε(η−1 ◦ ξ)v(η)dη.

In particular, since u, v ∈ L1
loc(H

n), then ũ, ṽ ∈ C1(Hn;R+), which shows that both ũ−βψk and ṽ−αψk can
be used as test functions in (3.22), α, β ∈ (0, 1), so that, using also (3.23),∫

Hn
(K ∗ vp1)vq1 ũ−βψkdξ + C1β

∫
Hn

ũ−β−1ψk|A(ξ, u,∇Hu)|m
′
1dξ

≤ k
∫

Hn
ũ−β+m1−1ψk−m1 |∇Hψ|

m1dξ,

and ∫
Hn

(I ∗ up2)uq2 ṽ−αψkdξ + C2α

∫
Hn

ṽ−α−1ψk|B(ξ, v,∇Hv)|m
′
2dξ

≤ k
∫

Hn
ṽ−α+m2−1ψk−m2 |∇Hψ|

m2dξ.

Since ũ→ uτ and ṽ→ vτ in L1
loc(H

n) as ε → 0, then, by the Lebesgue dominated convergence theorem,
we arrive to ∫

Hn
(K ∗ vp1)vq1u−βτ ψ

kdξ + C1β

∫
Hn

u−β−1
τ ψk|A(ξ, u,∇Hu)|m

′
1dξ

≤ k
∫

Hn
u−β+m1−1
τ ψk−m1 |∇Hψ|

m1dξ,

AIMS Mathematics Volume 10, Issue 5, 12576–12597.



12589

and ∫
Hn

(I ∗ up2)uq2v−ατ ψ
kdξ + C2α

∫
Hn

v−α−1
τ ψk|B(ξ, v,∇Hv)|m

′
2dξ

≤ k
∫

Hn
v−α+m2−1
τ ψk−m2 |∇Hψ|

m2dξ.

Step 2. The inequalities∫
H

(K ∗ vp1)vq1ψkdξ

≤ kĈ
1

m′1

(∫
Hn

ul1ψkdξ
) 1
λm′1

+ 1
µm1

×

(∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
) 1
λ′m′1

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
) 1

m1µ
′

,

(3.28)

and ∫
Hn

(I ∗ up2)uq2ψkdξ

≤ kC̃
1

m′2

(∫
Hn

vl2ψkdξ
) 1
χm′2

+ 1
ιm2

×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′m′2

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ιdξ

) 1
m2ι
′

,

(3.29)

hold, where µ, λ, χ, ι > 1, which will be given later, and ψ ∈ C1
c (Hn) is a standard nonnegative cut-off

function to be specified later.
To show the validity of Step 2, we multiply the first inequality in (3.22) by ψk so that we obtain the

following using the Hölder inequality with exponents m1,m′1 > 1,∫
Hn

(K ∗ vp1)vq1ψkdξ ≤
∫

supp(∇Hψ)
|A(ξ, u,∇Hu)||∇Hψ

k|dξ

≤ k
(∫

Hn
u−β−1
τ ψk|A(ξ, u,∇Hu)|m

′
1dξ

) 1
m′1

×

(∫
Hn

u(β+1)(m1−1)
τ ψk−m1 |∇Hψ|

m1dξ
) 1

m1

.

Hence, by inserting the estimation (3.27) in the right hand side of the above inequality, we obtain the
following: ∫

Hn
(K ∗ vp1)vq1ψkdξ
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≤ kĈ
1

m′1

(∫
Hn

u−β+m1−1
τ ψk−m1 |∇Hψ|

m1dξ
) 1

m′1

×

(∫
Hn

u(β+1)(m1−1)
τ ψk−m1 |∇Hψ|

m1dξ
) 1

m1

. (3.30)

Analogously, we arrive at ∫
Hn

(I ∗ up2)uq2ψkdξ

≤ kC̃
1

m′2

(∫
Hn

v−α+m2−1
τ ψk−m2 |∇Hψ|

m2dξ
) 1

m′2

×

(∫
Hn

v(α+1)(m2−1)
τ ψk−m2 |∇Hψ|

m2dξ
) 1

m2

. (3.31)

Further applications of the Hölder inequality with exponents λ, µ > 1 give∫
Hn

u−β+m1−1
τ ψk−m1 |∇Hψ|

m1dξ

≤

(∫
supp(∇Hψ)

ul1
τ ψ

kdξ
) 1
λ
(∫

Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
) 1
λ′

, (3.32)

and ∫
Hn

u(β+1)(m1−1)
τ ψk−m1 |∇Hψ|

m1dξ

≤

(∫
supp(∇Hψ)

ul1ψkdξ
) 1
µ
(∫

Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
) 1
µ′

, (3.33)

where
λ =

l1

m1 − β − 1
, λ′ =

l1

l1 − m1 + β + 1
,

µ =
l1

(β + 1)(m1 − 1)
, µ′ =

l1

l1 − m1 + 1 − β(m1 − 1)
.

Hence, by inserting (3.32) and (3.33) in (3.30), we deduce the following:∫
Hn

(K ∗ vp1)vq1ψkdξ

≤ kĈ
1

m′1

(∫
Hn

ul1
τ ψ

kdξ
) 1
λm′1

+ 1
µm1

×

(∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
) 1
λ′m′1

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
) 1

m1µ
′

.

(3.34)

An application of Fatou’s Lemma when τ→ 0 in (3.34) immediately gives (3.28).
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A similar reasoning allows us to prove∫
Hn

v−α+m2−1
τ ψk−m2 |∇Hψ|

m2dξ

≤

(∫
supp(∇Hψ)

vl2
τ ψ

kdξ
) 1
χ
(∫

Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′

, (3.35)

and ∫
Hn

v(α+1)(m2−1)
τ ψk−m2 |∇Hψ|

m2dξ

≤

(∫
supp(∇Hψ)

vl2ψkdξ
) 1
ι
(∫

Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) 1
ι′

, (3.36)

where
χ =

l2

m2 − α − 1
, χ′ =

l2

l2 − m2 + α + 1
,

ι =
l2

(α + 1)(m2 − 1)
, ι′ =

l2

l2 − m2 + 1 − α(m2 − 1)
.

Hence, by inserting (3.35) and (3.36) in (3.31), we have the following:∫
H

(I ∗ up2)uq2ψkdξ

≤ kC̃
1

m′2

(∫
Hn

vl2
τ ψ

kdξ
) 1
χm′2

+ 1
ιm2

×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′m′2

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ιdξ

) 1
m2ι
′

.

(3.37)

An application of Fatou’s Lemma when τ→ 0 in (3.37) immediately gives (3.29).
Step 3. Let l1 =

p2+q2
2 and l2 =

p1+q1
2 , if we define

J1 =

∫
DR(0)

ul2ψkdξ, J2 =

∫
DR(0)

vl1ψkdξ, (3.38)

where DR is the ball of Hn which has a center at ξ = 0 and a radius R > 0, then

 J2
1 ≤ CRσ1 ,

J2
2 ≤ CRσ2 ,

(3.39)

for some real exponents σ1 and σ2, which are given below.
To show Step 3, we first recall the proof of Lemma 3.6, which leads to∫

Hn
(K ∗ vp1)vq1ψkdξ ≥ c1R−β1 J2

2 , (3.40)
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and ∫
Hn

(I ∗ up2)uq2ψkdξ ≥ c2R−β2 J2
1 .

Therefore, from (3.28), we have the following:

J2
2 ≤

1
c1

Rβ1

∫
Hn

(K ∗ vp1)vq1ψkdξ

≤
k
c1

Ĉ
1

m′1 Rβ1(J1)
1

λm′1
+ 1
µm1

×

(∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
) 1
λ′m′1

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
) 1

m1µ
′

.

(3.41)

Similarly, we have

J2
1 ≤

1
c2

Rβ2

∫
Hn

(I ∗ up2)uq2ψkdξ

≤
k
c2

C̃
1

m′2 Rβ2(J2)
1

χm′2
+ 1
ιm2

×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′m′2

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) 1

m1ι
′

.

(3.42)

We use a combination of (3.41) and (3.42) , which leads to the following:

J2
1 ≤

k
c2

C̃
1

m′2 Rβ2(J2)
1

χm′2
+ 1
ιm2

×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′m′2

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) 1

m2ι
′

≤
k
c2

C̃
1

m′2 Rβ2

 k
c1

Ĉ
1

m′1 Rβ1(J1)
1

λm′1
+ 1
µm1

(∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
) 1
λ′m′1

×

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
) 1

m1µ
′


1

2χm′2
+ 1

2ιm2

×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′m′2

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) 1

m2ι
′

≤ CR
β2+

β1
2χm′2

+
β1

2ιm2 (J2
1)

( 1
2λm′1

+ 1
2µm1

)( 1
2χm′2

+ 1
2ιm2

)

×

(∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
)( 1

λ′m′1
)( 1

2χm′2
+ 1

2ιm2
)

×

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
)( 1

m1µ
′ )( 1

2χm′2
+ 1

2ιm2
)
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×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) 1
χ′m′2

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) 1

m2ι
′

.

(3.43)

In (3.43), we compute the following:

β2 +
β1

2χm′2
+

β1

2ιm2
= β2 +

(m2 − 1)β1

2l2
,

1
λ′m′1

=
(l1 − m1 + β + 1)(m1 − 1)

l1m1
,

1
m1µ′

=
l1 − m1 + 1 − β(m1 − 1)

l1m1
,

1
χ′m′2

=
(l2 − m2 + α + 1)(m2 − 1)

l2m2
,

1
m2ι′

=
l2 − m2 + 1 − α(m2 − 1)

l2m2
,

m1λ
′ =

l1m1

l1 − m1 + β + 1
, m1µ

′ =
l1m1

l1 − m1 + 1 − β(m1 − 1)
,

m2χ
′ =

l2m2

l2 − m2 + α + 1
, m2ι

′ =
l2m2

l2 − m2 + 1 − α(m2 − 1)
.

From (3.43), we deduce

(J2
1)

1−( 1
2λm′1

+ 1
2µm1

)( 1
2χm′2

+ 1
2ιm2

)
= (J2

1)1−( m1−1
2l1

)( m2−1
2l2

)

≤ CRβ2+
(m2−1)β1

2l2

(∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
)( (l1−m1+β+1)(m1−1)

l1m1
)( m2−1

2l2
)

×

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
)( l1−m1+1−β(m1−1)

l1m1
)( m2−1

2l2
)

×

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) (l2−m2+α+1)(m2−1)

l2m2

×

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) l2−m2+1−α(m2−1)

l2m2

, (3.44)

where, by (3.26),

1 − (
m1 − 1

2l1
)(

m2 − 1
2l2

) > 0.

Now, we specialize the choice of the cut-off function ψ, by taking ψ(ξ) = ψR(ξ), where ψ ∈ C∞0 (Hn),
with

ψR(η) = Ψ(
|ξ|4 + |ξ̃|4 + τ2

R4 ), η = (ξ, ξ̃, τ) ∈ Hn,R > 0, (3.45)

with Ψ ∈ C∞(R+) is a the standard cut-off function

Ψ(r) =


1, if 0 ≤ r ≤ 1,
↘, if 1 < r ≤ 2,
0, if r > 2.
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We note that supp(ψ) is subset of

Ω̃R = {(ξ, ξ̃, τ) ∈ Hn||ξ|4 + |ξ̃|4 + |τ|2 ≤ 2R4},

and supp(∇Hψ) are supported on

ΩR = {(ξ, ξ̃, τ) ∈ Hn|R4 < |ξ|4 + |ξ̃|4 + |τ|2 ≤ 2R4}.

It follows from (3.15) that

|∇HψR| ≤ CR−1. (3.46)

Thus, (∫
Hn
ψk−m1λ

′

|∇Hψ|
m1λ

′

dξ
)( (l1−m1+β+1)(m1−1)

l1m1
)( m2−1

2l2
)

≤

(
CR−m1λ

′

∫
ΩR

dξ
)( (l1−m1+β+1)(m1−1)

l1m1
)( m2−1

2l2
)

≤ C1R(m1−1)(m2−1)( Q(l1−m1+β+1)
2l1l2m1

− 1
2l2

)
,

(∫
Hn
ψk−m1µ

′

|∇Hψ|
m1µ

′

dξ
)( l1−m1+1−β(m1−1)

l1m1
)( m2−1

2l2
)

≤

(
CR−m1µ

′

∫
ΩR

dξ
)( l1−m1+1−β(m1−1)

l1m1
)( m2−1

2l2
)

≤ C2R(m2−1)( Q(l1−m1+1−β(m1−1))
2l1l2m1

− 1
2l2

)
,

(∫
Hn
ψk−m2χ

′

|∇Hψ|
m2χ

′

dξ
) (l2−m2+α+1)(m2−1)

l2m2

≤

(
CR−m2χ

′

∫
ΩR

dξ
) (l2−m2+α+1)(m2−1)

l2m2

≤ C3R
Q(l2−m2+α+1)(m2−1)

l2m2
−m2+1

,

(∫
Hn
ψk−m2ι

′

|∇Hψ|
m2ι
′

dξ
) l2−m2+1−α(m2−1)

l2m2

≤

(
CR−m2ι

′

∫
ΩR

dξ
) l2−m2+1−α(m2−1)

l2m2

≤ C4R
Q(l2−m2+1−α(m2−1))

l2m2
−1
.
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Consequently, from (3.44), we obtain the following: J2
1 ≤ CRσ1 ,

J2
2 ≤ CRσ2 ,

where

σ1 =
4l1l2(β2 − m2) + 2l1(m2 − 1)(β1 − m1) + 2Q[(m2 − 1)(−l1 − m1 + 1) + 2l1l2]

4l1l2 − (m2 − 1)(m1 − 1)
,

and

σ2 =
4l2l1(β1 − m1) + 2l2(m1 − 1)(β2 − m2) + 2Q[(m2 − 1)(−l2 − m2 + 1) + 2l1l2]

4l1l2 − (m1 − 1)(m2 − 1)
.

From the estimates of Step 3, it immediately follows that (u, v) is constant. We recall that l1 =
p2+q2

2 , l2 =
p1+q1

2 . Consequently, from (3.39), we note that either σ1 ≤ 0 or σ2 ≤ 0 if and only if (3.25) holds. In
the case where σ1 ≤ 0, the integral J1, which is increasing in R, is uniformly bounded with respect to
R. Using the dominated convergence theorem, we obtain the following:

lim
R→+∞

J1 = 0,

which implies that u ≡ 0 in Hn. The proof in the case where σ2 ≤ 0 is analogous.

4. Conclusions

We established the criteria for the nonexistence of nonnegative solutions to quasilinear elliptic
inequalities and divergence-type systems on the Heisenberg group. Through contradiction arguments
rooted in maximum principle-type inequalities, we demonstrate that specific critical exponents
governed by the group’s homogeneous dimension and the nonlinearities’ interaction act as thresholds
beyond which solutions cannot exist. Further investigations could explore applications to coupled
systems with mixed nonlinearities, weighted function spaces, or time-dependent analogues, where
similar geometric constraints may impose novel nonexistence regimes.
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7. S. Pohozaev, L. Véron, Nonexistence results of solutions of semilinear differential
inequalities on the Heisenberg group, Manuscripta Math., 102 (2000), 85–99.
https://doi.org/10.1007/PL00005851

8. P. Pucci, M. Rigoli, J. Serrin, Qualitative properties for solutions of singular
elliptic inequalities on complete manifolds, J. Differ. Equ., 234 (2007), 507–543.
https://doi.org/10.1016/j.jde.2006.11.013

9. P. Pucci, J. Serrin, H. Zou, A strong maximum principle and a compact support
principle for singular elliptic inequalities, J. Math. Pures Appl., 78 (1999), 769–789.
https://doi.org/10.1016/S0021-7824(99)00030-6

10. R. Filippucci, Nonexistence of nonnegative solutions of elliptic systems of divergence type, J.
Differ. Equ., 250 (2011), 572–595. https://doi.org/10.1016/j.jde.2010.09.028

11. G. Caristi, E. Mitidieri, S. Pohozaev, Local estimates and Liouville theorems
for a class of quasilinear inequalities, Dokl. Math., 77 (2008), 85–89.
https://doi.org/10.1134/S1064562408010213

12. D. S. Jerison, J. M. Lee, Extremals for the Sobolev inequality on the Heisenberg group and the CR
Yamabe problem, J. Amer. Math. Soc., 1 (1988), 1–13. https://doi.org/10.2307/1990964

13. J. Dou, P. Niu, Z. Yuan, A Hardy inequality with remainder terms in the Heisenberg
group and the weighted eigenvalue problem, J. Inequal. Appl., 1 (2007), 32585.
https://doi.org/10.1155/2007/32585

14. X. Sun, Y. Song, S. Liang, On the critical Choquard-Kirchhoff problem on the Heisenberg group,
Adv. Nonlinear Anal., 12 (2023), 210–236. https://doi.org/10.1515/anona-2022-0270

15. Y. Hu, Reversed Hardy-Littlewood-Sobolev inequalities with weights on the Heisenberg group,
Adv. Nonlinear Anal., 12 (2023), 20230116. https://doi.org/10.1515/anona-2023-0116

AIMS Mathematics Volume 10, Issue 5, 12576–12597.

http://ejde.math.txstate.edu
https://dx.doi.org/https://doi.org/10.1515/fca-2015-0044
https://dx.doi.org/https://doi.org/10.1515/fca-2015-0044
https://dx.doi.org/https://doi.org/10.1016/j.bulsci.2020.102916
https://dx.doi.org/https://doi.org/10.1002/cpa.3160340406
https://dx.doi.org/https://doi.org/10.7494/OpMath.2024.44.6.827
https://dx.doi.org/https://doi.org/10.1007/PL00005851
https://dx.doi.org/https://doi.org/10.1016/j.jde.2006.11.013
https://dx.doi.org/https://doi.org/10.1016/S0021-7824(99)00030-6
https://dx.doi.org/https://doi.org/10.1016/j.jde.2010.09.028
https://dx.doi.org/https://doi.org/10.1134/S1064562408010213
https://dx.doi.org/https://doi.org/10.2307/1990964
https://dx.doi.org/https://doi.org/10.1155/2007/32585
https://dx.doi.org/https://doi.org/10.1515/anona-2022-0270
https://dx.doi.org/https://doi.org/10.1515/anona-2023-0116


12597

16. J. Dou, P. Niu, Nonexistence of weak solutions for p-sub-Laplacian inequalities on the Heisenberg
group, J. jilin Univ., 44 (2006), 163–169.

17. X. Sun, Y. Song, S. Liang, B. Zhang, Critical Kirchhoff equations involving the p-
sub-Laplacians operators on the Heisenberg group, Bull. Math. Sci., 13 (2023), 2250006.
https://doi.org/10.1142/S1664360722500060

18. H. Liu, P. Niu, Maximum principles of nonhomogeneous subelliptic p-Laplace equations and
applications, J. Partial Differ. Equ., 4 (2006), 289–303. https://doi.org/2006-JPDE-5333

19. A. Kassymov, M. Ruzhansky, N. Tokmagambetov, B. Torebek, Liouville theorems for Kirchhoff-
type hypoelliptic Partial Differential Equations and systems. I. Heisenberg group, arXiv e-prints,
arxiv:2110.01082, 2021.

20. Y. Zheng, Liouville theorems to system of elliptic differential inequalities on the Heisenberg group,
arxiv preprint, arxiv:2106.01724, 2021.

21. M. Ghergu, P. Karageorgis, G. Singh, Positive solutions for quasilinear elliptic
inequalities and systems with nonlocal terms, J. Differ. Equ., 268 (2020), 6033–6066.
https://doi.org/10.1016/j.jde.2019.11.013

22. L. Capogna, S. D. Pauls, D. Danielli, J. T. Tyson, An introduction to the Heisenberg group and the
Sub-Riemannian isoperimetric problem, Birkhäuser Basel, Progress in Mathematics, 2007.
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