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Abstract: This paper introduces a novel Jerk-like system characterized by discontinuous vector fields
along a codimension-1 switching surface. This system is capable of exhibiting both the existence
and non-existence of equilibria in response to defined arbitrary functions. Non-smooth properties are
investigated, which are essential for identifying and allowing rapid transient responses to dynamic
events that influence the system’s behaviors. The proposed discontinuous systems, which include
both crossing and sliding solutions, are examined specifically for the detection of self-excited and
hidden attractors. The dynamic characteristics of these systems are examined utilising the criteria for
discontinuous solutions, the Poincarè return map, the spectrum of Lyapunov exponents, and bifurcation
diagrams. The analysis reveals that incorporating the switching surface into Jerk-like subsystems
alters the dimensions of the generated attractors. This alteration provides the necessary basis for the
formation of period-doubling orbits that culminate in chaotic attractors. In the scenarios involving
sliding motion within the proposed system, various attractors are identified that exhibit sensitive
dependence not only on the initial conditions and parameter variations, but also on the interaction
of the flow with the discontinuity surface. An interesting result indicates that the proposed novel Jerk
system, which is distinguished by the absence of both real and virtual equilibria, reveals a family of
periodic orbits in the sliding region surrounding the pseudo-equilibrium. The use of analytical solutions
and numerical techniques successfully identifies a wide range of attractors, including periodic orbits,
period-doubling phenomena, and chaotic behavior in both crossing and sliding modes.
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1. Introduction

Chaos theory has developed over decades, especially in nonlinear dynamical systems, since its
discovery by [1]. It has been applied in a variety of fields, such as disease control and prevention [2],
mechanics [1, 3], biology [4], cryptography [5], secure communications [6], and other application
areas. Various published works [7–9] have presented the concept of two different types of attractors
in continuous nonlinear dynamic systems, particularly regarding the behavior and the emergence or
disappearance of equilibrium (fixed) points. An attractor is called a self-excited attractor if it has a basin
of attraction that is associated with an unstable equilibrium. Conversely, an attractor is called hidden
if its basin of attraction does not intersect with a small neighborhood of any equilibrium point [10].
The presence of multiple attractors, known as multistability, is a common phenomenon observed in
many scientific fields and in nature [11]. Generally, the convergence to one of these attractors depends
solely on the initial conditions or a specific set of parameters. Bifurcation analysis tools, particularly
bifurcation diagrams, are essential for investigating the multiple attractors and qualitative properties
of nonlinear dynamical systems. A wide range of software applications have been developed to
calculate and display bifurcations, such as MATCONT [12], AUTO-07p [13], and PyDSTool [14].
In this context, the authors of [15] presented an advanced algorithm and specialized software for
plotting bifurcation diagrams, which used graphics processing units (GPUS) accelerated computations
in conjunction with a highly efficient semi-implicit ordinary differential equation (ODE) solver.

Hidden attractors have recently emerged as an important topic in a variety of theoretical and applied
areas of continuous dynamic systems. These attractors can be identified within dynamic systems,
categorized into the following four types: dynamic systems with no equilibrium points [16–18],
systems that only have steady equilibrium points [19, 20], systems with an infinite number of
equilibrium points [21], systems with coexisting self-excited attractors [22].

The Jerk system has emerged as one of the chaotic systems that have recently attracted significant
interest. Many researchers have studied the Jerk system in the presence of continuous behavior [23],
where some researchers have looked at the Jerk-like system in the presence of discontinuous
behavior [24]. Other authors [25, 26], have directed their attention towards exploring the presence
of periodic orbits, multistability, and the coexistence of attractors within specific parameter regions.
Futhermore, [22] has demonstrated that both versions of the Jerk system exhibit multistability, where
different types of attractors, such as periodic, chaotic, or a combination of both, can exist together in
the phasespace, regardless of whether they are self-excited or hidden. Recently, the authors of [27]
highlighted the presence of both single- and dual-scroll expansions in the three-dimensional (3D) and
four-dimensional (4D) Jerk systems.

Moreover, there have been a few studies that examined the Jerk system in the presence of
discontinuous behavior. Linz and Sprott [28] developed a comprehensive range of piecewise-linear
Jerk functions. The dependence of these systems is exclusively on the switching between two vectors,
dictated by the sign of one variable, thereby inhibiting the occurrence of a sliding mode. Hosham [24]
proposed a novel chaotic Jerk system that is defined across four distinct domains designated by
codimension-2 discontinuity surfaces, and it has been discovered that the chaotic behavior can exhibit
a segment of sliding motion. In general, the existence of discontinuous behavior is responsible for
the complex phenomena observed in real systems [29, 30], particularly in ecological contexts with
epidemic models [31].
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This study is motivated by the desire to propose and analyze a nonlinear Jerk-like system with
discontinuous behavior, with a particular emphasis on the detection of hidden and self-excited
attractors. One advantage of the proposed system is its ability to reveal the existence and absence
of equilibrium points on the basis of defined arbitrary functions. We explore nonsmooth properties
because they are critical for identifying and facilitating rapid transient responses to dynamic events
that influence a system’s behaviors. To obtain periodic orbits numerically, a system of nonlinear
algebraic equations needs to be set up, based on analytical solutions. A variety of Jerk-like system
classes, including both crossing and sliding solutions, are investigated with the goal of detecting self-
excited and hidden attractors. To examine the dynamic properties of these systems, various tools are
used, including analytical criteria for discontinuous solutions, the Poincarè return map, the spectrum
of Lyapunov exponents, and bifurcation diagrams.

The novelty of this work compared with prior studies [16, 23, 32] is summarized as follows.

• We present a novel Jerk system that incorporates discontinuities, enabling the exhibition of both
sliding and crossing modes. This highlights the unique contribution and significance of the present
work in advancing the study of discontinuous Jerk systems.
• Flexibility in equilibrium behavior is shown, where the proposed systems may (or may not)

exhibit equilibrium points on one or both sides of the discontinuity surface.
• A novel and interesting result is the discovery of a periodic orbit completely limited to the sliding

mode, which is an uncommon and noteworthy phenomenon in the study of discontinuous Jerk
systems.

The structure of this paper is as follows: Section 2 introduces the proposed discontinuous Jerk-like
system and investigates its nonsmooth properties, focusing on the fundamental principles governing
flow interactions on a codimension-1 switching surface. Section 3 includes a theoretical analysis as
well as numerical simulations of various classes of Jerk-like systems. This includes examining crossing
solutions in order to identify self-excited and hidden attractors. Section 4 presents hidden attractors
with a sliding mode. Finally, the conclusion of this paper is given in Section 5.

2. Discontinuous Jerk-like system

In physics, a Jerk equation takes the general form

;x “ Jpx, 9x, :xq, (2.1)

where J is a smooth function in R3, and the term “Jerk” refers to the definition of successive derivatives
in mechanical systems. Moreover, x, 9x, :x, and ;x are the displacement, velocity, acceleration, and Jerk,
respectively. Jerk systems are frequently considered to be the simplest sort of chaotic systems [26] and
possess several applications in scientific and engineering fields [32]. The most commonly reported Jerk
systems use quadratic, cubic, exponential, and hyperbolic nonlinearities, and they attempt to design and
implement circuits for these systems [33]. Jerk systems with some type of discontinuity have recently
gained substantial interest and have been extensively reported in the pertinent literature because of their
simplicity and complex dynamics; see, for instance, [24].

In our research, we analyze Jerk-like systems, which are described by piecewise differential systems
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composed of two differential systems separated by a switching surface ℏpx, 9x, :xq “ 0, as follows:

;x “

#

Japx, 9x, :xq, ℏpx, 9x, :xq ă 0;
Jbpx, 9x, :xq, ℏpx, 9x, :xq ą 0.

(2.2)

The motivation for this work is to study the discontinuous behavior of the nonlinear Jerk-like system
above in the presence of hidden and self-excited attractors. Recent research on discontinuous dynamic
systems, as presented in [34], demonstrates that a planar linear nonsmooth system devoid of equilibria
in each subsystem, whether real or virtual, can nonetheless display a minimum of one limit cycle. In
our recent study [35], the hidden dynamics of the proposed three-dimensional discontinuous system
are related to the fact that only one subsystem in the whole system lacks an equilibrium point. The
investigation of the dynamics and bifurcations of the discontinuous system (2.2) has significantly
increased, as researchers have come to understand that discontinuous systems can exhibit a diverse
range of complicated dynamic phenomena that require attention in their applications. The grazing
bifurcation framework for closed orbits [10], which includes the collision of closed orbits with the
switching manifold, has been thoroughly explained and applied in systems containing dry friction and
mechanical impact oscillators [36]. In general, bifurcations in discontinuous systems are categorized
into two types: nonstandard bifurcations, which are unique to discontinuous systems such as sliding
bifurcation or discontinuity-induced bifurcations, and standard bifurcations, which are identical to
those found in continuous systems such as saddle-node and Hopf bifurcations.

The equation ℏpx, 9x, :xq “ 0 is considered to establish a surface of two dimensions, known as the
switching manifold, which is indicated by D. The system (2.2) is written as a 3D first-order differential
equation as follows:

9η “

#

Japηq, ℏpηq ă 0,
Jbpηq, ℏpηq ą 0,

(2.3)

where η “ă x, 9x, :x ą is a vector in a 3D space.
Assume that U Ă R3 is open, ℏpηq : U Ñ Rd, η P R3, and d ď 3 is a continuously differentiable

function with a regular value of 0. To ensure there is only a codimension-1 discontinuity manifold,
assume that the gradient vector ∇ℏpηq does not vanish in any part of D. If ℏpηq “ 9ℏpηq “ .... “

ℏr´1pηq “ 0, then the motion of (2.2) is called an r-sliding mode; for example, see [37]. Let σa “

p∇ℏpηqqT Japηq and σb “ p∇ℏpηqqT Jbpηq, where the elements of Japηq and Jbpηq are oriented towards
∇ℏpηq.

2.1. Nonsmoothness properties

When a trajectory intersects with a discontinuity surface, the system’s dynamics cannot be
represented by a single continuous vector field. In other words, as the trajectory approaches a
discontinuity surface, two options may arise: Cross the surface or stay on it. If we choose to stay
on the surface, we must describe the motion that occurs there, specifically a sliding motion. Therefore,
it becomes necessary to define additional rules to to characterize distinct potential behaviors.
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Definition 1. The partial region of D is known as [36]

• A direct crossing zone Dc :“
␣

η P R3 | σapηq σbpηq ą 0
(

, which is divided into Dc
a :“

␣

η P R3 | σapηq ă 0, σbpηq ă 0
(

, and Dc
b :“

␣

η P R3 | σapηq ą 0, σbpηq ą 0
(

;
• An attracting sliding zone Ds

a :“
␣

η P R3 | σapηq ą 0, and σbpηq ă 0
(

;
• A repelling sliding zone Ds

r :“
␣

η P R3 | σapηq ă 0, and σbpηq ą 0
(

,

where D “ Dc Y Ds
a Y Ds

r.
The transition between these modes highlights the complex dynamics inherent in the proposed

nonsmooth Jerk system. When the orbit of (2.3) approaches an attracting sliding region, it may
touch the sliding surface and proceed to slide along it. This behavior is characterized by the Fillipov
extension [36, 38] as follows:

9η “ Fspηq “ S apηqJapηq ` S bpηqJbpηq, η P D, (2.4)

where S apηq “ 1 ´ S bpηq, and S bpηq “
∇ℏpηqT Jbpηq

∇ℏpηqT pJbpηq´Japηqq
. The borders of these regions are formed by

the equations σapη0q “ 0 and σbpη0q “ 0, where η0 P D are called the tangent points. This indicates
that at any point of η0 P D, the orbit of Ja and Jb typically exhibits a quadratic tangency with D.

Definition 2. The point η̄ P R3 is an equilibrium point for the subsystem 9η “ Japηq r 9η “ Jbpηqs if
Japη̄q “ 0 rJbpη̄q “ 0s), and it is termed [24]:

• An admissible point if η̄ P D´ rη̄ P D`s;
• Virtual if η̄ P D` rη̄ P D´s;
• A boundary equilibrium if ℏpη̄q “ 0.

In addition, the sliding flow (2.4) exhibits a pseudo-equilibrium point if ℏpη̄q “ Fspη̄q “ 0.
The bifurcation that emerges from these fixed points results in what is known as a discontinuous

bifurcation, in which the generalized set-valued Jacobian is defined as follows:

DJpη̄q “ pDJbpη̄q ´ DJapη̄qqα` DJapη̄q, 0 ď α ď 1.

This formula describes the Jacobian’s behavior at η̄ P D. The literature [36, 39] discussed
discontinuous bifurcation and discontinuity-induced bifurcation in various examples.

Assume that η̃ P Dc
a. The flow generated by 9η “ Japηq intersects D at time ta, after which it

continues according to the flow defined by 9η “ Jbpη, taq, reaching D again at time tb. Hence, the
variational equations for the trajectories for the piecewise smooth system (2.3) are

#

9η “ Japηq, ηp0q “ η̃ : 9Ya “ B

Bη
Japη̃qYa, Yap0q “ I;

9η “ Jbpηq, ηp0q “ η̃ : 9Yb “ B

Bη
Jbpη̃qYb, Ybp0q “ I.

(2.5)

At the intersection point and time (t̄a, η̃), we have Yb “ S̄Ya, where S̄ is called the jump or saltation

matrix, defined as. S̄ “ I `
pJbpt̄a,η̃q´Japt̄a,η̃qqp∇ℏpη̃qqT

p∇ℏpη̃qqT Japt̄a,η̃q
; see [39]. These properties serve as valuable tools for

addressing discontinuities and refine the flow trajectory on D.
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2.2. The proposed discontinuous systems

We consider the vector fields of (2.3) defined as follows:

9η “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Japηq “

¨

˚

˝

y
z

´az ´ y2 ` Gapηq

˛

‹

‚
, ℏpηq ă 0,

Jbpηq “

¨

˚

˝

y
z

´az ` y2 ` Gbpηq

˛

‹

‚
, ℏpηq ą 0,

(2.6)

where a ą 0 and the phase space is divided into two domains D˘ “ tX P U | ˘ℏpηq ą 0u separated
by a hyperplane D “ tX P R3 | ℏpηq “ x “ 0u, and η “ px, y, zqT . Furthermore, this system has
only the crossing mode and cannot exhibit the sliding mode due to Ds “ tHu. The divergence of the
system (2.6) is calculated using the following formula:

∇J “ ´a `
BGi

Bz
, i “ a, b.

The choice of the function Gi is then determined by whether or not both subsystems in (2.6)
are dissipative. The functions Gipηq and ℏpηq are crucial in defining the behavior of the proposed
discontinuous systems, leading to different dynamic scenarios such as direct crossing and sliding
modes, as discussed below.

3. Theoretical analysis and numerical simulations

This section aims to investigate the diverse range of dynamic behaviors exhibited by the system
(2.6) through the utilization of phase portraits, time-domain waveforms, Poincaré maps, Lyapunov
exponents, and bifurcation diagrams.

The equilibrium points of the system (2.6) can be determined by solving the subsequent equations
Japηq “ 0 and Jbpηq “ 0, and η P R3.

Definition 3. The subsystems described by (2.6) possess an equilibrium point denoted η̄ if the
conditions Gapη̄q “ 0 and Gbpη̄q “ 0 are satisfied. Consequently, all resulting attractors are classified
as self-excited. Otherwise, the subsystems (2.6) have no equilibrium point, and hence the resulting
attractors are all hidden.

3.1. Case I: η̄ “ 0⃗ P D and Gapη̄q “ Gbpη̄q “ 0.

The unknown functions within the system described by (2.6) are defined as follows: Gapηq “

Gbpηq “ ´x. Consequently, the origin emerges as the unique equilibrium point of this system.
Furthermore, the Jerk system (2.6) is rewritten as

9η “ Aη`

#

´y2e3, x ă 0,
y2e3, x ě 0,

(3.1)
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where e3 P R3 is the third basis vector of R3, and the continuity property can be clearly identified, since
the only variation between the two subsystems is found in the third row.

Therefore, at the point η0 P D, only a direct crossing region Dc is present, as both subsystems reflect
the same value. Unlike Filippov systems (2.4), the systems defined by Eq (3.1), in conjunction with
the continuity condition, cannot exhibit sliding behavior on D. Therefore, trajectories that approach
D will cross it immediately. A coefficient matrix A P R3ˆ3 is a matrix consisting of the coefficients
of the variables in a set of linearized systems (3.1). The characteristic equation for these linearized
systems is provided as a depressed cubic equation λ3 ` aλ2 ` 1 “ 0. Since the discriminant, which is
derived from the coefficients of this cubic equation, is negative, it implies that the cubic has a single
real root λ1 “ µ P R and two complex conjugate roots λ2,3 “ α ˘ iβ, such that α “ 1

2µ2 ą 0, and
µ “ ´pa`2αq “ ´1{pα2`β2q ă 0 (i.e., the origin point is a saddle-focus point, indicating the potential
of self-excited strange attractors). According to the Routh-Hurwitz criterion, the equilibrium point
exhibits instability in both subsystems. Additionally, the Routh-Hurwitz criterion, which is derived
from the Sturm series, provides the essential conditions for the occurrence of a Hopf bifurcation in the
system (3.1).

Lemma 1. The dynamic system described by (3.1) exhibits a Hopf bifurcation if a Ñ 8.

To prove the Lemma above, let us consider the Sturm series denoted by S i, i “ 0, 1, 2, ..., k, which is
associated with a characteristic equation λ3 `aλ2 `1 “ 0. This sequence is generated using a recursive
process that begins with the polynomial and its derivative. It is used to determine the number of real
roots of the characteristic equation within a given interval by observing the sign variations throughout
the sequence. The series S i is defined as follows:

S ipσq “ Ci,0σ
k´i

` Ci,1σ
k´i´2

` ...

where Ci,0 are indicative of what are termed Hurwitz determinants; for an in-depth discussion, see [40].
We find that the Hurwitz determinants C0,0 “ 1 ą 0, C1,0 “ a ą 0, and C1,1 “ ´1 ă 0. In
addition, condition C2,0 “ ´1

a must approach zero to ensure that the roots of the characteristic equation
possess negative real parts, with the exception of a purely imaginary conjugate pair, which arises as a
approaches infinity.

The matrix A has a real eigenvalue µ associated with the eigenvector v1 and a pair of complex
conjugate eigenvalues α ˘ iβ, which correspond to the eigenvectors v2 ¯ iv3. The general solution of
the linear system 9η “ Aη can be expressed as follows:

ηptq “ eµtξ1 ` eαt
´

ξ2
`

cospβtqv2 ` sinpβtqv3
˘

` ξ3
`

cospβtqv3 ´ sinpβtqv2
˘

¯

, (3.2)

where ξi, i “ 1, 2, 3 are determined by the initial condition η0. Since µ ă 0 and α ą 0, at t Ñ 8,
the term eµt governs a decay component, while eαt governs a growth component, which modifies the
oscillatory terms. The oscillations may cause periodic behavior.

The general solution of the system (3.1) can be described using an exponential matrix as follows:

P̌pηq “ exp pA tq η0 ˘

ż t

0
exp pApt ´ sqq ypsq

2 e3 ds, for ˘ eT
1 η0 ě 0, (3.3)

where ei P R3, i “ 1, 2, 3; are the standard basis of a coordinate vector space. Note that the
integration term in Eq (3.3) can be written explicitly; however, the resulting formulas are rather
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complex. Consequently, the dynamics of the system (3.1) can be analyzed using a discrete Poincarè
map P̌, with the Poincarè section established at the hypersurface D. Starting with the initial condition
η0 P Dc

´, the orbit that begins at η0 at zero time will re-enter Dc
` after the duration t “ tapηq, reaching

the point ηb “ ηptaq P Dc
`. After the crossing event, the orbit continues to oscillate with the subsystem

9η “ Jbpηq until it reaches Dc
´ again, following the return time tbpηq at the crossing point ηa P Dc

´.
The trajectories associated with the Poincarè half-maps P̌a,b are specified below, and their combination
gives rise to the first recurrence map, termed the generalized Poincarè map P̌ of the whole system (3.1).

P̌a :Dc
´ Ñ Dc

`

η0 Ñ ηb :“ ηptaq,

P̌b :Dc
` Ñ Dc

´

ηb Ñ ηa :“ ηpηptaq, tbq,

P̌pηq :“ P̌bpP̌apηqq.

(3.4)

The existence and computation of the return intersection times are indeed challenging, as they
remain unknown a priori and are implicitly characterized as nonlinear functions of η.

trpηq :“ inftt ą 0 | eT
1 ηrptpηq, η0q “ 0u, r “ a, b. (3.5)

The essential criterion for the existence of an invariant half-line on D that characterizes a periodic
orbit is the equation P̌pηq “ η, which implies the existence of the quantities η, ta, tb. The identification
of periodic orbits for the system (3.1) using Poincarè mapping notation requires the application of a
root-finding algorithm [30] to resolve the subsequent nonlinear algebraic equations

0 “ S pXq “

¨

˚

˚

˚

˝

P̌pηq ´ η

eT
1 P̌apηq

eT
1 P̌bpηq

ηTη´ 1

˛

‹

‹

‹

‚

, (3.6)

where X “ pη, ta, tb, aqT are six independent variables, the fourth equation is a normalization condition.
If the Jacobian matrix is nonsingular at a particular solution X0, it follows that the nonlinear system
can be addressed through a Newton method as follows:

DS∆Xn
“ ´S pXn

q, Xn`1
“ Xn

` ∆Xn. (3.7)

For example, assume that the initial guess for the Newton method is : η0 “ p0,´1.0, 1.0qT P

Dc
´. This technique computes the fixed point of the Poincarè mapping at η “ p0, 1.1970,´0.8483qT ,

ta “ 5.7313, tb “ 6.4437, and a “ 1.9; see Figure 2(a). Moreover, diverse strategies related to the
continuation algorithm can be employed to examine families of periodic orbits as they vary with a
system parameter.

The Lyapunov exponents of a nonlinear system characterize the convergence and divergence of
its states. The presence of a positive Lyapunov exponent indicates that the system exhibits chaotic
behavior. The Lyapunov exponents as a function of the varying parameter a are shown in Figure 1(a)
for the dynamic system (3.1), with the initial condition p6.32, 1,´1q and the time interval t P r0, 200s.
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For example, it has been observed that the Lyapunov characteristic exponents of the Jerk system (3.1)
are estimated to be L1 “ 0.3645, L2 “ 0.00005, and L3 “ ´1.8651. The Kaplan-Yorke dimension is
obtained as:

DKY “ 2 `
L1 ` L2

|L3|
“ 2.1957.

This result supports the hypothesis that the Jerk system described in Eq (3.1) is chaotic, as indicated
by the presence of one positive Lyapunov exponent.

In addition, the bifurcation diagram, a critical tool in nonlinear theory, is used to numerically
investigate the dynamic behavior of the system. This exploration is carried out using a fourth-order
Runge-Kutta algorithm, which is supported by a robust event detection method that reliably computes
the switching points. In Figure 1(b), the bifurcation diagrams of the variable z versus the parameter
a. In more detail, as the value of a decreases from a “ 1.9, the system transitions from a steady
state of period-1 (illustrated in Figure 2(a)) to a scenario of period doubling (depicted in Figure 2(b)),
subsequently leading to a chaotic state, as evidenced by the chaotic attractor presented in a three-
dimensional space in Figure 2(c).

Figure 1. Global dynamics for the system described by (2.6), where the functions are defined
as Gapηq “ Gb “ ´x. (a) Dynamics of the Lyapunov exponents with respect to variations
in the control parameter a. (b) The bifurcation diagram in the (z ´ a)-plane of self-excited
attractors, illustrating the path towards chaotic behavior.

AIMS Mathematics Volume 10, Issue 5, 12554–12575.
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Figure 2. Self-excited attractors are generated on the basis of the existence of equilibria,
where Gapηq “ Gb “ ´x. (a) Single periodic orbit with a=1.9 and η0 “

p0, 1.1970,´0.8483q. (b) Period-doubling orbit, with a=1.7 and η0 “ p0,´1.1049, 0.3182q.
(c) Chaotic behavior, with a=1.5 and η0 “ p0, 0.9739,´0.1388q.

3.2. Case II: η̄ “ 0⃗ P Dc
b, and Gapη̄q ‰ 0, Gbpη̄q “ 0

In this context, we characterize the unknown functions present in the system represented by (2.6)
as follows:

9η “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Japηq “

¨

˚

˝

y
z

´az ´ y2 ` a ´ y

˛

‹

‚
, x ă 0;

Jbpηq “

¨

˚

˝

y
z

´az ` y2 ´ x

˛

‹

‚
, x ě 0.

(3.8)

It is clear that the first subsystem of (3.8) does not have an equilibrium point (that is, when x ă 0),
while the origin appears to be a unique equilibrium point within the second subsystem (that is, when
x ě 0). In addition, at η0 P D, a direct crossing region arises because both subsystems exhibit the
same value at η0; that is, ∇ℏpη0qqT Japη0q “ ∇ℏpη0qqT Jbpη0q “ y0. Note that the explicit solution ηbptq
is given by (3.3) when x ě 0. However, the second subsystem of (3.8) is rewritten as

9ηa “ Ja “ Āη` pa ´ y2
qe3, x ă 0, (3.9)

where the matrix Ā possesses the eigenvalues given by λ1 “ 0, λ2,3 “ 1
2

´

´a `
?

a2 ´ 4
¯

, with the

associated eigenvectors V1 “ p1, 0, 0q
T , V2 “

´

λ2
λ3
, λ2, 1

¯T
, and V3 “

`

λ3{λ2, λ3, 1
˘T . We observe

that the eigenvalue λ1 “ 0 is relevant to the x-axis direction (x ă 0) in the dynamic system (3.9).
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This implies that perturbations along the x-axis remain unchanged in terms of exponential growth or
decay, whereas perturbations in the y- and z-directions are pivotal in shaping the system’s behavior.
The discriminant a2 ´ 4 contributes to our understanding of the behavior of the subsystem indicated
in (3.9). We are particularly concerned with the scenario in which a2 ă 4, since this leads to complex
eigenvalues and enables the system to display oscillatory behavior in proximity to the discontinuity
surface. These eigenvalues and eigenvectors are utilized to derive the analytical solution of the linear
system 9̄ηa “ Āη̄, enabling us to obtain the explicit solution for the nonlinear system (3.8). The solution

¯ηaptq under the initial condition η0 “ p0, y0, z0qT P D is given by

η̄aptq “

¨

˚

˚

˚

˚

˝

eαt
´

´C1 cospβtq ´
aC1´2y0

2β sinpβtq
¯

` C1

eα t
´

C1`z0
2β sin pβ tq ` y0 cos pβ tq

¯

eα t
´

´
az0`2y0

2β sin pβ tq ` z0 cos pβ tq
¯

˛

‹

‹

‹

‹

‚

, (3.10)

where α “ ´a
2 , β “

?
4´a2

2 , and C1 “ ay0 ` z0.
Assume that the flow represented by the earlier solution is redefined as η̄aptq “ ϕpη0, tq. Hence, the

general solution of the nonlinear system (3.9) is expressed as follows:

P̌a “ η̄aptq `

ż t

0
η̄apt ´ sqpa ´ ypsq

2
qe3 ds. (3.11)

The transition time ta is determined through numerical methods by solving the equation

eT
1 P̌apηq “ 0 (3.12)

As an example, one can utilize the technique established in Eqs (3.4), (3.6), and (3.7) to compute
the transition times and the fixed point that results in a periodic orbit. According to the findings
derived from Newton’s method, the values are ta “ 1.9925, tb “ 7.649, η0 “ p0, 0.8485, 0.5544qT , and
a “ 1.85. Figure 3(a) demonstrates the periodic orbit of the system outlined in the Eq (3.8), as derived
from these results. Figures 3(a), (b), (c), and (d) depict the system transitioning from a period-1 steady
state to a chaotic state.
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Figure 3. Hidden attractors are generated based on the absence of equilibrium points in one
of the subsystems, where Gapηq “ a ´ y,Gb “ ´x, showing a path to chaos. (a) With
a “ 1.85 and η0 “ p0, 0.8485, 0.5544q; (b) with a “ 1.8, and η0 “ p0, 0.8429, 0.5576q; (c)
with a “ 1.7 and η0 “ p0, 0.8605, 0.5294q; (d) with a “ 1.6 and η0 “ p0, 0.8897, 0.4378q.

In order to achieve chaotic behavior, it is essential that the solution to the initial value problem
(3.8), η0 P Dc, exhibits oscillatory characteristics determined by the eigenvalues. The parameter range
0 ă a ă 2 ensures that the solution sets for both subsystems are oscillatory in nature, a consequence
of having two pairs of complex-conjugate eigenvalues.

The dynamical behavior of the system (3.8) is analyzed using bifurcation diagrams and Lyapunov
exponents. For the values of the chosen parameters a “ 1.6 and η0 “ p0,´1.7031, 2.0477qT , the
Lyapunov exponents of the chaotic system (3.8) are obtained as follows : L1 “ 0.3527, L2 « 0, and
L3 “ ´1.9527. The negative sum of Li for i “ 1, 2, 3 confirms that the novel system defined by (3.8)
has dissipative properties. The Kaplan–Yorke dimension is calculated as

DKY “ 2 `
L1 ` L2

|L3|
“ 2.1806.

The Lyapunov exponents as a function of the varying parameter a are illustrated in Figure 4 (left).
The bifurcation diagram is also obtained for the range 1.55 ď a ď 1.85, and is shown in Figure 4
(right). The system is demonstrated to transition into chaos via a series of period doublings, confirming
the presence of chaos; see Figure 4.
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Figure 4. Global dynamics for the system described by (3.8), indicating a path to chaos.
(left) Dynamics of the LEs with respect to variations of a. (right) A bifurcation diagram of
for z versus a.

3.3. Case III: η̄ “ 0⃗ P D and Gapη̄q ‰ Gbpη̄q ‰ 0

This section investigates the dynamic behavior that occurs when neither subsystem in (2.6) has any
equilibrium points. It is worth noting that the study in [34] examined a discontinuous linear planar
system separated by a nonregular line and proved that piecewise-linear systems without equilibria can
exhibit limit cycles. These results indicate that the discontinuous system can exhibit unique behavior
compared with continuous systems.

The unknown system functions Gapηq and Gbpηq are illustrated in the following discontinuous
system as follows:

9η “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Japηq “

¨

˚

˝

y
z

´az ´ y2 ` a ´ y

˛

‹

‚
, x ă 0;

Jbpηq “

¨

˚

˝

y
z

´az ` y2 ´ p1 ` xzq

˛

‹

‚
, x ě 0.

(3.13)

It is obvious that there are no equilibrium points in both vector fields. Traditional methods of
stability analysis, such as linearization around fixed points, cannot be used directly because neither
region has any equilibrium points. Nonetheless, we can analyze the overall flow characteristics to
better understand the system’s behavior. At η0 P D, (i.e., x “ 0), it is evident that the system transitions
between Japηq and Jbpηq, with the behaviour near this boundary being dictated by the trajectory that
approaches it.
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• If x Ñ 0´, the dynamics are governed by Japηq

Japηq “

¨

˚

˝

y
z

´az ´ y2 ` a ´ y

˛

‹

‚
.

• If x Ñ 0`, the dynamics are governed by Jbpηq

Jbpηq “

¨

˚

˝

y
z

´az ` y2 ´ p1 ` xyq

˛

‹

‚
.

The discontinuities in 9z at x “ 0 can cause abrupt changes in the system’s trajectory. This behavior
introduces complex switching dynamics, which depend on the trajectory’s direction and velocity as
it crosses the boundary x “ 0. The bifurcation diagram and the Lyapunov exponent spectrum are
employed to analyze the discontinuous system (3.13) as a function of its control parameter to establish
the type of scenario that produces complex dynamics. When we set a “ 0.77 and the initial conditions
(0.0,´1.7031, 2.0477), the Lyapunov exponents are calculated as: L1 “ 0.4165, L2 « 0, L3 “

´1.1865, and the Kaplan-Yorke dimension in the 3D case is calculated to be:

DKY “ 2 `
L1 ` L2

|L3|
“ 2.3511.

The dynamics of the Lyapunov exponents are shown in Figure 5 (left). We also observe a cascade
of period doubling through the bifurcation diagram (Figure 5 (right)).

Figure 5. Global dynamics for the system described by (3.13), indicating a path to chaos.
Dynamics of the LEs versus a (left). A bifurcation diagram for z versus a (right).
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4. Hidden attractors with sliding mode

The trajectories of the dynamical systems (3.1), (3.8), and (3.13) do not involve the sliding mode.
We are redefining the discontinuity surface asD “ tX P U | ℏpηq “ x`z “ 0u. Thus, the discontinuous
system indicated in (3.13) is revised to

9η “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Japηq “

¨

˚

˝

y
z

´az ´ y2 ` a ´ y

˛

‹

‚
, x ` z ă 0,

Jbpηq “

¨

˚

˝

y
z

´az ` y2 ´ p1 ` xzq

˛

‹

‚
, x ` z ą 0.

(4.1)

Since ℏpηq “ x ` z, then σa “ ap1 ´ zq ´ y2 and σb “ py ` 0.5q
2

` pz ´ 0.5aq
2

´ a2`5
4 . Therefore, the

discontinuity set is divided into separate regions. The crossing and sliding regions are given as follows:

Dc
´ :“

#

η P R3
| ap1 ´ zq ă y2, py ` 0.5q

2
` pz ´ 0.5aq

2
ă

a2 ` 5
4

+

,

Dc
` :“

#

η P R3
| ap1 ´ zq ą y2, py ` 0.5q

2
` pz ´ 0.5aq

2
ą

a2 ` 5
4

+

,

Ds
a :“

#

η P R3
| ap1 ´ zq ą y2, py ` 0.5q

2
` pz ´ 0.5aq

2
ă

a2 ` 5
4

+

,

Ds
r :“

#

η P R3
| ap1 ´ zq ă y2, py ` 0.5q

2
` pz ´ 0.5aq

2
ą

a2 ` 5
4

+

.

Figure 6(a) depicts the discontinuity surface ℏpηq, which is divided into the crossing and sliding
regions.

Here, we focus on the case when the orbit of (4.1) gets close to an attracting sliding region Ds
a,

where it may come into interactions with the sliding surface and slide along it. The Fillipov extension
describes the behavior of sliding motion in the following way:

9η “ Fspηq “ S apηqJapηq ` S bpηqJbpηq, η P D, (4.2)

where S apηq “ ´
py`0.5q

2
`pz´0.5aq

2
´

a2`5
4

a`1´pz2`yp2y`1qq
and S bpηq “

ap1´zq´y2

a`1´pz2`yp2y`1qq
, and the system (4.2) is reduced to

system of linear ordinary differential equations as follows:

9η “ Fspηq “

¨

˚

˝

y
z

´y

˛

‹

‚
, η P D, (4.3)

AIMS Mathematics Volume 10, Issue 5, 12554–12575.



12569

Within this sliding flow, there is a pseudo-equilibrium point located at the origin that serves as
the center point. The eigenvalues of the Jacobian matrix for the linear system (4.3) are λ1 “ 0 and
λ2,3 “ ˘i, which supports this characterization. In addition, the sliding system (4.3) behaves like a
harmonic oscillator, with all variables oscillating in a periodic manner. It should be noted that the
presence of a single zero eigenvalue is due to the sliding flow mode’s singularity, which restricts its
behavior to a two-dimensional domain.

The general solution for the sliding system (4.3), where η0 P Ds
a, is derived as follows:

x ptq “ ´z0 cos ptq ` y0 sin ptq ,

y ptq “ z0 sin ptq ` y0 cos ptq ,

z ptq “ z0 cos ptq ´ y0 sin ptq .

(4.4)

Assuming η0 P Ds
a, the sliding flow has two possible behaviours. In one case, the flow continues

indefinitely within the sliding region, whereas in the other, the flow eventually reaches one of the
boundaries. Solving one of the following equations yields the duration required for the flow of the
sliding system to reach one of the boundaries σa “ 0 or σb “ 0.

E1 “ a
`

z0 cos ptq ´ y0 sin ptq
˘

`
`

z0 sin ptq ` y0 cos ptq
˘2

´ a “ 0,

E2 “
`

z0 sin ptq ` y0 cos ptq ` 0.5
˘2

`
`

z0 cos ptq ´ y0 sin ptq ´ 0.5a
˘2

´
a2 ` 5

4
“ 0.

Consider the scenario where η P Ds
a and the flow progresses towards the boundary σa “ 0. The

sliding time flow represents the first positive zero of the function E1, as shown in Figure 6(b), as the
parameter a changes.

Figure 6. (a) The numerical computation of the location of crossing and sliding regions on
the discontinuity surface. (I) The crossing region Dc

b, (II) the crossing region Dc
a, (II) the

crossing region Dc
b, (III) an attracting sliding region Ds

a, and (IV) a repelling sliding region
Ds

r. (b) The existence of the sliding flow time, which represents the first zero of the function
E1, as the parameter a changes.
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Theorem 1. Assume that η0 “ px0, 0, z0qT P Ds
a and a´

?
a2`4

2 ă z0 ă 1. The dynamics of the Jerk-like
system (4.1), separated by the surface ℏ “ x ` z and lacking both real and virtual equilibria, reveal
that within the sliding region surrounding the pseudo-equilibrium, a family of periodic orbits exists
with the period t “ 2π.

Proof: The parameter a does not affect the general solution (4.4) of the sliding flow but does affect
the identification of the attracting sliding region Ds

a. Since η0 “ px0, 0, z0qPDs
a, and according to

the definition of the attracting sliding region Ds
a (i.e., σpη0q ą 0, and σbpη0q ă 0), it follows that

a´

?
a2`4

2 ă z0 ă 1.
We define the Poincarè map associated with the sliding flow (4.3) using the general solution (4.4),

which is P̌spηq :““ Ds
a Ñ Ds

a. The sliding flow is linear in η and homogeneous, allowing it to maintain
linear homogeneity, as indicated by P̌spmηq “ mP̌pηq and BP̌

Bη
pmηq “ BP̌

Bη
for some m P R`. Evaluating

the Poincarè map at the point η0 “ px0, 0, z0qT P Ds
a results in t “ 2π and P̌spmη0q “ mη0. As a

consequence, the sliding flow has a family of flat periodic orbits that occur only in the sliding region
Ds

a. Figure 7 depicts a family of periodic orbits that are exclusively in sliding mode, with a “ 0.9 and
a “ 0.3.

Figure 7. A family of periodic orbits that are exclusively in sliding mode. (I) a “ 0.9 and
(II) a “ 0.3.

Figure 8(a) and (b) highlights that the Jerk-like system (4.1) without equilibria establishes a single
periodic orbit with a sliding mode at a “ 0.9 and η0 “ p0.2653, 0.8251,´0.2653qT . Figure 8(c) and
(d) highlights that when the parameter a is varied (that is, a “ 0.83), a period-doubling orbit appears
with a sliding segment, with the initial condition set as η0 “ p0.3473, 0.7280,´0.3473qT . Figure 9
shows a specific transition of behavior, including a sliding mode from the period-k orbit (k P R) to
chaos, which is detected by varying the parameter a. The Jerk-like system (4.1) exhibits a period-k
orbit at a “ 0.8 with η0 “ p0.5829,´0.5083,´0.5829qT P Ds

a and chaotic behavior at a “ 0.75 with
η0 “ p0.5208,´0.6836,´0.5208qT P Ds

a, as shown in Figure 9(a) and (b) and Figure 9(c) and (d),
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respectively.
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Figure 8. The Jerk-like system (4.1) without equilibria recognizes various dynamic
behaviors, including the sliding mode, where (a) and (b) illustrate the existence of a unique
periodic orbit at a “ 0.9, where (c) and (d) illustrate the existence of a period-doubling orbit
at a “ 0.83.
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Figure 9. The Jerk-like system (4.1) without equilibria recognizes various dynamic
behaviors, including the sliding mode, where (a) and (b) illustrate the existence of a unique
periodic orbit at a “ 0.9, and (c) and (d) illustrate the existence of a period-doubling orbit at
a “ 0.83.
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5. Conclusions

We present a novel chaotic Jerk-like system distinguished by discontinuous vector fields separated
by a codimension-1 switching surface D. A qualitative investigation was conducted on the proposed
discontinuous systems generated from dissipative subsystems, both with and without equilibria. The
study focused on the nonsmooth bifurcation characteristics of the switching surface D, where orbits
may either cross or exhibit sliding behavior. While the new system may have equilibrium and
nonequilibrium points, it generates periodic orbits, period-doubling, and chaotic dynamics that include
both self-excited and hidden attractors. In particular, the intersection of attractors and sliding modes
has been observed to exhibit an unusual phenomenon, resulting in the formation of a family of periodic
orbits within the sliding region that surrounds the pseudo-equilibrium. The dynamic properties of
the proposed system, both self-excited and hidden attractors, are confirmed by using phase portraits,
geometric analysis, Poincaré maps, bifurcation diagrams, and Lyapunov exponents. Further analysis
or numerical simulations are required to fully understand the impact of this switching on the system’s
overall behavior.

The Jerk systems with discontinuities exhibit sliding motion, a phenomenon in which trajectories
slide over D. This sliding characteristic is particularly useful in control systems, mechanical systems
with impacts, and electrical circuits with switching components. This paves the way for practical
applications, including the development of robust sliding mode controllers, vibration isolation
systems, and nonlinear oscillators for signal generation. Future research may benefit from employing
continuation methods to obtain quantitative characterizations of the basins of attraction. Furthermore,
the proposed system may exhibit various aspects of multistability due to its high sensitivity to the
initial conditions and abrupt changes in behavior caused by the inequality of the Jacobians on either
side of the discontinuity surface. This has motivated us to continue developing an accurate algorithm
for efficiently managing the root identifying of the event function ℏpηq in discontinuous Jerk systems
(2.6) with multiple abrupt changes and recurrent reordering for the variational Eq (2.5).
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