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1. Introduction

In multivariate data analysis, the partial derivatives of density functions play a crucial role,
particularly in identifying modal regions. Despite their significance, the literature has not extensively
explored the nonparametric estimation of higher-order density derivatives. This study aims
to investigate wavelet-based nonparametric estimators for the partial derivatives of multivariate
densities. More broadly, estimating the derivatives of an unknown function, whether a density or
a regression function, constitutes an essential statistical tool with widespread applications. Such
estimation problems arise in various disciplines, including economics and industrial processes, where
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mathematical models of complex systems must often be constructed under significant prior uncertainty.
For example, the second-order derivative of a density function serves as the foundation for statistical
tests used to detect modes (see [1,2]) and is instrumental in determining the optimal bandwidth for
kernel density estimation (see [3]). In nonparametric signal processing, the logarithmic derivative
of a density—the ratio of its derivative to the density itself—is a key component in optimal filtering
and interpolation equations [4, 5]. Consequently, precise estimation of this quantity is critical for
accuracy in signal analysis. Similarly, gradient estimation plays a pivotal role in identifying filaments
in point clouds, a technique widely applied in medical imaging, remote sensing, seismology, and
cosmology [6]. Additional applications include regression analysis, Fisher information estimation,
parameter estimation, and hypothesis testing [7]. Notable early contributions to density derivative
estimation include [8—10], among others.

A widely employed nonparametric estimator for an unknown function—whether a density or
a regression curve—is the kernel estimator. Kernel methods, however, struggle when the target
function is compactly supported or contains discontinuities, especially near boundaries; their accuracy
typically hinges on stringent smoothness assumptions, such as the requirement that the density be twice
continuously differentiable. When these conditions fail, wavelet-based estimators provide a compelling
alternative. Thanks to their inherent ability to adapt to local regularity, wavelet methods perform well
even when the underlying curve exhibits spatially varying smoothness. Although constructed without
explicit knowledge of the curve’s smoothness parameters, such estimators act as if these parameters
were known in advance and attain the optimal rates of convergence. Additionally, these methods
often lead to computationally efficient algorithms that require relatively low memory usage. Moreover,
while the proof in the wavelet setting follows much the same outline as in the classical kernel case,
key difficulties arise because the wavelet projection kernel is not a convolution-type kernel. For a
comprehensive discussion on wavelet methodologies in nonparametric estimation, refer to [11]. Prior
applications of wavelet techniques include estimating the integrated squared derivative of a univariate
density for independent data [12] and for sequences exhibiting positive or negative dependence [13].
The work of [14] extended these approaches to the partial derivatives of multivariate densities under
independence, while [15, 16] examined scenarios involving mixing dependence structures. More
recently, [17] investigated wavelet-based estimators for the partial derivatives of multivariate densities
in the presence of additive noise.

Despite these advancements, existing research on wavelet-based estimation of partial derivatives
in multivariate densities remains limited to strong mixing frameworks. This gap motivates our
study, which extends wavelet-based estimation techniques to more general dependence structures.
Specifically, we employ martingale-based techniques that diverge significantly from conventional
methods designed for strong mixing conditions. As will be demonstrated, bridging this gap requires
more than a mere adaptation of existing methodologies; it necessitates the development of advanced
mathematical techniques tailored to wavelet-based estimation in an ergodic setting.

The remainder of this paper is structured as follows. Section 2 presents the mathematical
background and introduces the proposed linear wavelet estimators. Section 3 states the assumptions
and main results concerning uniform convergence rates and asymptotic normality under weak
dependence conditions. An application to multivariate mode estimation is presented in Section 4.
Section 5 provides concluding remarks and potential directions for future research. Finally, to maintain
the continuity of the exposition, all proofs are deferred to Appendix A.
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Notation.

Throughout the paper, we let C be some positive constant, which may be different from one term to
the other. Let 14(-) be the indicator function of A. For the numerical sequences of positive constants
a, b,, where {a,,n > 1} and {b,,n > 1}, we denote a, = O(b,) for a, < Cb,, and a, = o(b,) implies
thatZ—: — 0asn — oo,

2. Mathematical backgrounds

2.1. Linear wavelet estimator

We begin by introducing essential concepts in wavelet analysis, following the notation established
in [18]. A multiresolution analysis (MRA) {V;} e of the function space L,(R9) is considered, where
¢(-) represents the scaling function, and ¥(-) denotes the corresponding orthogonal wavelet. Both
functions are assumed to have compact support within the set [-L, L]? for some positive constant L
and to be r-regular, meaning that ¢(-) € C" and all of its partial derivatives up to order r exhibit rapid
decay. Specifically, for every integer i > 0, there exists a constant A; such that (see [18], page 29,
Theorem 2),

|(Pp)x)| < ﬁ forall |B|<r, 2.1)
& $(x)
4 -
(PP)(x) = oo

where 8 = (B4, ...,84) and

For each integer j and k € 74, the collection of functions

{¢j,k(X) = Z%d P(2'x - k)} ,

kezd

forms an orthonormal basis of V;. In addition, it is possible to construct 24 _ 1 wavelet functions

Jjd .
Wi nX) =27 yi(2'x —K); i=1,...,2° - 1, k e Z),

which, together with the scaling functions, form an orthonormal basis for L,(RY). Suppose that f is
differentiable up to total order r. Our objective is to estimate the partial derivatives of f, given by

& f(x)

FhHx) = — B
PN = o

The focus is on developing wavelet-based estimators for (6°f)(-) that ensure strong convergence
properties and asymptotic normality. Assuming that (8°f)(-) belongs to L,(R?), it follows from [19]
that, for any integer m,

@PH® = Dtk du®),

kezd
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where the wavelet coefficients satisfy

am,k

f (0P f)(W) ¢y x(w) du
Rd

(-1)¥ fR AL (@ ¢mp)(w) du.

Here, (0°¢,,x)(-) represents the B-th partial derivative of ¢,, ().
A natural way to estimate (#°f)(-) at resolution level m = m(n) — oo is through the empirical
estimator

@D = D Gk P,

kezd

where the empirical wavelet coefficient @, is an unbiased estimate of a,,x, given by

. —1)B &
G = S Y @)
i=1

This approach provides a foundation for analyzing the statistical properties of wavelet-based estimators
of density derivatives.

2.2. Besov spaces

In this work we adopt the framework of Besov spaces B, , , with parameters s > O and 1 < p,q <
co. Besov spaces are especially attractive because they describe functions through the behavior of
their wavelet-coefficient sequences; statistically, this property yields approximation spaces that achieve
optimal bias control. As shown by [18], a function f € L,(RY) belongs to By ,, precisely when its
wavelet coefficients satisfy the following conditions, provided 0 < s < r (where s quantifies the
fractional smoothness of f):

(B.1)
o) = [Pt + (W) < o

>0
(B.2) N
B = Jaoll, + (" o ) <

j>0

In these expressions, the coefficients ay. and b; i are defined as follows:

aop,. = fR ) f(u) o () du,

bijx = f f) ¢ jx(u) du,
Rd

with the norm of the wavelet coefficients given by:

d
ol = (3 Sr)”

i=1 kezd
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For the case g = oo, the summation is replaced by the supremum norm. The Besov spaces provide
a unifying framework that encompasses several well-known function spaces widely used in statistical
analysis and approximation theory. Notable examples include the Sobolev space H® = B,,, which
plays a fundamental role in functional analysis and partial differential equations, as well as the space
of s-Lipschitz continuous functions C* = B; ., ., for non-integer s.

Remark 2.1. In [20], it is proved that the function

xloglx|, |x] <1,
fx) =
0, x| > 1,

belongs to the Besov space B> (often called the Zygmund space). A striking feature of this example
is that f satisfies the Holder condition of order 1 — € for every € € (0, 1) but fails to satisfy the Holder
condition of order 1 (i.e., it is not Lipschitz). Thus, its “true” regularity is 1, yet the Holder scale is
too rigid to detect this, whereas the Besov scale is sufficiently fine. A parallel situation arises with
standard Brownian motion: almost surely, its sample paths are Holder continuous of any order a < %

but not of order % Nevertheless, their intrinsic regularity is %, since one can show that they belong to
1

BZ’M for every 1 < p < oco. For further discussion, see [11].

Further theoretical developments, alternative characterizations, and applications of Besov spaces in
statistical estimation and signal processing can be found in [21-25], as well as in the Appendix.

2.3. Linear wavelet estimator

We begin by presenting fundamental concepts in wavelet theory, adhering to the notation established
in [18]. Consider a multiresolution analysis (MRA) {Vj}}"; , of the function space Lr,(RY). Let ¢(-) denote
the scaling function and ¥/(-) represent the corresponding orthogonal wavelet function. Both functions
are assumed to be compactly supported within [—L, L]d for some L > 0 and possess r-regularity (with
r > 1), meaning that ¢ is differentiable up to order r and exhibits rapid decay. For each integer j and
k € Z¢, we define the scaled and translated version of ¢ as

¢ x(x) = 2/7¢(2/x — k).

It is well known that the collection {¢;x}xez« forms an orthonormal basis for V. In addition, there exist
2¢ — 1 associated wavelet functions, leading to the family

WX =2 y,2x - k) |i=1,...,2° - 1, ke Z),

which together provide an orthonormal basis for L,(RY).

Now, let {X;};>; be a strictly stationary and ergodic stochastic process taking values in RY, defined
on the probability space (Q, A,P). The common probability density function f associated with the
observations Xj, ..., X, is assumed to be bounded, continuous, and differentiable up to order r. The
focus of this study is to construct wavelet-based estimators for (6% f)(-) that achieve mean integrated
squared error (MISE) convergence, strong consistency, and asymptotic normality.
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Remark 2.2. The fact that ¢(-) and ,(-) are bounded and compactly supported, with support
is monotonically increasing function of their degree of differentiability, ensures that the above
summations on k € Z¢ are finite for each fixed X (i.e., it converges in the pointwise sense, for instance,
see [19]).

Remark 2.3. One instance of a scaling function that generates a multiresolution analysis is the Haar
Sfunction, ¢ = 1 1;. In this case, the subspace V; consists precisely of those functions that are constant
on each dyadic interval (k/27, (k + 1)/27].

In this context, (#¢,,x)(-) represents the B-th partial derivative of the function ¢,,x(-). To estimate
(02 f)() at a resolution level m = m(n) — oo (to be specified later), we introduce the following linear
estimator:

@D = Tk k), (2.2)

kezd

where @, serves as an unbiased empirical estimate of the coefficient a,, and is defined as:
— (- &
Gy = —— ) (P )Xy, 2.3)
n i=1

This estimator provides the basis for our subsequent theoretical analysis and will be used to investigate
its statistical properties in terms of accuracy and asymptotic behavior. The word linear is referring to
the fact that the estimator is a linear function of the empirical measure.

3. Assumptions and main results

To facilitate the presentation of our main results, we introduce the following notation. For each
integer i, let F; be the o-algebra generated by the collection {X; : 0 < j < i}. When i ranges from 1 to
n, we define the conditional density of X; given #;_; as

RO = 0.
The following assumptions are imposed throughout the paper.

(C.1) For every x € S, the sequence
1O Lr
. Z 7,

converges to f(x) as n — oo, both almost surely (a.s.) and in the L? sense.

(C.2) Moreover, for every x € S,

1 n
=~ ) - £
n

i=1

lim sup =0,

.
= yeRd

again in both the almost sure and L? senses.

(C.3) The partial derivative function (6°f)(-) belongs to the Besov space B, for some 0 < 5 < r,
< p,q < oco.
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(C.4) The partial derivative function (6 f7-1)(-) belongs to the Besov space B, ,,, forsome 0 < s <7,
[ <p,qg<oo.

Conditions (C.1) and (C.2) encode the ergodicity of the underlying stochastic process; see
Proposition 4.3 and Theorem 4.4 of [26] for details. Conditions (C.3) and (C.4) are the standard
smoothness requirements used to control the bias of wavelet estimators (cf. [17,21,27]).

We introduce the kernel function K(u, v), which is defined as

Ku,v) := Z o — K)p(v — K), (3.1)

kezd

where ¢(-) denotes the scaling function. Additionally, we set the bandwidth parameter as h, = 27",
The derivative of the kernel function with respect to v is given by

KD, v) = > p(u k) (e) (v - k). (3.2)

kezd

Here, K®)(u, v) represents the -th order partial derivative of K(u,v) with respect to v. According
to [18], the derivative kernel function defined in (3.2) exhibits uniform convergence and satisfies certain
decay properties. Specifically, for || < r and || < r, there exists a positive constant C,, for m > 1 such
that

C
?HK) (u,v)| < o :
|( ) | (1 + v —ulp)"
Here, the Euclidean norm is given by ||x||, = w/Z?:l xl.2 for any X = (xy,...,x;) € R%. By setting @ = 0
and choosing m = d + |B|, we obtain the bound

Cd+|ﬁ|

v = ulp)y A G

K®P,v)| <
| | (I+1
As aresult, for any j > 1, we establish the integral bound
\fWWmWWSQ@,
]Rd

where the function G;(d) is given by

o pT@IG A= 1)
G = 27 R + D)

Here, I'(r) denotes the Gamma function, which is defined as

I'(2) ::f vy le™ dy.
0

Moreover, by setting |a| = 1 and m = 2, we obtain the inequality

wOy K(u, m ]
6636 (ll Y)‘S C CZ, l:l,.,,,d. (34)
u;

<
(1 + u—ylh)?
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This leads to the following Lipschitz continuity property
d
KA u.y) - KP(v.y)| < C2 D lus = vil < d"Calja = V.. (3.5)
i=1

Finally, by incorporating the estimates from (3.2) and related expressions, the estimator (@)n(x) can
be expressed within the broader framework of kernel-based estimation:

— PG (X X i)
(aﬂf)n(x)znhd+w|;1< | where By =27 (3.6)

For a more detailed discussion on kernel estimation methods, we refer the reader to [14].

Theorem 3.1. Under the stated assumptions (C.1) and (C.3), let f be an element of the Besov space
By, qwiths > 1/pand 1 < p,q < co. In this setting, the linear wavelet estimator (0P f),, satisfies

- . ()
2@, - 1] - o(n ]

Theorem 3.2. Assume that

24mm Jog n
n

m(n) =m — co and —0 as n— oco.

For every compact subset D C R?, under assumptions (C.1) and (C.3), we have almost surely,

1 1/2
sup @), - B[@), ]| = ((%) ]+0(h,;‘/2).

xeD
A result on the bias term is given in the following lemma.

Lemma 3.1. Using the assumption (C.3), we get the following result:
B, = [B[@D,] - @ N)|| = 0(k),

for
0=1s5— é > 0.
p

Remark 3.1. The term 27™™ appearing in the preceding theorems is conceptually similar to
the bandwidth parameter h, used in Parzen—Rosenblatt kernel density estimation. However, in
practice, selecting the appropriate resolution level m(n) within the wavelet framework is often more
straightforward than determining the optimal bandwidth h,, see [28]. This simplification arises
because only a limited number of discrete values for m(n) (typically three or four) need to be examined,
making the selection process both more intuitive and computationally efficient. To be more precise, we
recall the cross-validation criterion at resolution level j, ford = 1, by

CV(j)—Z[ I)Z(m( D) - ””D[me)]
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The statistic CV(j) depends only on the observations X, ..., X, and the index j. We select the optimal
level by
jo = argmin CV(j).
j

Remark 3.2. It is well recognized that kernel estimators become less accurate as the dimensionality
of the data increases, a phenomenon commonly referred to as the curse of dimensionality [29]. This
issue emerges because, in high-dimensional spaces, local neighborhoods must contain a sufficiently
large number of observations to provide reliable estimates. As a result, unless the sample size is
extraordinarily large, the required bandwidths become so wide that the notion of localized averaging
is effectively lost. A comprehensive discussion of these difficulties, supported by numerical examples,
is available in [30], while more recent theoretical developments can be found in [31-34]. Despite the
widespread use of penalized splines, there remains significant uncertainty regarding their asymptotic
properties, even in standard nonparametric estimation problems. Moreover, only a few theoretical
studies have rigorously analyzed their long-run behavior. Another concern is that many functional
regression approaches rely on minimizing an L,-norm, making them particularly sensitive to outliers.
Alternative strategies that may offer better robustness include methods based on delta sequences and
wavelet-based techniques.

Remark 3.3. Kernel density estimators are not inherently locally adaptive unless a more sophisticated,
location-specific bandwidth selection is introduced. Wavelet-based estimators generally outperform
them, although they may display some local fluctuations. In applied settings with small to moderate
sample sizes, the kernel estimator remains attractive because of its conceptual simplicity and
widespread availability. Conversely, for fine-scale local analysis and to capitalize on strong asymptotic
properties, the wavelet estimator is decidedly the preferred method, refer to Section 10.7 of [11] for
more discussion.

3.1. Asymptotic normality results

In this section, we establish a central limit theorem for the estimator introduced in Eq (2.2) under
the assumption of weak dependence. Our results rely on standard regularity conditions and minimal
constraints on the bandwidth parameter. Importantly, the mathematical framework and conclusions
drawn in Theorem 3.1 will remain relevant for subsequent analyses.

To express convergence in distribution, we use the notation Z, — N(O, ¥?), which indicates that
the sequence of random variables (Z,),»; converges in distribution to a normal law with zero mean and
covariance matrix .

Theorem 3.3. Suppose the conditions (C.1)—(C.4) hold. Additionally, assume that the bandwidth
parameter satisfies
nh P2 0 as n— oo, (3.7

Then, the following asymptotic normality result holds:

N (@), — @ HX) > NO, 52 (%)),

where the asymptotic variance is given by

2 (%) 1= fx(X) fR d (kY (0w du.

AIMS Mathematics Volume 10, Issue 5, 12519-12553.



12528

The proof of Theorem 3.3 is presented in Appendix.

Remark 3.4. Building on Theorem 3.1, we derive a new result concerning the mean squared error
(MSE) of the multivariate wavelet-based density estimator for the special case B = 0. Specifically,
under appropriate assumptions, we establish that

— 2 25
E||7, - sz = O(n"75+1),

Additionally, by following a similar approach as in Theorem 3.3, we obtain an asymptotic normality
result for the density estimator. In particular, we show that

Vrhd (70 - f00) 2 MO, 5 ).

where the asymptotic variance is given by

S ®) = fx(X) fR d K*(0,u) du.

These findings are consistent with the theoretical results presented in Theorem 4.8 of [35], further
highlighting the robustness of wavelet-based estimators in nonparametric multivariate analysis.

3.2. Confidence set

In the context of the central limit theorem, the asymptotic variance Zz(ﬁ)(x) is inherently linked to
the unknown density function fx(-) of the random variable X, necessitating its estimation for practical
implementation. To achieve this, a suitable family of compactly supported, bounded discrete wavelets
is selected from the literature—such as Daubechies wavelets—while ensuring an appropriately large
multiresolution level m,, and an adaptive initial level jy. The estimation process employs wavelet-based
techniques in conjunction with a plug-in approach to determine the unknown parameters.

We construct a consistent estimator Ezw)(x) for Zz(ﬂ)(x) by defining

2,00 := 400 | (K2) 0.wadu,

R4

where ﬁ(-) serves as a reliable estimator of fx(-). This enables the construction of an approximate
confidence set for (8’ f)(x), given by

P HX) €| @)X + co—r—]|,
where ¢, denotes the (1 — @)-quantile of the standard normal distribution. This formulation provides a

statistically robust framework for inference on & f using wavelet-based density estimation techniques.
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4. Application to multivariate mode estimation

In this section, we explore the estimation of the nonparametric mode within the framework
established by [36], adopting the same notation and definitions. The kernel-based mode estimator
is defined as any random variable ©, that satisfies:

£:(0,) = sup £,(x), (4.1)

xeR4

where (50?),1 = f; More explicitly, this estimator can be expressed as:

0, = inf {y e R | f,(y) = sup ﬁ(x)},

xeR4
where the infimum is taken with respect to the lexicographic order on R?. This definition guarantees the
measurability of the wavelet-based mode estimator. If the true mode ® is assumed to be nondegenerate,

meaning that the Hessian matrix D? f(®) (the second-order derivative of f at @) is invertible, we define
V{(-) as the gradient of £(-). By construction, the mode estimator satisfies:

V/(©,) =0

Rearranging the terms gives:
V(©,) = V() = -V [,(0). (4.2)

()

. We obtain the existence of a vector

Using a Taylor series expansion for the partial derivative

E,() = (&0, ..., &q()T such that:

d

an 2n
L@, - 2o =Y e, 0, - 0),

1’-

(9fn

where
&0 () — ;1 < 16,,; — G}
forall j=1,...,d. Next, we define the d X d matrix H, = (H,; j)i<i j<a as:

&f, .
H,;;= dx,0x,; (&,(0)).
Substituting this into Eq (4.2) leads to:
H,(©, - 0) = -V/,(0). (4.3)

By using the first result in Theorem 3.2, we establish the almost sure convergence:

2fn 82]?; ~
Hxl(?xj( x)-E 8xi(9xj(x) =0, as.

lim sup
n—oo XERd

AIMS Mathematics Volume 10, Issue 5, 12519-12553.
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il (x) ) converges uniformly to rr (x)
Ox;i0x; g y 0xi0x;

Furthermore, classical results ensure that the expectation E(
in a neighborhood of @. As a result, we obtain:

lim @n =0, a.s.,

which further implies:
lim H, = D*f(©).

From Eq (4.3), the rate of convergence of @n — 0 is determined by the term D? f(®@)V £,(®). Under
appropriate smoothness and regularity conditions, and applying Theorem 3.2, we derive the rate:

—~ logn 1z s—4
‘@,, - @)] =o|[—m5] |+o (h,, ) (4.4)
nh,

For further insights on modal regression, we refer to [37].

Remark 4.1. For reader convenience, we introduce some details defining the ergodic property of
processes and its link with the mixing one. Let {X,,n € Z} be a stationary sequence. Consider the
backward field

=0 Xy k<n)

and the forward field
By, =0X,:k>m).

The sequence is strongly mixing if

sup |P(AN B)—PA)PB) — 0, as n — co.
A€y, BEB,

The sequence is ergodic if, for any two measurable sets A, B,

1
lim —

n—1
> |IP (Ant*B)- P(A)IP(B)‘ -0,
n—oo 1
=0
where T is the time-evolution or shift transformation. The naming of strong mixing in the above
definition is more stringent than what is ordinarily referred (when using the vocabulary of measure
preserving dynamical systems) as strong mixing, namely to that

lim P(A Nt7""B) = P(A)P(B)
for any two measurable sets A, B, for instance, see [38] and more recent refereneces [35, 39, 40].
Hence, strong mixing implies ergodicity, whereas the inverse is not always true (see, e.g., Remark 2.6
in page 50 in connection with Proposition 2.8 in page 51 in [41]). An example of an ergodic and non-
mixing process was considered in Sect. 5.3 of [42]. Indeed, assume that the process {(T;, A;) : i € Z} is

strictly stationary with
T; | Ti-y ~ Poisson(A,),

AIMS Mathematics Volume 10, Issue 5, 12519-12553.
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let T; be the o-field generated by (T;, A;, Ti_1, Ai_1, . ..). We assume that
Ai = k(Ai1, Tiny),

where k : [0,00) X N — (0, c0). However, this process is not mixing in general; see Remark 3 of [43]
for a counterexample. We refer to [42] for further details and motivations for the use of the ergodicity
assumption. One of their arguments, is that for certain classes of processes, it can be much easier to
prove ergodicity rather than the mixing assumption.

Remark 4.2. It is well recognized that the effectiveness of kernel estimators declines as the
dimensionality of the data increases, a phenomenon widely known as the curse of dimensionality [29].
The fundamental issue arises from the need for a substantial number of observations in local
neighborhoods to achieve reliable estimation in high-dimensional spaces. However, unless the sample
size is extraordinarily large, the bandwidth must be chosen sufficiently broad, thereby compromising
the core principle of “local” averaging. A detailed analysis of these challenges, supplemented by
numerical illustrations, can be found in [30]. Additional insights and recent advancements on this
topic are presented in [31-34,44]. Despite their widespread application, penalized splines remain
insufficiently explored in terms of their asymptotic behavior, even within conventional nonparametric
frameworks. Theoretical results characterizing their long-term properties are relatively scarce.
Furthermore, many functional regression techniques rely on minimizing the L,-norm, which renders
them particularly sensitive to the presence of outliers. Alternative methodologies that offer improved
robustness include approaches based on delta sequences [45] and wavelet-based techniques [46].

Remark 4.3. Consider the following integral functionals associated with a given density function:

T\(F) = f (f/(0))*dx, Ta(F) = - f a(F(x))f(x)dx,
R R

T5(F) = f (f(x)dx.
R

It is important to note that T5(F) is a particular case of To(F). The functionals T,(F) and T5(F)
play a crucial role in data-driven bandwidth selection methods for density estimation, as discussed
in [47] and related references. On the other hand, the functional T,(F) naturally arises in the study
of variance estimators within nonparametric location and regression estimation, particularly in the
context of linear rank statistics [48]. A more general class of integral functionals of the density can be
expressed as:

T(F) = f ¢ (x, F(0), FO(x), ..., FO(x)) dF (x),
R

where F denotes the cumulative distribution function on R with at least r derivatives, F". For
an in-depth exploration of this framework, refer to [49] and [50]. The estimation of T(F) can
be approached using plug-in methods that leverage wavelet-based density estimation along with
its derivatives. However, establishing a rigorous proof for this statement necessitates a distinct
methodological framework, which remains an open problem for future research.
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Remark 4.4. The nonlinear thresholding method provides an alternative approach for estimating
Jx(X). These estimators are constructed based on the following formulation:

T N
A =Y Ttk + > >0 i bi] > 60} i js(X), (4.5)

kezd Jj=jo =1 kezd

where 0;, denotes an appropriately chosen threshold. In the univariate setting (d = 1), this
estimator was originally introduced by [21]. Future research directions could focus on extending
the applicability of these estimators to higher-dimensional spaces, exploring their efficiency and
adaptability in various contexts.

Remark 4.5. The rates of convergence in the sup-norm derived in our theorems are in line with
those obtained in [27, 37, 51-53], where optimal estimation results have been established. Notably,
the precise logarithmic convergence rates are determined by the resolution level, which is inherently
dependent on the smoothness parameter s of the function f(-) within the Besov space By, ,. This
feature is well-documented in the literature on nonparametric estimation and aligns with standard
results in the field. The smoothness assumptions considered in this study extend beyond the classical
integer-order differentiability conditions typically required in convolution kernel methods. However,
the exact value of s is often unknown in practice. To ensure practical applicability, several methods
have been proposed for selecting the optimal adaptive value of m(n). Among the most commonly
employed techniques are Stein’s method, the rule of thumb, and cross-validation. A comprehensive
discussion of these selection strategies and their role in achieving asymptotically optimal empirical
bandwidth selection can be found in [11, 54].

Remark 4.6. To provide insight into the validity of our assumptions as outlined in [55], we present
several examples that illustrate how these conditions hold in different settings:

(1) Long-memory discrete-time processes: Consider a white noise sequence (€),e; with variance o,
and let I and B denote the identity and backshift operators, respectively. As established in [56]

(Theorem 1, p.56), the k-factor Gegenbauer process is given by
2\%
[ [(1-2viB+ B X, = e,
i<i<k

where the parameters satisfy 0 < d; < 1/2 for |vil < 1 and 0 < d; < 1/4 for |v| = 1, with i =
1,...,k. This process is characterized by stationarity, causality, invertibility, and long-memory
behavior. Fori = 1,...,k, the frequencies A; = arccosv; are called the Gegenbauer frequencies
(or G-frequencies). Additionally, it admits a moving average representation:

X; = Z Wj(d’ V)Gz—j,

>0

where the condition

D Wi, v) <
=0
ensures its asymptotic stability.
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However, [57] demonstrated that when (€;),c7 follows a Gaussian distribution, the process is
not strongly mixing. Despite this, the moving average formulation guarantees that the process
remains stationary, Gaussian, and ergodic. This example underscores the nuanced role of mixing
conditions and highlights the significance of the moving average representation in understanding
long-term dependencies.

(2) Stationary solution of a linear Markov AR(1) process: Consider the autoregressive process
defined by

1
Xi=sXi+ 6,
AR

where (€;) are independent symmetric Bernoulli variables taking values —1 and 1. As established
in [58], this process does not satisfy the a-mixing property due to its intrinsic dependency
structure. Nonetheless, it retains key statistical properties such as stationarity, Markovianity,
and ergodicity. This example illustrates that a process can be Markovian and ergodic without
necessarily being strongly mixing, which has important implications for statistical inference in
time series and functional data analysis.

(3) A stationary process with an AR(1) representation: Consider an independent and identically
distributed (i.i.d.) sequence (u;) uniformly distributed over {1, ...,9}, and define the process

X, = i 107y,
i=0

where u,,u,_y, ... represent the decimal expansion of X,. This process satisfies stationarity and
can be expressed in an AR(1) form:

1 1 1 1
X[ = EXI_I + Eut = EXI_I + E + 6[,
where
B 1 1
“=10" "2

constitutes a strong white noise process. Although this process does not satisfy the a-mixing
property [59] (Example A.3, p. 349), it remains ergodic. This example highlights that even in the
absence of strong mixing, ergodicity can be preserved, making the process applicable in areas
such as nonparametric functional data analysis.

5. Concluding remarks

This research investigates the estimation of partial derivatives of multivariate density functions.
In particular, we introduce a class of nonparametric estimators based on linear wavelet methods and
examine their theoretical properties. We establish strong uniform consistency over compact subsets of
R¢ and determine the corresponding rates of convergence. Additionally, we prove the asymptotic
normality of the proposed estimators. A significant contribution of this study is the extension of
existing results to the setting of ergodic processes. One of the main open questions in this work
concerns the optimal selection of smoothing parameters to minimize the mean squared error (MSE)
of the estimators. This remains a crucial problem that warrants further investigation and will be the
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subject of future research. Another important avenue for exploration involves extending the proposed
methodology to functional ergodic data, which presents considerable mathematical challenges beyond
the scope of this study. Additionally, a promising research direction is the adaptation of this framework
to scenarios with incomplete data, including cases where data are missing at random or subject to
censoring under various mechanisms, particularly in the context of spatially dependent data. An
interesting extension of this work would be to relax the assumption of stationarity and consider locally
stationary processes, developing comparable theoretical results. However, this generalization would
require a fundamentally different mathematical approach, which is left for future study. Another
potential research direction involves extending the estimation problem to the framework of stationary
continuous-time processes, which could provide further insights. Each of these extensions involves
distinct mathematical techniques beyond those employed in the present study and remains an open
topics for future exploration. To enhance the practical applicability of the proposed methods,
conducting extensive numerical experiments on both simulated and real datasets would be highly
valuable, as it would provide empirical support and facilitate more concrete recommendations. Finally,
the development and implementation of weighted bootstrap techniques represent an appealing line of
inquiry. Recent contributions to this domain—such as those provided by [60—-63]—offer a foundation
upon which future investigations can be built.

Finally, to reinforce the practical significance of this work, comprehensive simulation studies and
applications to real datasets would be highly advantageous. We also intend to perform a comprehensive
sensitivity analysis to assess the robustness of our findings under various conditions. Such empirical
investigations will offer more concrete guidelines for the effective use of these methods, which will
underscore their potential to advance contemporary statistical analysis.
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Proofs

We derive an upper bound for the partial sums of unbounded martingale differences, which is vital

for establishing the asymptotic behavior of the density estimator constructed from strictly stationary
and ergodic samples. Throughout the paper, the symbol C designates a positive constant whose value
may vary from one occurrence to another. The relevant upper bound inequality is formulated in the
lemmas that follow.

Lemma A.1. (Burkholder-Rosenthal inequality) Following Notation 1 in [64]:
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Let (X,)i»1 be a stationary martingale adapted to the filtration (F;);>1, define (d;);>1 as the sequence

of martingale differences adapted to (F;);»1 and

S, = Zn: d;.
i=1

Then for any positive integer n,
1/2
, forany p=>2,

p/2

1
| max IS DI, < n'/?lldyll, +
1<j<n

D B} /Fi)
k=1

where as usual the norm || - ||, = (E[| - PP,

(A.1)

Lemma A.2. Let (Z,),>1 be a sequence of real martingale differences with respect to the sequence of

o—fields (¥, = 0(Z,,...,7Z,))>1, where the o-field is generated by the random variables Z,, . ..

Set

i=1

s L.

For any p > 2 and any n > 1, assume that there exists some nonnegative constants C and d, such that

E[ZF|Fno1] < CP7'pd?,  almost surely.

Then, for any € > 0, we have

62
P(lS,,l > 6) < ZCXP {—m},

where

Proof of Lemma A.2. The proof follows as a particular case of Theorem 8.2.2 due to [65].

In order to establish Theorem 3.1, we draw upon the following two lemmas.
Lemma A.3. Let k € Z%. Then, under the assumption (C.1), we have
Elanx] = amk, as n— oo.

Proof of Lemma A.3. Consider first the decomposition

Elamk] — amx = (Elamx] — dnx) + (@ux — amk)
= Apx1 + Ankos

where
n

Gpy = %)WZE[(WM,.(XX»\%_]].

i=1

(A.2)

(A.3)

(A4)
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By invoking assumption (C.1), we can further expand a,,x as follows:

Consequently,

which implies

Hence, we deduce that

n

_ B &
Amk = D7 Z jl; d(alj Gma)(X) T (x) dx
i=1

IR S
= (-1)# fR d(a%m,k)(x)(Z;fﬁ () dx
= 1 [ @ 8,000 + o(1) dx
=(—DWJ;GW%mef@ﬂk-+oﬂ)

=aux + o(l).
2lim,k = dpx a8 n — 0,
Am,k,2 = 0(1) a.s.

Tk — Aux = Apxa + o(1)  as.

It remains to analyze A,k ;. Notice that by applying assumption (C.1), we have

Ank

= E[/a\m,k] - 2im,k

B
= C S (E@6m0X0] ~ E@6,00%0| 1)
i=1
= —(_i)wé] fR (P00 = 77 () dx

= (=D (a%m,k)(x)[f(x)—[1Zfﬁ-l(x)))dx
R4 n

i=1

= 0(1)((—1)L3' f (0”¢m,k)(x)dX)
R4
= o(l).

Since (##¢,,x) is compactly supported, this implies

Am,k,l = 0(1) a.s.

The proof of (A.2) is achieved.

Lemma A.4. Let k € Z¢, and then, under the assumptions (C.1) and (C.3), we have

AIMS Mathematics

22m(B)

Bl — ana)'] = O

, as n— oo,
n

Volume 10, Issue 5,

(A.S)

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)
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Proof of Lemma A.4. Consider the following decomposition:

/a\m,k — dpk = (am,k - 2im,k) + (Em,k - am,k)~ (Al 1)
From this, it follows that
E[(b\m,k - am,k)z] = E[(b\m,k _Em,k)z] + E[(ém,k - am,k)z]

+ 2 E[(’CYm,k - a’m,k)(a’m,k - am,k)]
=Apx1 + Apx2 + Apkse (A.12)

By applying statement (A.7), one obtains
Anx2 = o(1). (A.13)

Moreover, using statements (A.7) and (A.9), we deduce

Anics = o) E[@nic = Gl
(-P ¢
= o(l)T;(E[(a%m,k)(xi)] — B[E[(@$n)X) | Fi1]])
= 0. (A.14)

Consequently, our attention now shifts to the first term in the decomposition (A.12). Notice that
Uk~ Ay = DA Zn:((aﬁfﬁm WX — B[ )X | 77—1])
. . n L . .

1B &
- S 0,0,
i=1

n

Notice that (D, x(X;)o<k<m, 1S @ sequence of martingale differences with respect to the sequence of
o—fields (F;)o<k<m,. Using the inequality provided by Lemma A.1, we immediately deduce:

Apk1 = (—:;W E[‘i (Dm,k(Xi)'z].
i=1

Furthermore, one can establish:

[l )

1
2

=
IA

Vi ||®, (X))l +

PRCACOIEA |
i=1
= (D(l) + (D(z). (A15)

To analyze these terms, we use a standard decomposition and note that ¥ is the trivial o-field. Hence,
one obtains:

1
;q)%]) = || Dk (XDI3
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= E[|(8ﬁ¢mk)(xl) - E[(aﬂ¢m,k)(xl)|%]|2]

Z( ) (@8 X0] (El@dmox]l) ]

J

IA

= i() B[[@gnoX||(B [I(@‘*«pm,k)(X])l])z_j

= E[|(aﬁ¢m,k)(xl)|2] + 3(E[|(aﬁ¢m,k)(xl)|])2
4E[@ )X | (A.16)

IA

Note additionally that

E[|(6B¢m,k)(xl)|2]

fR (@ i)’ (W) f(w) du
= Qm+2B) f (P$)° (2" — k) f(u)du
= 2 f (@) ™) f(5k) dv.
By employing a first-order Taylor expansion alongside Eq (2.1) and assumption (C.3), we obtain

E“(a%m,k)(xl)ﬂ = 2miBl fR d(aﬁ¢)2(v) ( Fv) + 0(2—md)) dv

2
m(B) ( Ai )
(L +[Ix|D)’

-0 (Zm(lﬁl)) _ (A.17)

IA

This leads to
®;, = 0(2"¥Wn'?). (A.18)

Next, we analyze the second component of the decomposition in Eq (A.15). Specifically, we consider

1/2
(D(z) = (Z E k(X )|7: ]]

- ZE(E[q)fn,k(X»I??—l]))m

i=1

n

1/2
= ZE[(D;,,((X,-)]] .

i=1

Applying a standard identity, we find

B0, X)) = E[(@60X) - El@ 80X | 7))'|
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IA

2B [| (#¢ns)(X0) P | + 2E[E[| (P X)) [P IFi1 |
4B (Ppmi)Xi) P

IA

Using Eq (A.17), it follows that
®, = 0(2"¥n'7). (A.19)

Combining the results from Eqs (A.18) and (A.19), we derive

n 1
(EHZ (Dm’k(Xi)r])z _ O(Zm(lﬂl)l’ll/z).
i=1
Consequently,
Am,k,l = E[@nk _Em,k)z]
L2 1S i
i=1

= 0 (22"““*');1—1) . (A.20)

Finally, by integrating the findings from Eqs (A.13), (A.14), and (A.20), we conclude that

E[(’a‘m’k ~ am’k)z] _0 (22m(V3I)) -

n
This completes the proof. O

Proof of Theorem 3.1. Building on standard wavelet estimation techniques (see [11] for a detailed
exposition), we derive the main result in the following manner. First, by applying the definition of
projector normality, we obtain

B, -1 = B3 Gk~ s

keZd

= E|@ni - anx)’| (A21)

kezd

1
Next, by invoking Lemma A.4 and using the facts that |V,| ~ 2™ and 2" ~ n2s+1, we deduce

(177 )o 2 )

n

B|@7), - 1|

2(s—1BD

O(n_( 2541 ))

O
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Proof of Theorem 3.2. We define

2 (d+2)m(n) , \ /2
L(n) = (—)
logn
Since the domain D is compact, it can be covered by a finite number L = L(n) of cubes /;
centers X; = X, ; and side lengths £, for j = 1,..., L(n). It is straightforward to see that
_const
" LV(n)

Furthermore, we recall that the expectation of the kernel estimator satisfies:

— (- &
70 = S e ko (.3 17|

Now, we consider the following decomposition:

sup|(@),0 ~ E[@ D, < sup| @1, 00~ F, )|
+sup|F, - E[@ 1),

= Gui(x) +Gpa(x).

Making use of the fact that D is compact, we readily infer that

sup (@), — £, = max sup @), x f,®)|
xeD <JEL) xepni;
< max sup |@7),( - (@), (x,)
<JSL(m xepn;
+ max @), (x)) ~ F,(x)

Jix) = 7,03)

+ max sup
1<j<L(m) xeDn1;

= 01+ 0+ 0s.
The statement (3.5) allows us to infer that

1/2C2
@), (%) — @), (x))] < et

which implies that

- d'*Cyt, const _ logn \'?
1= hg+w|+1 - Ll/d(n)hf'ﬁ'” - nhZ+2"3' , as.
A similar argument shows, likewise, that
- d'?Cyt, const _ logn \"?
Os < hz“ a Ll/d(,,l)hZJrlﬁl+1 - nhzﬂlﬂl > as.

= Iy, with

(A.22)

(A.23)

(A.24)

(A.25)
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Now, we turn our attention to the main term and show that

logn 12
O, = 0((nhd+2|'3|) , as. (A.26)

Observe that

&)

max |@),x)) - £,x))

1<j<L(n)

(=18 & x X,
= kP -E
1sr?£aL)((n) nht Bl By hy

n i=1

K®

X X,‘
) 'T])l

= max

1 n
Z,(x;, X)),
1<j<L(n) nh;”lﬂl ; n( J i)

where, fori =1,...,n,

cwso- ooz 2o 2

is a sequence of martingale difference arrays with respect to the o-field ¥;. Observe that
X p
INCIVGI B KB
()( (hnhn hh'fl
BN oy (XX k ®) a
-1y C (K —, —|(=1)*" KP|—, — . (A27
X L S O = L R

ﬁ_l])p_k is F;_;-measurable, it follows from (A.27) that

®) N
= G e el 322

Recall the notation ;’Z"" := f71 is the conditional density of X; given the o-field F;_;. It follows
readily from (3.3), for any integer ¢, that

X X,’
E|(KP)* (h_’h_n) |Ti—1]

n

(Z(x, X))

By using the fact that (E [KCB) (hi’ 2&)

‘]E[Zn(xj,X,-)p|¢i—1]| < zp:
k=0

i

i

BN Fio1
fRd(K )(h h)f W)dy

- f Carp
T Jre \(1 + It — )4+ B

hd+IB|Cd+|ﬂ| e
n Fi-1
fRd((hn+llx—yll)d+W' Sy

h((d+lﬂ|)cfl+lﬂlflf7’i1(y)dy
Rl

_ plarB et
= I Cngr

¢
) 7 (y)dy

IA

(A.28)
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which gives the following upper bound:

P
‘E [Zn(X, Xi)p|7:i—1” < Z Cf,hﬁ(d+w')C§+,,;| < 2phz+|ﬁlcg+w|
k=0
< plCrtdr,

We shall apply Lemma A.2 to the sum of {Z,(x;, X;)}, with

C =2Cuup, dl.z = Cd+lﬁlhi+lﬁl’ D, = Z dl.z = O(nhZ+IBI)’

i=1

and
€, = e(log n/nhd**FH112,

Therefore, we have the following chain of inequalities, for some positive constant C,:

> ennhfw)

P ( max
1<j<L(n)

1 n
—_— Z,(x:, X))
d n\djs LN
nhn+|ﬁ| ;
L(n) n
ZP(

D Z(x;, X))
j=1

i=1

IA

IA

2 hg+WI 2(1 hﬁ+2LBI
2L(n)exp{_ ey (nhi,"")* (log n/nhy ™)

2(D, + 2C 4 1nht P log n/nhl P!/
[ ) { &t log n /1) }
€X

IA

pl-
hd+!log n O(nhy ) (1 + 2C 11 (log n/nky2P)12)

dj2 _czeg
(L) (n hnlﬂl )
n

IA

(i log n) 2
1

B_."
(hd+1 log n)d/2 n(Caeg /i )—d

Observe that |

— — 00 as n — oo,
1Bl
hy

By choosing ¢ sufficiently large, such that

(Cre5 /WPy —d > 0,

we readily obtain that,

E P( max >enJ<00.
1<j<L(n)
n>1

1 n
n_h;f Zl] Zn(Xj,Xi)

(A.29)
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We obtain the assertion (A.26) by a routine application of the Borel-Cantelli lemma. Therefore, the
conclusion of Theorem 3.2 follows using the decomposition (A.23) in combination with (A.24), (A.25)
and (A.26). It remains to evaluate the second term on the right side of (A.22). One can see that

sup [£,(x) -

xeD

= Sup
xeD

= Sup
xeD

= Ssup
xeD

(- 1)LBI n
nhy P £

-n#
nhi P £

(-D¥
hd+|b’|

i fR ( )ﬁ '¥) - f)dy
fRKﬁ(; i )( Zf“(y) Fw)ay].

B[@ D,

(e[ 2. ) = (2 )

Making use of the Cauchy-Schwarz inequality and statement (3.3) when

we obtain readily that

IA
0

n

)( S - )y

2 1/2 n
1
RrRd I

m=d+2|p]+1,

i=1

DW=

5 12
dy]

h
" i=1
1 <& | Carapit 1 Xy 172

< _ Fic1 _ +2|8|+ —Kﬁ X Y\

B n;f 12 ( (hd+2LBI(1 +h x — y||)d+2w|+1) hi’f (hn,hn) y

X 12
< h Cd+2|ﬁ|+] ZfT‘—sz(fd K'B(h—,z) dz)
R n
< h Cd+2|ﬁ|+1 fol f” Gl/z(d)

Under assumption (C.1), we deduce that

Gn,2 (X)

Hence the proof is complete.

IA

sup |f,
xeD

1 n
12 12, A1 Fir
h,“Caiop1G, (d)"n;f = f

- B[@ D), ()|

12
O(h!/). (A.30)

O

Proof of Lemma 3.1. The study of the bias term is purely analytical and can be proved by the same
arguments as in [14] since it is not affected by the dependence property. Therefore, the details are

omitted.

AIMS Mathematics
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Remark A.l1. For the special case of f € H5 = By, the uniform rate of approximation given in
Lemma 3.1 coincides with that given [66].

Proof of Theorem 3.3. Recall the decomposition

Nl (@B ), (%) = (P H()

kP (@), = F,(x)

+(f.0 - @H))

nhy P (Q,(%) + B(X)) . (A.31)

Observe that

B,x) = (f.)-E[@f),®])+(E[@H.®)]-@NHx)

B, 1(X) + B, 2(X). (A.32)

Hence, by a similar argument as for (A.30), under hypothesis (C.2), statement (3.3) when

m = 2(d + |B])
and condition (3.7), we obtain readily that
(nhy P2 B, 1 (x)
1B & X. X.
_opasapni | D p(X Rilie |_glgs(X A
R ¢ T L R |
n i=1
= O (nd=2e)
= o(l). (A.33)

On the other hand, by condition (3.7) and Lemma 3.1, we have
(P 2B, 5 (x) = O(h)(nh P 2) = O(1). (A.34)
Observe that

d+2p) _ V[ ED (2 X L[ EDP e (X X
e Z{[JTK o)) g )V

n

D {Eux, X)) — E[£,(x, X)) | Fii])

i=1
Z)(m‘(X, X)), (A.35)
i=1

where y,:(X, ¢) is a triangular array of martingale differences with respect to the o—field ;. This allows
us to apply the central limit theorem for discrete time arrays of martingales (see [67]) to establish the
asymptotic normality of

nh P 0, (x).

This can be done if we establish the following statements:

AIMS Mathematics Volume 10, Issue 5, 12519-12553.
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(a) Lyapunov condition:
- P
DB X)) | Fia| & 20
i=1
(b) Lindberg condition:
nE [X,Zu.(x, X,-)l{mi(x’xi)bf}] = o(1) holds true for any € > 0.

Proof of part (a). Observe that

n n

ZEMMXMﬁﬂ—ZEMMXHﬂw=Z@&MXM%Jﬁ
i=1

i=1 i=1

By employing a first-order Taylor expansion alongside equation (3.3) and assumption (C.4), we obtain

—1B
Emm&nﬂd—gﬁ%ﬂﬂﬂhhﬁﬁ]
-1
_ (n)h Rdld*(i y)f”f‘(y)dy

1Bl
_ &b ‘/_fKﬂ( +u)f¢1(x+hnu)du
((—l)w'\/_n)( Casip)

Fi-1
s a7+ o)

Therefore, we infer

2ﬂE&AxXM7fD —()(—JE@L—)(%floﬁwmf+mn}

(1 + [Jull)+¥

2
The ergodicity of the process (X,,),»1 implies that the process defined by ( ( Vs (X)) )us 18 ergodic too
and verifies the condition (C.2), which means that

1+ 2
() = (),
n
in both the almost sure and L? senses. This implies
Z@@@XHTD O (h3).

Statement (a) follows then from
lim 3 B[£6X) | 11| = 22000,
i=1
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Observe that by the fact that (see [18])
KP@,v) = KPu+k,v+k), for keZ

by assumptions (C.1) and (C.4), we have

n n

D E|&xX) | Fii

i=1 i=1

i 2 L i)

noi=1

g
t

(K@) O.%) f7 (x + hv)dv

S | =

-1 YR?

(k®) 0.v) (% Z Frx) + 0(1)) dv.

i=1

1]
S

Rd
We deduce .
lim Z E[£x.X) | Fit| = f®) fR (K®) @.wav.

Proof of (b). The Lindberg condition results from Corollary 9.5.2 in [68] which implies that

nE | X Ly ex el | < 47 | €26 X g, xx05¢12 |-
Leta > 1 and b > 1 such that

-+-=1.
a b

Making use of Holder and Markov inequalities one can write, for all € > 0,

E |£.u(x, Xi)|2a

2
E [‘fni(x’ Xi)1:|§m-<x,x,-)|>e/2}] < (e/2)2b

Therefore, by using the condition (3.3) and assumption (C.3), we obtain

4nE [fﬁi(X, X,’)l{\gm-(x,X,-)|>€/2}]
A x X 2a
B 1
= na—lh“d(e/2)2"/bE (K (h " ))
= = lhad(e/Z)za/b fd( (_ _)f(u)dll
_ f DY O,9) Fx + hyv)dv

na- 1h(ﬂ 1)d(6/2)2a/b Rd

(K@) 0,9 (f(x) + o(1)) dv.

na- lh(a l)d(€/2)2a/b Lﬂ

(A.36)
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Hence, we infer that

4c

AnE 2 ’ 1o . < d+1

1 a-1
O((ﬁ) ) (A.37)

Combining statements (A.36) and (A.37) we achieve the proof of the theorem. O

B. Besov spaces

Following [51], consider the parameters 1 < p, g < oo and define the shift operator S, acting on a
function f as

(§-NHX) = fx-1).

For a fractional order O < s < 1, introduce the seminorm

IS/ = fll,\* dr |\
Yspg(f) = (»[R"( IEdIR ) ||T||d) ’

with the limiting case when g = oo given by

IS -f = £l
ys,p,oo(f) = sup M'

were ITIP

For the special case s = 1, the seminorm takes the form

S f+S_.f-2 q la
nﬁﬂ{ﬁf'ﬂ'f’ﬂm)m),

lIll il
and in the supremum norm,

IS f +S_of = 2f
) = sup 1oxf ¥ xS = 2l

rerd lIll

The Besov space B, ,, for 0 < s < 1 and 1 < p, g < oo consists of all functions f € L,(R?) for which
Ys.p.q(f) 1s finite:

B, g ={f € Ly(RY) : y5,,4(f) < oo}
For higher regularity levels, where s > 1, decompose s into its integer and fractional components as

s=[s]" +{s}",

where [s]~ is the greatest integer less than or equal to s and 0 < {s}* < 1. In this case, the Besov
space B, ,, comprises functions f € L,(RY) whose weak derivatives D’f belong to By, for all
multi-indices j satisfying |j| < [s]~. The associated norm is given by

||f||BS.p,z] = ||f||Lp + Z ’y{c}‘*,p,q(D]f)
1J1<ls1™

Notable instances of Besov spaces include the Sobolev space H; = By, and the space of bounded
s-Lipschitz functions B; ., .. We have also
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(i) ,
B, (R) c L" (R),
whenever p < p’ands>1/p—-1/p’ors=1/p-1/p’,
(i1)
B’ (R) C L*(R),
whenever p <2and s> 1/p—1/2ors=1/p—-1/2.

Remark B.1. It is worth noting that the optimal L? risk for density estimation on a Sobolev ball with

the regularity index s is of the order
) (n—Zs/(25+1)) :

see [69-71]. For a comprehensive examination of the connections between
classical  function  spaces and  Besov  spaces—including the  Fourier  analytical
characterizations of Sobolev spaces for p # 2—the reader is referred to [20, 72]. In
ref. [73], the relationship between V, spaces (comprising functions of bounded p-variation)
and Besov spaces is explored further, drawing on interpolation methods detailed in [24]. An
alternative, more traditional treatment of p-variation spaces can be found in [74]. Moreover, an
important reference addressing Besov spaces defined on broader geometric structures, such as
manifolds and Dirichlet spaces, is [75].
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