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differential equations (ODEs). It is found that the system will admit the stable or unstable periodic
solution due to supercritical or subcritical Hopf bifurcation based on the first Lyapunov coefficient
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of the positive equilibrium. In this manner, the precise existence interval of the Turing instability is
obtained so that the spatial profiles of the system can be analyzed. Furthermore, we systematically
analyze the existence of Hopf bifurcation in the reaction-diffusion system and characterize the stability
of bifurcating periodic solutions by employing normal form theory. The theoretical framework is
supported by comprehensive numerical simulations. The research highlights of this paper include the
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1. Introduction

Predator-prey models constitute a fundamental class of ecological systems, extensively employed
to characterize the complex interaction dynamics between prey and predator populations [1–4].
Typically, in a predator-prey system, the prey species will be consumed by the predators; in other
words, the growth of the predator will dependent on the density of the prey species. Nowadays,
scholars have developed diverse mathematical frameworks capturing the intrinsic behavioral traits
of both populations owing to a basic logistic growth equation framework. Of particular interest in
our investigation, we consider the following non-dimensional Leslie-Gower type predator-prey system
with a Holling Type III functional response: dw

dt = w − w2 − aw2v
w2+sv2 ,

dv
dt = τv

(
1 − v

w

)
,

(1.1)

where w and v represent the densities of the prey and predators, the term aw2

w2+sv2 is the well-known ratio-
dependent Holling Type III functional response [5, 6], and v

u corresponds to the Leslie-Gower-type
trophic interaction [7–9], where the parameters a, τ, and s are positive constants. For prior dynamic
analyses of system (1.1), we direct the readers to foundational studies [10, 11].

Fear effects, as ubiquitous non consumptive mechanisms in predator-prey interactions, significantly
modulate prey species’ intrinsic growth rates through predator-induced physiological stress responses.
In fact, the integration of fear effects into predator-prey systems has been systematically investigated
through various modeling frameworks. According to a predator-prey model with the fear factor,
Tripathi et al. [12] obtained the stability of the system’s equilibria, the existence of the Hopf bifurcation,
and the Turing instability, as well as pattern formation. By incorporating fear effects and prey refuges
for a Filippov prey-predator model, Hamdallah and Arafa [13] analyzed the stability and they obtained
bifurcation sets of pseudo equilibrium and local/global sliding bifurcations. By utilizing an ecological
model with fear, group defense, and the Allee effect, Kumar et al. [14] investigated the complex
dynamical properties of the predator-prey system via saddle-node, Hopf, homoclinic, Bautin, and
Bogdanov-Takens bifurcation. Cao et al. [15] reported the Hopf bifurcation, steady-state bifurcation,
and the stability of the bifurcating periodic solution of a reaction-diffusion predator-prey system with
fear effects. For comprehensive analyses of fear effect dynamics in ecological modeling, see the
existing studies in [16–20]. Building upon these theoretical foundations, we propose the following
modified system through fear effect coupling: dw

dt = w
1+θv − w2 − aw2v

w2+sv2 ,
dv
dt = τv

(
1 − v

w

)
,

(1.2)

where 1
1+θv models the fear effect with the positive constant θ, which describes the level of fear. It is

clear that | w
1+θv | ≤ |w|. This implies that the fear effect directly impacts the prey population’s growth

rate, i.e., a larger value of the fear effect control parameter θ corresponds to a lower actual growth rate
of the prey population. Meanwhile, if the fear factor disappears in the system (1.2), namely, θ = 0,
then the system (1.2) will reduce to system (1.1).

Both systems (1.1) and (1.2) are governed by ordinary differential equations (ODEs), which
exclusively describe the temporal dynamics of predator-prey interactions. These formulations capture
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solely temporal population dynamics without accounting for the spatial distribution mechanisms.
However, natural population movements necessitate the incorporation of diffusion processes for both
species within the spatial domains, thereby extending the framework to reaction-diffusion systems.
Such systems exhibit enhanced dynamic complexity characterized by spatiotemporal pattern formation.
For foundational studies on ecological reaction-diffusion systems, see [21–23]. Consequently, if we
consider the diffusion effect in the system (1.2), then we get

∂w
∂t = d1∆w + w

1+θv − w2 − aw2v
w2+sv2 , x ∈ Ω, t > 0,

∂v
∂t = d2∆v + τv

(
1 − v

w

)
, x ∈ Ω, t > 0,

∂w
∂n = ∂v

∂n = 0, x ∈ ∂Ω, t ≥ 0,
w(x, 0) = w0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0, x ∈ Ω,

(1.3)

where d1∆w and d2∆v describe the random diffusion progress of the prey w and predator v with the
diffusion rates d1 and d2, respectively; the notation ∆ is the Laplacian operator; Ω = (0, π) is a bounded
domain with the smooth boundary ∂Ω; n is the outward unit normal vector; and ∂n is the operator
of the directional derivative along the direction n. In addition, w0(x) and v0(x) represent the initial
densities of the prey w and predator v, respectively. All parameters involved in the system (1.3) are set
to be positive constants.

In this current paper, we want to explore the spatiotemporal dynamics of the modified systems.
To be specific, we will investigate the stability of the positive equilibrium, the Hopf bifurcation, and
its natural property for the ODE system (1.2) by virtue of the first Lyapunov coefficient technique;
for the reaction-diffusion system (1.3), we will examine the precise conditions of the stability of
the equilibrium, the existence of the Turing instability, and the Hopf bifurcation. Especially, we
will determine the stability of the bifurcating periodic solution of the reaction-diffusion system (1.3)
by using normal form theory and center manifold reduction [24–27]. Collectively, the complex
spatiotemporal dynamics of the reaction-diffusion system (1.3) can be presented by incorporating
the fear factor in the system. The outline of this paper is as follows. In Section 2, we study the
stability of the equilibrium, and the occurrence conditions of the Hopf bifurcation and its direction
for the ODE system. In Section 3, we conduct a stability analysis and explore the existence of the
Turing instability and the Hopf bifurcation for the reaction-diffusion system. Section 4 displays the
computational validation through numerical simulations. In Section 5, we summarize this paper with
some conclusions.

2. Hopf bifurcation for the local system

2.1. Stability analysis

To yield the equilibria of system (1.2), we set f (w, v) := w
1+θv − w2 − aw2v

w2+sv2 ,

g(w, v) := τv
(
1 − v

w

)
.

(2.1)

Now, we look for the positive equilibrium, say E∗ = (w∗, v∗), of the system (1.2) by setting f (w, v) =

g(w, v) = 0 as w > 0 and v > 0. Utilizing (2.1), one has

L(w∗) := θw2
∗ + (1 + θA)w∗ + A − 1 = 0, (2.2)
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where A := a/(1+s) > 0. By using (2.2), we can see that L(w∗) ≥ θw2
∗+(1+θA)w∗ > 0 as a ≥ 1+s. This

implies that we must ensure that 0 < a < 1 + s for the possibility of L(w∗) = 0. Now, if 0 < a < 1 + s
is valid, we have the existence criterion of the roots of (2.2) is ∆(w∗) := (θA − 1)2 + 4θ > 0. That is to
say, L(w∗) = 0 must have two real roots. Note that 0 < a < 1 + s, so one has 0 < A < 1. Therefore,
L(w∗) = 0 has a unique positive root

w∗ =

√
(θA − 1)2 + 4θ − θA − 1

2θ
> 0,

where A = a/(1 + s). Hence, there is the unique positive equilibrium E∗ = (w∗, v∗) = (w∗,w∗) of the
system (1.2) when 0 < a < 1 + s.

We have the following result concerning the system (1.2).

Theorem 2.1. Suppose that 0 < a < 1 + s is valid.
(1) The positive equilibrium E∗ is locally asymptotically stable if one of the following conditions
is satisfied:

(C1) s ≥ 1;
(C2) 0 < s < 1, a(1−s)

(1+s)2 ≤ w∗;
(C3) 0 < s < 1, a(1−s)

(1+s)2 > w∗, τ >
a(1−s)
(1+s)2 − w∗.

However, it becomes unstable when
(C4) 0 < s < 1, a(1−s)

(1+s)2 > w∗, 0 < τ < a(1−s)
(1+s)2 − w∗.

(2) If 0 < s < 1, a(1−s)
(1+s)2 > w∗, the system (1.2) experiences the Hopf bifurcation as τ = τH

0 , where

τH
0 =

a(1 − s)
(1 + s)2 − w∗.

Proof. At the positive equilibrium E∗ = (w∗, v∗), the Jacobian matrix takes the form:

JE∗(τ) =

(
J11(τ) J12(τ)
τ −τ

)
=

( a(1−s)
(1+s)2 − w∗

a(s−1)
(1+s)2 −

θw∗
(1+θw∗)2

τ −τ

)
.

We obtain the characteristic equation as follows:

λ2 − TE∗(τ)λ + DE∗(τ) = 0, (2.3)

where  TE∗(τ) =
a(1−s)
(1+s)2 − w∗ − τ,

DE∗(τ) = w∗τ + θτw∗
(1+θw∗)2 .

(1) If s ≥ 1 is satisfied, then one has TE∗(τ) < 0 and DE∗(τ) > 0, and it is concluded that the positive
equilibrium E∗ is locally asymptotically stable. (2) We can infer that if 0 < s < 1 and a(1−s)

(1+s)2 ≤ w∗,
then one has TE∗(τ) < 0 and DE∗(τ) > 0. This means that the positive equilibrium E∗ is locally
asymptotically stable. (3) If 0 < s < 1, a(1−s)

(1+s)2 > w∗, and τ > a(1−s)
(1+s)2 − w∗, we can see that TE∗(τ) < 0 and

DE∗(τ) > 0. So, the positive equilibria E∗ is locally asymptotically stable. (4) If 0 < s < 1, a(1−s)
(1+s)2 > w∗,
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and 0 < τ < a(1−s)
(1+s)2 −w∗, this immediately yields TE∗(τ) > 0, and DE∗(τ) > 0. So, the positive equilibrium

E∗ is unstable. Finally, solving λ for (2.3) yields

λ1,2 =
TE∗(τ)

2
±

i
√

4DE∗(τ) − T 2
E∗

(τ)

2
:= ζ(τ) ± iη(τ). (2.4)

Therefore, if 0 < s < 1, a(1−s)
(1+s)2 > w∗, and τ := τH

0 =
a(1−s)
(1+s)2 − w∗, we get

ζ(τH
0 ) = 0, η(τH

0 ) =

√
τH

0

(
w∗ +

θw∗
(1 + θw∗)2

)
=

√(
a(1 − s)
(1 + s)2 − w∗

) (
w∗ +

θw∗
(1 + θw∗)2

)
> 0.

This implies that the characteristic Eq (2.3) has a pair of purely imaginary roots. On the other hand,
we can compute

dRe{λ}
dτ

∣∣∣∣
τ=τH

0

=
dζ(τ)

dτ

∣∣∣∣
τ=τH

0

= −
1
2
< 0.

Consequently, the system (1.2) presents the Hopf bifurcation as τ = τH
0 . The proof readily follows.

2.2. Direction of Hopf bifurcation for system (1.2)

Utilizing (2) of Theorem 2.1, we know that the system (1.2) experiences the Hopf bifurcation as
τ = τH

0 , where

τH
0 =

a(1 − s)
(1 + s)2 − w∗,

a(1 − s)
(1 + s)2 > w∗.

Now, our goal is to investigate the direction of this Hopf bifurcation. To this end, consider the
translation w̃ = w − w∗, ṽ = v − v∗ and still denote w̃ and ṽ as w and v, respectively. As such, the
system (1.2) becomes  dw

dt =
(w+w∗)

1+θ(v+v∗)
− (w + w∗)2 −

a(w+w∗)2(v+v∗)
(w+w∗)2+s(v+v∗)2 ,

dv
dt = τ(v + v∗)

(
1 − v+v∗

w+w∗

)
.

(2.5)

Rewrite the system (2.5) as follows:(
wt

vt

)
= JE∗(τ)

(
w
v

)
+

(
F(τ,w, v)
G(τ,w, v)

)
, (2.6)

where

F(τ,w, v) =
fww

2
w2 + fwvwv +

fvv

2
v2 +

fwww

3!
w3 +

fwwv

2
w2v +

fwvv

2
wv2 +

fvvv

3!
v3 + O(4),

G(τ,w, v) =
gww

2
w2 + gwvwv +

gvv

2
v2 +

gwww

3!
w3 +

gwwv

2
w2v +

gwvv

2
wv2 +

gvvv

3!
v3 + O(4),

with

fww =
2a(s − 3)

w∗ (s + 1)3 − 2, fwv =
2a(1 − 3s)
w∗(s + 1)3 −

θ

(θv∗ + 1)2 , fwwv =
6a(6s − s2 − 1)

w2
∗(1 + s)4 , fwww =

24a(1 − s)
w2
∗(1 + s)4 ,
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fwvv =
24as(s − 1)
w2
∗(1 + s)4 +

2θ2

(θv∗ + 1)3 , fvv =
2as(3 − s)
w∗(1 + s)3 +

2θ2w∗
(θv∗ + 1)3 , fvvv =

6as(s2 − 6s + 1)
w2
∗(1 + s)4 −

6θ3w∗
(θv∗ + 1)4 ,

and

gwv =
2τ
w∗
, gww = −

2τ
w∗
, gwww =

6τ
w2
∗

, gwwv = −
4τ
w2
∗

, gwvv =
2τ
w2
∗

, gvv = −
2τ
w∗
, gvvv = 0.

Define a matrix

K =

(
1 0

ζ(τ)−J11(τ)
J12(τ) −

η(τ)
J12(τ)

)
,

where

J11(τ) =
a(1 − s)
(1 + s)2 − w∗, J12(τ) =

a(s − 1)
(1 + s)2 −

θw∗
(1 + θw∗)2 ,

and ζ(τ) and η(τ) can be found in (2.4). Let(
w
v

)
= K

(
ŵ
v̂

)
.

Substituting it into (2.6), we have(
ŵt

v̂t

)
=

(
ζ(τ) −η(τ)
η(τ) ζ(τ)

) (
ŵ
v̂

)
+

(
F̂(τ, ŵ, v̂)
Ĝ(τ, ŵ, v̂)

)
, (2.7)

where

F̂(τ, ŵ, v̂) =F
(
τ, ŵ,

ζ(τ) − J11(τ)
J12(τ)

ŵ −
w(τ)
J12(τ)

v̂
)
,

Ĝ(τ, ŵ, v̂) =
ζ(τ) − J11(τ)

η(τ)
F̃(τ, ŵ, v̂) −

J12(τ)
η(τ)

G
(
τ, ŵ,

ζ(τ) − J11(τ)
J12(τ)

ŵ −
η(τ)

J12(τ)
v̂
)
.

The Taylor series expansion of F̂(τ, ŵ, v̂) and Ĝ(τ, ŵ, v̂) shows that

F̂(τ, ŵ, v̂) = j20ŵ2 + j11ŵ̂v + j02̂v2 + j30ŵ3 + j21ŵ2v̂ + j12ŵ̂v2 + j03̂v3 + O(4),

Ĝ(τ, ŵ, v̂) =k20ŵ2 + k11ŵ̂v + k02̂v2 + k30ŵ3 + k21ŵ2v̂ + k12ŵ̂v2 + k03̂v3 + O(4),

where

j20 =
fww

2
+

fwv(ζ(τ) − J11(τ))
J12(τ)

+
fvv

2

(
ζ(τ) − J11(τ)

J12(τ)

)2

,

j11 = −
fvvη(τ)(ζ(τ) − J11(τ))

J2
12(τ)

−
fwvη(τ)
J12(τ)

, j02 =
fvvη

2(τ)
2J2

12(τ)
,

j12 =
fvvvη

2(τ)(ζ(τ) − J11(τ))
2J3

12(τ)
+

fwvvη
2(τ)

2J2
12(τ)

, j03 = −
fvvvη

3(τ)
6J3

12(τ)
,
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j21 = −
fwwvη(τ)
2J12(τ)

−
fwvvη(τ)(ζ(τ) − J11(τ))

J2
12(τ)

−
fvvvη(τ)(ζ(τ) − J11(τ))2

2J3
12(τ)

,

j30 =
fwww

6
+

fwwv(ζ(τ) − J11(τ))
2J12(τ)

+
fwvv

2

(
ζ(τ) − J11(τ)

J12(τ)

)2

+
fvvv

6

(
ζ(τ) − J11(τ)

J12(τ)

)3

,

and ki j =
ζ(τ)−J11(τ)

η(τ) ji j −
J12(τ)
η(τ) k̃i j for i, j = 0, 1, 2, · · · with

k̃20 =
gww

2
+

gwv(ζ(τ) − J11(τ))
J12(τ)

+
gvv

2

(
ζ(τ) − J11(τ)

J12(τ)

)2

,

k̃11 = −
gvvη(τ)(ζ(τ) − J11(τ))

J2
12(τ)

−
gwvη(τ)
J12(τ)

, k̃02 =
gvvη

2(τ)
2J2

12(τ)
,

k̃12 =
gvvvη

2(τ)(ζ(τ) − J11(τ))
2J3

12(τ)
+

gwvvη
2(τ)

2J2
12(τ)

, k̃03 = −
gvvvη

3(τ)
6J3

12(τ)
,

k̃21 = −
gwwvη(τ)
2J12(τ)

−
gwvvη(τ)(ζ(τ) − J11(τ))

J2
12(τ)

−
gvvvη(τ)(ζ(τ) − J11(τ))2

2J3
12(τ)

,

k̃30 =
gwww

6
+

gwwv(ζ(τ) − J11(τ))
2J12(τ)

+
gwvv

2

(
ζ(τ) − J11(τ)

J12(τ)

)2

+
gvvv

6

(
ζ(τ) − J11(τ)

J12(τ)

)3

.

When τ = τH
0 , we define the first Lyapunov coefficient as follows:

`1(τH
0 ) =

i
2η(τH

0 )

(
g20g11 − 2|g11|

2 −
|g02|

2

3

)
+

g21

2
,

where

g11 =
1
4

( j∗20 + j∗02 + i(k∗20 + k∗02)),

g02 =
1
4

( j∗20 − j∗02 − 2k∗11 + i(k∗20 − k∗02 + 2 j∗11)),

g20 =
1
4

( j∗20 − j∗02 + 2k∗11 + i(k∗20 − k∗02 − 2 j∗11)),

g21 =
1
8

( j∗30 + j∗12 + k∗21 + k∗03 + i(k∗30 + k∗12 − j∗21 − j∗03)),

and where

j∗20 =
fww

2
−

fwvJ11(τH
0 )

J12(τH
0 )

+
fvv

2

(
J11(τH

0 )
J12(τH

0 )

)2

,

j∗11 =
fvvη(τH

0 )(J11(τH
0 )

J2
12(τH

0 )
−

fwvη(τH
0 )

J12(τH
0 )

, j∗02 =
fvvη

2(τH
0 )

2J2
12(τH

0 )
,

j∗12 = −
fvvvη

2(τH
0 )J11(τH

0 )

2J3
12(τH

0 )
+

fwvvη
2(τH

0 )

2J2
12(τH

0 )
, j∗03 = −

fvvvη
3(τH

0 )

6J3
12(τH

0 )
,

j∗21 = −
fwwvη(τH

0 )
2J12(τH

0 )
+

fwvvη(τH
0 )J11(τH

0 )

J2
12(τH

0 )
−

fvvvη(τH
0 )J2

11(τH
0 )

2J3
12(τH

0 )
,
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j∗30 =
fwww

6
−

fwwvJ11(τH
0 )

2J12(τH
0 )

+
fwvv

2

(
J11(τH

0 )
J12(τH

0 )

)2

−
fvvv

6

(
J11(τH

0 )
J12(τH

0 )

)3

,

and k∗i j = −
J11(τH

0 )
η(τH

0 ) j∗i j −
J12(τH

0 )
η(τH

0 ) k̃∗i j for i, j = 0, 1, 2, · · · with

k̃∗20 =
gww

2
−

gwvJ11(τH
0 )

J12(τH
0 )

+
gvv

2

(
J11(τH

0 )
J12(τH

0 )

)2

,

k̃∗11 =
gvvη(τH

0 )J11(τH
0 )

J2
12(τH

0 )
−

gwvη(τH
0 )

J12(τH
0 )

, k̃∗02 =
gvvη

2(τH
0 )

2J2
12(τH

0 )
,

k̃∗12 = −
gvvvη

2(τH
0 )J11(τH

0 )

2J3
12(τH

0 )
+

gwvvη
2(τH

0 )

2J2
12(τH

0 )
, k̃∗03 = −

gvvvη
3(τH

0 )

6J3
12(τH

0 )
,

k̃∗21 = −
gwwvη(τH

0 )
2J12(τH

0 )
+

gwvvη(τH
0 )J11(τH

0 )

J2
12(τH

0 )
−

gvvvη(τH
0 )J2

11(τH
0 )

2J3
12(τH

0 )
,

k̃∗30 =
gwww

6
−

gwwvJ11(τH
0 )

2J12(τH
0 )

+
gwvv

2

(
J11(τH

0 )
J12(τH

0 )

)2

−
gvvv

6

(
J11(τH

0 )
J12(τH

0 )

)3

.

By some direct calculations, one has

Re(`1(τH
0 )) =

1
8

(3 j∗30 + j∗12 + k∗21 + 3k∗03) +
1

8η(τH
0 )

( j∗11( j∗20 + j∗02) + 2 j∗02k∗02)

−
1

8η(τH
0 )

(k∗11(k∗20 + k∗02) + 2k∗20 j∗20).

Now we summarize the analysis above and yield the following result.

Theorem 2.2. Suppose that 0 < a < 1 + s, 0 < s < 1, a(1−s)
(1+s)2 > w∗ are true. Then, the Hopf bifurcation

is supercritical (respectively, subcritical) when Re(`1(τH
0 )) < 0 (respectively, Re(`1(τH

0 )) > 0) and the
bifurcating periodic solution is stable (respectively, unstable).

3. Hopf bifurcation for the diffusive system

3.1. An estimate

In this subsection, we want to give an estimate with respect to the classic solution (w, v) of the
reaction-diffusion system (1.3).

Theorem 3.1. Suppose that 0 < a <
2
√

s
1+θ

is fulfilled. Then the solution (w(x, t), v(x, t)) of the
system (1.3) admits

lim sup
t→∞

max
x∈Ω

w(·, t) ≤ 1, lim sup
t→∞

max
x∈Ω

v(·, t) ≤ 1.

In addition, one obtains

lim inf
t→∞

min
x∈Ω

w(·, t) ≥
1

1 + θ
−

a
2
√

s
, lim inf

t→∞
min
x∈Ω

v(·, t) ≥
1

1 + θ
−

a
2
√

s
.
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Proof. By employing the first equation of the system (1.3), we get
∂w
∂t − d1∆w ≤ w − w2, x ∈ Ω, t > 0,
∂w
∂n = 0, x ∈ ∂Ω, t ≥ 0,
w(x, 0) = w0(x) ≥ 0, x ∈ Ω.

As such, the comparison principle for the parabolic equations show that t1 � 1 and 0 < ε1 � 1 exist
such that w(x, t) ≤ 1 + ε1 for ∀x ∈ Ω, t ≥ t1. Keeping this result in mind and utilizing the second
equation of the system (1.3), one derives

∂v
∂t − d2∆v ≤ τv(1 − v

1+ε1
), x ∈ Ω, t ≥ t1,

∂v
∂n = 0, x ∈ ∂Ω, t ≥ t1,

v(x, t1) ≥ 0, x ∈ Ω.

According to the comparison principle of parabolic equations, we get v(x, t) ≤ (1 + ε1) + ε2 for ∀x ∈
Ω, t ≥ t2. In the sequel, let us explore the lower-bounds of the classic solution (w(x, t), v(x, t)) of the
system (1.3). By the way, the lower bounds of the classic solution (w(x, t), v(x, t)) imply that the
system (1.3) is persistence. Using the first equation of the system (1.3) again, we obtain

∂w
∂t − d1∆w ≥ w

(
1

1+θ((1+ε1)+ε2) − w − a
2
√

s

)
, x ∈ Ω, t ≥ 0,

∂w
∂n = 0, x ∈ ∂Ω, t ≥ 0,
w(x, 0) ≥ 0, x ∈ Ω.

Thereby, ε3 > 0 and t3 > 0 exist such that

w(x, t) ≥
1

1 + θ((1 + ε1) + ε2)
−

a
2
√

s
+ ε3

for ∀x ∈ Ω, t ≥ t3. Finally, one can obtain
∂v
∂t − d2∆v ≥ rv

(
1 − v

1
1+θ((1+ε1)+ε2)−

a
2
√

s
+ε3

)
, x ∈ Ω, t ≥ t3,

∂v
∂n = 0, x ∈ ∂Ω, t ≥ t3,

v(x, t3) ≥ 0, x ∈ Ω.

This means that

v(x, t) ≥
(

1
1 + θ((1 + ε1) + ε2)

−
a

2
√

s
+ ε3

)
+ ε4,

for ∀x ∈ Ω, t ≥ t4. The proof is completed.

3.2. Turing instability

Assume that the domain Ω takes the form Ω = (0, π). Let w̃ = w − w∗, ṽ = v − v∗ and still denote w̃
and ṽ as w and v, respectively. As such, the system (1.3) has the form

∂w
∂t = d1∆w + w+w∗

1+θ(v+v∗)
− (w + w∗)2 −

a(w+w∗)2(v+v∗)
(w+w∗)2+s(v+v∗)2 , x ∈ Ω, t > 0,

∂v
∂t = d2∆v + τ(v + v∗)

(
1 − v+v∗

w+w∗

)
, x ∈ Ω, t > 0,

∂w
∂n = ∂v

∂n = 0, x ∈ ∂Ω, t ≥ 0,
w(x, 0) = w0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0, x ∈ Ω.

(3.1)
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If we let N = (w − w∗, v − v∗)T , at the origin, the system (3.1) can be rewritten as

∂N
∂t

= L(τ)N + Q(τ,N), (3.2)

where

L(τ) =

(
J11(τ) + d1∆ J12(τ)

τ −τ + d2∆

)
=

( a(1−s)
(1+s)2 − w∗ + d1∆

a(s−1)
(1+s)2 −

θw∗
(1+θw∗)2

τ −τ + d2∆

)
,

and

Q(τ,N) =

(
F(τ,w, v)
G(τ,w, v)

)
,

where F(τ,w, v) and G(τ,w, v) have been defined in (2.6). Obviously, the local linearized system
of (3.1) admits the form

∂N
∂t

= L(τ)N. (3.3)

Now, consider the following solution of (3.3):

N =

∞∑
m=0

(
am

bm

)
eλt cos mx,

where m ∈ N0 = {0, 1, 2, · · ·}, λ is the growth rate of perturbation, and am and bm are two nonzero
constants. Substituting it into the linear system (3.3) yields

∞∑
m=0

(Am − λI)
(

am

bm

)
cos mx = 0,

where I is the identity matrix and

Am =

(
J11(τ) − d1m2 J12(τ)

τ −τ − d2m2

)
=

( a(1−s)
(1+s)2 − w∗ − d1m2 a(s−1)

(1+s)2 −
θw∗

(1+θw∗)2

τ −τ − d2m2

)
.

Consequently, the characteristic equation can be obtained by setting |λI − Am| = 0 for m ∈ N0. In this
manner, we can get

λ2 − Tm(τ)λ + Dm(τ) = 0, m ∈ N0, (3.4)

where  Tm(τ) = −(d1 + d2)m2 +
a(1−s)
(1+s)2 − w∗ − τ,

Dm(τ) = d1d2m4 −
[
d2

(
a(1−s)
(1+s)2 − w∗

)
− d1τ

]
m2 + w∗τ + θτw∗

(1+θw∗)2 .
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To obtain the emergence conditions of Turing instability, we require one of Assumptions (C1)–(C3)
in Theorem 2.1 is satisfied. This means that Tm(τ) < 0 must hold for any m ∈ N0. Therefore, we only
need to discuss the sign of Dm(τ) to explore the occurrence of Turing instability.

We have the following.

Theorem 3.2. Suppose that 0 < a < 1 + s and one of Assumptions (C1)–(C3) in Theorem 2.1 is
satisfied. The positive equilibrium E∗ is locally asymptotically stable if one of the following conditions
is satisfied:

(C5) s ≥ 1;
(C6) 0 < s < 1, a(1−s)

(1+s)2 ≤ w∗;
(C7) 0 < s < 1, a(1−s)

(1+s)2 > w∗, τ >
a(1−s)
(1+s)2 − w∗, d2 ≤ d1;

(C8) 0 < s < 1, a(1−s)
(1+s)2 > w∗, τ >

a(1−s)
(1+s)2 − w∗, d2 ≤

τ
a(1−s)
(1+s)2

−w∗
d1;

and

(C9)


0 < s < 1, a(1−s)

(1+s)2 > w∗, τ >
a(1−s)
(1+s)2 − w∗,

d2 >
τ

a(1−s)
(1+s)2

−w∗
d1, m2 ,

√
w∗τ+

θτw∗
(1+θw∗)2

d1d2
,[

d2

(
a(1−s)
(1+s)2 − w∗

)
− d1τ

]2
− 4d1d2

(
w∗τ + θτw∗

(1+θw∗)2

)
≤ 0.

However, E∗ is Turing unstable if

(C10)


0 < s < 1, a(1−s)

(1+s)2 > w∗, τ >
a(1−s)
(1+s)2 − w∗,

d2 >
τ

a(1−s)
(1+s)2

−w∗
d1, m2 =

√
w∗τ+

θτw∗
(1+θw∗)2

d1d2
,[

d2

(
a(1−s)
(1+s)2 − w∗

)
− d1τ

]2
− 4d1d2

(
w∗τ + θτw∗

(1+θw∗)2

)
> 0.

Proof. If s ≥ 1 is true, then we have Dm(τ) ≥ d1d2m4 +w∗τ+ θτw∗
(1+θw∗)2 > 0. So, all the eigenvalues of (3.4)

possess negative real parts. This demonstrates that E∗ is locally asymptotically stable. Similarly, if
0 < s < 1, a(1−s)

(1+s)2 ≤ w∗, we also obtain Dm(τ) ≥ d1d2m4 + w∗τ + θτw∗
(1+θw∗)2 > 0. Hence, the equilibrium E∗

is locally asymptotically stable. If (C7) is satisfied, we can deduce

Dm(τ) =d1d2m4 −

[
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]
m2 + w∗τ +

θτw∗
(1 + θw∗)2

≥d1d2m4 − d1

[(
a(1 − s)
(1 + s)2 − w∗

)
− τ

]
m2 + w∗τ +

θτw∗
(1 + θw∗)2

>0.

Accordingly, the equilibrium E∗ is locally asymptotically stable when (C7) is satisfied. If (C8) is
satisfied, it is easy to analyze

Dm(τ) =d1d2m4 −

[
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]
m2 + w∗τ +

θτw∗
(1 + θw∗)2

≥d1d2m4 + w∗τ +
θτw∗

(1 + θw∗)2

>0.
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Henceforth, the equilibrium E∗ is locally asymptotically stable when (C8) is satisfied. By utilizing
Condition (C9), we have

0 < d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ ≤ 2

√
d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
.

As such, we get

Dm(τ) =d1d2m4 −

[
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]
m2 + w∗τ +

θτw∗
(1 + θw∗)2 (3.5)

≥d1d2m4 − 2

√
d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
m2 + w∗τ +

θτw∗
(1 + θw∗)2

=

 √d1d2m2 −

√
w∗τ +

θτw∗
(1 + θw∗)2

2

>0,

where “>” holds since

m2 ,

√
w∗τ + θτw∗

(1+θw∗)2

d1d2
.

Similarly, if Condition (C10) holds, we have

d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ > 2

√
d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
.

Therefore, one can derive

Dm(τ) =d1d2m4 −

[
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]
m2 + w∗τ +

θτw∗
(1 + θw∗)2 (3.6)

<d1d2m4 − 2

√
d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
m2 + w∗τ +

θτw∗
(1 + θw∗)2

=

 √d1d2m2 −

√
w∗τ +

θτw∗
(1 + θw∗)2

2

=0,

where “=” holds owing to

m2 =

√
w∗τ + θτw∗

(1+θw∗)2

d1d2
.

Benefitting from (3.6), one can see that Dm(τ) < 0 is satisfied, whereas we have Tm(τ) < 0. Hence,
we can claim that there at least one eigenvalue of (3.4) with a positive real part. Consequently, the
equilibrium E∗ is unstable in the Turing sense. The proof is completed.
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3.3. Hopf bifurcation and the direction

For the Hopf bifurcation of the reaction-diffusion system (1.3), we can establish the following.

Theorem 3.3. Suppose that 0 < a < 1 + s is satisfied. In this case, reaction-diffusion system (1.3)
undergoes Hopf bifurcation at the threshold τ = τH

m as the following condition is true:

(C11) 0 < s < 1,
a(1 − s)
(1 + s)2 > w∗, d2 ≤

τH
m

τH
0

d1,

where

τH
0 =

a(1 − s)
(1 + s)2 − w∗, τH

m =
a(1 − s)
(1 + s)2 − w∗ − (d1 + d2)m2 = τH

0 − (d1 + d2)m2, m ∈ N0.

Proof. Recall that  Tm(τ) = −(d1 + d2)m2 +
a(1−s)
(1+s)2 − w∗ − τ,

Dm(τ) = d1d2m4 −
[
d2

(
a(1−s)
(1+s)2 − w∗

)
− d1τ

]
m2 + w∗τ + θτw∗

(1+θw∗)2 .

By using the definition of τH
0 , we have{

Tm(τ) = −(d1 + d2)m2 + τH
0 − τ,

Dm(τ) = d1d2m4 − (d2τ
H
0 − d1τ)m2 + w∗τ + θτw∗

(1+θw∗)2 .

Therefore, when τH
m = τH

0 − (d1 + d2)m2 in (C11), one has Tm(τH
m) = −(d1 + d2)m2 + τH

0 − τ
H
m = 0 for all

m ∈ N0. Furthermore, if d2 ≤
τH

m
τH

0
d1 holds, we get

Dm(τH
m) =d1d2m4 − (d2τ

H
0 − d1τ

H
m)m2 + w∗τH

m +
θτH

mw∗
(1 + θw∗)2

≥d1d2m4 + w∗τH
m +

θτH
mw∗

(1 + θw∗)2

>0.

Hence, we can conclude that (3.4) must have a pair of purely imaginary roots. On the other hand, by a
direct computation, one yields

dRe{λ}
dτ

∣∣∣∣
τ=τH

m

= −
1
2
< 0, m ∈ N0.

Consequently, the reaction-diffusion system (1.3) undergoes Hopf bifurcation when Condition (C11)
is satisfied. We end the proof.

Remark 3.1. (1) If m = 0, the Hopf bifurcation is spatially homogeneous; however, if m ∈ N0\{0}, the
Hopf bifurcation will be spatially inhomogeneous. (2) For the onset of the two types Hopf bifurcation
τH

m and τH
0 , we have τH

m < τH
m−1 < · · · < τ

H
2 < τH

1 < τH
0 .
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Now our task is to determine the direction of the Hopf bifurcation for the reaction-diffusion
system (1.3). For convenience, we consider a Hopf bifurcation point τ = τH

0 . Rewrite the system (1.3)
as follows: {

∂W
∂t = L(τ)W + F(τ,W),
∂W
∂x (0, t) = ∂W

∂x (π, t) = (0, 0)T ,

where W = (w, v)T and

L(τ) =

(
J11(τ) + d1∆ J12(τ)

τ −τ + d2∆

)
,

and the conjugate operator of L(τ) is given by

L∗(τ) =

(
J11(τ) + d1∆ τ

J12(τ) −τ + d2∆

)
.

In addition,

F(τ,W) =

(
f (w, v) − J11(τ)w − J12(τ)v

g(w, v) − τw + τv

)
.

When τ = τH
0 , we have the following critical system:{

∂W
∂t = L(τH

0 )W + F(τH
0 ,W),

∂W
∂x (0, t) = ∂W

∂x (π, t) = (0, 0)T ,
(3.7)

where

L(τH
0 ) =

(
J11(τH

0 ) + d1∆ J12(τH
0 )

τH
0 −τH

0 + d2∆

)
,

and

F(τH
0 ,W) =

(
f (w, v) − J11(τH

0 )w − J12(τH
0 )v

g(w, v) − τH
0 w + τH

0 v

)
.

Define a inner product

〈ϕ, φ〉 =
1
π
×

∫ π

0
ϕ̄Tφdx.

Let

y =

(
y1

y2

)
=

 1

−
J11(τ)
J12(τ) +

η(τH
0 )

J12(τ) i

 ,
and

y∗ =

(
y∗1
y∗2

)
=

J12(τ)
2πη(τH

0 )

 η(τH
0 )

J12(τ) +
J11(τ)
J12(τ) i

i

 .
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By some direct computations, we can obtain 〈L∗(τH
0 )W1,W2〉 = 〈W1, L(τ)W2〉, L(τH

0 )y =

iη(τH
0 )y, L∗(τH

0 )y∗ = −iη(τH
0 )y∗, 〈y∗, y〉 = 1, and 〈y∗, y〉 = 0. In the following, we set Bc := B ⊕ iB =

{x1 + ix2|x1, x2 ∈ B}. In light of the existing literature [24], B = Bc⊕Bs holds with Bc := {zy + zy|z ∈ C}
and Bs = {q ∈ B|〈y∗, q〉 = 0}, where z = 〈y∗,W〉 with W = (w, v)T . For any W ∈ B, z ∈ C and
q = (q1, q2)T ∈ Bs exist such that (

w
v

)
= zy + z̄ȳ +

(
q1

q2

)
.

In this manner, we obtain w = z + z̄ + q1,

v =

(
−

J11(τ)
J12(τ) +

η(τH
0 )

J12(τ) i
)

z +

(
−

J11(τ)
J12(τ) −

η(τH
0 )

J12(τ) i
)

z̄ + q2.

Accordingly, we rewrite (3.7) as follows:{
dz
dt = iη(τH

0 )z + 〈y∗, f̃ 〉,
dq
dt = L(τH

0 )q + T (z, z, q),
(3.8)

where

f̃ = F(zy + z̄ȳ + q, τH
0 ), T (z, z, q) = f̃ − 〈y∗, f̃ 〉y − 〈ȳ∗, f̃ 〉y.

By employing [24], the nonlinear term F(τH
0 ,W) in (3.7) can be read as:

F(τH
0 ,W) =

1
2

R(W,W) +
1
6

C(W,W,W) + O(|W |4),

where R(W,W) and C(W,W,W) are symmetric multi linear forms and

R(U,V) =

(
R1(U,V)
R2(U,V)

)
, C(U,V,Y) =

(
C1(U,V,Y)
C2(U,V,Y)

)
,

where

R1(U,V) = f ∗wwu1v1 + f ∗wv(u1v2 + u2v1) + f ∗vvu2v2,

R2(U,V) =g∗wwu1v1 + g∗wv(u1v2 + u2v1) + g∗vvu2v2,

C1(U,V,Y) = f ∗wwwu1v1y1 + f ∗wwv(u1v1y2 + u1v2y1 + u2v1y1)
+ f ∗wvv(u1v2y2 + u2v1y2 + u2v2y1) + f ∗vvvu2v2y2,

C2(U,V,Y) =g∗wwwu1v1y1 + g∗wwv(u1v1y2 + u1v2y1 + u2v1y1)
+ g∗wvv(u1v2y2 + u2v1y2 + u2v2y1) + g∗vvvu2v2y2,

for U = (u1, u2)T , V = (v1, v2)T , Y = (y1, y2)T , and U, V, Y in H2([0, π]) × H2([0, π]) with

f ∗ww =
2a(s − 3)

w∗ (s + 1)3 − 2, f ∗wv =
2a(1 − 3s)
w∗(s + 1)3 −

θ

(θv∗ + 1)2 , f ∗wwv =
6a(6s − s2 − 1)

w2
∗(1 + s)4 , f ∗www =

24a(1 − s)
w2
∗(1 + s)4 ,
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f ∗wvv =
24as(s − 1)
w2
∗(1 + s)4 +

2θ2

(θv∗ + 1)3 , f ∗vv =
2as(3 − s)
w∗(1 + s)3 +

2θ2w∗
(θv∗ + 1)3 , f ∗vvv =

6as(s2 − 6s + 1)
w2
∗(1 + s)4 −

6θ3w∗
(θv∗ + 1)4 ,

and

g∗wv =
2τH

0

w∗
, g∗ww = −

2τH
0

w∗
, g∗www =

6τH
0

w2
∗

, g∗wwv = −
4τH

0

w2
∗

, g∗wvv =
2τH

0

w2
∗

, g∗vv = −
2τH

0

w∗
, g∗vvv = 0.

By some direct but complex calculations, one obtains

f̃ =
1
2

R(y, y)z2 + R(y, y)zz +
1
2

R(y, y)z2
+ O(|z|3, |z| · |q|, |q|2),

〈y∗, f̃ 〉 =
1
2
〈y∗,R(y, y)〉z2 + 〈y∗,R(y, y)〉zz +

1
2
〈y∗,R(y, y)〉z̄2 + O(|z|3, |z| · |q|, |q|2),

〈ȳ∗, f̃ 〉 =
1
2
〈ȳ∗,R(y, y)〉z2 + 〈ȳ∗,R(y, y)〉zz +

1
2
〈ȳ∗,R(y, y)〉z̄2 + O(|z|3, |z| · |q|, |q|2).

So, we can obtain

T (z, z, q) =
1
2

z2T20 + zzT11 +
1
2

z2T02 + O(|z|3, |z| · |q|, |q|2),

where

T20 = R(y, y) − 〈y∗,R(y, y)〉y − 〈ȳ∗,R(y, y)〉y,
T11 = R(y, ȳ) − 〈y∗,R(y, y)〉y − 〈ȳ∗,R(y, y)〉y,
T02 = R(y, y) − 〈ȳ∗,R(ȳ, y)〉y − 〈ȳ∗,R(y, y)〉y.

By direct calculations, we get

T20 = T11 = T02 = (0, 0)T .

This means

T (z, z, q) = O(|z|3, |z| · |q|, |q|2).

From [24], the system (3.8) has a center manifold and it could be written as

q =
1
2

z2q20 + zzq11 +
1
2

z2q02 + O(|z|3).

Owing to

Lq + T (z, z, q) =
dq
dt

=
∂q
∂z

dz
dt

+
∂q
∂z

dz
dt
,

it follows that

q20 =[2iη(τH
0 ) − L(τH

0 )]−1T20 = (0, 0)T ,

q11 = − L−1(τH
0 )T11 = (0, 0)T ,

q02 =[−2iη(τH
0 ) − L(τH

0 )]−1T02 = (0, 0)T .
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In this fashion, we know that the reaction-diffusion system (1.3) can be restricted to a center manifold

dz
dt

= iη(τH
0 )z + 〈y∗, f̃ 〉 = iη(τH

0 )z +
∑

2≤i+ j≤3

ρi j

i! j!
ziz j

+ O(|z|4), (3.9)

where

ρ02 = 〈y∗,R(q, y)〉, ρ20 = 〈y∗,R(y, y)〉, ρ11 = 〈y∗,R(y, y)〉,
ρ21 = 2〈y∗,R(q11, y)〉 + 〈y∗,R(q20, y)〉 + 〈y∗,C(y, y, y)〉 = 〈y∗,C(y, y, y)〉.

In what follows, we rewrite system (3.9) in Poincaré normal form

dz
dt

= (ζ(τ) + iη(τ))z + z
N∑

j=1

δ j(τ)(zz) j, (3.10)

where ζ(τ) and η(τ) satisfy

ζ(τH
0 ) = 0, η(τH

0 ) =

√
τH

0

(
w∗ +

θw∗
(1 + θw∗)2

)
=

√(
a(1 − s)
(1 + s)2 − w∗

) (
w∗ +

θw∗
(1 + θw∗)2

)
> 0,

and δ j(τ) represents complex-valued coefficients. Then

δ1(τ) =
ρ20ρ11[3ζ(τ) + iη(τ)]

2[ζ2(τ) + η2(τ)]
+

|ρ11|
2

ζ(τ) + iη(τ)
+
ρ21

2
+

|ρ02|
2

2[ζ(τ) + 3iη(τ)]
.

Thereby, when τ = τH
0 , we have

δ1(τH
0 ) =

ρ20ρ11i
2η(τH

0 )
+
|ρ11|

2

iη(τH
0 )

+
ρ21

2
+
|ρ02|

2

6iη(τH
0 )

=
i

2η(τH
0 )

(
ρ20ρ11 − 2|ρ11|

2 −
1
3
|ρ02|

2
)

+
ρ21

2
.

It then follows that

Re{δ1(τH
0 )} = −

1
2η(τH

0 )
(Re{ρ20}Im{ρ11} + Im{ρ20}Re{ρ11}) +

1
2

Re{ρ21}.

A direct computation gives

Re{ρ20} =
f ∗ww

2
−
η2(τH

0 ) + J2
11(τH

0 )

2J2
12(τH

0 )
f ∗vv + g∗wv −

J11(τH
0 )

J12(τH
0 )

g∗vv,

Im{ρ20} =
−J11(τH

0 )
2η(τH

0 )
f ∗ww +

η2(τH
0 ) + J2

11(τH
0 )

η(τH
0 )J12(τH

0 )
f ∗wv −

η2(τH
0 )J11(τH

0 ) + J3
11(τH

0 )

2η(τH
0 )J2

12(τH
0 )

f ∗vv

−
J12(τH

0 )
2η(τH

0 )
g∗ww +

J11(τH
0 )

η(τH
0 )

g∗wv +
η2(τH

0 ) − J2
11(τH

0 )
2J12(τH

0 )η(τH
0 )

g∗vv,
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Re{ρ11} =
f ∗ww

2
−

J11(τH
0 )

J12(τH
0 )

f ∗wv +
J2

11(τH
0 ) + η2(τH

0 )

2J2
12(τH

0 )
f ∗vv,

Im{ρ11} =
−J11(τH

0 )
2η(τH

0 )
f ∗ww −

J11(τH
0 )

η(τH
0 )J12(τH

0 )
f ∗wv −

η2(τH
0 )J11(τH

0 ) + J3
11(τH

0 )

2η(τH
0 )J2

12(τH
0 )

f ∗vv

−
J12(τH

0 )
2η(τH

0 )
g∗ww +

J11(τH
0 )

η(τH
0 )

g∗wv −
η(τH

0 )2 + J2
11(τH

0 )
2J12(τH

0 )η(τH
0 )

g∗vv,

Re{ρ21} =
f ∗www

2
−

J11(τH
0 )

J12(τH
0 )

f ∗wwv +
J2

11(τH
0 ) + η2(τH

0 )

2J2
12(τH

0 )
f ∗wvv +

g∗wwv

2

−
J11(τH

0 )
J12(τH

0 )
g∗wvv +

g∗vvv

2
,

where

J11(τH
0 ) = J11(τ) =

a(1 − s)
(1 + s)2 − w∗, J11(τH

0 ) = J12(τ) =
a(s − 1)
(1 + s)2 −

θw∗
(1 + θw∗)2 .

To summarize, we build the following.

Theorem 3.4. Suppose that 0 < a < 1 + s is satisfied. Then the Hopf bifurcation is
supercritical (respectively subcritical) if 1

ζ′(τH
0 )Re{δ1(τH

0 )} < 0 (respectively > 0). Meanwhile, the

bifurcating periodic solution is stable (respectively unstable) if Re{δ1(τH
0 )} > 0 (respectively < 0).

4. Numerical simulation

In this section, we verify our previous theoretical results by using numerical computational
experiments.

First, we verify the theoretical results established in Theorem 2.1. We select the following
parameters in the system (1.2): a = 0.5, s = 1.5, θ = 0.25, and τ = 1.0. Under these
specific values, we can see that the assumption (C1) is satisfied, yielding the positive equilibrium
E∗ = (0.6586, 0.6586), which is locally asymptotically stable, as shown in Figure 1(a). A similar
stable result of the positive equilibrium E∗ could be found in Figure 1(b), where we set a = 0.5, s =

1.5, θ = 0.25, and τ = 2.0 such that (C1) is fulfilled and the positive equilibrium E∗ = (0.6586, 0.6586)
is locally asymptotically stable. In what follows, we choose the parameters a = 0.5, s = 0.5, θ =

0.25, and τ = 1.0 in the system (1.2). As a consequence, we obtain

a(1 − s)
(1 + s)2 = 0.1111, w∗ = 0.5465.

In this fashion, Assumption (C2) is satisfied. Our numerical experiment shows that the positive
equilibrium E∗ = (0.5465, 0.5465) is locally asymptotically stable, as demonstrated in Figure 1(c).
Now, taking a = 0.5, s = 0.125, θ = 6.25, and τ = 1.0, we obtain

a(1 − s)
(1 + s)2 = 0.3457, w∗ = 0.1223.
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These mean that Assumption (C3) holds and the positive equilibrium E∗ = (0.1223, 0.1223) is locally
asymptotically stable (refer to Figure 1(d)). These numerical results validate the theoretical predictions
presented in Theorem 2.1.
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(a) a = 0.5, s = 1.5, θ = 0.25, τ = 1.0
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(c) a = 0.5, s = 0.5, θ = 0.25, τ = 1.0
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(d) a = 0.5, s = 0.125, θ = 6.25, τ = 1.0

Figure 1. Stability phase diagrams of the positive equilibrium E∗ with different specific
parameters. (a) When taking a = 0.5, s = 1.5, θ = 0.25, and τ = 1.0, the positive
equilibrium E∗ = (0.6586, 0.6586) is locally asymptotically stable. (b) When choosing
a = 0.5, s = 1.5, θ = 0.25, and τ = 2.0, the positive equilibrium E∗ = (0.6586, 0.6586) is
locally asymptotically stable. (c) When setting a = 0.5, s = 0.5, θ = 0.25, and τ = 1.0, the
positive equilibrium E∗ = (0.5465, 0.5465) is locally asymptotically stable. (d) When taking
a = 0.5, s = 0.125, θ = 6.25, and τ = 1.0, the positive equilibrium E∗ = (0.1223, 0.1223) is
locally asymptotically stable.

To reveal the validity of Theorem 2.2, we set a = 0.5, s = 0.125, and θ = 6.25, then obtain
τH

0 = 0.2234, E∗ = (0.1223, 0.1223), and Re(`1(τH
0 )) = −0.1443 < 0. Our numerical result illustrates

that there is a stable periodic solution around the positive equilibrium E∗ = (0.1223, 0.1223); see
Figure 2(a). We also set the parameters a = 0.35, s = 0.14, and θ = 7.25. As a result, we obtain
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τH
0 = 0.0732, E∗ = (0.1584, 0.1584), and Re(`1(τH

0 )) = −0.3673 < 0. This produces the stable
bifurcating periodic solution shown in Figure 2(b).

(a) a = 0.5, s = 0.125, θ = 6.25, τ = 0.21 (b) a = 0.35, s = 0.14, θ = 7.25, τ = 0.073

Figure 2. Stable bifurcating periodic solutions due to the existence of supercritical Hopf
bifurcation. (a) Taking a = 0.5, s = 0.125, θ = 6.25, and τ = 0.21; (b) taking a = 0.35, s =

0.14, θ = 7.25, and τ = 0.073.

We now validate the theoretical results presented in Theorem 3.2 through numerical experiments.
If we take the parameters a = 1.0, s = 1.5, θ = 0.25, τ = 1.0, d1 = 1.0, and d2 = 0.5, then

Assumption (C5) is satisfied. It is found that the positive equilibrium E∗ = (0.4907, 0.4907) remains
stable, as shown in Figure 3.

When setting the parameters a = 1.0, s = 0.5, θ = 0.25, τ = 1.0, d1 = 1.0, and d2 = 0.5, one has

a(1 − s)
(1 + s)2 = 0.2222, w∗ = 0.2701.

Hence, Assumption (C6) is satisfied. It is demonstrated that the positive equilibrium
E∗ = (0.2701, 0.2701) is stable, as shown in Figure 4.
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Figure 3. The positive equilibrium E∗ = (0.4907, 0.4907) is stable, where a = 1.0, s =

1.5, θ = 0.25, τ = 1.0, d1 = 1.0, and d2 = 0.5.

Figure 4. The positive equilibrium E∗ = (0.2701, 0.2701) is stable, where a = 1.0, s =

0.5, θ = 0.25, τ = 1.0, d1 = 1.0, and d2 = 0.5.

We set the parameters a = 0.5, s = 0.13, θ = 6.5, τ = 1.0, d1 = 1.0, and d2 = 1.0. We obtain

a(1 − s)
(1 + s)2 = 0.3407, w∗ = 0.1198,

implying that Assumption (C7) is satisfied. Our numerical experiments illustrate that the positive
equilibrium E∗ = (0.1198, 0.1198) is stable, as depicted in Figure 5. When we set the parameters
a = 0.5, s = 0.13, θ = 6.5, and τ = 1.0 in Figure 5, but choose d1 = 5.0 and d2 = 1.0, we have

τ
a(1−s)
(1+s)2 − w∗

d1 = 22.6355.

All conditions in (C8) are satisfied, and numerical simulations demonstrate that the positive equilibrium
E∗ = (0.1198, 0.1198) is stable; refer to Figure 6.
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Figure 5. The positive equilibrium E∗ = (0.1198, 0.1198) is stable, where a = 0.5, s =

0.13, θ = 6.5, τ = 1.0, d1 = 1.0, and d2 = 1.0.

Figure 6. The positive equilibrium E∗ = (0.1198, 0.1198) is stable, where a = 0.5, s =

0.13, θ = 6.5, τ = 1.0, d1 = 5.0, and d2 = 1.0.

If we set the parameters a = 0.5, s = 0.2, θ = 4.25, τ = 0.8, d1 = 0.35, and d2 = 5.85, we obtain

a(1 − s)
(1 + s)2 = 0.2778, w∗ = 0.1675,

τ
a(1−s)
(1+s)2 − w∗

d1 = 2.5389,

and [
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]2

− 4d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
= 0.1333 − 2.6890 = −2.5557 < 0.

That is to say, all conditions in (C9) are satisfied. The numerical result demonstrates that the
equilibrium E∗ = (0.0355, 0.0355) is stable; refer to Figure 7.
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Figure 7. The positive equilibrium E∗ = (0.0355, 0.0355) is stable, where a = 0.5, s =

0.2, θ = 4.25, τ = 0.8, d1 = 0.35, and d2 = 5.85.

When we set the parameters a = 1.0, s = 0.2, θ = 4.25, τ = 0.8, d1 = 0.35, and d2 = 5.85,
we obtain

a(1 − s)
(1 + s)2 = 0.5556, w∗ = 0.0355,

τ
a(1−s)
(1+s)2 − w∗

d1 = 0.5384,

and [
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]2

− 4d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
= 7.6299 − 0.9793 = 6.6506 > 0.

Accordingly, all conditions in (C10) are fulfilled. In this fashion, the equilibrium E∗ = (0.0355, 0.0355)
becomes unstable in the Turing sense; see Figure 8. If we keep the same parameters in Figure 8 but
only change the level of fear, i.e., we set θ = 1.85, then we get

a(1 − s)
(1 + s)2 = 0.5556, w∗ = 0.0627,

τ
a(1−s)
(1+s)2 − w∗

d1 = 3.8146,

and [
d2

(
a(1 − s)
(1 + s)2 − w∗

)
− d1τ

]2

− 4d1d2

(
w∗τ +

θτw∗
(1 + θw∗)2

)
= 2.1348 − 0.9963 = 1.1385 > 0.

These data demonstrate the validity of (C10), leading to Turing instability; refer to Figure 9.
Figures 3–9 validate the theoretical conclusions of Theorem 3.2.
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Figure 8. The positive equilibrium E∗ = (0.0355, 0.0355) has Turing instability, where
a = 1.0, s = 0.2, θ = 4.25, τ = 0.8, d1 = 0.35, and d2 = 5.85.
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Figure 9. The positive equilibrium E∗ = (0.0627, 0.0627) has Turing instability, where
a = 1.0, s = 0.2, θ = 1.85, τ = 0.8, d1 = 0.35, and d2 = 5.85.

Finally, when setting the parameters a = 1.0, s = 0.3, θ = 3.25, d1 = 2.35, and d2 = 0.85, one has
E∗ = (0.0623, 0.0623), τH

0 = 0.3519, and

Re{ρ20} = −18.5767, Im{ρ20} = 22.0461, Re{ρ11} = −17.2216, Im{ρ11} = 13.7006, Re{ρ21} = 794.3671.
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Therefore, we have Re{δ1(τH
0 )} = 1.5854e + 03 > 0. From Theorem 3.4, we have the supercritical

type Hopf bifurcation, and the bifurcating periodic solution is stable. This prediction is validated by
employing numerical simulation, as shown in Figure 10.

Figure 10. The bifurcating periodic solution is stable, where a = 1.0, s = 0.3, θ = 3.25, d1 =

2.35, d2 = 0.85, and τ = 0.3519.

Our findings demonstrate that all theoretical results have been rigorously validated through
numerical experiments.

5. Conclusions

In this paper, we consider a Leslie-Gower type predator-prey system with a Holling Type III
functional response and fear effects subject to no-flux boundary conditions. First, we analyze the
stability of the unique positive equilibrium and the existence of Hopf bifurcation by considering
the ranges of two parameters a and τ for an ODE system (1.2), as formalized in Theorem 2.1.
Furthermore, we rigorously demonstrate the occurrence of Hopf bifurcation at the critical threshold
τ = τH

0 and yield its direction; see Theorem 2.2. Next, we shift our focus to the reaction-diffusion
system (1.3). An estimate of the classical solution and the stability results of positive equilibrium
are outlined in Theorems 3.1 and 3.2, respectively. Notably, we obtain the precise occurrence of
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Turing instability so that we can observe the spatial pattern formation of the system. Subsequently,
by designating τ as the control parameter, we conclude that spatially inhomogeneous Hopf bifurcation
will emerge in the system (1.3) when τ = τH

m for m ∈ N0; see Theorem 3.3. Finally, the normal formal
theory of differential equations helps us characterize the supercritical and subcritical nature of the
Hopf bifurcation, allowing explicit classification of the stability of bifurcating periodic solutions; see
Theorem 3.4. Numerical results illustrate that the rightness of the previous theoretical analysis. The
stable positive constant steady states (see Figures 1–7), the unstable positive constant steady states and
pattern formations (see Figures 8 and 9), and the stable bifurcating periodic solutions (see Figure 10)
are displayed. These results demonstrate that the predator-prey system with Holling Type III functional
response and fear effects exhibits rich and complex interaction dynamics.
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