AIMS Mathematics, 10(5): 12343-12387.
DOI: 10.3934/math.2025559
ATMS Mathematics Received: 22 October 2024

Revised: 18 March 2025

Accepted: 25 March 2025
https://www.aimspress.com/journal/Math Published: 27 May 2025

Research article

Three infinite families of Hamilton-connected convex polytopes and their
detour index

Sakander Hayat', Bagus Imanda', Asad Khan>* and Mohammed J. F. Alenazi’

! Mathematical Sciences, Faculty of Science, Univeriti Brunei Darussalam, JIn Tungku Link, Gadong
BE1410, Brunei Darussalam

2 Metaverse Research Institute, School of Computer Science and Cyber Engineering, Guangzhou
University, Guangzhou, Guangdong 510006, China

3 Department of Computer Engineering, College of Computer and Information Sciences (CCIS),
King Saud University, Riyadh 11451, Saudi Arabia

* Correspondence: Email: sakander1566 @gmail.com; Tel: +6738632409.

Abstract: A path in a graph encompassing its whole vertex set is called Hamiltonian. Such a
path with sharing the same initial and terminal vertices is called a Hamiltonian cycle. A graph
comprising a Hamiltonian path (resp. cycle) is said to be traceable (resp. Hamiltonian). Graphs
possessing Hamiltonian paths between every pair of their vertices are said to be Hamilton-connected.
The computational complexity of evaluating a graph to be Hamilton-connected is NP-complete. A
detour is the longest path in a graph. The detour index is the sum of the length of detours between
every unordered pair of vertices. Computing the detour index of a graph is an NP-complete problem
as well. A finite subset P C R? is called a convex polytope if P is a convex hull. In this paper, we
devised two distinct methods to prove a graph to be Hamilton-connected and employed these methods
to construct some infinite families of Hamilton-connected convex polytopes. The convex polytope B,
has been shown to be non-Hamilton-connected in the literature. We showed that the existing proof for
B, is false and showed that this family is, in fact, Hamilton-connected. The paper is concluded with
study implications followed by some future directions.
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1. Introduction

In this paper, all graphs are assumed to be simple, finite, connected, and without loops. Any terms
not explicitly defined can be found in Section 2.

Ore in 1963 [24] was the first graph-theorist who put forward the notion of Hamilton-connected
structures, sparking significant research into the topics of Hamilton-connectedness and Hamiltonicity.
Computational complexity of evaluating a graph to be Hamiltonian-connected or even Hamiltonian is
categorized as NP-complete [11]. A study of cubic Hamiltonian graphs was conducted by Frucht [9]
who delivered their canonical representations. In 1993, Wei [34] provided valency restrictions,
which ensures a graph to possess pair-wise Hamiltonian paths. Wei [34] also demonstrated that
any 3-connected graph meeting these conditions have to satisfy Hamilton-connectedness property.
Yang et al. [38] presented a proof for Hamiltonicity of generalized torus graphs. Moreover,
Hamiltonicity of triangular grid graphs was explored by Gordon et al. [12]. Additionally, Hamiltonian
and super-Eulerian graphs were explored by Yang et al. [37] who pinpointed forbidden subgraphs in
these structures. For more on applications of Hamiltonian paths and detours in communication systems
and network design, we refer to [6,13,31,39].

The Hamilton-connectivity of block graph’s square was proven by Chartrand et al. [7]. Hamiltonian-
connected tournament structures were researched by Thomasson [30]. Adequate conditions for graphs
to possess Hamilton-connectedness structure were studied by Kewen et al. [18]. Zhou et al. [40]
established Hamilton-connectivity conditions based on signless Laplacian spectral radius, adjacency
spectral radius, and edge count. The Harary and Wiener topological invariants of large-diametrical
Hamilonian-connected graphs were computed by Zhou et al. [42]. A spectral analogy of Erdos’
theorems was explored by Wei et al. [36] for Hamiltonian-connected graphs. The alphabet-grid graph
and its Hamilton-connectivity was investigated by Hung et al. [16]. An extension of Nikiforov and
Fiedler’s results was derived by Zhou et al. [41] who considered Hamiltonian-connected graphs to
have sufficiently-large smallest valency and put forward a spectral condition with respect to the signless
Laplacian matrix. Network coherence is studied by Liu et al. [23] for 27-tree networks.

Convex polytopes’ graphs are constructed by retaining the vertex-vertex adjacency as well as vertex-
edge incidence relations. Baca [2—4] is among the first mathematician to study these geometric graphs.
Baca in [4] and [3] investigated convex polytopes for their magic labeling, as well as graceful and anti-
graceful labeling. Later, in [2], his focus was shifted to anti-magic face labeling. Imran et al. [17]
determined the exact value of the metric dimension for several classes of convex polytopes and
classified it as constant. Raza et al. [27] and Raza et al. [28] explored the fault-tolerance and vertex-
edge resolvability in convex polytopes, respectively. Raza et al. [26] and Simic et al. [29] computed
exact values of the locating-domination number of some classes of convex polytopes and established
tight bounds for some other families.

1.1. The detour index

In structure-property modeling, Lukovits [20] presented a strong applicability of the detour index
in chemistry. Trinajsti¢ et al. [33] expanded on the detour index’s applications to the Wiener index by
conducting a comparative test, assessing its usefulness in predicting the boiling points of hydrocarbons
and organic compounds. Additionally, Riicker and Riicker [25] employed the detour index to forecast
the boiling points in alkanes.
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Lukovits et al. [22] introduced an algorithm for tracing detours between two vertices in a graph
and applied it to compute its detour indices representing fused bicyclic skeletons. Furthermore,
Riicker et al. [25] and Trinajsti¢ et al. [32] developed computational methods for identifying detours
and calculating the detour index of graphs. It is noted in [14] that determining a graph’s detour
index is an NP-complete problem. Trinajsti¢ et al. [32] put forward a computational method for the
detour matrix for graphs of manageable size, where the detour index is from the detour matrix. The
computational complexity of the longest path problem has been investigated by Fomin et al. [10].

Determining whether a graph is Hamilton-connected or calculating its detour index are known to
be NP-complete problems [11, 14]. Due to this complexity, it is natural to focus on these problems
for specific graph families. Here, we investigate the Hamilton-connectivity of certain infinite families
of convex polytopes. We also generate certain families of Hamilton-connected convex polytopes and
employ two distinct proof techniques to establish our results. Notably, we correct a significant error
made by Hayat et al. [15], who incorrectly claimed that the convex polytope B. is not Hamilton-
connected, whereas we prove that the family B, is indeed Hamilton-connected.

Next, we remark on the computational complexity of the longest path problem above the diameter.

Theorem 1.1. The problem of the Longest Path above Diameter is NP-complete.
Proof. Let G be a graph with n > 2 vertices. We construct graph G’ as follows (see Figure 1):

e Construct a copy of G.

e Construct a vertex u# and make it adjacent to every vertex of the copy of G.

e Construct two vertices s and ¢, and then (s, u) and (u, t) paths P, and P,, respectively, of length
n>1.

Ps
-

5
*—=0-

G

Figure 1. Construction of G".

Notice that diam(G) = length(P;) + length(P,) = 2n — 2. It is easy to verify that G’ has a path of length
2n — 1 if and only if G has a path of length n — 1, that is, G is Hamiltonian. Because the Hamiltonian
path is well-known to be NP-complete [11], we conclude that the Longest Path above Diameter is
NP-complete. O

2. Preliminaries
A graph Q is defined as an ordered pair Q = (V(Q), E(Q2)), where V(Q) represents the vertex set
(i.e., a set of points called vertices) and E(QQ) C (V(ZQ)) denotes the edge set (i.e., a set of lines connecting

the points, known as edges). The number of vertices, denoted by & := |V(Q)|, is referred to as the order
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of Q. For two vertices y, z € V(Q), the notation y ~ z indicates that y and z are adjacent, meaning they
are connected by an edge. For a subset Y C V(Q) and vertices w, x € V(Q),if Z =z : 1 <i < p, then
w~z:1<i<p~ xsignifies that w ~ z; and z, ~ x, while the adjacency between the intermediate
vertices z; (2 < i < p) remains unchanged. For a positive integer € € Z*, we use € | 2 (respectively,
€ 1 2) to indicate that € is even (respectively, odd).

A cycle in a graph Q is called Hamiltonian if it passes through all vertices of Q exactly once.
Similarly, a path in Q is referred to as a Hamiltonian path if it visits every vertex in the graph. Not
all graphs contain a Hamiltonian cycle; for instance, any tree is acyclic and therefore cannot have a
Hamiltonian cycle, although it may contain a Hamiltonian path. A graph Q is considered Hamiltonian
if it possesses a Hamiltonian cycle. By definition, cycle graphs and clique graphs are Hamiltonian. A
graph is said to be traceable if it has a Hamiltonian path. While every Hamiltonian graph is traceable,
some traceable graphs are not Hamiltonian. A classic example is the Petersen graph, which contains a
Hamiltonian path but lacks a Hamiltonian cycle. A graph is defined as Hamilton-connected if there is
a Hamiltonian path between every pair of vertices in Q.

Let QQ be a graph. A subset S C V(Q) (resp. T € E(Q)) is called a vertex-cut (resp. edge-cut) if
removing S (resp. T) from Q results in a graph with more than one connected component. A vertex cut
of size 1 corresponds to an articulation vertex. The vertex connectivity x(Q2) (resp. edge connectivity
A(QY)) is defined as the minimum cardinality of a vertex-cut (resp. edge-cut) in . A graph is said
to be k-vertex-connected (resp. k-edge-connected) if its vertex-connectivity (resp. edge-connectivity)
is greater than or equal to a fixed number k. In other words, a graph is k-vertex-connected or simply
k-connected if there is no vertex-cut of cardinality k — 1 in Q.

Let 6(Q) be the minimum degree of Q. Whitney [35] in 1932 showed the following result:

Theorem 2.1. [35] For any graph Q, the following inequalities hold:
k() < AQ) < 6(Q).
The following well-known KuZel-Xiong Theorem was shown by Kuzel in his Ph.D. thesis [19].

Theorem 2.2. [19] Every 4-connected line graph is Hamiltonian if and only if it is Hamilton-
connected.

Beineke [5] independently gave the following characterization of line graphs.
Theorem 2.3. The following statement are equivalent for a graph €.

(i) Q is the line graph of some graph.
(ii) The nine graphs in Figure 2 are forbidden in €, i.e., none of these graphs can be induced
subgraphs of Q.

See page 47 of Harary’s book [14] for more information on this characterization.

For a graph Q, let 6(x, y) represent the length of the longest path (i.e., detour) between vertices x
and y in Q. The detour index [21] is defined as the sum of the detours between all unordered pairs of
vertices in 2. The detour index of a graph Q is typically denoted by w(€2).

w@= > 2.
{y.z)cV(Q)

We end this section with an important and well-known result bounding the detour index in terms of
graph parameters.
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Figure 2. The nine forbidden subgraphs for a line graph.

Theorem 2.4. [8] Let Q) be an n-vertex graph with n > 3 and w(Q) be its detour index. Then
nn—1)>?
2

with left equality holds if and only if Q is Hamilton-connected, and right inequality holds if and only if
Q=g,.

n-1*<w) <

3. Hamilton-connectivity and the detour index of E,

In this section, we introduce a novel family of convex polytopes called the convex polytope E, of
dimension €. Here, we aim to prove Hamilton-connectedness of E, and employ it to evaluate its detour
index.

Assuming the subscript r to be modulo &, the vertex/edge sets for E, are:

V(E;) ={a;, b,,c, 1 1 <r <&l

E(Eg) = {arar+19 arbra arbr+1’ brbr+l’ b,C,, brcr+19 CrCri1 ¢ I<r< 8}~

With its vertices’ labeling, Figure 3 delivers the construction of E,. For our proofs, we define
panels 1, 2, and 3 to comprise the vertices a,, b,, and c,, respectively.

The next theorem delivers the main result of this section. The proof technique employs Theorem 2.2
by Kuzel and Xiong [19], which asserts that a 4-connected Hamiltonian line graph is Hamilton-
connected. Thus, we divide our proof for Q in three steps: (1) Q is a line graph; (2) Q is 4-connected;
and (3) Q is Hamiltonian.
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Figure 3. The convex polytope E..

Theorem 3.1. If € > 5, then E, is Hamilton-connected.

Proof. Let Q be the e-dimensional convex polytope E.. We divide the proof into a number of claims.
Claim 1: Q is a line graph.

Note that Q does not contain any of the nine forbidden subgraphs in Figure 2. Thus, by Theorem 2.3,
Q is a line graph. Moreover, it can be seen that E, is the line graph of prism graph C, X P,, which is
also a family of convex polytopes (see Section 1).

Claim 2: For € > 5, Q is a 4-connected, i.e., k(QQ) = 4.

Note that Q is a 4-regular graph. For z € V(Q), let S = Nqo(z) = {z1,22,23,24} represent the
neighborhood of z in Q. Observe that V'\ Q is disconnected, with z as an isolated connected component.
This implies that k() < 4. To demonstrate that «(€2) > 4, let S = {v, w, x} be a subset of V(Q), where
v, w, and x are arbitrary vertices. We show that deleting S from Q leaves the graph connected.

Here, we divide our discussion into a number of cases.

Case 1. Panels 1 or 3 of Q2 comprise all three vertices of S.

In panels 1 or 3, the vertices v, w, and x may be arranged as either consecutive vertices, two adjacent
vertices with one non-adjacent, or all three being non-adjacent. If v, w, and x are positioned in panel 1,
their neighbors will be found in panels 1 and 2. Conversely, if they are in panel 3, the neighboring
vertices will be in panels 2 and 3. In every situation, these neighboring vertices exhibit degrees of
either two or three in the graph Q — §. This demonstrates that S does not constitute a vertex cut set
for Q, as the graph Q — S continues to be connected.

Case 2. All three vertices of S are situated in panel 2 of Q.

In panel 2, the vertices v, w, and x can be either consecutive or non-consecutive. Regardless of their
arrangement, the neighboring vertices are in panels 1 and 3 if they are part of panel 2. All neighboring
vertices in panels 1 or 3 have degrees of either 2 or 3 in Q — §. Examining the structure of € as shown
in Figure 3, it is evident that S does not serve as a vertex cut set for €, since Q — S remains connected.
Case 3. Two vertices of S are positioned in either panel 1 or panel 3, and the remaining vertex is in
panel 2.

If all three vertices of § are adjacent, forming a triangle, then the neighbors of v, w, and x are found
in panels 1, 2, or 3 of Q, each having degrees of either 2 or 3 in Q — §. Additionally, if the two vertices
in panel 1 or 3 are adjacent while the vertex in panel 2 is non-adjacent to the other two vertices of S,
the neighbors of v, w, and x will also belong to panels 1, 2, or 3, maintaining degrees of either 2 or 3 in
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Q — §. Last, if the two vertices in panel 1 or 3 are non-adjacent, the number of neighbors for v, w, and
x increases, with these neighbors still having degrees of either 2 or 3 in QQ — S. Therefore, as shown in
Figure 3, S does not constitute a vertex cut set in this scenario either, since Q — S remains connected.
Case 4. Two vertices of S are situated in panel 2, while the third vertex is located in either panel 1 or
panel 3.

This scenario is quite straightforward since the two vertices in panel 2 cannot be adjacent.
Consequently, all neighbors of v, w, and x are present in panels 1, 2, and 3, irrespective of whether the
remaining vertex is in panel 1 or panel 3. Each of these neighbors has a degree of at least 2, indicating
that S does not function as a vertex cut set for €2, as €2 — S remains connected.

Case 5. Each vertex of S is located in a different panel in Q.

Applying the same reasoning as in the previous cases, we conclude that  — S remains connected
in this scenario as well.

By integrating our findings from Cases 1-5, we determine that no set of three vertices in {2 can
serve as a vertex cut set. This establishes that k() > 4. When combined with the result «(Q2) < 4, this
completes the proof of Claim 2.

Claim 3: Q is a Hamiltonian.
The following is the Hamiltonian cycle in Q:

x=c.o{ce_s:1<s<e—-1}olbya,:1<s<e-1}oab.c. = x.

Claims 1-3 show that € is a family of Hamiltonian, 4-connected line graphs. By using Theorem 2.2,
Q) is Hamilton-connected. O

Note that |V(E,)| = 3e. Theorems 2.4 and 3.1, together with |V(E,)| = 3¢, deliver the following
corollary:

Corollary 3.1. Assuming € > 5, we have

—1)?
W(E,) = 3e(Be - 1) .
2
Proof. Since |V(E,)| = 3e. Theorem 2.4 with n = 3¢ finishes the proof. O

4. Hamilton-connectivity and the detour index of Q.

In this section, we explore Hamilton-connectivity of the convex polytope Q. of dimension &. It was
introduced by Baca [3] in 1988. We, in this section, aim to prove Hamilton-connectedness of Q. and
employ it to evaluate its detour index.

Assuming the subscript r to be modulo &, the vertex/edge sets for Q. are:

V(QS) = {ar’ br, Cra dr : 1 S r S 8},
E(Qa) = {arar+l,arbrabrbr+l,brcr’brcr+1’ Crdr’ drdr+] . 1 <r< 8}.

With its vertices’ labeling, Figure 4 delivers the construction of Q..
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Figure 4. The e-dimensional convex polytope Q..

Here, we prove the main result, asserting that Q. is Hamilton-connected. The proof technique
utilizes the methodology of Alspach and Liu [1] using the well-known Posa exchange in constructing
Hamiltonian paths between every pair of vertices in a graph.

Theorem 4.1. Assuming € > 6, the graph Q. is Hamilton-connected.

Proof. We show the result by constructing pairwise Hamiltonian paths between vertices of Q.. Assume
H,(w, 7) is a Hamiltonian path between w, z € V(Q,). Furthermore, assume O, = AUBUCU D such
that A = {a;,a,...,a.}, B=1{b;,by,...,b.},C ={c1,¢c2,...,cc.}and D ={d,,d>, ...,d.}.
Casel.w=gqgjandz=a,, 2<r<e

Subcase 1.1.r = 2

H,w,z2):w=a;0{bjcs:1<s<eg-1}o{d.—s:1<s<e~-1}od.c.b.0

{a,_s :0<s<e-2}=1z

Subcase 1.2. r=0( mod 2),2 < r < &

H,(w,2):w=ajo{a;:2<5s<r—1}ob,_ol{bycrdrdrs_icrs1bry :

) _
max(l,rT)S sSmin(l,rT)}ocgo{ds_s:OS s<e—-r+1}oc,_o0

{bjc,:r<s<e-1}o bsofa,;:0<s<e-r}=z

Subcase 1.3. r=1( mod 2),2 < r < e—1

-1 -1
Hp (W,Z) w= Cl]O{aS 12<s< r—1}O{bZSCQSdzsdzs_lCzs_lbgs_l . max(l, rT) <s< min(l, z 5 )}O

ccoldey:0<s<e-rfocb,olbjc,:r+1<s<e—-1}obsola,s:0<s<e-r}=2z
Subcase 1.4. r =e—1,and £ = 0( mod 2)

r—1

2

H,(w,z):w=ajo{a;:2<s<r—1}o{bycrdrsdrs 1Ca5-1b2s1 1 1 < 5 < }oceo

{dees:0<s<e—-r}ochb.a.a,_ = z.
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Subcase 1.5. r = &
H,w,z):w=ajo{a;:2<s<e-1}ob,10{ce_sb,s:2<5s<e—-1}ocd.0

{di:1<s<e-1}oc,1ba. =z

Case2.w=g;andz=b,,1<r<e¢
Subcase 2.1. r = 1

H,w,2):w=ajo{a;:2<s<¢globo{cesboy:1<5s<e-2}ocio{d;:1<s<¢g}och =z
Subcase 2.2. r=0( mod 2),2 < r < &
H,w,2):w=ajof{a;:2<s<¢glob,o{cesby: 1 <s<e—r—-2}obcpo{dy:r+1 <5< glo
Ce 0 {bys_1Cos_1das_1drsCrshrs 1 < s < =} =12
Subcase 2.3. r=1( mod 2),2 < r < e—1
H,w,2):w=ajo{a;:2<s<¢elobo{ce_sb,—s:1<s<e—-r—-1}oc,o{d;:r<s<¢&lo

r—1

2

Ce 0 {bas_1Cog_1drg_1drsCoshrg 1 1 < 5 < Job, =1z
Subcase 2.4. r =e—1,and € = 0( mod 2)

r—1

2

o

H,(w,z):w=a;o{a;:2 <5< &}0buCo1de1dsCe 0 {Drs-1C25-1d05-1d25C25b2s 1 1 < 5 <
b, =z
Subcase 2.5. r = ¢
H,w,2):w=a;0{a,s:0<s5<e-2}obycrdrdicibic, o{de—s : 0 < s < &—3}oc3bz0

{bjcs:4<s<e-1}ob, =12z

Case3d.w=qgiandz=c¢,1 <r<e
Subcase 3.1.r = 1

H,w,2):w=aj0{a,,:0<s<e-2}o{bjc,:2<s<e—-1}obbic,old.—y:0<s< e~ 1}o

dlcl =2

Subcase 3.2. r = 2
H,w,2):w=aj0{a,,:0<s<e-2}obyolbjc,:3<s<elobicidiold,—y: 0<s<e-2)o

Cr =Z.

Subcase 3.3. r = 3

H,w,2):w=aj0{a,y:0<s<e-2}oby,0{d;:2<s<sg}odjcibjo
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{co—sbes :0<s< -4} 0b3c3 =2
Subcase 3.4. r =0( mod 2),3 < r < -1
H,(w,2) :w=ajo{a,:0=<5< -2} olbycrsdysdys_iCog-1b25-1

r—2
2

r—2

max(l, )SSSmin(l, )}Ob,o{bjcs:r+1SSSS}Oblcldlo{ds_s:OSsSs—r}o

¢ =2

Subcase 3.5. r=1( mod 2),3 < r < -1

H,(w,2) :w=ajo{a,s:0=<s5< -2} ol{bycrsdysdys_1Ca5-1b25-1

-3 -3
max(l, FT) <s< min(l, FT)} ob,_ic,_10{dy:r—1<s<¢g}odcibio

{Ceesbes :0< s <e—r—1}0bic, = 2.

Subcase 3.6. r = €—1
H,w,2):w=ajo{a;:2<s<¢&lobc,olde—y:0<5s<e~1}odcibo

{bjc,:2<s<e-1}=z

Subcase 3.7. r = ¢
H,w,2):w=a10{as;:0<s<e-2}of{bjc,:2<s<e—-1}obbiciold;:1<s<¢lo

Ce = 2.

Cased.w=ag;andz=d,, 1 <r<e¢
Subcase4.1. r = 1

H,w,2):w=ajo{a;:1<s<¢&lob,o{ce_sb,—s:1<s5s<e—-1}oco

{dieg:0<s<e-1}=12z

Subcase 4.2. r = 2
H,w,2):w=aj0{a,,:0<s<e-2}o{bjc;:r<s<globicido

{des:0<s<e-2}=1z

Subcase 4.3. r = 3
H,w,2):w=aj0{a,.s:0<s<e-2}obbicididrc, 0{bjc; : 3 <5< glo

{deeg:0<s<e-3}=1z

Subcase 4.4. r=0( mod 2),3 < r < &

H,(w,z) :w=ajo{a,s:0=<5<&—2}o{bycosdrsdys 1Co5-1b2s 1
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r—2

-2
max(l, )S sSmin(l,rT)}o{bjcs r<s<¢glo bicydyo{de_;:0<s<e-r}=2z

Subcase4.5. r=1( mod 2),3 < r < &

H, W,2) :w=ajol{a,;:0<s5< &2} obybicididycsy 0 {bys_1Cr5-1drs_1drsCohys

r—1

2<s<
<s< 5

yolbjc,:r<s<elold,y:0<s<e-r}=z
Subcase 4.6. r = ¢
H,w,2):w=a;0{a,;:0<s<e—-2}o{bjc,:2<s<¢gjobiciold;: 1 <s<e}=2z

CaseS.w=bjandz=a,,1 <r<e
Subcase 5.1. r = 1

H,w,z) :w=bic,old,—s:0<s<e-1}ociolbjcy,:2<s<eg—-1}ob,o{a,,:0<s<e-1} =z
Subcase 5.2. r = 2
H,w,z):w=>byo{cebe—y :0< s <=5 obscso{d,:4 <5< g}odicibyeadrdsesbzo

{a, :3<s<é&loaqja, =z
Subcase 5.3. r=0( mod 2),2 < r < eg—1
r—2
2
{ae—s :0<s<r—1}olbjc,:r+1<s<e—-1}o{des:1<s<e-r}ocha, =z

Subcase 5.4. r = 1( mod 2),2 < r < e—1

Hp (W’ Z) W= blbscsdsdlcl ° {b2s025d2sd25+1C2s+1b25+1 I<s< }O {as—s r+tl<s<e- 1}0

r—1
2
{ae-s :0<s<r—1}of{bjc,:r+1<s<¢elo{d,.y:0<s<e-r}ocba, =z

Subcase 5.5. r = € -1

Hp (W, Z) w = {b2s—lC2s—1d2s—ld2sc2sb2s 1<s< }0 {ag_s r+l<s<e- 1}0

H,w,2):w=bic,old,-s:0<s<e—1}ociofbjc,:2<s<e-1}oba,ola;:1<s<e-1}=z
Subcase 5.6. r = ¢
H,w,2):w={bjc;,: 1 <s<e-3}o{dey:3<s5s<e-1}od.c;b.co1dp1derCe2borbe 10

{ae—y 1 <s<e-1}oa, =z

Case6.w=b andz=b,,2<r<e¢
Subcase 6.1. r = 2,and € = 0( mod 2)

Hy 00,2 i w=biofay: 1< 5 < ) o (bacadadayioaibay s max (2,5) < s < min (2,2 Jjo
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b3C2d2d1C1b2 = Z.
Subcase 6.2. r = 2,and € = 1( mod 2)
Hp (W» Z) W= blcadada—lca—lbaas © {as -1 <s<ée-— 3} © b£—368—3b8—laa—2aa—lbs—108—2d8—2d5—30

-5
2

-5

{drs11C2541D2511D25Co5dh - MAX (2, ) < s < min (2, )} o d3c3bscadad by = 2.
Subcase 6.3. r = 3
H,w,2):w=0bjola;:1<s<e}ob.cd.dicibycroldy:2<s< e~ 1}o

{ca—sba—x 01 <s<Le¢ge-— 3} =Z.

Subcase 6.4. r=0( mod 2),3 < r < &

r—2
H, (W, 2) : w = {bas_1C25-1d25-1da5Co5b2s 1 1 < 5 < >

Jolaey:ie—r+2<s<e-1jo
{aé‘—S:OSSse—r"'l}obr—lcr—lo{ds:r_lSSSS}O{Cg_Sbg_S:OSSSS—I‘}:Z_
Subcase 6.5. r=1( mod 2),3 < r < &

r—3
2

H,(w,z) :w=bio{as:1< s < ¢g}obycgdedicy o{bycosdrgdygiCogiibrgyy 11 <5 <

}o

b_ic,_yolds:r<s<e—1}o{c,_sbos:1<s<e-r}=2z

Subcase 6.6. r = g,and € = 0( mod 2)

H,(w,2) : w=bicididycabrazay o {ag—s : 0 < 5 < g =3} o{by_iCa5-1drs_1dr5Casbos

2<S<8—1

<s< 2}:z.

Subcase 6.7. r = g,and € = 1( mod 2)
Hp (W, Z) w= blcldla’zczbzaml o {ng_s :0<s<e- 5} o b5C4b4a4a3b303d3d4d5C50

c—-1
{basCosdrsdrsi1 Cosi1bass) 13 < 5 < T} =z

Case7.w=bjandz=c,,1<r<e
Subcase7.1. r = 1

H,w,2):w=bajofa,; :0<s<eg=-2}o{bjc;:2<s<sglo{d,_s:0<s<e—-1}oc; =z
Subcase 7.2. r = 2
H,w,2):w=biajo{a,s:0<s<e-2}obycio{dy: 1 <s<glo{cesbe—y:0<5<e-3)0
=2z
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Subcase 7.3. r=0( mod2), 2 < r < €—1,and € =0( mod 2)

H,(w,z):w=>biola;:1< s < eg}o{bycrsdrdrs1Co5-1b25-1

2 2
max(r; E)SSSmln(r; ’g)}obro{cs—sbg—sié‘—r+1SSSS_Z}OCIO{dS:1Sssr}o
Cr = Z.

Subcase 7.4. r =1( mod 2), 2 < r < £€—1,and &€ = 0( mod 2)

+3 +3
Hl’ (W’ Z) tw=byo {aS rl<s< 8} 0 {b2s02sd2sd2s—1CZs—leS—l : max(r 5 g) <s< min(r f)}O

bricpolde—y i e—r—1<s<e—-1}ocio{bjc;:2<s<r}=z

Subcase 7.5. r =0( mod 2), 2 < r < g—1,and e = 1( mod 2)

H,(w,z):w=bjof{as:1<s5 < g}o{bryiCrridrsridarsCrshyy

+2 -1 +2 -1
l’IlaX(r2 ,82 )§s§min(r2 ,82 )}Obr+1cr+1°{ds—s38—r—1SsSs—l}oclo

{bjcy:2<s<r}=2z

Subcase 7.6. r=1( mod2), 2 < r < €—1,ande = 1( mod 2)

H,(w,2) :w=>bjof{as:1< s < g}o{bygiCrridrsiidarsCoshyy

+1 -1 +1 -1
max(r2 ,32 )gsﬁmin(r2 ,8 )}Obro{cs—sbs—slc‘?—r+lSsgs—2}oclo

2
{dy:1<s<r}oc, =z

Subcase 7.7. r = €—1
H,w,2):w=bjofa;:1<s<¢elobc,o{dey:0<s<e-1}ocio{bjc,:2<s<e-1}=1z

Subcase 7.8. r = &
H,w,2):w=bjola;:1<s<glob.o{ce_sboy:1<5s<e-2locio{d;:1<s<¢g}oc, =2z

Case8.w=bjandz=d,,1<r<eg
Subcase 8.1. r = 1, =0( mod 2)

H,(w,z) : w=bic o {bycrsdrsdrs1Crgi1brgyy 11 <5 < folazs:1<s<e-1ljo

ab.c.d.d = z.
Subcase 8.2. r = 1, =1( mod 2)

-1 -1
H,(w,z):w=>bjola,: 1< s < e}o{brgyicogidasidagcashys max(l, £ 5 ) <s< min(l, £ 5 )}0
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C]d] =Z.

Subcase 8.3. r = 2
H,(w,2):w=bjol{a,: 1 <s<sglobycdediciofbjcy:2<s<e—-1}of{dey:1<s<e-2}=z

Subcase 8.4. r=0( mod 2), 2 < r < g,and e =0( mod 2)

+2 +2
Hp (W, Z) W= b] o {as 1 <s< 8} o {bZSCst2sd25—lC2s—lb25—l . max(r 3 E) <s< min(r E)}O

{Coesboyie—r<s<&—2}ociof{d;:1<s<r}=2z

Subcase 8.5. r = 1( mod 2), 2 < r < g and &€ = 0( mod 2)

-1
H,(w,2) : w={by_1Cos_1drs_1dr5Co5brs : 1 < 5 < i 7

Yofaesie—r+1<s<e-ljo
{ae—s :0<s<e—-rfolbjcs:r<s<elol{d,,:0<s<e-r}=z

Subcase 8.6. r =0( mod 2), 2 < r < g and & = 1( mod 2)

r—2

HP (W’ Z) w= bl © {as I<s< 8} o bscsdsdlcl © {b2502sd2sd2s+1c2s+1b2s+1 1<s< D)

Jo
{bjcs:r<s<e-ljoldes:1<s<e-r}=2z
Subcase 8.7. r = 1( mod 2), 2 < r < g and & = 1( mod 2)
H,(w,z) :w=byofay: 1 <s<ée}o{byyiCadasiidagcashyy :

r+1 8—1) <o <mi r+1 -1
M i W)
Subcase 8.8. r = g,and € = 0( mod 2)

maX( )}O{Cg_sbg_s28—r£s£s—2}oclo{ds 1<s<ri=z

H,(w,z2) :w=bicsbea,ofa,: 1 <5< e~ 1} o{brg1Cos1dasiidasCrsh :

-2 -2
max 1,8— < s < min 1,8— }o ¢idid, = z.
2 2
Subcase 8.9. r = g,and € = 1( mod 2)

H,(w,z) : w=bicididycabraray o {ag—s : 0 < 5 < g =3} o{by_iCa5-1drs_1drsCasbrs

2§s<8_1

< }ob.c.d, =z

Case9.w=cjandz=a,,1<r<e¢
Subcase 9.1. r = 1

H,(w,z2):w=cjo{dy:1<s<eglochbolbjc,:2<s<e—-1}ob,ofa,;:0<s<e-1}=z
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Subcase 9.2. r = 2
H,w,2):w=cio{d;: 1 <s<¢glofcesb,—s :0<s<e-2}obiajofa,.s:0<s<e-2}=z
Subcase 9.3. r = 3
H,w,2):w=cio{d;: 1 <s<¢g}ochbibso{cesbe—s:1 <5< -2} 0omao

{a,_s:0<s<e-3}=z

Subcase 9.4. r =0( mod 2), 3 < r < g and & = 0( mod 2)

+2 +2
H,(w,z) :w = cidy o {drscosbrsarsars_ 12y 1Cos_1drs-1 maX(r ) g) <s= mm(r > E)}0

2 N 2
{d2s62sb2sb25—1C2s—ld25—l . max (2, %) < 5 < min (2, g)} o dzCszb] o {Cls 1 <s< I"} =Z.
Subcase 9.5. r = 1( mod 2), 3 < r < g and &€ = 0( mod 2)
r+1 &
H,w,2):w=cio{dy: 1 <s<r—1}oc,j0{by1Cr-1drs-1dr5Co5bs : 5 <s< 5}0

biolbjc,:2<s<r—2}ob_10{a,s:e-r+1<s<e-1jofa,:0<s<e-r}=z

Subcase 9.6. r =0( mod 2), 3 < r < g and e = 1( mod 2)

H,(w,2):w=cioldy: 1 <s<r—1}oc, | o{bycrdrsdrgi1Cagi1bagsy

biolbjc,:2<s<r—2}ob_1o{a.s:e-r+1<s<e-1}ofa,,:0

Subcase 9.7. r = 1( mod 2), 3 < r < g and e = 1( mod 2)

yw,z)iw=croldy: 1 <s<r-2}o{ce by :e—r+2 <5 <e-2}obyo{brg 0o 1dags1d25Co5br;

< s < min

(r—l e—1

) )}O{ag_szs—r+1SsSs—l}O{ag_s:OSSSS—r}:z.

Subcase 9.8. r = ¢
H,(w,z2):w=ciold;:1<s<é&lofcoybyy:0<s<e-2}objofa,: 1 <s<g}=z

Casel0.w=cjandz=b,,1<r<e
Subcase 10.1. r = 1

H,w,2):w=cio{dy: 1 <s<¢glochbibso{cesboy:1<5s<e-2ola,:2<s<gloab =z
Subcase 10.2. r = 2
H,w,2):w=cidio{d,—y:0<s<e-2}oc,0{bjcy:3<s<¢g}obajofa,s:0<s5s<¢e-2}o
b, =z
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Subcase 10.3. r=0( mod 2), 2 < r < g,and € = 0( mod 2)

H,w,2):w=ciofbjc,:2<s<r-1}old,y:e—-r+1<s<e—-1}od.csbyofa;:1<s<glo

5,
Subcase 10.4. r = 1( mod 2), 2 < r < g and & = 0( mod 2)

-2 -2
be 0 {bysi1Co511dasi1d25Co5b1s max(r £ 7 ) <s< min(%, 67)} =2z

H,w,2):w=cio{dy: 1 <s<r—1}of{cesboy:e—r+1<s<e-2}objofa;:1<s<glo

+1 +1
{basCrsdrsdrg—1Crg—1Do—y max(r 7 g) <s< min(r 5 g)} =z

Subcase 10.5. r=0( mod 2), 2 < r < g,ande = 1( mod 2)

r—2
2

H,(w,2) : w=cid o {dysCasbrsbrsi1Crgiidrg 11 <5 < foldy:r<s<elocgho

{a,:1<s<sglob,o{cesbo_s:1<s<e—-r}=2z

Subcase 10.6. r = 1( mod 2), 2 < r < g, and &€ = 1( mod 2)

H,w,2):w=cio{bjc,:2<s<r—1}o{dey:e-r+1<s<e—-1}odscbyola;:1<s<glo

r+1 -1 C(r+1 -1
b, o {byscrsdarsdrs—1Ca5-1D2s max( 5 5 ) <s< mln( ) )} =2z

Subcase 10.7. r = ¢
H,w,2):w=cio{dy: 1 <s<¢glochiajofa,y:0<s<e-2}o{bjc,:2<s<e-1}ob, =2z

Casell.w=cjandz=c¢,,2<r<eg¢
Subcase 11.1. r = 2

H,w,2):w=cidio{dy:2<s<¢glochiola;:1<s<elobof{ceb.s:1<5<e-3}o

b2C2 =Z.

Subcase 11.2. r = 3
H,(w,2) : w = cididycobrbs o {bjcs 14 < s<e—-1}ob,ola,;:0<s<e-1}obic.o

{deey :0<s<e-r}oc =z
Subcase 11.3. r=0( mod 2),2 < r < &

r —

H,(w,2) : w = cid; o {drsCo5hr5brs1Co4160501 1 1 < 5 < Jol{d,:r<s<é&lochio
{a,:1<s<églob,o{ce_shes:1<s<e—r—1}obic, =z
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Subcase 11.4. r=1( mod 2),3 < r < ¢

r—3
2
{bjcs,:r+1<s<e—-1}obsola,;:0<s<e-1}obc,o{d;-s:0<s<e-r}oc, =2z

Subcase 11.5. r = €¢—1,and € = 0( mod 2)

H,(w,z) :w = cid; o {dyscasbrsbrsi1Crgiidrg : 1 <5 <

} © r—lcr—lbr—lbrO

r—3
2
{ae_s:0<s<e—-1}obic,o{de_s:0<s<r}oc, =z

Subcase 11.6. r = ¢—1,and € = 1( mod 2)

H,(w,z) :w = cid) o {dysco5brsbrsi1Cogi1dagry © 1 <5 <

Yod,_1c,1b,1bibo

r—2
H,(w,2) : w = c1d; o {drsCo5hrsbrsi1Cosh16r5e1 1 1 < 5 <

sss— Jol{ds:r<s<eg&}ocyho

{a,: 1 <s<églob.b._1ceu1 = 2.
Subcase 11.7. r = ¢

H,w,2):w=cidio{de—s :0<s<e-2}ocbyo{bjcy:3<s<e—-1}ob,o{a,,:0<s<e—1}o

blcg =Z.

Casel12. w=cjandz=d,, 1 <r<e
Subcase 12.1. r = 1

H,w,2):w=cbiaio{a,s:0<s<e—-2}olbjc,:2<s<¢glo{d,.:0<s<e-1}=z
Subcase 12.2. r = 2
H,w,z):w=cdidec;biaro{a,s :0<s<e-2bo{bjcy:2<s<e—-2}ob,1b.co_10

{deos:1<s<e-2}=1z

Subcase 12.3. r=0( mod 2), 2 < r < g,and e = 0( mod 2)
H,w,2):w=cio{d;: 1 <s<r—1}o{cesbes:e—r+1<s<e-2}o{a;:2<s<glo

r+2 &
2

+2
a1by o {byscrsdrdrs—1Ca5-1D25-1 maX(r 5 ;) <s< min(

Subcase 12.4. r=1( mod 2), 2 < r < g,and € = 0( mod 2)

)} o bicidr = Z.

H,w,2):w=cbiajo{as;:0<s<e-2}of{bjc,:2<s<r—-1}of{dey:6-r+1<s<e-1jo

+1 +1
{dasCasbrsbrs_1Cos-1drsy max(r 7 ;) <s< min(r 5 ;)} =z
Subcase 12.5. r=0( mod 2), 2 < r < g,and e = 1( mod 2)

H,w,2):w=cbiajo{as;:0<s<e-2}of{bjc,:2<s<r—-1}of{des:e-r+1<s<e-1jo
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-1 -1
{d23+1c23+lb23+lb2sc2sd2s . max (g, £ ) ) <s< min (%5 £ 2 )} =Z.
Subcase 12.6. r = 1( mod 2), 2 < r < g and e = 1( mod 2)

H,w,2):w=cio{d;: 1 <s<r—1}ol{ceboy:e—r+1<s<e-2ofa;:2<s<glo

+1 -1 +1 -1
a1by o {bygy1Co1dogi1drgCoshrg  max : s £ < s < min : s £ }obicid, = z.
2 2 2 2
Subcase 12.7. r = ¢

H,w,2):w=cio{dy: 1 <s<e-1}o{cesbs:1<s<e-2lobjofa,: 1 <s<¢glo

b.c.d. = z.

Casel3. w=d;andz=aq,,1 <r<e¢
Subcase 13.1. r = 1

H,w,2):w=djo{d;:2<s<¢g}oc,olbjc,: 1<s<e—-1}obsofa,:0<s<e-1}=z
Subcase 13.2.r = 3
H,w,z):w=diold,—y: 0 < s <eg-2}ocy0{bjc, : 3 < s < globicibraraiofa,;: 0 < s <e-3} =z
Subcase 13.3. r = 0( mod 2)

H,(W,2) 1w = {dps_1Co5-1b2s_1DrsCr5hrs : 1 < s < —}old;:r+1<s<¢glo
{Coosboy :0<s<e—-r—1)ofa,:r+1<s<sglofa,:1<s<r}=z
Subcase 13.4. r =1( mod 2), 3 < r < g and & = 0( mod 2)
H,w,2):w=dicibyolas:1<s<r—1}ob,_jo{cesb,y:e—-r+2<5<e-3}obycr0

r+1
2
Subcase 13.5. r =1( mod 2), 3 < r < g and e = 1( mod 2)

{dy:2<s<r—1}ocg o {by1Cr5-1dr5-1dr5Co5bos <s<zjofa,y:0<s<e-r}=z

N &

r—1

H,(w,z) : w = {dsrs_1C25-1Drs_1a25-1a2:b25Co5r : 1 < 5 < } o {das—1C25-1D25-1D25Co5lls

}odeeobo{a,y :0<s<e—-r}=2z
Subcase 13.6. r = ¢
H,w,2):w=djo{d;:2<s<¢g}ofce_sboy :0<s<e-1}o{a;: 1 <s<e}=z

Caseld. w=d,andz=b,,1<r<e
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Subcase 14.1. r = 1,and € = 0( mod 2)
H,(w,2) :w=didscsbeaz o{a, 1 1 <5 < &— 1} o {bygy10o511d2511d25C25b1

-2
2

max(l, )s sSmin(l, )}oclbl =2z

Subcase 14.2. r = 1,and € = 1( mod 2)

c—-1
2

H,(w,2) : w=dc; o {byCrstrsdrsi1Crsi1brsir 1 1 < 5 < Jof{as—s:0<s<e-1}ob =1z

Subcase 14.3. r = 2,and € = 0( mod 2)

H,(w,2) : w =didycy 0 {bys_iCog_1dps_1drsCosbrg : 2 < 5 < g} of{a,s:0<s<e—-1}obiciby =z

Subcase 14.4. r = 2,and € = 1( mod 2)

Hp W,2) :w=djcibyo{ay : 1 <5 < g} o {bygs1Cosr1dr511d25Co5b0s

ma 18_1 < <m'n18_1}
X114, s ssm 5 =2
2 2 ¢

Subcase 14.5. r=0( mod 2), 2 < r < g,and € = 0( mod 2)

r+2 £
2 2

Hp (Wa Z) W= dl © {dv 2<s<r-— 1} © dicr © {b2s—lC2s—ld2s—ld2s62xb2s :

{ae-s:0<s<e—-1}olbjc,: 1 <s<r-1}ob, =z

Subcase 14.6. r=1( mod 2), 2 < r < g,and e = 0( mod 2)

H,w,2):w=djo{d;:2<s<r—1}o{cesboy:6—r+1<s<e-1}ola,: 1 <s<glo

+ 1 +1
{basCrsdrsdrg_1Cog—1Dos—y maX(r 5 g) <s< min(r > g)} =z

Subcase 14.7. r =0( mod 2), 2 < r < g and & = 1( mod 2)

H,w,2):w=djold;:2<s<r—1}o{ce—sbo—s:6—-r+1<s<e—-1}ofa,: 1 <s<glo

r e—1 o (r e-1
{bass1Co541d2511d25C25b2s - MaAX (5, 7 ) <s< mln(ia 5 )} =z
Subcase 14.8. r=1( mod 2), 2 < r < g,ande = 1( mod 2)

r+1 c-1
<s<
2 2

{ae—s:0<s<e-1}olbjc,: 1<s<r—-1}ob, =2z

Jo

Hp w,2):w=dyold;:2<s<rjoc,0 {b25C2sd2sd2s+1c2§+1b2s+1 :

Subcase 14.9. r = ¢

H,(w,z) :w=dcibyolay : 2 < s < gfoaibic.oldy—y : 0 < 5 < g-2}ocr0{bjc, : 3< s<e-1}ob, =2z
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Casel5.w=dyandz=c¢,1<r<e
Subcase 15.1. r = 1

H,w,z):w=djoldy:2<s<¢&lochiola;: 1 <s<glob.o{cesboy:1<5s<e-2}oc; =2
Subcase 15.2. r = 2
H,(w,z):w=dcibiaio{a,y:0<s<e-2lobyolbjcy:3<s<elol{dey:0<s5<e-2}oc, =2
Subcase 15.3. r = 3
H,w,2):w=dicibiaio{a,s :0<s<e-2}obycroldy:2<s<glo{cesbes:0<5s<e—4)o

b3C3 =Z.

Subcase 154. r=0( mod 2), 3 < r < ¢
H,(w,z):w=dcibia; o{a.—; : 0 < s < & =2} o{bycrudrgdyyiCogi1bogy -

r—2
2
Subcase 15.5. r=1( mod 2),3 < r < ¢

1<s< Yo bolbjcs:r+1<s<elol{dey:0<s<e—-rloc, =2z

H,w,2):w=djolde—y:0<s<e—-r+1}oc1b,ofas:r<s<elofa,: 1 <s<r-1jo

-3 -3
by_1 0 {bysr1Cogs1dagi1drsCoshrg max(l, rT) <s< min(l, FT)} ocibjo
{ce_sbes:0<s<e—-r—1}oc, =2z
Subcase 15.6. r = ¢
H,(w,2):w=dicibyola;:1<s<elobof{ceb.y:1<s5s<e-3}obyrold;:2<s<¢g)o

Ce = 2.

Casel6.w=d andz=d,,2<r<e
Subcase 16.1. r = 2

H,w,2):w=djolde.s :0<s<e-3}ocshzazara; o{a,.; :0<s<eg—-4}o{bjc,: 4 < s<¢glo
blclbzczdz =Z.
Subcase 16.2. r=0( mod 2), 2 < r < -1
H,w,2):w=djo{d—s:0<s<e—-r—1}ocibo{bjcs:r+2 < s <g}obicio

r—2
2

{bysCrsdrsrgi1Cogribogry 1 1 < 5 < folagy:e-r+1<s<e-1l}ofa,;:0<s<e-r}o

bicid, =Z.
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Subcase 16.3. r=1( mod 2),2 < r < €—1,and e = 0( mod 2)

H,w,2):w=djold;:2<s<r—1}o{cesboy:e—r+1<s<e-1}ofa,: 1 <5< rfobicibyi0

+3 +3
{as r+1<s< 8} o {bZSCstZSdZS—lCZs—leS—l : max(r 5 g) <s< min(r 7 g)} o C,+1d,+1dr = Z.

Subcase 16.4. r =1( mod 2),2 < r < €¢—1,and &€ = 1( mod 2)

H,w,2):w=djo{d;:2<s<r—1}o{cesbey:6—-r+1<s<e-1}ola,: 1 <s<glo

272
Subcase 16.5. r = €—1,and € = 0( mod 2)

+1 -1 +1 -1
(Bays1Cass1dass 1 dosCashas - max(r £ )s sgmin(r2 ,%)}obicid,=z.

H,(w,z):w=ddsccb;o{a,_; : 0 < s < &—4}obycsbzazarabicibycrdrdzdscyo

-2

{bas-_1C25-1d25-1d25Co5b2s € > 6,3 < 5 < 5

}obe1Cedey = 2.

Subcase 16.6. r = € —1,and € = 1( mod 2)

W

E —

2

Hp (W, Z) W= {d23—1ch—leS—leSCZSdZS I<s< } © 8—2c8—2b8—2 © {as—s 2<s<e- 1}0

aglg_1bg_1Co1boCedod, 1 = 2.
Subcase 16.7. r = ¢
H,w,z2):w=djo{d;:2<s<e-1}olcesb,-s: 1 <s<e—-1}olas:1<s<g}ob.cd, =2z

Existence of Hamiltonian path between any two vertices of the Q. completes the proof. O
Having |V(Q.)| = 4, Theorems 2.4 and 4.1 deliver the following immediate result:

Corollary 4.1. Assuming € > 6, we have

de(de — 1)°
w(Qe) = —
Proof. Since |V(Q,)| = 4e. Theorem 2.4 with n = 4& delivers the formula in the corollary. O

5. Hamilton-connectivity and the detour index of B,

In this section, we explore Hamilton-connectivity of the convex polytope B, of dimension &, which
was introduced by Imran et al. [17] in 2016. We, in this section, aim to prove Hamilton-connectedness
of B, and employ it to evaluate its detour index.

Assuming the subscript r to be modulo &, the vertex/edge sets for B, are:

V(B,) =1{a,,b,,c,,dr, e, 0 1 <1< el

E(Bs) = {arar+1a arbra arbr+1a brbr+1’ brcra crbr+1a crdr’ drdr+1a drer’ €r€ry1 - I1<r< 8}-
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With its vertices’ labeling, Figure 5 delivers the construction of B,.

Figure 5. The graph B..

Note that Hayat et al. [15, Thereom 5] showed the following result:
Theorem 5.1. [15, Thereom 5] Considering € > 4, the graph Bc is not Hamilton-connected.

They show in the proof that there is no Hamiltonian path between e, and e, if £ is odd. We show
that their proof was wrong and there are multiple Hamiltonian paths between e, and e, if € is odd.
Correcting their proof, we show that the graph Bc is, in fact, Hamilton-connected.

Next, we show this section’s major results, delivering the proof for Hamilton-connectivity of B,.
The proof technique utilizes the methodology of Alspach and Liu [1] using the well-known Posa
exchange in constructing Hamiltonian paths between every pair of vertices in a graph.

Theorem 5.2. If € > 6, then B, is, in fact, Hamilton-connected.

Proof. We show the result by constructing pairwise Hamiltonian paths between vertices of Q.. Assume
H,(w, z) is a Hamiltonian path between w,z € V(Q,). Let B, = AUBUCUDU E where A =
{Cl],az, .. .,Clg}, B = {b],bg,. .. ,bg}, C = {C],Cz, .. .,Cg}, D = {d],dz, .. .,dg}, and £ = {61,62,. .. ,68}.
Casel.w=ag;andz=q,,2<r<e¢

Subcase 1.1. r = 2

H,w,2):w=aj0{a,y:0<s<e-3}o{bjc,:3<s<elobicidiofd,—y: 0< s <e-3}o

{es :3<s< 8} o €1€2d2C2b2612 = Z.

Subcase 1.2. r =0( mod 2),and2 < r < -1
Hy,(w,2) :w=ajofa,:2<s<r—1}ob,.o{byCrdrsdrs1Co5-1bry-1

-2 -2
max(l,%)ﬁsﬁmin(l,gT)}o cidgesoleg: 1 <s<e—-1}o{d,;:1<s<e—r+1l}o

cr-1ofbjcg:r<s<e-1}o bsola,s:0<s<e-r}=2z

Subcase 1.3. r=1( mod 2),and2 < r < -1

H,(w,z):w=ajofas:2<s=<r—1}o{bycosdysdys 1Cr5-1b2s1
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-1 -1
max(l,rT)Sssmin(l,rT)}o cedgesoleg: 1 <s<e—-1}o{d,_s:1<s<e-r}o

cibyolbjcy:r+1<s<e-1}obsola,;:0<s<e-r}=z

Subcase 1.4. r = -1
H,(w,2) :w=aiabbe_ico1dsyo{e.y: 1 <s<e-1}oedcbicioldy: 1 <5s<e-2o

{co_sbos:2<s5<e-2}o{a;:2<s<e-1}=12

Subcase 1.5. r = ¢

H,(w,2):w=abicidie;ofe,.s:0<s<e—-2}o{d;:2<s<glo{cesb—s:0<5s<&-2)0

Case2.w=g;andz=b,,1<r<e¢
Subcase 2.1. r = 1

H,w,2):w=aj0{a,y:0<s<e-2}o{bjc;:2<s<¢glo{dy:0<s5s<e~-2)o

{e;:2<s<¢gloedicib =z

Subcase 2.2. r = 2
H,w,2):w=ajo{a;:2<s<¢globb,ico1de10{e.s: 1 <s<e—1}oedc.hicio
{di:1<s<e-2}o{ce_sb_y:2<5s<e-2}=12
Subcase 2.3. r =0( mod 2),and2 < r < g—-1
H,w,2):w=ajo{a;:2<s<¢globb,ico1de10{e.s: 1 <s<e—1}oeqdyc.0

r—2

{bas—1C25-1d25-1d25Co5b2s 1 1 < 5 < Job,ic,joldy:r—1<s<e-2}o
{Comshes:2<s<e—-r1}=2z
Subcase 2.4. r=1( mod 2),and2 < r < -1
H,w,2):w=ajo{a;:2<s<elob.ced.ofe,_s:0< 5 <e—1}o{dr1C25-1b25-1D25C25drs

r—1

1<s<
<s< >

}o{dy:r<s<e—1}o {co_be_y: 1 <s<e—-r} =12
Subcase 2.5. r = ¢—-1
H,w,2):w=ajo{a;:2<s<g}obc,olbjcy: 1 <s<e—-2}o{d,y:2<5<e-1}ode.0

les:1<s<e-1}lod,ico1bsy = 2.

Subcase 2.6. r = ¢

H,(w,2):w=aj;0{a,:0<s<e-2}obybicidieierdrcro{bjcy : 3 < s <e—1}o
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{doeg: 1 <s<e-3}o{e;:3<s<¢lodc.b, =z

Case3d.w=agjandz=c¢,1 <r<e¢
Subcase 3.1. r = 1

H,w,2):w=a;0{a,.s:0<s<eg-2}o{bjc;: 2<s<e—-1}0ob.bc.d.e.0

fe;:1<s<e—-1}o{d,y:1<s<e—-1}oc =2z

Subcase 3.2. r = 2
H,w,2):w=aj0{a,,:0<s<e-2}obbicidie;ofe,.;:0<s<e—-2}o{d;:2<5<¢g)o

{ce_sbs_s:0<s<&-3}oc, =2

Subcase 3.3. r=0( mod 2),and2 < r < -1

Hp (W, Z) -w=ao {as :2<s< 8} o becsds © {es—s 0<s<e- 1} odlclbl © {b25C2sd25d2s+1C2s+1b2s+1 :

\S)

r_
2
Subcase 3.4. r=1( mod 2),and2 < r < -1

1<s<

Job,ofbic,:r+1<s<e—-1l}o{dey:1<s<e-rfoc, =2z

Hp (W, Z) -w=ao {as :2<s< 8} © bacsds © {es—s 0<s<e- 1} © {dls—lC2s—1b23—1b2sc25d25 :

-1

~

1<s<

7 Jo{d,:r<s<e—-1}o{ce_sboy:0<s<e—-r—1}obic, =z
Subcase 3.5. r = €—1
H,w,2):w=ajo{a;:2<s<&gobbejolcebey:2<s5s<e~1}0ocdo

{di: 1 <s<e—-2}ofe,y:2<s<e—-1}oee._1de_1Cou1 = 2.

Subcase 3.6. r = &
H,w,2):w=aj0{a,;:0<s<e-2}o{bjc;:2<s<e—1}ob.bicidieo

{e,.s :0<s<eg—-2}o{d;:2<s5<¢&loc, =2z

Cased.w=ag;andz=d,,1 <r<e
Subcase4.1. r = 1

H,w,z2):w=ajo{a;:2<s<¢glob.of{ce_sboy:1<s<e-1loc,o{dey:0<5<e-2}o

{e; :2<s<¢g}loed =z

Subcase 4.2. r = 2
H,w,2):w=aj0{a,,:0<s<e-2}o{bjc,:2<s<elobicidio{d,—s: 0 < s <e-2)o

fe;:2<s<¢gloeerd, =z
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Subcase 4.3. r=0( mod 2),and2 < r < &
H,w,2):w=aj0{a,;:0<s<e-2}o{bjc;:2<k <&g}obicidie) olerdrsdrgiiens

r—2
2
Subcase 4.4. r =1( mod 2),and3 < r < &

I <s< Jofes:r<s<eglo{d._,:0<s<e-r}=1z

Hp (W’ Z) -w=ao {as 12<s< 8} © bs © {Cs—sbs—s l<s<e- 1} 0 cadaes © {els—les—leSeZS :

r—1

5 Joles:r<s<e—-1}o{d, s:1<s<e-r}=12z

1<s<

Subcase 4.5. r = ¢
H,w,z2):w=ajo{a;:2<s<¢globc,olbjcy: 1 <s<e—-1}o{d,y:1<s<e~-1}o
fes:1<s<e¢g}od, =2z

CaseS.w=qaandz=¢,1 <r<e
Subcase 5.1. r = 1

H,w,2):w=aj0{a,y:0<s<e-2}o{bjc,:2<s<¢globjcio{d;:1 <5< glo
fe.s:0<s<e-1}=2z
Subcase 5.2. r = 2
H,w,z):w=ajo{a;:2<s<¢&lobo{ce_sb.—s:1<5s<e—-1}oc.de.e0
{di:1<s<eg—-1}ofe,;:1<s<e-2}=12z
Subcase 5.3. r=0( mod 2),and2 < r < &
H,w,z):w=ajo{a;:2<s<¢&lob,o{ce_sb,—s:1<5s<e—-1}oc.dee.edo

r—2
2
Subcase 5.4. r =1( mod 2),and2 < r < &

{dysersersiidag 11 <5 < folds:r<s<e-llole,s:1<s<e-rf=z
H,w,2):w=a;0{a,;:0<s<e-2}ofbjc,:2 <5< ¢&}obic|o{dr_1e5_ 1620 :

r—1

2

1<s< Jo{ds:r<s<egjole,;:0<s<e-r}=1z
Subcase 5.5. r = ¢
H,w,2):w=ajo{a;:2<s<¢&lobof{ce_sb,—s:1<s<e—-1}oc,o{d,:0<s<e—-1}o
fe;:1<s<¢g}=z

Case6.w=bjandz=aqa,,1 <r<e
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Subcase 6.1. r = 1
H,w,2):w=biciolbjcy:2<s<e—-1}o{d,y:1<s<e-1}ole,:1<s<g}odec,byo
{a,.s :0<s<e-1}=1z
Subcase 6.2. r = 2
H,(w,2) : w = bibsced.dic\bycrdrere; ofe,—s :0< s <e—-3}of{d;:3<s<e—1}o
{Comshes: 1 <s<e—-3}o{a,:3<s<¢gloaia, =z
Subcase 6.3. r=0( mod 2),and2 < r < -1
H,(w,z) :w=bbyced;ole.y: 0< s <e—1}odc; o{brCrsdrsdrgiiCosr1boger

r—2
2
bjcs:r+1<s<e-1}old,y:1<s<e-rlocha, =z

Subcase 6.4. r = 1( mod 2),and2 < r < -1

1<s<

jolaey:e—r+l<s<e-ljola,s:0<s<e-r—ljo

H,(w,z) :w=bicidie; o{e.s : 0 < s < & =2} o{dysCoshrshrsiiCogiidage : 1 <5 <

{dy :r+1<s<eglofcesbss:0<s<e—r—-1}ofas:r+1<s<¢glofa,:1<s<r}=2z

Subcase 6.5. r e—-1

H,w,2):w=bicio{bjc;:2<s<e—-1}o{dyy: 1<s<e-1}ofe,:1<s<g}odcb.a.0

fa;:1<s<e-1}=2z

Subcase 6.6. r = ¢

H,(w,z) :w=bicidie;o{e.s :0<s<e—-2lof{d;:2<s<¢g}o{cesb.—s:0<5s<g—-2}0

Case7.w=b;andz=b,,2<r<e¢
Subcase 7.1. r = 2

H,(w,z):w=byolay: 1 <s<¢&}obycideese,1d;10{cesbss:1<5<-3}0ocr0

{dy 2 <s<églofe,y:2<s<e—-1}odic1b, =z

Subcase 7.2. r = 3
H,w,2):w=bjo{a;:1<s<eg}obycd.ole.s:0<s<e—1}odic1bycr0
{dy :3<s<e—-1}o{ce_sbs_y:1<5s<e-3}=1z
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Subcase 7.3. r=0( mod 2),and3 < r < &

r—2
2

H,(w,z) : w = {bys_1Co5_1dps_1dr5Co5hps : 1 <k < folags:e—r+2<s<e-1ljo

{ae_s:0<s<e—r+1}ob_1c,_1d,_10{ees:e—T+1<s<eg—1}ole,,:0<s<e—r}o
{dy:r<s<eglo{ce_bo_s:0<s<e-r}=z

Subcase 74. r =1( mod 2),and3 < r < &

Hp (W, Z) w= bl ° {as 1<s< g} o bscada ° {ea—s 0<s<e- 1} o d1C1 © {bZSCst23d25+102s+1b2s+1 :

r—3

1<s<
<s< 5

}o b_ic,10{dy:r—1<s<e-1}o{ce_b._s:1<s<e-r}=1z
Subcase 7.5. r = ¢
H,(w,z):w=bia;o{a,;:0< s <eg-2lobycidiejesdrcro{bjcy : 3 < s <e—1}o

{deeg: 1 <s<e-3}ole;:3<s<¢elod.c.b. =z

Case8.w=bjandz=c¢,1 <r<e¢
Subcase 8.1. r = 1

H,w,2):w=bajofa,;:0<s<eg-2}olbjc,:2<s<glof{d,._y:0<s<e-2}o

fe;:2<s<¢gloeidic; =z

Subcase 8.2. r = 2
H,w,2):w=biajo{a,s :0<s<e-2}obybicidiejole,—s:0<s<e—-2}o{d;:2<5s< glo

{ce—sbes :0<s<eg—-3}oc, =12

Subcase 8.3. r = 3
H,w,2):w=biajo{a,s:0<s<e-2}obycro{d;:2<s<¢elole,;:0<s<e-1}o

dlclbl o {Cg_sbs_s 0<s<e- 4} o b3C3 =Z.

Subcase 84. r=0( mod2), 3 <r < e-1

H,(w,2) :w=bjola;: 1 <s<¢g}obycd,ole,;:0<s<e—-1}odco

{basCasdrsdrsi1Cose1bagr 1 1 < 5 < ! ; 2} ob,ofbjc,ir+1<s<e—1jo
{deos:1<s<e—-rjoc, =2
Subcase 8.5. r=1( mod2), 3 <r < e-1
r—1

H,(w,2) : w = {bys_1Co5_1drs_1d>rsCo5brs : 1 < 5 <

3 Jolapy:e—r+1<s<e-1)o
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{ae-s :0<s<e—rfob,olbjc,:r+1<s<¢glodeesofeg: 1 <s<e—1}o
{deey 01 <s<e&-r}loc, =z
Subcase 8.6. r = €—1

H,(w,2) :w=biciolbjc,:2<s<e—-2}ob,jo{a,s:1<s<e~1}oab.c.d.o

{e.eg:0<s<e—-1}o{d,:1<s<e—-1}oc.1 =2z

Subcase 8.7. r = &
H,(w,z2):w=bajofa.;:0<s<e—-2}obycidyole;: 1 <s<eg}lo{d,_;:0<s<e-2o

crolbics:3<s<¢gl=z

Case9.w=bjandz=d,,1<r<eg

Subcase 9.1. r = 1, =0( mod 2)

e-2
2

H,(w,z) : w = bici o {byCrsdrsdogsiCogiibogi 0 1 < 5 < folasy:1<s<e-1}o

agb.cd,ofe,_ s :0<s<e—-1}od =2z
Subcase 9.2. r = 1,e=1( mod 2)
Hp (W’ Z) w= bl o {as 1 <s< 8} o bscadaes © {es 1<s<e- 1} © {d2sc25b2sb2s—lCZs—leS—l :

-1
max(2, £

) < 5 < min(2, %)} odycobyed) = z.

Subcase 9.3. r = 2
H,(w,z2):w=biola;:1<s<eglobyced,ofe,:0<s<e—1}odiciolbjcy:2<s<e~-1}
olde_s: 1 <s<e-2}=1z

Subcase 9.4. r = 3
H,w,2):w=biajo{a,s:0<s<e-2}obycidie;ofe,—s: 0 < s <e-2}odycy0
{bjcy:3<s<eglold,—y:0<s5<e-3}=z
Subcase 9.5. r=0( mod2),2 < r < ¢
H,w,z2):w=bjola;:1<s<¢g}obced.ofe.s:0<s<e—1}odcio

r—2
2
Subcase 9.6. r=1( mod 2),2 < r < ¢

{b25C23d2sd2s+1C2s+1b2s+1 1<s< }O {bjcs r<ss<e-—- 1} © {ds—s 1 <s<e- r} =Z.

H,(w,z):w=bia;o{a,_s:0<5s<eg-2}obycidie;ofe,_s: 0 < s <&—2}odycr0

AIMS Mathematics Volume 10, Issue 5, 12343-12387.



12371

{brs_1Cos_1drs_1drsCosbrg 1 2 < 5 < folbjcs:r<s<eglold,y:0<s<e-r}=z

Subcase 9.7. r = g,and € = 0( mod 2)

Hp w,2) : w=bic.b.a. o lag:1<s<e- 1}o {b2s+102s+ld2s+ld2sc2sb23 :

-2 -2
rnax(l,g2 )§sSmin(1,gT)}o cidiofe;: 1 <s<eglod, =1z

Subcase 9.8. r = g,and € = 1( mod 2)
H,(w,z):w=bja;of{a,—s:0<s<eg—-2}obyidie;ofe,_s: 0 < s <e—2}odycr0

~1
NV obyed, =z

{bas-1C25-1da51dr5Co5brs 12 < 5 <

Casel0.w=bandz=¢,,1<r<e
Subcase 10.1. r = 1

H,w,z2):w=bjola;:1<s<g}obcd;ole,y:0<s<e-2}o{d;:2<s<e~-1}o
{Comsbos : 1 < s <e—-2}ocidie; =z
Subcase 10.2. r = 2
H,w,2):w=biajo{a,—s:0<s<e-2}obycidie;ofe,s:0<s<e-3}o{d,;:3<s<¢glo
{Comshes : 0 < s <e—3}0crdre, =2
Subcase 10.3. r=0( mod2),2 < r < e—1
H,w,2):w=biajofa,_y :0<s<e-2}obycidiejofe,s:0<s<e—r—1ljol{d;:r+1<s<glo

-2
! lode, =z

{Cs—sbs—s 0<s<e- 3} ©cyo {d2562562s+1d25+1 1<s<

Subcase 104. r=1( mod 2), 2 < r < g—-1
H,w,2):w=bjofa;: 1 <s<¢g}lobecdsole,s:0<s<eg—-r—1}o{d,:r+1<s<e—-1}o

r—1

{Cs—sbs—s 1<s<e- 2} cc o {d2s—]e25—1625d2s 1<s< 2 } © dier =Z.

Subcase 10.5. r = €—1
H,w,2):w=bjola;:1<s<eglobc,ofbjcy: 1<s<e—-1}of{d,y:1<s<e~1}o
dee;oles:1<s<e-1}=1z
Subcase 10.6. r = €and € = 1( mod 2)
H,w,2):w=biajo{a,s:0<s<e-2}obycidiole,: 1 <s<e—1}o
{deey:1<s<e-2}ocyo{bjcy:3<s<¢g}odee, =z
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Casell.w=cjandz=a,,1<r<e
Subcase 11.1. r = 1

H,w,2):w=cidioleg:1<s<glof{d,_y:0<s<e-2locyo{bjc;:3 <5< ¢g}obibyo
{ag:2<s<e&}oa =z
Subcase 11.2. r = 2
H,w,2):w=cidiole;: 1 <s<¢glof{d,y:0<s5s<e-2}ocbyolbjc;:3<s<¢glo

biajofa, s :0<s<e-2}=z

Subcase 11.3. r = 3
H,w,2):w=cidio{es:1<s<¢g}of{d,.s:0<s5s<e-2}oc,o{bjc;:3<s<¢glo

bibrasa, o {Cls_s 0<s<e- 3} =2

Subcase 11.4. r=0( mod2),3 < r < eg-1
H,w,z):w=cidiofes: 1 <s<églol{d,:0<s<e—-rloch,olbjcs:r+1<s5s<egfobjo

r—2
2
{a.—s:0<s<e-r}=1z

Subcase 11.5. r=1( mod 2),3 < r < e-1

{basCrsdrsdrgi1Cogribogr © 1 < 5 < folaey:e-r+1<s<e-1jo

r—1

Jo

H,(w,2) :w=cidie;ofe,_s : 0 < 5 < &2} o{dycrsbrshrgiiCogiidoge 1 <5 <

{dy:r+1<s<elochbso {ce_sbo_s:1<s<e—-r—1}ola;:r+1<s<¢g}o
fa,:1<s<r}=12z

Subcase 11.6. r = -1
H,w,2):w=cbjolbjcy:2<s<e—-1}oldsy:1<s<e-1}ofe,: 1 <s<¢glo

deecbea.ola;: 1 <s<e-1}=1z

Subcase 11.7. r = &
H,w,2):w=cidioleg:1<s<glof{d,.y:0<5s<e-2}ocbyolbjc,:3<s5s<¢globo

{a; 11 <s<¢gl=1z

Casel2. w=cjandz=b,,1<r<e
Subcase 12.1. r = 1

H,(w,2):w=cidieyofe,;:0<s<eg-2lo{d;:2<s<¢g}ofceyboy: 0<s5s<e-2}0
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{a;:2<s<&lo ah =2z

Subcase 12.2. r = 2
H,w,2):w=cidio{es:1<s<¢gjof{d,_:0<s<e-2}ocyo{bjc,:3<s<¢glo

biajo{a._s:0<s<e—-2}o b, =2z

Subcase 12.3. r = 3
H,(w,2):w=cidiofes: 1 <s<elol{d,y:0<s<e-2}ocbyola;:2<s<&bo abo
{ce_sbe—s:0<s<e-3}=12z
Subcase 12.4. r=0( mod 2), 3 < r < ¢
H,w,2):w=cidiofeg:1<s<eglo{d,y:0<s<e-rfoc,olbjc,:r+1 <5< ¢glo

r—2
blal © {as—s 0<s<e- 2} © {b2xc2sd2sd2s+lC2s+lb2s+l I1<s<

}o b=z
Subcase 12.5. r=1( mod 2),3 < r < ¢
H,w,2):w=cidioleg: 1 <s<g}o{d,—y:0=<5<e—r}oldycrhrhrs_1cr5-1drs :
max(2, %) < 5 < min(2, %)} odycrbyola;:2<s<e}o abyo{ce_sb._s:0<s<e-r}=1z
Subcase 12.6. r = ¢
H,w,2):w=cidiejofe,;:0<s<eg-2}o{d;:2<s<¢g}ochiajola,;:0<s<e-2}o

{bjc,:2<s<e—-1}ob, =z

Casel13. w=cjandz=c¢,2<r<eg¢
Subcase 13.1. r = 2

H,w,2):w=cidiejofe,s:0<s<e-2}o{d;:2<s<¢g}ochbiofa;:1<s<¢glob,o

{Cg—sbg—s . 1 <s<fege- 3} ] b2C2 =Z.

Subcase 13.2. r = 3
H,w,2):w=cidioleg:1<s<glo{d,y:0<5s<e-2locbyofa,:2<s<gloabo

{ce_sbe_s : 0 < s<E—4}0b3c; =2

Subcase 13.3. r =0( mod 2),and3 < r < ¢

H,(w,2):w=cidiole;: 1 <s<elodycb.olas.:0=< s <e—1}0byo{bycrdrsdrgi1Cagi1bagy

r—2
1<s<
<s< >

Job,ofbic,:r+1<s<e—-1}o{dey:1<s<e-rfoc, =z
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Subcase 13.4. r=1( mod 2),and3 < r < ¢

H,(w,z):w=cidiejofe,_s: 0= 5 < &—2}odycrby o {bay_1Crs—1drs—1dr5Cr 51

r—1

2<k<
2

Jyob,o{bjc,:r+1<s<e—-1}obsola,.s:0<s<e-1}obco
{deey :0<s<e-r}oc =z

Subcase 13.5. r = ¢ -1
H,(w,2):w=cbiaiofa,;:0<s<e-2}o{bjc;:2<5s<e&—-2}ob, 1b.c.d.0

leees :0<s<e—-1l}o{d;:1<s<e-1}oc. =2

Subcase 13.6. r = ¢
H,w,2):w=cidio{es:1<s<¢glold,y:0<s5s<e-2}ocbyolbjcs:3<s<e—1}ob.0

{a,_s :0<s<e—-1}obic, =z

Casel4d. w=cjandz=d,, 1 <r<e
Subcase 14.1. r = 1

H,(w,z2):w=cbiajofa,;:0<s<eg—-2}ofbjc,:2<s<¢g}o{d._y:0<s<e-2}o

{e;:2<s<¢gloed =z

Subcase 14.2. r = 2
H,w,2):w=cidiole,:1<s<¢g}of{d,_y:0<s<e-3}ocsbzolbjc;:4 <5< globao

{a,s :0<s<e—-2}obycrdr = 2.

Subcase 14.3. r = 3
H,(w,z) :w=cidiejole.y : 0 < s <eg-2}odrcrbrolbjcy : 3 < s <e-1}ob.o{a,_;:0<s<e-1}o

bicco{de_y :0<s<e-3} =1z

Subcase 14.4. r=0( mod 2),3 < r < e—-1

H,w,2):w=cidiofeg:1<s<eglo{d,y:0<s<e-r—1}ocbyolbjcy:r+2 <5< glo

biay 0 {ae_y : 0 < 5 < & — 2} 0 {basCasdasdrs_1Cas_1bay-y : max(l, %) <k <min(l, "= 2)}0
bcid, = z.
Subcase 14.5. r=1( mod2),3 < r < e—-1
r—1

Hp (W, Z) W= c1d161 (o) {eg_s 0<s<e- 2} o d2C2b2 o {bzs_lCzs_ldzs_ldzsCQszs 12<k<

o

AIMS Mathematics Volume 10, Issue 5, 12343-12387.



12375

{bjcs:r<s<e—-1jobsola,;:0<s<e-1}obcgoldey:0<s<e~-r}=12

Subcase 14.6. r = € -1
H,w,2):w=cibiaio{ae;:0<s<e-2}o{bjc,:2<s<¢glod,o{e,;:0<s<e—-1}o

{diy:1<s<e-1}=2z

Subcase 14.7. r = ¢
H,(w,z):w=cidie;ole.s :0<s<e—-2lof{d;:2<s<e—-1}o{cesbos:1<s<e-2}0

biofa;:1<s<¢g}obyc.d, =2z

CaselS.w=cjandz=¢,1<r<e¢
Subcase 15.1. r = 1

H,w,2):w=cio{d;: 1 <s<e-1}o{cesb.s:1<s<e—-2}objofa,:1<s<globycgdo
fee_s:0<s<e—-1}=12z
Subcase 15.2. r = 0( mod 2)

H,(w,2):w=cbjajofa,y :0<s<e-2}o{bjc,:2<s<sglof{d,_s:0<s<e—r—1jo

le,:r+1<s<gloler 1drs_1drsers: 1 <s< =} =1z

Subcase 15.3. r=1( mod 2), 2 < r < ¢

H,(w,2) 1w =cjoldy_1e-1€25dr5: 1 <5< Joldy:r<s<e—1}o{c,sho_s:1<s<eg-2}o

2
biofa;: 1 <s<eglobcd.ofe,s:0<s<e—-r}=z
Subcase 154. r = ¢

H,(w,z2):w=cbiajofa,;:0<s<e-2}ofbjc,:2<s<¢g}o{d._y:0<s<e—-1}o

fe;:1<s<¢gl=1z

Casel6.w=d andz=aq,, 1 <r<e¢
Subcase 16.1. r = 1

H,w,z):w=djole,: 1 <s<¢gjo{d,:0<s<e-2locp0{bjcy:3 <5< gbobicibo

fa;:2<s<é&}loa; =2z

Subcase 16.2. r=0( mod2), 1 < r < e-1

H,(w,2) :w = {dos_1Co5-1brs_1b25Co5drs - 1 < s < }ole,y:e—-r<s<e—ljo

N~

{eees :0<s<e—r—1}o{dy:r+1<s<eglof{cesbys:0<s<e—-r—1}o
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la;:r+1<s<egjofa,:1<s<r}=z

Subcase 16.3. r=1( mod2), 1 < r < e—-1
H,w,2):w=didee,ole;:1<s<e—-1}o{dey:1<s<e—-r—-1}oc0{bjcs:r+2<s<glo

r—1

bicy o {basCosdrsdrg1Crgi1bager 11 < 8 < Jobofa,:r+1<s<eglofa;:1<s<r}=2z

Subcase 164. r = -1
H,w,z):w=dejole,;:0<s<e-2}o{dy:2<s<¢gloc,ol{bjcy:1<s<e-1}ob,a.0

la,:1<s<e-1}=1z

Subcase 16.5. r = ¢

H,w,z):w=dejofe,:0<s<e-2}o{d;:2<s<¢g}ofcesboy:0<5s<e~1}o

Casel7.w=d;andz=b,,1 <r<e¢
Subcase 17.1. r = 1, € =0( mod 2)

Hp (Wa Z) w= dl © {es l<s< 8} © scsbsas © {as l<s<e- 1} © {b2s+1C2s+1d2s+1d2s62sb2s :

-2

max(1, 2=2) < k < min(1, %)} o cib) = 2.

Subcase 17.2. r = 1, e = 1( mod 2)
H,(w,2):w=dcibyara; o{a,_; : 0 < s < &3} obscrdrese; ofe,—s : 0 < s <e—3}odsczo

c—-1
{bascrsdrsdrsiiCosiibogy) 12 <k <

Joby =z
Subcase 17.3. r = 2, € =0( mod 2)

H,(w,z):w=dejole.:0<s5<e-2}odrerbsazaray o{a,—s : 0 < s < &—4} o bycsdzdscso

™

{bars-1C25-1d251dr5Co5brs : 3 < 5 < 5} obiciby =z.
Subcase 17.4. r = 2, e = 1( mod 2)
Hp (W, Z) W= d]C]b] o {as 1 <s< 8} © bscsdsea © {es 1 <s<e- 1} © {d2sc2sb25b25—lC2s—1d25—1 .

e—1

~1
max(2, ) < s < min(2, 'ST)} o dycaby = 2.

Subcase 17.5. r=0( mod 2), 2 < r < ¢
H,w,z2):w=djole;: 1 <s<¢glo{d,.s:0<s<e—-rjoc,olbjcs:r+1<s<globicio
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r—2

{b2sc23d25d2s+102s+1b2s+1 1<s< 2

Jolaes:e—r+1<s<e-1}ola..,:0<s<e-r}o
b, =z
Subcase 17.6. r=1( mod 2), 2 < r < ¢

H,(w,z) :w=dcibia; o{a,—s : 0 < s < &—2} 0 bycady 0 {dy—1Co5-1b25-1D25Co 5l

r>32<s<

Joless:ie—r+l1<s<e—1}ofe,_,:0<s<e-r}o

{dy:r<s<e&}ofce by :0<s<e-r}=12

Subcase 17.7. r = &
H,(w,z):w=dejole,y:0<s<e-2}odrcrbzofa,:3 <5< gfoajarbyeibiceo

{de-y:0<s<e-3}oczolbjc,:4<s<e-1}o b, =1z

Casel8.w=d,andz=c¢,,1<r<e
Subcase 18.1. r = 1

H,w,2):w=dyole;: 1<s<¢g}old.s:0<s<e-2}ocy0{bjc;:3<s<g}obao

{a._s :0<s<e—-2}oby =z

Subcase 18.2. r = 2
H,w,z):w=dicibiajo{aes:0<s<e-2}obyolbjc,:3<s<glo{d,s:0<5<e~-3)o

{e;:3<s<g}oejerdrcr =2z
Subcase 18.3. r=0( mod 2), 2 < r < ¢

r—2

}

H,(w,2) :w=dicibia; o{a,s : 0 < 5 < & — 2} o {byscadasdogiiCogi1bage - 1 <k <

ob,o{bjc,:r+1<s<¢glold,:0<s<e—-r—1}ole,:r+1<s<¢gjo
{e;: 1 <s<r}odc, =z

Subcase 184. r=1( mod 2), 2 < r < ¢
H,(w,2):w=dcibja; ofa,_s : 0<s<e—=2}o{bjc;:2<s<r—1}o{dyerer1dps :

-1 -1
r > 3, max(2, FT) < 5 < min(2, FT)}Odzezel ofe,.s:0<s<e-r}jol{d;:r<s<egjo

{Cosbes : 0L s<e—r—1}0bic, =z

Subcase 18.5. r = ¢
H,(w,z):w=dicibyo{ay;:1<s<gob.o{cesbe—y:1<5<&-3}0brcyo

{dy :2<s<e—-1}ole,..s:1<s<e-1}oed.c. =z
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Casel9.w=dandz=d,,2<r<e
Subcase 19.1. r = 2

H,w,2):w=djole,: 1 <s<¢glodec;bo{a,;:0<s<e—-1}olbjc,: 1 <s<e—1}o
{deoy:1<s<e-2}=1z
Subcase 19.2. r=0( mod 2), 2 < r < ¢
H,w,2):w=dicibiaio{a,s :0<s<e-2}olbjcy:2<s<¢elo{dey:0<s<e—-r—1}o

r—2
2

les:r+1<s<eloe o {eydrsdrgiiensi) 11 <5< }oed, =z

Subcase 19.3. r=1( mod 2), e=0( mod 2),2 < r < -1
H,(w,2):w=djole;:1<s<¢elodse.basabicibyofa;:2<s<e—1}o

r+1 8—2)< < _(r+1 -2
M N W)
{Comshes:e—T<s<eg—-3locyo{d;:2<s<r}=z

)to

{Dass1C2511d2511d25C25Do - MaAX(

Subcase 19.4. r=1( mod 2), e=1( mod 2),2 < r < e-1
1

+
M

|
—

r

IA

\®)
IA
\®)

H,(w,z) :w=dicibyofa;: 1 <5< g} o{byyiCadasiidagcashyy : s

{ceesbes:e—r<s<&g-3}locyo{dy:2<s<r—1}ofe,s:e—-r+1<s<e-1}o
{ees:0<s<e-—-r}od, =z

Subcase 19.5. r = €¢—1, e =0( mod 2)
H,w,2):w=djoley: 1 <s<¢glodsc;b.ola.,:0< s <e—4}obscsbsazaraibicibrcrdrdidscyo

-2
2

{bas-1C25-1d251dr5Co5brs 1 € > 6,3 < 5 < }obe_1Cordey = 2.
Subcase 19.6. r = ¢
H,w,2):w=diejole,.s :0<s<eg-2}old;:2<s<e—1}o{cesbss: 1 <5< e-1}o

{ag: 1 <s<eg&}ob.cd, =z

Case20. w=d,andz=¢,,1<r<e¢
Subcase 20.1. r = 1

H,(w,2):w=dcibja;ofa,s :0<s<eg—-2}o{bjc;:2<s<eglo{d,y:0<s5s<e-2}o

{es:2<s<¢g}oe =1z

Subcase 20.2. r = 2

H,(w,z) :w=deed.ccb.a.aibicibyola;:2<s<e—1}ob,jco1deyofe.y: 1 <s<e-3)o
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{dy :3<s<e—-2}o{c,sbs_s:2<s5<&-3}ocrdre, =2

Subcase 20.3. r=0( mod2),2 < r < g—1

H,(w,2) :w=ddecebeasaibicibyofas 12 < s<e—1}oboicerdetemrec0o{e; 1 1 <s<r—1ljo

E—r

{des i e—r+1 < s <e-2}ocro{bjcy : 3 < s < r—1}o{bycasdagdagi1Cogi1b2g41 - € > 6, 5

<s<

}o

[\S NI

bercend,nole,:2<s<e—-r}=2z
Subcase 20.4. r=1( mod 2),2 < r < -1

r—1
2

H,(w,z) : w=dcib) o {brscrsdrsdrgii1Crgribrgsy 1 < 5 < folaeyie—r<s<e-ljo

{ae-s :0<s<e—-r-1lolbjc,:r+1<s<elol{dey:0<s<e-r—1lloles:r+1<s<¢glo
fes:1<s<r}=2z

Subcase 20.5. r = -1
H,(w,z):w=diol{d;:2<s<e—-1}olce b, s:1<s<e-1}ola;:1<s5<e}lob.c.dsec0

les:1<s<e-1}=1z

Subcase 20.6. r = ¢
H,w,z):w=dd.c.b.a.a1bicibyolay:2<s<e—-1}ob,jco1de-j0ofe—y: 1 <5 <e-3}o

{dy:3<s<e-2}o{cebss:2 <5< e-3}ocrdrereie, = 2.

Case2l.w=¢e;andz=aq,, 1 <r<e
Subcase 21.1. r = 1

H,w,2):w=ejole;:2<s<¢gloldey:0<s<e-1}ochbyof{ce—sbo—s: 0 < s <E-2}0
la,:2<s<¢gloa; =z
Subcase 21.2. r=0( mod2), 1 < r < ¢

H,w,2):w=ejofeg:2<s<¢glo{dey:0<s<e-r—1}oco{bjc:r+2<s<¢glo

{(brs_1Cos_1drs_1drsCoshrs 1 1 < s < =}ob,ola;:r+1<s<eglofa,:1<s<r}=2z

,
2
Subcase 21.3. r=1( mod2), 1 < r < ¢

H,(w,z):w=ejolej:2<s<¢glo{d;y:0<s<e—-rjocib,olbjcy:r+1<s5<¢glo

-1
{bas_1C25-1drs_1drsCrshrg 1 1 < 5 < ! 5

Jolaes:e—1r+1<s5s<e-1}o
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Subcase 21.4. r = -1
H,(w,z2):w=eididsofe,.;:0<s<e-2}o{d;:2<s<e-1}ofce_b_s: 1 <s<e-1}o

choa.ola, 1 <s<e-1}=z

Subcase 21.5. r = ¢

H,w,2):w=ejole;:2<s<¢glo{des:0<s<e-1}ocio{bjc,:2<5s<¢g}obo

Case22. w=e;andz=b,,1<r<e¢
Subcase 22.1. r = 1

H,(w,2) :w=edicibyara; o{a,—s : 0 < s <g—-3}obscrdro{e;: 2< s < glo

{de-s :0<s<e-3}ocso{bjc,;,:4<s<¢glob =2

Subcase 22.2. r=0( mod2), 1 < r < ¢
H,(w,z):w=ejole;:2<s<¢g}old,s:0<s<e-r—1}locibrpio{a,s:e—-r-1<s<e-1jo

{a._s :0<s<e—-r-2}o {bst r+2 < s <g}ol{byicr1drs1drsCrhrs i1 <5< =} =1z

N~

Subcase 22.3. r=1( mod2), 1 < r < ¢

H,(w,2):w=eofe,:2<s<elo{dey:0<s<e—rjoc,ofbjc;:r+1<s<elo

{bgs_lCzs_ldzs_1d23C2sb25 1 <s< }0 {Clg_s re—-r+l1<s<e- 1}0

{a.y :0<s<e-r}ob, =1z

Subcase 22.4. r = -1
H,(w,2) :w=erofe,:2<s5<e}odeCobpComy 0{de—y 1 1 < s<&—-1}0ci1braro

{ae—s:0<s<e-2}of{bjc,:2<s<e—-2}o b, =2

Subcase 22.5. r = ¢
H,(w,z) :w=eidicibja; o{a._;:0<s<eg—-2}o{bjc;:2<s<e-1}o{d.y:1<s<e-2o

le;:2<s<¢g}lod.c.b, =2z

Case23.w=e;andz=c¢,,1<r<e¢
Subcase 23.1. r = 1

H,(w,z):w=ejofej:2<s<gloducbsofa,y:0<s<e—-1}obo{bjcy,:2<s5s<e~-1}o

{deoy:1<s<e—-1}oc =2z
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Subcase 23.2. r = 2
H,(w,z):w=ejole;:2<s<¢elodecihbola,s:0<s<e—-1}obicio{d;:1<s<e~-1}o
{ce_sbe_s: 1 <5< &—-3}0obycr =2
Subcase 23.3. r=0( mod2),2 < r < -1
H,(w,z):w=ejole;:2<s<¢glodcsbgola,s:0<s<e—1}obicidio

r—2
2

{drsCrsDrshrgiCogridasry 11 < 5 < Jolds:r<s<e—-1}o{cesboy:1<s<e-r—1jo
b,‘Cr =Z.
Subcase 23.4. r=1( mod 2),2 < r < -1

H,(w,2):w=ejole;:2<s<¢glodechsolas:0=<s5<e— 1} o{by 105 1dr5- 125251

r—1
2
Subcase 23.5. r = ¢ -1

1<s<

fob,ofbic,:r+1<s<eg-1llold.y:1<s<e-rjoc, =2

H,(w,z):w=ejoley:2<s<¢glodecheazofas: 1 <s<e—1}ob,jo{cesb,y:2<5<e~2}o
bicio{dy:1<s<e—-1}oc,| =12
Subcase 23.6. r = ¢
H,w,2):w=ejofe,:2<s<glo{dey:0<s<e-1}ocio{bjc,:2<s<e-1}ob,0

{ae—y :0<s<e-1}0bic, =z

Case24.w=¢e;andz=d,, 1 <r<e¢
Subcase 24.1. r = 1

H,w,z):w=ejole;:2<s<¢glo{dey:0<s5s<e-2}ocr0{bjc;:3<s<¢g}objajo
{a,_s :0< s <e—-2}oby1d) =z
Subcase 24.2. r = 2, £ = 0( mod 2)
H,w,2):w=ejole;:2<s<¢glodecchbiofa;: 1 <s<e—-2}0bscerbe1as-10:DCp

-4 -4
£ )SsSmin(Z,g

o

ds—lds—2d8—3C£—3bs—3 o {b2sc23d25d23—1ch—leS—l tE> 6’ max(27

C2b2C1d1d2 =Z.
Subcase 24.3. r = 2, e = 1( mod 2)

H,(w,z):w=eofe,:2<s<¢g}oddicibyolay:2<s<g}oabichgo
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e—1

-1
{basCrsdrsdrg_1Cog_1brs—1 - max(2, ) < s < min(2, ET)} ocady = 2z.

Subcase 24.4. r=0( mod 2), 2 < r < &

H,(w,z):w=ejole;:2<s<¢glodcibgolass:0< 5 < e—3}obserbraraibicididydzczo

r—2
2
{deoy:1<s<e-r}=1z

Subcase 24.5. r=1( mod 2),2 < r < &

{bascrsdrsdrsiiCosi1bogsy 7> 4,6>6,2 <5<

Jolbjcs:r<s<e—1ljo

HP (W’ Z) -wW=e€0 {es 12<s< 8} o dscsbs o {aa—s 0<s<e- 1} o {b2s—lc2s—ld2s—ld2sc23b2s .

r—1

1<s<

folbjcs:r<s<e-1ljoldey:1<s<e-r}=z
Subcase 24.6. r = &, € = 0( mod 2)

-2

H,(w,z):w=ejofe,;:0=<s=<e—-2}odyd ciDycy o {bys_1Cr5-1drs_1drsCo5hrs 2 < 5 < 5

o
la.s:2<s<e-1}o bic;bsaza,1be_icodord, = 2.
Subcase 24.7. r = g,& = 1( mod 2)
H,w,2):w=ejole.s:0<s<e-2}odydicibiayo{a,.;: 0 < s <&—2}obyeyo

e—1
{bas_1Co5-1d25-1d25Co5b2s 2 < 5 <

}ob.c.d, =z

Case25.w=e;andz=¢,,1<r<e¢
Subcase 25.1. r = 2

H,w,2):w=ejof{d,: 1 <s<e—-1}ofcoyboy: 1<s<e—1}ofa,:1<s<¢g}obydo

fe.s:0<s<e-2}=2z

Subcase 25.2. r=0( mod 2),2 < r < -1

Hp (W,Z) w= €1d1 o {dzsezsezs_,.ldzs_,.l 11<s< }O {ds r<s<e— 1}0

{ce—shbos: 1 <s<e—1}o{a;:1<s<églobcd,ofe..s:0<s<e-r}=z
Subcase 25.3. r=1( mod 2), e=0( mod2),2 < r < e-1
H,(w,z):w=ejofe,s:0<s<e—-r—1}lodicyibofass:e-r—1<s<e-1}obc.bso

+3 -r+1
(o 10 < 5 < E—rF—2)0{boy1Cosydrs_1dryCashy  £> 6.1 < £ — 4, rT <s< %}o

be_icerdprdediciofbjcy : 2 < s<rfo{des:e—-r<s<e-2o{e,:2<s<r}=z
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Subcase 254. r=1( mod 2), e=1( mod2),2 < r < -1
H,w,z2):w=ejoleg:2<s<r-1}old.y:e-r+1<s<e-1}ocibiajola,_,:0<s<e-2}o

r+1 -1 r+1 -

1
R ) < s < min( > Yo de, = z.

{bjcs : 2 < 5 < g} o{dysr1€2511€250r5 : max(

Subcase 25.5. r = €—1
H,(w,2) :w=edcibyaraibic;b,o{a,_y : 0 < s <e—3}obscrdyole,:2< s <e—2)o
{dees:2<s<e-3}ocso{bjc,:4<s<e—-1}od, 1deece,.; =z
Subcase 25.6. r = &
H,w,z2):w=edicibiaio{a,y:0<s<e-2}olbjc,:2<s<¢elo{dey:0<s5<e-2}o
fe,:2<s<¢g}l=2z

Existence of Hamiltonian path between any two vertices of the B, completes the proof. O

Note that |V(B,)| = 4e. Using it with Theorems 2.4 and 5.2 deliver the following immediate result:

Corollary 5.1. Assuming € > 6, we have

de(de — 1)?
w(B,) = xede 11
2
Proof. Since |V(B,)| = 4¢. Theorem 2.4 with n = 4¢ delivers the result. O

6. Conclusions

Contributions

e Introduced two distinct methods for proving Hamilton-connectedness of convex polytopes.

e Constructed three infinite families of Hamilton-connected convex polytopes.

e Corrected a misconception regarding the Hamilton-connectivity of the convex polytope B,
proving it is Hamilton-connected.

e Provided explicit computation of the detour index for these polytopes, establishing their structural
properties.

e Extended previous results on Hamilton-connected graphs to new classes of geometric graphs
derived from polytopes.

Implications

e Enhances understanding of Hamilton-connected structures within convex polytopes, contributing
to graph theory and computational geometry.

e Provides new techniques for proving Hamilton-connectedness that can be applied to other
combinatorial structures.

e Supports applications in network topology, where Hamilton-connected properties ensure robust
and efficient routing.
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e Offers insights into the relationship between geometric polytopes and their corresponding graph-
theoretic properties.

e Strengthens theoretical foundations for detour index computations, aiding applications in
cheminformatics and molecular modeling.

Limitations

e We focus on specific families of convex polytopes, leaving open the question of Hamilton-
connectedness for other polytope classes.

e Computational complexity of verifying Hamilton-connectedness for arbitrary convex polytopes
remains a challenge.

e The results rely on combinatorial proof techniques, which may not be directly extendable to all
polyhedral structures.

e No empirical validation or algorithmic implementation is provided for the practical computation
of detour indices in large graphs.

Future study

e Extend the proposed techniques to analyze Hamilton-connectedness in other polyhedral graphs
beyond the studied families.

e Investigate algorithmic methods for efficiently computing detour indices in large-scale
applications.

e Explore potential connections between Hamilton-connected convex polytopes and spectral graph
theory.

e Develop computational tools to automate the detection of Hamilton-connected properties in graph
representations of polytopes.

e Study the implications of Hamilton-connectedness in higher-dimensional convex polytopes and
their applications in optimization and network design.
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