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Abstract: Recently, probabilistic versions of certain special polynomials have been introduced,
leading to the discovery of many interesting properties of these polynomials by many researchers. In
this paper, we define the probabilistic degenerate Daehee polynomials, denoted by D,{ (%), and explore
their properties along with several notable identities. We demonstrate that D}Z ,(x) and related special
numbers can be expressed in terms of (degenerate) Stirling numbers of the first and second kinds, as
well as falling factorial sequences.
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1. Introduction

The significance of special functions—such as Bernoulli polynomials, Euler polynomials, Hermite
polynomials, the Gamma function, and others—cannot be overstated, as they play a central role in pure
and applied mathematics, combinatorics, economics, engineering, mathematical physics, and related
fields (see [1-3]). One notable example of such special polynomials is the Daehee polynomials, which
are defined by the generating function

RE = YD, Gee 43D

When x = 0, the value D, = D,(0) is known as the Daehee numbers.
Daehee polynomials are actively studied by many researchers, and their extensions are actively
introduced. In [6], Kim et al. introduced the higher-order Daehee polynomials and numbers of
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the first kind and derived some interesting identities from umbral calculus. Park [7] defined the
twisted Daehee polynomials with g-parameter by using p-adic invariant integral, and Cho et al. [8]
extended these polynomials to the higher-order g-Daehee polynomials by using p-adic g-integral on
Z,. Simsek [9] introduced lambda-Daehee polynomials, a generalization of Daehee polynomials,
and found some interesting formulas and generating functions, including the Stirling number, falling
factorial sequence, and more, see [10]. In [11], Do and Lim defined the (A, g)-Daehee polynomials, and
Simsek and Ahmet [12] investigated applications on the Apostol—Daehee numbers by using classical
techniques of p-adic theory. Lim [13] found a differential equation satisfied by the generating function
of these polynomials and derived some interesting identities. Yun and Park defined the degenerate
poly-Daehee polynomials arising from A-umbral calculus [14], and Kim and Dolgy introduced the
degenerate Catalan—Daehee polynomials of order r by using degenerate umbral calculus [15].

For n, k € NU{0} with n > k, the Stirling numbers of the first kind and second kind, denoted S |(n, k),
S,(n, k), respectively, are defined by the following generating functions:

1 o L o !
- (log(1+ 1) = ;Sl(l, k)%, and - (¢/ = 1) = ;Sz(z, k)%, (see [2]). (1.1)

For a given A € R — {0}, the degenerate exponential function is defined by Carlitz [16] to be
i) = (1+ A7, and ey (1) = (1 + )1 . (1.2)

By using the degenerate exponential function, Kim et al. [17, 18] defined the degenerate Stirling
numbers of the first kind and the second kind S | ,(n, k) and S, ,(n, k), respectively, defined as follows:

1 PN " 1 LN %
7 (log, (1 +0)" = ;SI,/I(”, k). and = (ex(®) - 1) = ZSz,a(n,k)a, (1.3)

where log () is the compositional inverse of e,(¢) such that e, (log,(¢)) = log, (e,(?)) = t..
The degenerate Daehee polynomials were introduced by Kim et al. [5] to be

P04y —ZD,M(x)— (1.4)

In the special case x = 0, D, , = D, 4(0) are called the degenerate Daehee numbers.
By replacing 7 by e,(t) — 1 in (1.4), we obtain the degenerate Bernoulli polynomials as follows:

t x . > tn
e Z; Ba(x) . (see [5, 16, 19))

In the special case of x = 0, B, , = B, 1(0) are called the degenerate Bernoulli numbers.
The degenerate Bernoulli polynomials of the second kind of order r € R are defined as follows:

4 ' x (r s
(m) (1+1) —;ﬁnl(x) . (see [16]). (1.5)

When x = 0, ,B(r) ,BZ)A(O) are called the degenerate Bernoulli numbers of the second kind of order r.
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Let Y be a random variable with the moment generating function of Y,

Z E Y” —, (J#] < r) exists for some r > 0, (see [20,21]). (1.6)
n=0

Note that if Y = 1, then E [eY’] =¢.
As the generalization of the Stirling numbers of the first and the second kind, the probabilistic

Stirling numbers of the first and the second kind associated with random variable Y, which were defined
by Adell in [20,21], are defined as follows:

kl (log E[e" Z( 181 (n, k) kl,( e"| —1 Zs (n, k) : (1.7)

n=

In the special case Y = 1, ST(I,k) = S 1(n, k) and S (1, k) = S»(n, k).
In the viewpoint of (1.6), T. Kim and D. S. Kim [22] defined the probabilistic degenerate Bell
polynomials associated with random variable Y as follows,

ZBel A(x) —ex(E[ 10]-1),

n=0

and found some interesting identities for those polynomials and their relationship to various special
polynomials, such as probabilistic Stirling numbers, partial Bell polynomials, and others (see [22]).
Moreover, T. Kim and D. S. Kim [23] defined the probabilistic Bernoulli and Euler polynomials BY (x)
and EY(x), respectively, to be

! vi]\* _ N Y "
—E o ZB (x)— and ——— Tl y,] o (e[e”]) = Z:(;E ().
In [24], Luo et al. defined the probabilistic degenerate Bernoulli numbers associated with random

variable Y as follows:

0o

t I
———— = B’ —. (1.8)
Elef] -1 Z_(; “n!

In the special case of Y = 1, B, ; = B,{ , are the degenerate Bernoulli numbers.

Recently, probabilistic versions of various special functions have been defined and their properties
and applications are being actively studied by many researchers (see [22-26]). In particular, Kim
et al. [26] defined the probabilistic degenerate Stirling numbers of the second kind as follows:

kl!( lef] - 1) ZS”(nk)

In this paper, we define probabilistic degenerate Daehee polynomials, a probabilistic approach to
degenerate Daehee polynomials, and investigate properties of those polynomials and derive some
interesting identities. Moreover, we show that the probabilistic degenerate Daehee polynomials are
closely related to the (degenerate) Stirling numbers of the first and the second kind, rising factorial
sequences and binomial coefficients, higher order degenerate Bernoulli polynomials of the second
kind, and degenerate Bernoulli polynomials when Y is a specific random variable.
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2. Probabilistic degenerate Daehee polynomials
Let (Y j)jeN be the sequence of mutually independent copies of the random variable Y, and let
So0=0,8S:=Y+Yr,+---+Y;, ke N.

In the viewpoint of (1.8), we define the probabilistic degenerate Daehee polynomials by the
generating function to be

log,(1 + 1)

t (E[e" o)) ZD ﬂ(x)—. 2.1)

Note that if we put ¥ = 1 and 1 — 0, then D (x) = D,(x).
Since

(E[eYlogﬂ(lﬂ‘)]) (E[ Y10g1(1+t)] 1+ 1)

(o)

Z Ylog/l(1+t)] _ 1)"

n=0

= o (2.2)
= () Z sy, n)  (log,(1+ 1))
n=0 =n
Z(ZZS (n=r,n = DS 1 a(n,n = r)(x),- 1)
n=0 \ /=0 r=0
by (2.1), we obtain
log,(1 +1) ¥1 x
E 0g,(1+1)
12D (g o)
oo oo n [ n
:(Z ) DY ST == DS a0 n = N ] 23)
n=0 n=0 [=0 r=0
00 n m 1 n y "
=100 0 JsEon = rom =S atm,m = P)Dy it |
n=0 \m=0 [=0 r=0 m n:
where (x)) = 1 and (x), = x(x = 1)---(x — (n — 1)), n > 1 are the falling factorial sequences.
Moreover,
t - " = TR 1"
- - DY R — DY s
log,(1+1) Z(; L [Z;'B A”’)[Z; "’A(x)”‘) (2.4)

0 n n P
= Z ( (m)ﬁmJDr}:—m,/l(x)] ;
n=0 \m=0 '

By (2.2), (2.3), and (2.7), we obtain the following theorem.
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Theorem 2.1. For each n € N U {0}, we have

n m l
n
Dr);/l('x) = Z ( )Sg(m —rm-— l)S l,ﬂ(m’ m — r)Dn—m,/l(x)m—l

m=0 [=0 r=0 m
and
n n 1
n
(m)ﬁm,ﬂD:_m,ﬁ(x) = >3 SY = rn=DS 11,1 = )@
m=0 =0 r=0
Since
Y "o N Y "
t Z:; D) = Z‘ nD,_y /() (2.5)
by (2.2), we obtain
log, (1 + 1) (E [ 2+ ])°
00 o n 1
" ”
= (A= Dy —)( Syn—r,n—=DS (n,n— ”)(X)n—z—]
(; n! nZ:o: =0 r=0 n! (2.6)
00 n m ] n m
=2 (Z > 2 ()sn o = S = 1) A= Dy |
=l \m=0 =0 r=0 V1! n.

By (2.5) and (2.6), we obtain the following corollary.

Corollary 2.2. For eachn € N, we have

m=0 [=0 r=0 m

nom 1
DIENOEDY (”)SZY (m = r.m = DS 1 4(m,m = YA = Doyt (Dt

Replacing 7 by e,(¢) — 1 in (2.1), we obtain

00 ln 0 n tn
= (Z; B,Ma] (Z (OS5 (n, m)ﬁ) 2.7)

(I", m)Bn—r,/l(x)m) t_',
n.

Il
Nk
—
N
~
o
—_
S S
~———
9%)
N~

and

oo 1 d o0 1> (X n
Z(; D)~ (ea(t) = 1) = Z; DY (%) ,Z‘ Saall, n)% =) (Z S2a(n, m)D,fM(x)] % 2.8)

n=0 \m=0

By (2.7) and (2.8), we obtain the following theorem.
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Theorem 2.3. For each n € N U {0}, we have

> S24(n,mD}, () = (’r’)si (7, By

m=0 r=0 m=0
If we take 4 — 0 in (1.8), we obtain

[Se]

en o= Bl (2.9)

n=0
and so, by replacing ¢ by log,(1 + ¢) in (2.9), we have
log,(1 +1) Sy
Fierre ] 1 Z(;B — (log,(1 + )" = Z(; Z;)BmSu(n m)—. (2.10)
Note that
m Ylog,(1+1) ml _
Z (E [emog/l(m)])” :(E [e l ]) 1
oy E [eYlogA(Ht)] -1
2
_1 log,(1+9) t log,(1+1) ((E [eY1og,1(1+z)])m“ _ 1)
t E [e¥1o20+0] — 1 \log, (1 + 1) t
RS f
g S s S
t”l
X[ ﬂ(m+1)—DM)—] (2.11)
" "/ n!
o) a a v (2) v l-"_l
=> Z JS 1ab.mBIBY, (D) am+ 1) = Dyoa)
| a=o ’ /] n!
n=1 \a=0 b=0 0
_ i ("“ : Zb: n+ 1)( ) b, mBBY,
n= a=0 b=0 m=0 n+l
Y "
X (D et am+ 1) = Dygra) |
and

C E Snlog,(1+1)

Z e |

= Z Z E[(S)" % (log,(1 +1))" (2.12)
n=0 a=0 ’

i Y is W(n,b)E [(Su)”]]

n=0 \b=0 a=0

By (2.11) and (2.12), we obtain the following theorem.
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Theorem 2.4. For each n € N U {0}, we have

n+l a b

(2)
S5 mhE[S)] = Y > (” ’ 1)( )S‘ OB n (o D= D).

b=0 a=0 a=0 b=0 m=0 n+l

Let Y be a uniform distribution on [0, 1], which is a continuous random variable on [0, 1], denoted
by Y ~ U(0, 1) with probability density function

fO)=1,0<y<1,f (see[25,27]).
Then

elogﬁ(1+t) _

1
E[eYlogA(lw)] — f eylogd(]+t)dy — om0 7D ,
0 A

Let m € N. By (2.13), we obtain

(see [25,27]). (2.13)

10g/1(l1 +1) (E [emogﬂ(m)])m

_log (1 +1) [eloa+) — 1\"
B t log, (1 +£)

_1 1-m 1 log, (1+1) mn
== (log,(1 +1) m%(eg - 1)

1 ! .
- Z Sa(lm) T (log, (1 +0) ™"
' (2.14)

r=l+1-m

:—ZSQ(lm)( 3 Z Su(rl+1—m)—
SR l-r+m+1 1
IZ Z Syl ~r+m, m)wsu(u— r+ o
(S U=r+m+2)Sy(i—r+m+1mSl+11-r+2)| 7
;‘ Z (L+ (") T

1 r

By (2.14), we obtain the following theorem.

Theorem 2.5. Let Y ~ U(0, 1) be the uniform distribution, and let m € N. For each n € N U {0}, we
have
I+1

UI=r+m+2)S(l-r+m+1,mS(l+1,l-r+2)
/l(m) Z (l+ 1)(l—r+m+2) :

Let Y be the binomial distribution with parameter m and p. The probability density function of Y is

f) = (?)pya — P, (see [25,27)),

AIMS Mathematics Volume 10, Issue 5, 12286-12298.
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and thus

m

E [eYlog/{(Ht)] _ Z eylog4(1+t)(l;1)py(1 —p)n = (p (elog4(1+t) _ 1) n 1)'"_ (2.15)

y=0

By (2.15), we obtain

loga(tl +1) (E [enogﬂ(m)])x
:log/l(tl +1) (p (elog/l(1+t) _ 1) " l)m"

_log,(1+1) = N R n
LD S, pp b e

1o RS 1
== ;(mx)np ZZ Sa(l,my; (log,(1 + )™

| & o o - (2.16)
== D m0up" Y (4 DSa(ln) Y S1a(nl+ D
n=0 I=n r=I+1
n—1

(MX)yp(n—r+ DSy(n—r,n—=DS  (n,n—r+1)

M=
MN

|
] n.

S
1l
—_
~
Il

r

N
JLIREN
~

(n—r+2)(mx)y—ps1 p" !

n+1

(=]

=

—_
—_

n= r=

n

t
XSom—r+1,n=101+1)S,(n+ 1,n—r+2)—'.
n!

By (2.16), we obtain the following theorem.

Theorem 2.6. Let Y be the binomial distribution with parameters m and p. For each n € N U {0}, we

have
n+l 1
(n—r+2)p*
Dl (x) =
na() ; ; n+1
XSon—r+1,n=101+1DS 1 (n+1,n—r+2)(mx),_1+1.
In particular,

n+l [

(n+ DD, (1) =) > (=1 +2)p" " )

=1 r=1
XSon—r+1L,n=1+1DS(n+1,n—r+2).

Let Y be the Bernoulli random variable with the success possibility p. The probability density
function of Y is

fO) =p’(1=p)'7, (see [25,27)),
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and so

E Ylog/l(1+t) ey10g4(1+t) p)l_y =p (elOg’l(lH) - 1) + 1. 2.17)

ye{0,1}

By (2.17), we obtain

loga(tl +1) (E [emogﬂ(m)])x
:logﬂ(tl +1) (p (610g4(1+t) _ 1) i l)x

Clog,(1+1) N n
LD S L )

- Z(x)np Z(z + DS 1), (log, (1 + )"

(2.18)

r=I+1
n l n—1

ZZZ@—H Dp"'S2(n = r,n = DS 1 a(nyn — 1+ D) —

n

XSom—r+1,n=01+DS(n+1,n—=71+2)(X)p-141 -
n!

By (2.18), we obtain the following theorem.

Theorem 2.7. Let Y be the binomial distribution with parameter m and p. For each n € N U {0}, we
have

n+l

(n—r+2)p*
D’I:/l(x) B Z Z n+1

=1 r=1
XSon—r+1L,n=1+DS 1 (n+1,n—71r+2)(X)p-141-

Let Y be the Poisson random variable with parameter @ > 0. The probability density function of
Yis

—ay
f) = , (see [27]),
and so
0o ~ o log,(1+0) )
@y ae
E [eYlogA(IH)] — Z eylogﬁ(lﬂ)e 'CY —e@ Z ( ‘ ) — e(x(elogﬂ”’)—l). (219)
y=0 Y y=0 y:
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By (2.19), we obtain

log,(1 + 1) 71 x
E og,(1+1)
———(E[e"u])
zlogl(l +1) eax(elcgll(l+t)_l)

t
_log,(1+1) O log, (1+1) "
= Z(; 1% x"; (e - 1)

1 +
= Z 'y Z(z + 1)S(, n) 1)' (log (1 + )"

P 2.20
a"x" Z(Z + DS (220)

n=0 I=n r=l+1

Mg

n n—l

Za/" ‘n—r+1DSy(n—r,n—D0S(n, n—r+1)x”_

r=

1 1

S
1l
—_

+._.

n

"Mn—r+2)

n+1

S
I
(=]

=1 r=1

tn
XSonm—r+1Ln=101+1)S,(n+ 1,n—r+2)xn—l+1)_‘.
n!

By (2.20), we obtain the following theorem.

Theorem 2.8. Let Y be the Poisson random variable with parameter a > 0. For each n € N U {0}, we

have
ntl 1o a4
a n—r+2)
D! \(x) =
na(%) ; ; n+1
XSom—r+1,n—1+ 1S (n+1,n—r+2)x ",
In particular

n+1

(n+1)DYA(1)—ZZa/”l” —r+2)Ss(n—r+Ln—1+DS(n+1,n—r+2).
=1 r=1

Let Y be the gamma random variable with parameters @, 8 with probability density function

o] B 20
0, ify <0,

and denoted by Y ~ I'(a, ) (see [23,25,27]).
LetY ~T'(1,1). Then

00 l
Ylog,(1+n] _ log,(1+1) -
E[e ] = fo e edy [—log,(1+0)° (2.21)
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and thus, by (2.21), we obtain

log,(1 + 1)

t
_logd(l +1)
B t

(E [emogﬂ(m)])x
(1 -Tlog,(1+0)™"

_1 C 1 n+1
== ;(n +1) < x>, rEe (log (1 + 1))

l — = t (2.22)

== D+ D <>, Y Suln+ Dy
n=0 I=n+1

n tn—l

Dn—l+1)<x >, Sialmn—1+)—

n.

=1

n+1

Z(n—l+2)<x>n_1+1Su(n+1,n—l+2) "
n+1 n!’

D 1M

Il
(=]

n =1

where < x >p=land < x >,= x(x+ 1)---(x — (n — 1)), n > 1 are the rising factorial sequences.
By (2.22), we obtain the following theorem.

Theorem 2.9. Let Y ~ I'(1,1) be the gamma random variable with parameters 1 and 1. For each
n € N U {0}, we have

n+l
-1+2 Ln—1+2
PRCED Yt L
’ — n+1

In particular,
n+l

(n+ DY ,(1) = > S+ Ln—1+2)(n—1+2)L.

=1

3. Conclusions

Special polynomials play a significant role in various fields, including pure and applied
mathematics, engineering, economics, and mathematical physics. In particular, the Daehee
polynomials and numbers, introduced by T. Kim, have been shown to be closely related to many
special polynomials and numbers, and their applications have been extensively studied.

In this paper, we introduce probabilistic degenerate Daehee polynomials, a probabilistic analogue
of the classical Daehee polynomials, and investigate their properties by deriving various new and
interesting identities. We show that these polynomials are closely related to the (degenerate) Stirling
numbers of the first and second kinds, rising factorial sequences, higher-order degenerate Bernoulli
polynomials of the second kind, and degenerate Bernoulli polynomials.

As further research, we believe that if the useful tools used in this paper are applied to the expansion
of various special functions, such as poly-Daehee polynomials using polyexponential functions, new
and interesting identities can be found.
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