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Abstract: Normal matrices are an important class of matrices; many authors discuss the normality
of matrices. In terms of projection matrices, the inverse of matrices, one-sided X-equality, and X-
idempotency of matrices, many new characterizations of normal matrices are obtained in this paper. It
may be the first time that the projection, one-sided X-equality, and one-sided X-idempotency are used
to characterize the normality of matrices.
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1. Introduction and Preliminaries

In this paper, the matrices that we consider are all n X n complex matrices, and we denote the set of
all n X n matrices over the complex number field C by C™". Let A € C™"; then there always exists a
matrix B € C™ such that

A=ABA, B=BAB, (AB)Y =AB and (BA)" = BA,

where A" denotes the conjugate transpose matrix of A. The matrix B is called the Moore—Penrose
inverse matrix of A, which is uniquely determined and is denoted by A" [1-3].
The matrix A is said to be group invertible if there is a matrix B € C™" such that

A=ABA, B=BAB and AB = BA.

The matrix B is called the group inverse matrix of A. If it exists, then it is unique [4] and is always
denoted by A*.

We use G,(C) to denote the set of all group invertible matrices in C™". It is well known that
A € G,(C) if and only if rank(A) = rank(A?). Hence, for any A € C™", AA” AHA, and A + A" are all
group invertible matrices.
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A € G,(C) is called an EP matrix if A* = A", It is known that A is EP if and only if AAT = ATA [2].
For the study of EP matrices, we can also refer to [5]. And A is called a normal matrix if AA = AAH,
In [6], it gives some counterexamples on normal matrices. In recent years, the normality of matrices
was wildly studied. For example, in [7, Theorem 5.1], it is shown that A € G,(C) is normal if and only
if the equation

AX(AHH = ATAAH

is consistent and the general solution is given by
X=A"+U-ATAUA'A, where U e C"™".
In [8, Theorem 3.1], it is proved that A € G,(C) is normal if and only if the equation
XA*AT = AP AT X

has at least one solution in {A, A* AT, A" (A", (A*)H}. For the studies of normality in a ring with
involution, the readers can refer to [2,5,9-11].

Let A, B and C € C™". Recall that A is said to be a projection if A> = A = A¥. Clearly, A is a
projection if and only if A = AA¥ or A = A”Aalways [12]. B and C are called left (right) A-equality
if AB = AC (BA = CA). A is called left (right) B-idempotent if A> = BA (A?> = AB). Clearly, A is left
and right A-idempotent. And A is an idempotent matrix if and only if A is left 2A-E,-idempotent.

In [13], using the projections, many characterizations of EP elements were founded. Utilizing
the generalized inverse of matrices to construct the inverse matrices of related matrices, the authors
provide some characterizations of normal matrices in [7]. Inspired by these, we use the projection, the
generalized inverse, one-sided X-equality, and X-idempotency of matrices to investigate the normality
of the group invertible matrices. It seems to be the first time that the projection, one-sided X-equality,
and one-sided X-idempotency are used to characterize the normality of matrices.

This paper is organized as follows: in terms of projections, many new and interesting
characterizations of normal matrices are obtained in Section 2. In Section 3, we characterize normal
matrices by constructing the inverse of the product of some matrices. In Sections 4 and 5, utilizing
one-sided A-equalitivity and one-sided X-idempotency, we give some properties and characterizations
of normal matrices. We conclude in Section 6.

2. Using projections to characterize normal matrices

We begin with the following lemma, which appears in [8, Lemma 2.6].
Lemma 2.1. Let A € G,(C). Then A is normal if and only if (AN7A*AH = AT,
Lemma 2.2. Let A € G,(C). Then A is a projection if and only if A = AA".

Proof. Necessity. If A is a projection, then A> = A = A and it follows that A = A? = A”A and
AAT = AHAAT = AF.

Sufficiency. Suppose that A = AA". Then A = (AA")? = AA" = A" and so A? = (AAT)? = AAT =
A. Hence A is a projection. O
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From Lemma 2.1, one knows that if A is normal, then (A")?A*A¥A = A"A is a projection. Using
Lemma 2.2, we can obtain

(ANHTATATA(ATYTAPARA)T = (AN ATAT A,
This implies (AN)7A*ATA)T = A*(ATYTAAHATA(A*)H AT, if A is normal. The following lemma points
out exactly what ((A")7A*A"A)" is for any A € G,(C).

Lemma 2.3. Let A € G,(C). Then
(1) (ANHAPAHA)Y = AT(AMHATA2AH,
(2) (ANHTA*APYT = (ATHAAT.
(3) (AHTAATYT = (ANHHAZATAHATA.
(4) ((A#)HA#AH)# (A#)HATA3ATAH

Proof. It is routine, we omit the proof. O

Theorem 2.1. Let A € G,(C). Then the following statements are equivalent:
(1) A is normal;
(2) (ANHHAAH = A;
() (AHTAAAT is a projection;
4) (ANHTAATA* is a projection.

Proof. (1)=(2). Since A is normal, by Lemma 2.1, (A")”A*A” = A", It follows from Lemma 2.3 that
A = (AHTATATY = (AT AAY.
(2)=3). If A = (ANHPAAY  then
A’AT = (ANFAARAAT = (AN AAY = A.
Hence by [5, Theorem 1.2.1], A is EP and
AHTAATAT = (ANHHAATAT = AAT

is a projection.
(3)=(4). Under the assumption, one obtains

(AHTAARAT = (AHTAATATHT = (ATYTAAH AP,

Hence (A")?AA" A* is a projection.
(4)=(1). Assuming that (A")? AA" A* is a projection, then

(ANTAATA" = (ATTAATA®Y, 2.1
and
(ANFAATA* = (ANHFAATAHT = (AHTAARAT. (2.2)
Multiplying (2.2) on the right by AA", one has
(ANTAATA* = (ANHTAATATAAT. (2.3)
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Multiplying (2.3) on the left by (A")?A*AH one yields
A" = ATAAT

Hence, by [5, Theorem 1.2.1], A is EP, which induces A*A = AA". Now multiplying (2.1) on the left
by (ANA*AH | one obtains
A* = AFAHF AL AY
and
A = AATA = AAPATYTAATAMA = (AT AAT.
It follows from Lemma 2.3 that
A" = (AHTAAT)T = (ATHA*AT.
By Lemma 2.1, A is normal. O

Example 2.1. Let

1 1
;7 2 0
A= 1 1 0],
0 0 i
35 0
then A is normal and A" = A*=| 1 1 0 [ Hence
0 0 —i
v (13O0 0 (330
AN7AAT =13 53 0l 5 5 05 5 0 =135 35 0f=A4A
00 iJ)loo i)J)lo o —i 00 i
and 1 1 1 1 1 1
Ll oyt 1 g 119
AHTAARAT = (AHTAATAY = ii0 %%0 = ii0
() _() -1 2 2 2 2 -1 2 2
00 ij)lo 0 —i 00 1

is a projection.

Theorem 2.2. Let A € G,(C). Then the following statements are equivalent:
(1) A is normal;
(2) (AN A*AH A is a projection;
(3) AT(ANYTAAM is a projection.

Proof. (1)=(2). Assume that A is normal. Then (A")?A*A# = A" by Lemma 2.1. It follows
that (A")A*A#A = ATA is a projection.
(2)=(3). The projectivity of (A")7A*A”A implies

ANTA*ATA = (AHTATATA(ATYTA* AT AT = (ANHHTAPATAATAAAT.
Multiplying the equality on the left by (A")#? AA" one gets
A = AATAANTAT.
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This gives
A’AT = AATAAHTATAAT = AARAAHIAT = A.
Hence A is EP [5, Theorem 1.2.1], which induces
ATA = ATAARAAHAT = AHAAHHAT.
Applying the involution, one has
ATA = (ANHFATAHA
and
AT = ATAAT = (ANHTA*ATAAT = (ATTA*AH,
Therefore,
ATANTAAY = (ANHFAPATYANHTAAT = (ANHTAPATA?AT = (AT A*AAY = AAT

is a projection.
(3)=(1). Using the projectivity of AT(AT)? AA¥ one obtains

AT(AT)HAAH — (AT(AT)HAAH)H(AT(AT)HAAH) — AAHAT(AT)HAT(AT)HAAH,
Multiplying the equality on the right by (AT)?A*AH one gets
A" = AATAT (AT AT

and
AT = ATAAT = AATAT(ANHTATAAY = AAPAT.
Hence A is normal by [5, Theorem 1.3.2]. O

I 11
A=10 0 0],
00O

then A is not normal; A is group invertible with A* = A and

1100
Af==l1 0 0.

1 00

Example 2.2. Let

Hence both

111
(AT)HA#AHA:[O 0 o]
000
and
1[1 0 OJ
ATAHTAAT == 1 0 0
3110 0

are not projections.
From Lemma 2.2, we know that A is a projection matrix if and only if A? is a projection matrix.
Hence, we can obtain the following corollary.
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Corollary 2.1. Let A € G,(C). Then the following statements are equivalent:
(1) A is normal;
(2) AHA(AMHT AT is a projection;
(3) AAHAT(ANY is a projection.

3. The representation form of the inverses of matrices and normal matrices

According to [5, Lemmas 1.3.2 and 1.3.3], A is normal if and only if A is EP and ATA” = AfAT,
Using the representation of the Moore-Penrose inverse of the product of generalized inverse elements,
we can get the following conclusion.

Theorem 3.1. Let A € G,(C). Then A is a normal matrix if and only if
((A#)HA#AH)T _ (A%)HAzAHAT_
Proof. Necessity. Suppose that A is normal. Then A is EP and A'A” = A¥AT. By Lemma 2.3,
(AHTAFATT = (AHTATATATATA = (ANPAPATATATA = (AT)PAPARAT.
Sufficiency. Using the hypothesis and Lemma 2.3, one yields
(ANTAPATAT = (AHTAATATATA.
Multiplying the equality on the left by ATA*A# one obtains
ATAT = ATATATA = (ATAMATA)ATA = ATATATA.

It follows that
AT = (AHIATAT = (AHHAHATATA = ATATA.

Hence, A is EP, which infers
APAT = ATATATA = ATAY.

Thus, A is normal. ad

Corollary 3.1. Let A € G,(C). Then A is a normal matrix if and only if
((A#)HA#AH)# — (A?)HAZAHAT.

Proof. Necessity. Assume that A is normal. Then A is EP and ATA¥ = AYAT. By Lemma 2.1,
(AHPA*A" = AT, Then

(AHTATAT = (ANTATATY = (ATY' = (A" = A
Hence, by Theorem 2.4,
(AHTAFARYE = (AT AAT = (ATTAATAT = (ATPAPAPAT.
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Sufficiency. From the assumption and Lemma 2.3, one yields
(ANTAAYAT = (AHTATAPATAT = (ATAA"Y)ATA’ATAY = ATAATY"APAP AT,
By [14, Lemma 2.11], one gets
(ANHA2AT = ATA(ATYEA%AH,

Multiplying the equality on the right by (A")?A*A*, one has

(AN = ATAADH!.
So AT = ATAA, this implies A is EP. It follows from Lemma 2.3 that

(AT)HAZAHAT _ ((A#)HA#AH)# _ (A#)HATA3ATAH
— (AHTAAT = (AHYTA*AH)T = (AHHT A* AT,

By Theorem 2.4, A is normal. O
It is well known that for a group invertible matrix A, A + E, — AA* is invertible and

(A+E,-AAY' = A"+ E, - AA".
In [7, Theorem 4.2], it is proved that a group invertible matrix A is normal if and only if
(AATANHE + E, - AAT ' = AATAT + E, — AAT.

In the following, we shall characterize normal matrices by using (AA*) to construct invertible
matrices. Noting that ((A*)7A*AH)((A*)A*AH)* = AA* by Lemma 2.3, we can get

Theorem 3.2. Let A € G,(C). Then A is normal if and only if (AHA*AY + E, — (AAHH is invertible
with
(AHPA*AT + E, — (AAHD) ™ = (ANHA?ARAT + E, — (AAH.

Corollary 3.2. Let A € G,(C). Then A is normal if and only if
(ANTA*AT + E, — AAT) ' = (ANTA’ATAT + E, - AAT

Proof. Necessity. Since A is normal, (AA*)? = AA* = AA". By Theorem 3.3, we are done.
Sufficiency. Using the assumption, one has

E, = (AYIA'A" + E, — AAN(ANHA’AYAT + E, — AAT)
= (AHIAPATANHYIA’ARAT + E, — AAT.

This gives
(AHTAATAT = AAT.

By Theorem 3.4, A is normal. O
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Corollary 3.3. Let A € G,,(C). Then A is normal if and only if
(AMIA*AT + E, — ATA) ! = (AIA2AHAT + E, - ATA.

Proof. Necessity. It follows from Corollary 3.4 and the fact that AAT = ATA.
Sufficiency. Under the assumption, one obtains

E, = (ANIA’ARAT + E, — AADY(AHPA*AY + E, — AAT)
= (ANHTAZARAT (AN AP AT + E, - ATA.
This induces
ATA = (ANHTAZATATAHTAPAT = (ATYTACARAT(AMTAPARAAT = ATAAAT.

Hence A is EP, which infers AA = AA™. By Corollary 3.4, A is normal. O
In [8, Theorem 4.3], it is shown that a group invertible matrix A is normal if and only if

A*AT X = XTAATH

for some X € {A", A, (A*)}. This inspired us to consider the Moore—Penrose inverse; we have the
following theorem.

Theorem 3.3. Let A € G,(C). Then A is a normal matrix if and only if
(AHTATX)" = XTA2A AT

for some X € {A, A*, AT, AT (AHH (ANHH),
Proof. Necessity. It is an immediate corollary of Theorem 3.1.

Sufficiency. (1) If X = A, then ((AH)7A*A)" = ATA2ATAT,

Noting that ((A*)”A*A)" = ATA2ATA# ATA. Then one obtains

ATAATAT = ATAPATAT ATA.
Multiplying the equality on the left by (AT)?A#, one yields
AATAT = (ANHHATATATA = (ANHTATATATA)ATA = AATATATA

and so
ATAT = ATATATA.

By [14, Corollary 2.10], A" = ATATA. Hence A is EP, which gives
AT = AATAT = (ANHHATAHATA = (ATHHATAH

and
ATAT = AATYTATAT = ATAH.

Hence A is normal.
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(2) If X = A*, then
((A#)HA#A#)T — (A#)?AZAHAT — ATA4AHAT,

Since (AH)7A*A*)" = ATA*ATAPATA, one obtains
ATATATAT = ATA'ATAPATA,
Multiplying the equality on the left by (A")"(A*)?, one gets
AATAT = (ANHHATARATA.

By the proof of (1), one obtains that A is normal.
(3)If X = A7, then

APATAEATA = (AHFATATYT = (AT)TAZAHAT = APATAT,
Multiplying the equality on the left by ATA*, one has
ATAZATATATA = ATAZAPA.

By the proof of (1), A is normal.
(4) If X = A" then A is normal by Theorem 3.1.
(5) If X = (A")", then

ATAZATATATA = (AHT AR AN = (ANHT)TA?ATAT = AHAZAHAT,
Multiplying the equality on the left by AT(A™)#, one obtains
ATAATATATA = ATA2ABAT,

By (1), A is normal.
(6) If X = (A*)# then

AATARATAPATARATA = (AHP AR (AH)T = (AHT)TA2ARAT = AATATATAPARAT,
Multiplying the equality on the left by ATAA*(A*)T, one has
ATAZATARATA = ATA2ARAT,
Hence A is normal by (1). O

4. Using one-sided equalities to characterize normal matrices

From Lemma 2.2, one knows that A € C™" is a projection if and only if ATA and (AT)? are right
A-equality.
From Lemma 2.1 and Theorem 2.4, we have
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Theorem 4.1. Let A € G,(C). Then the following statements are equivalent:
(1) A is normal;
(2) (ANHHA*, AT(ANY are right A" —equality;
(3) AT(ANHAAR, ATA are left A-equality.

Lemma 4.1. Let B and C be right A-equality. Then B* and BC are right A-equality.
Proof. 1t is clear. m|
Lemma 4.2. Let A € G,(C). Then A is normal if and only if (ANH7A* = AT(AHH.

Proof. Necessity. Suppose that A is normal. Then (A")?A*A" = AT by Lemma 2.1, it follows
that (ANHA* = (ANHTA*ATA = (ANHTAPAH (AT = AT(AT.
Sufficiency. Applying the condition *(A")?A* = AT(A"), one obtains
(ANHATAH = AT(AHTAT = AT,
By Lemma 2.1, A is normal. O

Theorem 4.2. Let A € G,(C). Then A is normal if and only if both (A"?A*)? and AT(AT)H (A7) A*
are right A" -equality.

Proof. Necessity. Under the assumption, (A")7A*, AT(A")? are right A”-equality by Theorem 4.1, and
at once, ((ANPA"? (ANTA*AT(AT are right Af-equality by Lemma 4.2. Hence
((ANHA*)?, AT(ATY(AT)H A* are right A-equality by Lemma 4.3.

Sufficiency. From the hypothesis, one gets

ANHTA*ANHIATAT = ATATH(ATTATAT. 4.1)
Multiplying (4.1) on the right by (A")Y AA¥ A, one obtains
(AN = AT(AT)"A
and
(ANAA* = AT(AHTAA" = AT(ADE.

By Lemma 4.3, A is normal. O

Observing the formula (4.1), we have the following result.

Corollary 4.1. Let A € G,(C). Then A is normal if and only if both (A" A* and AT(ANY are
right (AYTA*A" _equality.

Noting that
A*ATA = A% (ANDATA = (AN, AARADHH = (AN, AAT(AHT = (AN,
Then Corollary 4.5 induces

Corollary 4.2. Let A € G,(C). Then the following statements are equivalent:
(1) A is normal;
(2) (ANTA*A* and AT(ANHYIA* are right ACANTA* AT -equality;
() (AHIA*A and AT(AN) A are right A*(ANYA*AH -equality;
4) (AN A*A* and AT(AN)A* are right A(AN)A* A -equality.
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5. Using one-sided idempotents to characterize normal matrices

Theorem 5.1. Let A € G,(C). Then A is normal if and only if (AT AA™ is right A-idempotent.

Proof. Necessity. Since A is normal, (A")?AA” = A by Theorem 2.4. Hence (A")?AA" is right
A-idempotent.
Sufficiency. Applying the assumption, one yields

ANTAAT AT AAT = (ATTAATA.
Multiplying the equality on the left by ATAA*A | one has
ATANHTAAT = AP A,
ie., ATA’A" = AHA. Tt follows that
A=(ANIATA = (ATHTATAZAT = (AT AA",
Hence, A is normal by Theorem 2.4. O

Theorem 5.2. Let A € G,(C). Then A is normal if and only if (A*)? AA™ is left A-idempotent.

Proof. Necessity. Assume that A is normal. Then A" = A* and, by Theorem 2.4, (A")7AA" = A. Tt
follows that (A")?AA® = A. Hence (A*)”AA¥ is left A-idempotent.
Sufficiency. Applying the condition, one obtains

(AHTAATAHTAAT = A(A")TAAT.
Multiplying the equality on the right by (AT)?ATAATA, one obtains
(AHTAATATA = A
and
ATA® = ATA(AHTAATATA = (AHTAATATA = A.
Hence A is EP, which leads to A = (A*)7AA”ATA = (A AA". By Theorem 2.4, A is normal. |
Corollary 5.1. Let A € G,(C). Then A is normal if and only if A — (A*)H AA™ is right A-idempotent.

Proof. It follows from Theorem 5.2 and the fact: C is left D-idempotent if and only if D — C is right
D-idempotent. O

It is easy to see that C is right D-idempotent if and only if C, D are left C-equality. Hence
Theorem 5.1 induces the following results.

Corollary 5.2. Let A € G,(C). Then A is normal if and only if both (AN AA" and A are left (AT)TAA"-
equality.

Corollary 5.3. Let A € G,(C). Then A is normal if and only if both (A"N?AA" + E, — AAT and
A+ E, — AA" are left (AN AA! -equality.

Theorem 5.3. Let A € G,(C). Then A is normal if and only if (AAHHA is left (ATY! AA"-idempotent.
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Proof. Necessity. Assume that A is normal. Then (AT)?AA¥ = A by Theorem 2.4 and
(AAMHTA = (AMHHARA = (A" AAY.

By Theorem 5.2, one obtains (AA*)# A is left (AT)” AAH-idempotent.
Sufficiency. Applying the condition, one obtains

(AAHTAAAHTA = (ANHTAAT(AAHHA.
Multiplying the equality on the right by A"A", one obtains
(AAHH = (AHTAATAT = AATANHTAATAT = AAT(AAHH = AAT.
Hence, A is EP, which leads to
AT = AT(AATT = AT((ATTAATAT) = ATAPATAT = AATAT.

Therefore, A is normal by [5, Theorem 1.3.2]. O
6. Conclusions

In this paper, we have given many new characterizations of the normality for the group invertible
matrices. These characterizations concern the projection, the Moore-Penrose inverse, one-sided X-
equality and X-idempotency of matrices. To our knowledge, it is the first time that the projection,
one-sided X-equality, and one-sided X-idempotency are used to characterize the normality of matrices.
We shall consider the similar characterizations for the normality in C*-algebra or a ring with involution.

Moreover, we shall investigate some interesting applications of our results, for instance in some fields
such as degenerate polynomial and stochastic equations [15, 16].
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