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1. Introduction

As is well known, in the practical application of neural networks (NNs), it is often necessary to
use and design NN models with different dynamic characteristics for different application scenarios
and purposes. Therefore, the study of the dynamic behavior of NNs has become an important issue
that is widely concerned in both theoretical research and practical applications of NNs. Therefore,
the dynamics of various types of NNs, especially numerous classical NNs such as recurrent NNs
[1, 2], bidirectional associative memory NNs [3], inertial NNs [4, 5], Hopfield NNs [6], Cohen-
Grossberg NNs [7], etc., have been widely studied. It should be mentioned here that due to the
stronger approximation, faster convergence speed, larger storage capacity, and higher fault tolerance
of high-order NNs compared to low-order NNs, the dynamics research of high-order NN has received
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widespread attention [8—12].

Meanwhile, owing to the fact that algebra-valued NNs, such as complex-valued [13,14], quaternion-
valued [15-18], Clifford-valued [19-23], and octonion-valued NNs [24-26], are extensions of real-
valued NNs and have more advantages than real-valued NNs in many application scenarios, research
on the dynamics of algebra-valued NNs has gradually become a new hotspot in the field of NN research
in recent years. It is worth mentioning here that the Clifford-valued high-order Hopfield fuzzy NN
represents a sophisticated integration of Clifford algebra, high-order synaptic connections, and fuzzy
logic, enabling it to achieve advanced applications in multidimensional data processing and complex
system modeling. For example, it has applications in the fields of multidimensional signal processing,
secure communication and image encryption, optimization and control systems, neuroscience, and
cognitive modeling [27-30].

On the one hand, from both theoretical and practical perspectives, NN models with time-varying
connection weights and time-varying external inputs are more realistic than those with constant
connection weights and constant external inputs. Meanwhile, time delay effects are inevitable. As
a result, the rate of change in the state of a neuron depends not only on its current state but also
on its historical state, and even more so, on the rate of change in its historical state. It is precisely
for these reasons that researchers have proposed various neutral-type NN models with D operators
and conducted extensive research on their dynamics [31-34]. In addition, fuzzy logic and NNs
complement each other: fuzzy systems provide interpretability and handle uncertainty, while NNs
offer powerful learning from data. Their integration bridges the gap between data-driven machine
learning and human-like reasoning, making systems more adaptable, transparent, and robust in real-
world applications. Indeed, fuzzy NNs have been successfully applied in many fields such as signal
processing, pattern recognition, associative memory, and image processing [35-39].

On the other hand, as is well known, almost periodic oscillation is an important dynamic of NNs
with time-varying connection weights and time-varying external inputs. In the past few decades, the
almost periodic oscillations of various NNs have been studied by countless scholars [23, 31, 33, 34].
We know that besides Bohr’s concept of almost periodicity, there are also Stepanov almost periodicity,
Weyl almost periodicity, Besicovitch almost periodicity, and so on [40]. It should be pointed out
here that Besicovitch almost periodicity is the most complex almost periodicity among Bohr almost
periodicity, Stepanov almost periodicity, and Weyl almost periodicity, and that Stepanov almost
periodicity, Weyl almost periodicity, and Besicovitch almost periodicity are referred to as generalized
almost periodicity. Meanwhile, it should be noted that the product of two generalized almost periodic
functions in the same sense may not necessarily be a generalized almost periodic function in that
sense. Because of this reason, the emergence of high-order terms in high-order NNs poses difficulties
for studying the generalized almost periodic oscillations of high-order NNs. As a consequence, the
results of generalized almost periodic oscillations for high-order NN are still very rare. Thereupon, it
is necessary to further study the generalized almost periodic oscillation problem of high-order NNs.

Inspired by the above observations, this paper considers a class of Clifford-valued high-order
Hopfield fuzzy NNs with time-varying delays and D operators as follows:

[xi(t) — ai(O)xi(t = T(D)]
== biOx(D) + ) chOF00) + Y uii(Dfi(xi(t = (1)

J=1 J=1
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£ VOO + Y B0)g (it = i (D)ge(xelt = 5i(1)))
j=1

j=1 k=1

+ /\ a;;(0) fi(x;(t — m;(D)) + \/ﬂij(l)fj(xj(l — (1))
j=1 j=1

+ I\ N\ @ir21ei( = 80N gilxelt = 8ie(0)

j=1 k=1

+\/ /vt = 65D gixlt = 61(1)))

j=1 k=1

+ N\ T+ \/ S 00 + 1), (1.1)

J=1 J=1

wherei € J :={1,2,---,n}, x;(t) € A indicates the state of the ith unit at time #; A is a real Clifford
algebra; b;(r) € A represents the self feedback coefficient at time f; a;;(¢),8;;(1), Tij(1), S ij(t) € A
stand for the elements of the fuzzy feedback MIN template and fuzzy feed forward MAX template,
respectively; a;(t), ¢;j(t), u;j(t) and 6, (1), gk (?), vij(t) € A represent the first-order and second-order
connection weights of the NN; y;;(¢) stands for the element of the feed forward template; A and \/
denote the fuzzy AND and OR operations, respectively; u;(f) € A represents the input of the jth
neuron; /;(f) € A corresponds to the external input to the ith unit; f; and g; : A — A signify the
nonlinear activation functions; and 7:(?), 07;(1), :j(1), 6;x () € R™ denote the transmission delays.
The initial value condition associated with (1.1) is given as

xi(s) = ¢i(s),s € [-0,0], i€ T, (1.2)

where ¢; € BC([—p, 0], A), 0 = max { sup 7;(¢), sup o;(t), sup 1;;(t), sup &, x (1)}
LIkET " teR t€R teR teR
The main purpose of this paper is to investigate the existence and stability of Besicovitch almost

periodic solutions for system (1.1). The main contributions of this paper are as follows:

1. This paper is the first one to investigate the existence of Besicovitch almost periodic solutions
for system (1.1), and the results of this paper still hold true and are new in the following special cases
of system (1.1).

(i) System (1.1) is a real-valued, complex-valued, or quaternion-valued system.

(i1) System (1.1) is areal-valued, complex-valued, or quaternion-valued system without D operators,
ie. a;(t) =0.

(iii) System (1.1) is a real-valued system without D operators and fuzzy terms, i.e., a;(t) = a;;(t) =
qiji() = vip(t) = Tij(1) = §;(1) = 0.

2. The research method proposed in the paper can be used to study the generalized almost periodic
dynamics for other high-order NNs.

Remark 1.1. The method we propose can be summarized as follows: First, we use the fixed point
theorem to prove the existence of solutions for system (1.1) that are bounded and continuous with
respect to the Besicovitch seminorm on a closed subset of an appropriate Banach space. Then, we
apply the definition and inequality techniques to prove that this solution is Besicovitch almost periodic.
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The remaining part of the paper is arranged as follows: In the second section, we review some
relevant concepts, introduce some symbols used in this article, cite a useful lemma, and state and prove
the completeness of the space we will use. In the third section, we investigate the existence and stability
of Besicovitch almost periodic solutions for system (1.1). In the fourth section, we provide an example
to demonstrate the correctness of our results. Finally, in the fifth section, we provide a brief conclusion.

2. Preliminaries

Let A = {Z xle, € R} indicate a real Clifford algebra over R™ [41], where Q =

AeQ
0,1,2,--- JA,--- ,12,--- ,m}, ex = epep,---€p, 1 < hy < hp < -+ < h, < m, and in addition,
ep = e = 1,and e;, h = 1,2,--- ,m are said to be Clifford generators and satisfy ¢, = 1,p =
0,1,2,- f,:—lp s+ 1,5+2,---,m, where s < m, and e,e, + e;e, = 0,p # q,p,q =
L,2,--
For every x= Y xleg € Aandy = (y1,y2,-++,y) € A", we define |x|; = I?%({|XA|} and
AeQ €

vl = Igz}x{lyill}, respectively, and then the spaces (A, | - |;) and (A", | - |) are Banach ones.

Since there is no order relation among Clifford numbers, as in [42], for x = Z xley,y = Z ey,
we define x \ y = Z (min{x*,y* ey and x \/ y = Z (max{x*, y*})ey. Accordmg to this regulatlon for
example, regardlng the 6th and 7th terms on the rlght -hand side of Equation (1.1), we have

/\ @i fi(xj(t = 1i;(1))) = Z ( min (O (it = mis D)) )ea
j=1 =

AeQ

and

\/ﬁij(t)fj(xj(l —ni;(D)) = Z ( max {0 f1 (st - Uij(l)))})eA

j=1 AeQ

For x = Y x4, € A, we indicate x° = x — x°.

AeQ
For the sake of generality in the subsequent discussion of this section, let (X, || - ||) be a Banach

space and L; (R,X) with 1 < p < +oo be the space consisting of measurable and locally p-integrable
functions from R into X. In the next section, we will take X = R, X = A, or X = A".

Definition 2.1. [40] A bounded continuous function ¢ : R — X is said to be almost periodic, if for
every € > 0, there exists a number €(g) > 0 such that for each a € R, there exists a point o € [a,a + {]

satisfying
llp(z + o) = el < &.

The family of such functions will be signified by AP(R, X).

For ¢ € Li) (R, X), the Besicovitch seminorm is defined as the following:
—1 L
N E T P sl?
lgllsr = {Tim f Nl
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Definition 2.2. [43] A function ¢ € L (R,X) is called BP-continuous if}lin(} llo(- + h) — e()llgr = 0

loc

and is called BP-bounded if ||¢||pr < 0.

Henceforth, we will denote the set of all functions that are B”-continuous and B”-bounded by
BCB’(R, X).

Definition 2.3. [40] A function ¢ € L' (R,X) is said to be Besicovitch almost periodic, if for every

loc
g > 0, there exists a positive number € > 0 such that for each a € R, there exists a point o € [a,a + {]

satisfying
lloC- +0) = 0Ol < €.

Denote by B’ ,(R,X) the class of such functions and, for simplicity, call them BP-almost periodic
Jfunctions.

Lemma 2.1. [44]If a;;,B;; € CR, A),g; € C(A, A),i, j € T, then one has

|\ @ii08i0) = \ aisg00|, < D lesllg, (0 — 8,001,
i=1 i=1 i=1

‘ \/Bij(t)gj(x) - \/ﬁij([)gj(y)‘l < Z 18:;(Dlllg j(x) — g; (-
i=1 i=1 i=1

Let L*(R,X) be the set of all essentially bounded measurable functions from R to X, then

(L*(R,X),|| - llo) 1s a Banach space, where || - || := esssup]| - || denotes the essential supremum

teR
norm.

Denote
Z ={xlx € L(R,X) N BCB?(R, X)}.

Then we have the following lemma which is crucial for the proof of our main result of this paper.
Lemma 2.2. The space (Z,|| - ||) is a Banach space.

Proof. Let {¢,} C Z be a Cauchy sequence, and then for every € > 0, there is a positive integer N; such
that for n,m > Ny,

&
”¢n() - ¢m(')”oo < g

Since {¢,} ¢ Z c L*(R,X) and (L*(R, X), || - ||l) is a Banach space, there exists ¢ € L*(R, A") such
that ¢, — ¢ as n — oo with respect to the norm || - ||. To complete the proof, it suffices to prove
that ¢ € BCBP(R, X). From lim ¢, = ¢ in regard to the essential supremum norm, it follows that there

exists a positive integer N, such that for n > N,
&
ll1¢n() = P()lleo < 3

Now, take Ny = max{N;, N>}, and then, due to the fact that ¢y,,; € BCBP(R, X), there exists a 6 =
0(e) > 0 such that for any & € R with |h| < &, it holds that
g

lpng+1( + h) — D1 e < 3
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Consequently,

lp(- + 1) — ¢()llgr
< |@C +h) = dnger1 (- + Wllge + ldng+1 (- + 1) = dng1Olle + 1Png+1 () — Al e
< @G+ 1) = Pnge1 ¢+ Plleo + 1Pne+1C + 1) = dng1 Ollgr + [|@ng+1() — dOllo

S, 8. F
—_ —_ —_ = g’
-3 3 3
which implies ¢ € BCB?(R, X). The proof is completed. O

3. Main results

In this section, for x € L%(R,A), we denote x|, = max{esssup IxA(#)} and for z =
teR

(122, ,z) = (NZlea, X hea, -, Y zhea) € LR, A", we denote ||zl = rxéajx{lzilw}- Let
A A A i

= {zlz € L*(R, A")N BCB’(R, A"}, and then, according to Lemma 2.2, (Z, || - ||) is a Banach space.
For x € Bi p(R,A)and z € Bﬁ p(R, A"), we will use |x|p» and ||z]|» to represent the seminorms of x and
zZ, respectively.
In what follows, we will employ the following symbols:

= sup llg(®lly and g = inf [|g(®)ll+,
teR 1eR

where g : R — Y is a bounded function and (Y, || - ||y) is a normed space. Moreover, we will use the
following assumptions:

(Ay) For i, j, k € J, functions b? € AP(R, R+) with Q? >0, a;, bf,,uj, Cij> Uijs aij’ﬁij’ Hijk’ dijks
Vijk € AP(R’ﬂ)’Tiao-ij’nij’éijk S AP(R,R) N CI(R,R+) with T;(t) < 7_': < 1,0':](1’) < 0_':] <
L < 7 < 1,6, < 5;},{ < 1, where ¥,5,i,0 are constants, and y;;, Ty, Sij, I; €
L¥(R, A) N B, (R, A).

(Ay) For all j € g, functions fj,g; € C(A, A) with f;(0) = 0,g;(0) = 0, and there exist positive
constants Lf , Lf , Mf. , and M; such that for any u,v € A,

fiw) = [0 < Liu = vl 1g;u) — g0l < Lolu = iy, g )l < ME, |ge(w)ly < M.
(A;) Fori € 7, there exist positive constants ); such that

- -~ 1 70— 7.c — S8
p .—rgajx{ai+ ﬁ[biai+bi s (ZC,JL 9, +Zu,,L 9, +ZZ@,,kL M,

=i i=1 k=1

+Z%L 9, +Zﬁ,,Lfﬂ +Zqu]kLMﬂ +ZZWLM19)]}< 1.

i=1 k=1 i=1 k=1
(A4) For the constants #;,i € J, mentioned in (A3), and p, g > 1 with 11—7 + 611 =1, it holds that
1 I”'q b‘D‘T rrq

1\7 -
)" @By 10 (5) T @y

= Zi

1
P :=2"""max {4P_I(Zzi)p1 —

+ 701’-1(
i€J
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350y (bl )W(i(c,j)q)q Zn:(Lfﬁ Y+ 7079 ( )M(Z(uu) )

xZ(Lfﬂ - -+ 140" Ly~ ( ) q[ZZ(el,kMngﬁ %

j=1 k=1
+ ;;(a,kMngﬂk)”] 707719 ( ) (Z(au) )
XZ(Lfﬂ )p +70p Ly ( ) (Z(,B,,)q)p Z":(Lfﬁ - bl

1407197 ( ) q (Z Z(ql]kMngﬂ Y+ Z Z(qukM Lgﬂk)p)

J=1 k=1 j=1 k=1
bfs”k 1 pTJrq 2p
p-1 7 7.0 MELS9 )P
X 0 (b.) n (ZZ(V,]kMijﬁj)
ij =i Jj=1 k=1
n n egé%”k
+ (v,-jij.’L;jﬁk)") : }< 1.
j=1 k=1 1- 5uk

Fori e 7, let y,(¢) = ﬂi‘lx,-(t),Z,-(t) = yi(t) — a;(t)y;(t — 7,(t)), where #; > 0 are constants, and then
system (1.1) turns into

Zi(0) = = b Z(1) = bY(Dai(t)y(t = 7(1)) = b (D)yi(0)

w07 10,50 + Z w03, = ()

j=1

+ Z YirOpi() + Z Z 01180 31 = Sy OByt = i)

j=1 k=1

+ /\ a;; (D fi(@ )yt —n;;(1)) + \/ﬁij(f)fj(ﬁjyj(f —1:;(1))
=1 j=1

+ I\ /\ 408,035t = 51O Biyilt = 61e(2))

j=1 k=1

+ \/ \/ Vii(Dg iy j(t — 6;ju(0)))gr(Diyi(t — 6 (2)))
j=1 k=1

+ N\ Ty + \/ S0 + o], i€ . (3.1)
j=1 j=1

Multiplying both sides of (3.1) with effo b and integrating over the interval [#y, 7], then it holds that

3i0) = a0yt = Ti0) + byilto) = asto)yilro — T(tole fo
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+f e Wi Ny ()ds, i€ T, (3.2)

fo

where

(N*)i(8) = = BY()ai(s)yi(s = Ti(5)) = bi(s)yi(s) + 19,-_1( Z cij($)f;(0;y(s))

j=1

+ D wDFB (s = TN + D Vi p(s)
= =1

0 k(18,005 = 61 (NGDeyi(s = 61(5)))

j=1 k=1
+ /\ a'ij(s)fj(ﬂjyj(s - Uij(S))) + \/ﬁij(s)fj(ﬁjyj(s - ﬂij(s)))
J=1 j=1

+ /\ A qijk(8)gj(2;y (s = i (Ngr(Piyi(s — i (s)))

j=1 k=1

+\/ \/ vis(9)g,9,31(5 = 6108yl = Gije(5)))

j=1 k=1

£ \Tom) +\/ Sy + 1)
= =1

It is easy to verify that if y*(r) = (y’f(t), (), yj;(t)) solves system (3.1), then x*(r) =
(X0, x50, x,(0) = 37"y} (0. 85350, -9, y3(0)) solves system (1.1),

Definition 3.1. A function x = (x1, X2, ,x,) : R = A" is called a solution of (1.1) provided that
there exist positive numbers 9; such that y;(t) = ﬁi‘lxi(t), i € 9 fulfill (3.2).

Set
¢ = (@1(1), $2(0), -+, @u(),

where
bilr) = f e L0 D i)+ N\ Tl + \/ Sihs() + L) Jds. i€ 7.
—00 j=1 j=1 j=1

It is easy to see that ¢ is well defined under condition (A;). Choose a positive constant r with r > ||@||c.
Then, we are now in a position to present and prove our existence result.

Theorem 3.1. Assume that (Ay) — (A4) hold. Then, system (1.1) admits a unique BP-almost periodic
solution inZ* := {¢lp € Z, |l — @l < %}.

Proof. Letting ty — oo, from (3.2), one gets

Yi(H) = a(0)yi(t — T(0) + f e KR WA Ny (s)ds, i€ T

—00
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Define a mapping T : Z* — Z* by setting (T)(t) = (T¢)i(0), (Te)s(2), -+ ,(T) (1) for ¢ € Z
and 7 € R, where (T¢);(t) = a;(t)p;(t — (1)) + f_loo e X b?(”)d”(M"),-(s)ds,i edJ.

To begin with, we show that T(Z*) Cc Z*.

Note that, for any ¢ € Z*, it holds that

pr r
llelleo < Ml = Plloo + 1@l < + r=
1- 1-p

and ||N?[|o < oo.
For every ¢ € Z*, we infer that

IT¢ — @l = max {ess sup
g teR

- Bi(s)ei(s) + ﬂ;‘(z (D 0,(5)) + Z i (5) £ p1(s = i)

j=1

(@it — T(0) + f ek b'"-’“”d”[ — B($)ai($)gi(s — Ti(5))

—00

£ D 0180805 = Sie(GBrpils = 61(s))

i=1 k=1

+ /\ CVij(S)fj(ﬁjSDj(S - Uij(S))) + \/ﬁij(s)fj(ﬂj%(s - Tlij(s)))
J=1 J=1

+ I\ \ 4(9)2101(5 = 61 M)g(Bispi(s = Gije(5)))

j=1 k=1
+ \/ /\ Vij(5)8 (8 jp (s = 6iju($)))gk(Drepr(s — 5ifk(s))))]ds }
=1 k=1 :
f n 1
<max {&illcpllm + f bl S)[b a; + b +9; (Z CiLyD;+ L],
i€ —c0 j=1 Jj=1

+ZZ@IJ,<L ME9, ﬁk+Z%L 9, +Zﬁ,,Lfﬁ

i=1 k=1

¥ Z Z G MED 0, + Z Z nLSMED 0 ) lellads

j=1 k=1 j=1 k=1

< rg%x{ (b G+ b + Z eyl + Z il + Z Z B LM

i=1 k=1
+ Z aL + Z Byl + Z Z i SM; + Z Z vl,kLgMg)}llsolloo
i=1 k=1 i=1 k=1
:P||90||oo
,1€Y9.

<

In addition, by condition (A) and the fact that ¢ € Z, we have that for every € > 0, there exists a
positive number 6 = d(e)(< €) such that for any /# € R with |h| < ¢, it holds

lai(t + h) —ai(Dh <&, loi- + h) —@iClpr <&, |ti(t+h) —1(D <6, i€ T.
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Without loss of generality, in the sequel, we assume that 4 > 0, then we deduce that
1T+ h) = Tl

<27 max 11m f la;(t + h)p(t + h—1,(t + h)) — a;()ei(t - T,(l‘))|pdl}

N l—)oo
_1 [ t+h 0
+ 2071 rgajx{llimi f f e 1 bitdu( N¢Y.(s)d.s
1 —00 —l —oco

/ - p
— f e_fx b; (u)du(N"D)i(S)dS dt}
—oo 1
] —1 (7
< 67 1 rgajx {lll)rgﬂ f |(ll'(t + h) — a,(t)ll;'%(t +h - Tl'(t + h))lfdt}

+6°7! max hm f la: () \pi(t + h — 7,(t + h)) — @it — T,(t + h))lpdt}

i€J l—>oo

+ 67~ 1max lim— fla (O it — Tt + h)) — i(t — Tl(l‘))|pdt}

i€qg l—>oo
+ 47~ max {hm f
i€qg I—c02]

1 !
40! {1' ~ f
g zﬂzl

th BGuydu _ _f B0 (u)du (N®)(s)ds

o

o

t+h
f o I BNy (5)ds
t

<6t majx lhm |a (t+h)—aq (t)l”lgo,(t +h—1;(t+ h))lpdt}
i€ —c0?
+ 67! majx hm |a (t)lplcpl(t +h—T1(t+h)— it —1,(t + h))lpdt}
i€

l
+ 6" max {11m 21 f O gt = Tt + ) — @it - Ti(t))l’l’dt}

g
! 0 t+h t
f e Lt f b (u)du — f b (u)du

1
+ 47! max {hm f
ieg =2l ),
_1 [ t+h th g P
+ 407! max{lim— f f e k(N (s)d s dz}
i€qg |- 2] _ ' 1
70

B 1y
< max {6P—13P||¢||f; R 4P—1hp[(—') + (—) ]IIN“’IIQ’O}
7 ’ ’ b b

(N*(s))idss

)

BO\r 1P
<max {6 gl + 61 + 61+ 47| (S5 )+ (5 ) [iveiz fer,
eJ b(?) é?

which implies T¢ € BCBP(R, A"). Therefore, T(Z*) C Z".
Next, we will prove that T is a contraction mapping. In fact, for any ¢, € Z*,i € J, we have

IT¢ = Tl <esssuplai () (@it — 7(1) = Yi(t — 7(D)s

teR

+ esssup
teR

f o f!b?wu[ — b2($)ai(5)(@i(s — () = wils — 7:(5)))
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n

— B (5)(pi(s) — Yi(5)) + I ( Z cij($)(fi(D () — fi(F ()

J=1

+ D (B 5(s = () = [ (s = i)
j=1

+ D Ok()(@1(00,(5 = 61358 Fugpils = 8y(5)))

i=1 k=1

= &0 i(s — 6i (N gr(Phihi (s — 0ijx(5))))
+ Z a;;($)(fi(F (s —1ij(5)) — f(F (s — 1:5(5))))
=1

+ Zﬁij(s)(fi(ﬁj@j(s - Uij(S))) - fj(ﬁjl//j(s - Uij(s))))
j=1

0 i) B (s = S Dia(s = Siu(s))

i=1 k=1

— &/ i(s — 6i($))))gk(Dihi (s — 6k (5))))

0 Vi(9)(8(90(5 = 01N Brepals = ()
i=1 k=1

— gi(W (s = 6k () g (i (s — 5ijk(5)))]ds

n

!
<allp vl + | e[+ B4 07 ) ekl

j=1

+ Z L9 + Z Z B LMD, + Z Ll + Z Bl

J=1 k=1

+ Z Z C_Iijka.M,fﬁj + Z Z f/ijka;fleﬂj)]”go — Yloods

=1 k=1 j=1 k=1

- 1 7.0 - 7.c -1 f
Srgajx{a~+g[b.a,~+b‘ +9; (ZC,]L ¥ +ZM’JL

j=1

+ Z Z By LMD, + Z a0, + Z BisL! 9,

i=1 k=1

+ Z Z GinLMEY; + Z Z vijkLﬁM,fﬂj)]}ngo — Ul

i=1 k=1 i=1 k=1

=pllg —¥llw, i €T,

which combined with condition (A3) means that 7 is a contraction mapping. Thereupon, 7 has a unique

fixed point ¢* € Z*.
Finally, we will examine that ¢* is B”-almost periodic.
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Since ¢* € Z* € BCBP(R, A"), for any € > 0, there exists a o > 0(o < €) such that, for any 7 € R

with || < o,

i (- + 1) = ;e <&, i €T
Based on this and (A), there exists b such that, for all i € 7,

jai(- +b) =@l <& MG +b) =B <& B +b) - <&,
e +b) = el < & lug(+b) = uyOly <& i +b) = v,Olp < &,
0 (- + D) = 0iaOli < &, lagi(- +b) — Ol <& By +b) =B < &,
i+ D) = qiaOli < &, Wil +b) = vipOh < & [Ty +b) = Ty/(lp < &,
[Tt +D) —1(0)| <&, |o(t+D) — (D < &, 6t +Db) =) <&,

it + D) =m0 < &, 1Si;(- +b) = S;;Olpr < &, (- +D) = L()lp <&,

i (- = i + b)) =i (- = TNl < & ;- — o35 + D)) — @3- — 03Dl < &,

lo; - =1 + D) — @i ¢ = mij(Nlr < & (- = 6i(- + b)) — @3- = Siu()lpe < &,

(- = 0ije(- + b)) = (- = 8iu(Dlpr < &.
Then, we deduce that
lle™(t +b) = " (DIl

< 2P~ max hm f la;(t + D) (t + b — 7,( + b)) — a;(t)g; (t — T,(l‘))|pdt}

IEJ 1—)00

+ 2P 1max{hm f'f -7 bw(“J“b)d”(N“’ )i(s)ds
i€g JANSY)
dt}

_f e LN ) (s)ds
<47 max hm f la;(t + D) (@i (t + b — 7:(t + b)) — i (¢ — Tl(t)))|pdl}

i€g l—>oo

+ 47" ma { T f (@t +b) = @) - o))

i€g l—>o<>

+ 2P~ 1malx hm 'f e fvbi(”+l’)d”(N“”*)l-(s+b)ds

i€g l—>o<>

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

(3.11)
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!
B f e I PN (5)d s

)4
dt}

<47~ max hm f la;(t + D) (@i (t + b — 7(t + b)) — @i (¢ — T,(t)))lpdt}

i€g l—>oo

+ 4P~ lmax lim— f l(a;(t + b) — a(t))<p,(t—rl(t))l”dt}

i€g l—>o<>

+ 707! max {hm f ' f ¢ [ b g i(s + b)p’(s +b)

i€g JANSY)
dt}

+ 707! max {hm f ' f e ¥ Fd (g (5 + b) — a;(s))b(s + b)

zej l—)oo
dt}
1
_1 l d t [1)
+ 707! max {zhmz_z f e L PG (b5 + b)
1€ —00 —l —co
)4
— b2(5)g; (s — 7i(5))ds dt}
+70P" lmax hm f ‘f ‘ ft bl.w(u+b)du —e f;b?(u)du

i€J l—>c>o
dt}
+ 707" lm%x{lhm f ' f e LM pe (o 4 b)Yt (s + b) — bS(5)¢ (5))ds
"

+ 707! max {hm f

i€ - 21

1

+ 70719 " max {zhm2l f f ¢~ i b Z cij(s + D)(fi(jpi(s + b))
1 —00 —l —oo

X (@i (s +b—T1i(s+ b)) — ¢;(s — 7,(s5)))ds

X @; (s — 1,(5))ds

X ai ()b ()¢} (s — Ti(s))ds

u

o=l Bsh)du _ = [ B bi(s)p; (s)ds

=1
P
N CIAONE 1dz}
. 1 [ ¢ f’bw( o n
+ 70°~ 0, max{hm f f e~ Js Ll N e (s 4+ b)
ieg U2l J_; 1 J JZ:; J
. )4
— () F (4 (s))ds dt}

0 110
+ 707! ﬂ max hm f: bY(urb)du _ = [ b (w)du

zej' l—)oo

X Z C,,(S)f](ﬂ/‘pj(s))ds
=1

dt}
1
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AIMS Mathematics

n

f — [! B utb)du Z i (s +b)

1 [
+ 70P~ 119 max{hm f
ieg -2l J_,

=1
p
X (f(0075(5 + b — (s + b)) = f50,05(s — () 1dt}
1 [ ! ‘o n
p—1.9-p = [; b2 (u+b)du 3 — ..
+707'9; max {zlggzl Iz Iooe ;(u,.,(s + D) — u;j(s))

p

dt}

+ 70P~ 119 max{hm f
i€qg l—>oo

X Z uij(5)fi(0 95 (s — ij(s))ds
=

X fi(# (s = oij(5)))ds

f bYutb)du _ = [ B2 (uydu

dt}
1
£ ) n
f e ) b?('”b)d“( Z Yii(s + by (s +b)
oo =

1 /
+ 70°° 119 P max {hm f
-

ieg i>oo
- Zn: %‘j(s)ﬂj(s)) }
=1
+ 7077197 prg%x {llig f [ B hidu _ = [ Bdu Zylj(s)uj(s)ds dt}
+70710;7 max {}Lﬁz f f””“*”"“zl];e,,k<s +b)
J=

X (8,0 ¢5(s + b = ;u(s + b)))gr(Frpp(s + b — 6iu(s + b))

P
— 8005 — S pi(s — Sp()))ds dt}

p—1 fbw(u+b)du
+ 707197 max {111321 f e jz; ;(9111((8 +b)

— 6ii ()8 /(3 (s — 5i,~kk(S)))gk(19k<PZ(s — 0ijk(5)))ds

+ 70°~ 119 max {hm f
i€J l—)oo

X D) ()20 65 = 61 ())g(upi(s = Sijels))ds

j=1 k=1
/
f _fb(u+b)du20’ (S+b)

1
+ 70°~ 119 max{hm f
ey \=e2l ),
dt}
1

o

fb (u+b)du —e fbo(u)du

dt}
1

X (fj(@ (s + b = mij(s + b)) — f3(F¢07(s — mij())d's
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1 [
+707797 max {lhm 57 f f ™ I it Z(Qij(s +b) — a;i(s))
1€ - —11J-c0 =1

p
dt}

X fi(@ i (s —n;i(s)))ds

o J Bubydu _ = [ B wdu
a’t}
1
/ t t o n
f NG Zﬁi.i(s +b)
—o0 ‘=

1
+ 70°" 11‘} P max {hm f
ey -2l J_,
P
dt}
1

X (fj(@@i(s + b —nij(s + b)) = fi(F;95(s — mij(s)))ds
[ t ‘o n
f e J N (B (s 4+ b) = Bij(5)
oo “

+ 70771977 max hm
Uoieg l—>oo

X Z @;j(5) (@03 (s — n;;(s))ds
=)

1
+ 707" 119 P max {hm f
i€eg I—c0 2] I

14
dt}

X f1(@p(s — m;;(s))ds

f Pu+bydu _ - f b0 (u)du

dt}
I
1 [ t . n n
+7077 197 max {111221 fz f ¢~ J; biwrbydu Z Z gijk(s +b)
~11J-c0 =1 k=l

X (g;(095(s + b = 6iu(s + b)) gu(Wpi(s + b = 6iju(s + D))

p
— 8@ 9;(s = Sip(N)g(Drpr (s — 0;u(5))))ds dt}

p-1 - f b (u+b)du
+ 7077197 max {}E?oﬂ f Z Z(quk(s +b)

j=1 k=1
= (SN IS — S MGLBgi(s — Si(s))ds dz}

+ 7OP 119. man llm Sup(ZZ) f |f ‘ J; b‘b(u+b)du —e fsbq’(l/t)du

+ 707" 119 pmax hm
i€qg l—)oo

X " Bi($)f5095(s = nj(s))ds
j=1

|—o00
p
X Z Z 9ijk()8,(0 (s = Sy N)gFaspi(s = () 1dt}
j=1 k=1
1 0
p-1 - ﬁ b (u+b)du
+ 70797 rgajx{llirgzlf szz]k(s+b)

=1 et
X (gj(3jpi(s + b = ijuls + b)) g (i (s + b = Gijuls +)))
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pdt}
! f f bﬂ(u+b)du Z Z(Vljk(s + b)

1
+ 707" 119 P max {hm f
i€J I—c02] —l o1
dt}

— Vii($)g(Hjpi(s — 5ijk(S)))gk(l9k90Z(S —0;k(5)))ds
f bYub)du _ - [ 0w)du

— 8,0 pi(s — 6i()))gk(Frepp (s — 6;jx(5))))d's

+ 707" 119 P max {hm f

i€qg |00 2

X D vi($)8,(09)(s = 61e())gFipi(s = Sij(5))ds

dt}
1

=1 k=1
1 L [ B2(u+byd Y
p— P —Js O u+b)du . .
+ 70779, rlré%x {lllg j:z Ime (; T;i(s + b)u;(s +b)
- Z T s ]

+707~'9" max { lim — f e [ Blstyu _ o= [ du

u

Z Tij(s)y(s)ds

f - b‘i”(u+b)du( Z Sii(s +b)uj(s +b)
—00 le

—1 [
+ 707" 119pmax 1 —f

e 0021 -l
p
d}
=1 !
p=1.9-P —1 (|- [ B2bydu _ L~ [ b¥u)du Y !
+707719,7 max zliooz_zL Lo'e [ ubidu _ o= (1] ZS,-j(s)pj(s)dsldt}

[
T%f f e~ k0D (g (s 1 b) — I(s))ds

!
Fl f f ' — [T B0+b)du _ e I 2 uydu
-0 2] -

o
g

I;(s)ds

Furthermore, based on inequalities (3.3)—(3.11), the Holder inequality, and the Fubini theorem, we
can deduce that

[
K, <8 lmax{hmzl[f it + PG +b — 747 + b))

i€J \U—-co

= @i (t = Ti(t + D)} + lgj (8 = it + b)) — (¢ = Ti(t))l’f)dt}

1
<8 max (@) —— i+ D) - 0l + @)}
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K> <477 max{[l*|IZ.€"},
i€J

! t L t
K5 <1407~ max {El [ e—L’b?<u+b>duds]q o= )i Bty
- ieg =2l J_ ;1 J o .

X |a;(s + b)Y (s + D) (i (s + b — (s + b)) — @i (s — (s + D)
+lpi(s = Tils + b)) — ¢l (s — T,-(s))lf)dsdt}

| 1 -0 =7;(1+D) —b (t—s-77)
<10t () @atrlfmg [ [
0 I’g}x b (Cl b ) 1222] 1 — T

X |g; (s +b) - 90?(S)|’1’dsdt] " —0}

b7,
< 14077 m'il(fx {( ) (a; bo p[le_ = lllgzlf f -b0(1-s)

X [05(s +b) — ¢! (s)l"dsdt] }

h Ti
< 14077 max {( ) (@:b?) [ hm f Q21" f o Hs)
ieJ 1 — T >0 21 2l

X |g; ( +b) — wf(t)l’l’dtds] + ﬁ}

—l

< 1407- 1maX{( 1) @b ?)p( e ||¢ (t+b)—¢ (t)IIB,,+gP)},

i€J

[ 4
Ky <70P° lmax{hm : ( e—f.fb?<u+b>duds)"
ic7 l-w2] .

X f e v D). (s + b) — ai(s))b?(s + b)g; (s — Tl-(s))lfdsdt}
<70 1max{( ) BVl e
Ks <707 max {( )T(a Yl IE, gf’}

(1]
Ks <7077 max hm f f ' SO WA

ieJ l—>oo 21

!
% f 'e’ [ B2ubydu _ o I 2 updu

2(p+q)

<70 max () @driens

ds]q

(OB (s = Tl s}

4

[ ¢ . 2
K7 <7077 max {El [ e b?<u+b>d"ds]
i€ \U->oc0 2[ _ o
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!
x f e-Lb?<u+b>d"|b§<s+b)so?<s+b)—bf@)ﬁ(”'%d’}

Lyie—1 (" g
< 140" max {( ) Tim f e [ ey
A b 2l ) 5—21(( 2

X | (t +b) — i (DI + 1 (z + b) - b?(t)lfllso*llfo)dtdS}

ptq

112
<1407 rg?fx{(ﬁ) ("t +b) = @ DI + ||so*||’:oa”)},

Ky <707 max{( o 12,655 }
i€

B
Ky <7077 max “Plim— f f -k b?(””’)d”ds]q

i€eJ ' [»c02]
Z cii(s + DS (s + b)) = £

% f t o= )i b
. =
p-1 Lyl N q faq\p -b(1-s)
<70 rg?fx{ ( ) (Z(c,,)) Z(L 9)) 1Lm21f

X f Isoj(t+b))—90?(t)|fdzds}
s=21
P+q n r n
q

<70 max {o; ( ) (Z(cu)q)Z@fﬂ)Puso (t+ ) = & 0l

i€g

dsdt}

1\ »
Ko <70 max (97(5) " Z(Lfﬂ Vil .

2(p +q)

Kiy <70 max {9 (bl) (Z(cu)q) Z(Lfﬂ Plgle .
K, <140°7 lrgajx{ ; (1) (Z(uu)q) Z(Lfﬂ )7

l

[le_b i ) = Ol + 7],

P4 n

1\4 P,
Kis <707 max {ﬂ ()" Swmymineie).
=i j=1

1 [ ! ‘o ‘o 4q g
Ky 70771977 max {hm f [f e Iy blushidu _ o= (b pds]

i€ -0 21

[Se]

t
% f 'e— f; b?(u+b)du —e f; b?(u)du
—00

P
q

n p
D ()£, - 1dsdt}
j=1
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2(p+q) n P
1\« ptq
<70 max o () (D) Yo rieee )
=i j=1 J=1
1\ & a
Ko <10 ma {077 (55) " | 257 + D k)

| B A el s o 19
K <7077'9.” max {hm [ g [Pl _ o= [} pds]

e \U»w2]

—00

!
v f 'e‘ [ BPrbydu _ = 60 wdu

2(p+q) n
<70P" 1max{ ( )

na (Z il ) Z(y et

L t
K7 <7077 max 19, Plim 2lf f ek b?(“”)d“a’s)q f o~ [ Blusbdu
i€g >0 oo

X ( > Z O (Mg (01055 + b — 6,5(s + b)) — £,(019(s = SN

j=1 k=1

P
q

Z YA (s) Tdsdr}

)4
+ Mg (Bhgi(s +b - 6,-,-k<s ) — g (s — 6,~,-k<s>)>>|1>dsdr) }

<2807 lrlré%x{ : ( ) [Z Z(QukMngﬁ )+ Z Z(G,jkM”’Lgﬁk)”]

=1 k=1 j=1 k=1

e@?sijk
x( _ ||¢*(t+b>—¢*<r)||’;p+e")},

1 =6
) 1 ptq
Kg <707 1rgajx {ﬁ"p(ﬁ) ;Z(MgMg)pgp}
—_1 ]:
1 2(1+q)
K9 <7077 rgajx{ﬂ_( ) 7 Z(@ljkaMf)psq},
—l Jj=
Koo < 1407 max {977( = (s (@;)? Zi(Lfﬁ‘)”
20 = e i b@ ij Vi
Zi j=1 j=1
Q,Ut
“|izw D) = ¢ Ol reorl),
Ko <70 max {a (5) "0t Yo
Zi j=1
p-1 P 1 @ Y q g f9 \p p
Ko <70 max {9; (b@) (ZW) Z(Lﬁ) I I
J= J=

Koy <1407 man {0 (—@) (Zn:(ﬁzﬂq)p Z(Lf-w

AIMS Mathematics Volume 10, Issue 5, 12104-12134.



12123

eb,m/
x[l_ 1+ 5) = ¢ Ol +

}’
prq

1
p-1 P L f.9 \p PP
Ky <70 Ig%g({ﬁ (b) n E (L; 9 lle"l 8}

(p q) n

Kas <707 lrgajx{ﬁ"’(i) (Z(ﬁu)q) Z(Lfﬁ Vil |,

1\7 2
o <o el (5 (5 Saumisor 5 Staumison

=i =1 k=l =1 k=l
eé?gijk . . P
X (<=l 4 b) = ¢ O, +ef’)},
1- 6ijk
1 p*q
Kz <70 max {977(=5) " 'y Z(MgMg)”a”}
ey b; =1 =1
_ I B prg
Koy <70 max {ﬁi”(ﬁ) 52 % ZZ(qijkaM,f)pgqu},
9; =1 el
Ko <2807 max {ﬁ;”( ) (Z Z(V,JkMngﬁ Y+ Z Z(v,,ka.Liﬁk)P)
ey 9; -1 k=1 =1 k=1
Ppo ‘Sljk

x(le_ 5 =gl rer),

p*q

1\%
Kz <70 max {0;”(ﬁ) ny Z Z(MgMg)ng}

9 =1 j=1
1 2(p+q) n
K5 <7077 m%x {ﬂ;p(ﬁ) ' 7,, Z(V,,kMgMg)”g q },
LE,
Y; j=1 k=1
1\
<140 s (073 | D) o Somr) o)
=i Jj=1
1 2(p+q) n
Ko <70 max {9;7(-5) © nb D Tlis 5
iy Qi j=1
1 p+l n 5 n g
Ko <140 {0 (55) [ )+ Lasor) o
—1 j:l j:1
1 2(P+q) n
K35 <707~ max {ﬂl”(—) n (IS ijlooft )P £ },
iy Q? j=1
1 ptq
q
K3 <7077 majx {ﬁ;p(ﬁ) g”},
i€ ‘
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2(p+q)
1\ ¢ -
Ky <707 max {ﬂ"’(—) |1,-|f;g”f}.
icJ Q?
From the above estimates, it follows that
" (t +b) — " DIl < Pll*(t +b) — " 0I5, + Qs”, (3.12)

where P is defined in condition (A44) and
P 1\
0 =2 max {4 @yer ! + 27 (=) e+ 707 (5) T @Byrer
iej 1 _p Qi
1\ P 1\ P
+ 35”‘1(ﬁ) (bf’)”(—1 - ) gt + 35P—1(ﬁ) (a,-)”(1 - ) g!
=i -p v -p
2Ap+q) rtq

1 q - r p 1 e r P
+35P—1(—) 4,5 P( )gq+7op 1( ) ( )sp—l
w) @I, » \T=p

r 1V,
&f +35019 ( ) ni (o
Yotrsnr() S

1 (p q)
p-1 L0\»
#3575 ) (1

—l

2(1’“]) n

x(#)ﬁgp + 35P7 119 ( ) (Z(Cu)q) Z(Lfﬁ )p(
+ 7071, P( )pq(z(uu)q)p Zn:(Lfﬂ Ve 4 351y p(blm)”?

ip) el 435019 ( ) (Z(u,,)q)“ Z(Lfﬁ )

x Z(L{ﬁj)!’nﬁ(l
=1

r n
x (E) g1 + 70719, ( ) [Z(y])l’ + Z lyislt,
2(p+q) n ptq

+ 350719, ( ! ) (Zl%ﬂq) Z(,u,)"eq + 1407719, (bl )7 z

n n ptq
x [Z N @uMELD,) + Z Z(H,JkMngﬁk)p & 1} +350 19 ( ! ) q
=1 k=1 =1 k=1 l_’i
2(#)+q) 2])
xn ZZ(MgMg)psp 1y 350ty ( ) ’ ZZ(Q,,kMgMg)qu
=1 =1 =1 kel
ptq n 4 ptq

+70p_lﬁi_p($) g (Z(@ij)q) Z(Lfﬁ Vb 1] + 351y (bl ) ;
. —

=i = = =i

2(1”'(1) n P n

gl

2(p+q) n P n

= 1 '
xni Y (L9, Il 1Le"! +35”_119i”(ﬁ) ' (Z(c‘m)q)q Sty

j=1 g j=1 j=1
Prq P n

x(ﬁ)pgﬁnoop—lﬁ?’(bl) (Z(ﬁ,j)") Z(Lfﬂ,)l’spl

=i Jj=1
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Jax’) n 2(p+q)
I 1\<¢ » r P o q
435 lﬂi”(ﬁ) k> oy _p) e 43571 P(ﬁ
9; = 9;

ptq

(Z%’u)")g an@f 9l ILet + 140779, (bl ) 2

—l

X (Z Z(q,,kMngﬂ Y+ Z Z(qukMngﬁk)”)gp 351 bl@)

j=1 k=1 Jj=1 k=1

n n 1 . n
xnd 3 S (MEMEer! + 3507 p(_f"p “nd Z D @MEM) e
k=1 j=1 J=1 k=1
ptq 5

T 140719 ( ) nf( Z(vukMngﬁ ) + Z Z(VukM 59 )”)sp !

j=1 k=1 Jj=1 k=1

ptq

Jax’] n n 2(p+q)
P

1 q 14 1 14
35019 ( @) ne (MEME e + 3579 p( 0) e
b; =1 j=1 b;

XZZ(Vl]kMgMg)pE" + 707719, ( )Pq[( Z(,UJ)")

=1 k=1
(Z<|T,J|m>q

+ 7019,

2(p+q)

1
&+ 35019 (b ) n Z(|T,J|muj) et

[(i@‘ﬂ") (Z<|S,,| )q) ]gpl

2(p+q) P+q

1\
n Z(|su|mu,)pgq +35019; (b )

=i

gl

+ 35719

2(p+q)

+ 3507197

)
)
)
)

—
I — l%l _- l%l _-

V4
|1,-|£osq}.

Hence, by (3.12) and (A,), it holds that
Q P
—p
which implies that ¢* is B”-almost periodic. The proof is finished. O

lle™(t +b) — " (D)l

Remark 3.1. Although we can prove that W = (L (R, A) N Bf\ PR, A), || - o) is a Banach space, we
still cannot directly use the fixed point theorem to determine the existence of almost periodic solutions
for (1.1). Because there are higher-order terms in system (1.1), and W is not an algebra, we cannot
prove that operator T is a self mapping.

It is easy to prove the following stability results using the same method as the proof of Theorem 4.1
in [33] or the proof of Theorem 15 in [31].

Theorem 3.2. Assume that (A) — (A4) hold. Then system (1.1) possesses a unique Besicovitch almost
periodic solution, which is globally exponentially stable, i.e., if X is the Besecovitch almost periodic
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solution with initial value p and x(t) is an arbitrary solution of system (1.1) with initial value ¢, then
there exist positive numbers { > 0 and N > 0 satisfying

|x(7) = X(®)l1 < Nllg = @ll,e™', >0,

in which |lp — @ll, = max{ sup |gi(t) — ai(t)pi(t) — (@i(t) - ai(l‘)¢i(f))|1}~
€T Liel-0.0]

4. Numerical examples

In this section, we provide an example to demonstrate the validity of the results obtained in this
paper.

Example 4.1. In system (1.1), let m = 3,n = 2, and for i, j,k = 1,2, take the coefficients are as follows:

1
Jit) = -

0 1 2 3 12 13 23 123
xi(1) = eox; (1) + e1x; (1) + ex2x;(2) + e3x; (1) + e1nx; (1) + e13x;7 (1) + exsx;” (2) + e13x; 7 (1),
3
s 12
epsinx;” + —
100 07

1 1
: 12 123 . 1 13 . 2 123
750 sin(x;” + X; )ep + 163 sin(x; + X; Jes + 3 sin(x; + X; )es
1 | 1 .
+ Eelz arctan xi + E sm(xi + X}-23)€13 + EEB tanh X}z + E sm(x} + X}z
+ X}B)em,

_ .13 s o122, 23
gj(x) —4—60 sinx;” + 153 sm(xj +x7)e; +

8

13 .12 123
e arctan x;° + —— sin(x;” + x;°)e;3
150 / 120 J J
+ 1 sin(x!? = x2)ep, + 1 sin(x? + x}eys + ie sinx!? + 1 sin(x? + x°
150 7 TSR T g5 T T PR T g TR A g T T
23
+x;77)ens,

a1(t) = (0.01 + 0.004 sin f)ey + (0.01 + 0.001 sin V6r)e; + (0.01 + 0.001 cos V31)e,
+(0.01 + 0.002 sin V5r)es + (0.01 + 0.003 sin ey, + (0.01 + 0.002 cos 1)e;3
+(0.01 + 0.002 cos V20)ers + (0.01 + 0.002 sin V213,
ax(t) = (0.01 + 0.002 sin f)ey + (0.01 + 0.002 cos 31)e; + (0.01 + 0.001 sin V27)e,
+(0.01 + 0.001 sin V75)e; + (0.01 + 0.001 sin V5£)e + (0.01 + 0.002 cos )eys
+(0.01 + 0.002 cos V5£)es + (0.01 + 0.002 sin V3t)e 03,
bi(t) = (10 + 0.05 sin ey + (0.2 + 0.01 cos V2p)e; + (0.2 + 0.02 sin 1)e,
+ (0.2 + 0.01 sin V31)es + (0.2 + 0.06 sin 30)ey + (0.2 + 0.05 sin 20)e; 3
+ (0.2 + 0.01 sin eas + (0.2 + 0.01 cos V3b)e s,
by(t) =(0.2 + 0.01 cos \/§t)e0 + (0.2 +0.02sint)e; + (0.2 + 0.07 cos t)e,

+ (0.2 + 0.05 cos V58)e; + (10 + 0.05 sin V5t)eq, + (0.2 + 0.02 cos V51)ey3
+(0.2 + 0.01 sin f)eas + (0.2 + 0.01 sin 7)e;3,

c11(t) =0.01ey sin 2¢ + 0.02¢3 sin 2¢ + 0.02¢,3 cos V2t + 0.03e125 cos 11¢,

c12(t) =0.01eg sin ‘/gt + 0.02e, COS2 3t + 0.01e; sin 5¢ + 0.03¢;, sin \/gl‘,
AIMS Mathematics
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¢>1(t) =0.01ey sin 6¢ + 0.02¢5 cos V2t + 0.03e55 cos V3t + 0.03¢03 cos® 21,
e (1) =0.01eg sin 7¢ + 0.04e, cos 61 + 0.04e; sin V5t + 0.03e;, cos 7t,

uy1(t) =0.02¢p sin4t + 0.01e3 cos \/El‘ + 0.04e55 cos \/gl + 0.03e123 Sil’l2 2t,
upo(t) =0.02¢ cos 9t + 0.03e, cos? 3¢ + 0.04e; sin 5¢ + 0.01ey, sin 37,

u (£) = 0.02¢0 sin 3¢ + 0.03e5 cos V3¢ + 0.01ex; cos V3t + 0.02¢,23 sin® 71,
Uy (1) =0.02¢gcost + 0.03e, sin? 57 + 0.03e5 sin 3¢ + 0.04 e, cos 2t,

aq1(t) =0.01es3 sin 3¢ + 0.04¢e;, cos 5t + 0.02¢3 cos V5t + 0.03¢;3 sin® 31,
a2(t) =0.01e, sin V3t + 0.02¢5 sin4t + 0.03e;, sin 77 + 0.01e;3 cos? 3¢,
ar1(t) =0.03¢3 cos 4t + 0.01e;, sin V5t + 0.03¢53 cos 4t + 0.01ey,3 cos® 5¢,
axn(t) =0.01ey cos V51 + 0.04e5 sin 3¢ + 0.03¢e;, sin® 37 + 0.02¢,3 cos 4t,
Bi1(f) =0.01eg cos 5¢ + 0.02¢; sin 3¢ + 0.01e, sin V77 + 0.03e;23 cos 3¢,
B12(t) =0.03¢g sin 7t + 0.02¢, sin ¢ + 0.03¢; sin V3t + 0.02e,5 sin 3¢,

Bai(1) =0.03ey cos 7t + 0.02¢; sin V57 + 0.04e, sin V6r + 0.01e;,5 sin 57,
B(t) =0.03¢y cos 2t + 0.02¢, cos 3t + 0.04e, cos V21 + 0.02e53 cos 3¢,
6111(r) =0.03ey sin V2t + 0.02¢; cos V57 + 0.01e, sin V71 + 0.02ey, cos 2t,
0115(f) = 0.04¢q cos V5t + 0.02¢ sin 3¢ + 0.03¢, sin V37 + 0.03¢15 cos V3,
0121(7) =0.02¢0 sin V31 + 0.02¢, cos 3¢ + 0.04e;, sin V6r + 0.01ea3 cos 3t,

0125(1) =0.03¢0 sin V51 + 0.04e, cos 5¢ + 0.03e;5 sin V57 + 0.02e53 cos 4t,
6>11() =0.03¢( sin 3¢ + 0.03¢e; cost + 0.01e, cos 4f + 0.01e;, sin 5¢,
6>12(1) =0.04ep cos 3¢ + 0.02¢; sint + 0.01e, cos 3¢ + 0.01e5 sin 3¢,

621(1) =0.03¢( sin 4t + 0.03e, cos \/zl‘ + 0.02¢15 sin 5¢ + 0.03e53 cos 3¢,
622,(t) =0.01egsin4t + 0.01e, cos 31 + 0.01ey, sin 4t + 0.04¢;3 cos 2t,

q111(t) =0.06¢( sin 5¢ + 0.04¢, cos 6¢ + 0.03¢1; sin V3t + 0.03e,3 sin? 2¢,

q112(t) =0.05¢( sin 2¢ + 0.02¢, cos V2r + 0.04e, sin 3¢ + 0.02e,5 cos 3¢,
q121(t) =0.02¢g cos 41 + 0.02¢, cos’ 3¢ + 0.05¢, sin 4t + 0.03ey; cos 41,

q122(t) =0.05¢( sin 4z + 0.03¢; cos V3t + 0.03e1; cos 2t + 0.04e,5 sin 3¢,
¢o11(1) =0.01eg cos V57 + 0.02e; sin 37 + 0.04e, cos V37 + 0.02ex sin
q212(t) =0.01eg cos 41 + 0.06¢, cos V21 + 0.03e;, sin 5¢ + 0.04e,3 cos 2¢,

q21(t) =0.01eg cos 3¢ + 0.02¢; sint + 0.02¢; cos V3t + 0.01ey5 sin 2t,
g22(t) =0.01eg cos 9t + 0.05¢; cos? 3t + 0.03¢;, sin £ + 0.05ey3 cos 7,
v111(£) =0.02¢( sin 3¢ + 0.03¢; cos V3t + 0.01e, cos 5t + 0.01e;, sin 4¢,
vi12(f) =0.02¢y cos t + 0.03¢; sin” 5¢ + 0.02¢1, cos 3t + 0.03ey3 sin 21,
Vi21(t) =0.05¢¢ sin 3¢ + 0.04e, sin 3¢ + 0.03¢;, cos 21 + 0.02e53 sin 3¢,
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Viza(t) = 0.03¢q cos 2t + 0.04e, cos V31 + 0.05¢1, sin V21 + 0.04ex3 cos V3,
Vvo11(t) =0.03¢( sin 7t + 0.04¢, sin 3¢ + 0.02¢, cos V3t + 0.03e, sin 2¢,
v212() =0.05¢y cos 5¢ + 0.02¢, cos 4t + 0.03¢;, sin 7t + 0.04¢e,3 cos ¢,

va01(t) =0.02¢q sin 3¢ + 0.03e;, cos 2t + 0.04¢;, sint + 0.01e,5 cos 2,

V222 (1) =0.03¢( sin 6¢ + 0.03¢;, cos t + 0.01¢;, sin 2¢ + 0.04e,5 cos 3¢,

1
11(1) = 0.32eq(sin V51 + ——) + 0.5ey cos V21 + 0.36e; sin V31 +0.23¢; cos V3t

+0.49¢, sin V2t + 0.25¢3 cos V51 + 0.42e5; cos V5t + 0.15¢;03(sin V3t + ),
L(f) =0.25¢y cos V3t + 0.42¢,(sin V2t + e + 0.28¢, sin V3t + 0.45¢5 cos V3t

1
+0.32¢1(c0s V2t + ———3) +0.46e15 sin V31 +0.15e53 sin V5t + 0,261 cos V3,

1
Yij(t) = 0.07¢o cos 2t + 0.03¢; sin 2t + 0.04e,(sin 2t + T tz) + 0.06e5 cos ¢

+0.08¢15(sin 7 + e ) + 0.02¢5 cos 1 + 0.05¢x3 sin 2¢ + 0.04¢,53 cos 7,
() =0.2¢¢ sin V2t + 0.3¢, sin V3t + 0.4e, sin V2r + 0.6e3 cos V2t
+ 0.8, cos V3t +0.3e;3cos V5¢ + 0.4e; sin V3t + 0.2¢153 cos Veor,

1
T;i(t) =0.006¢, sin t + 0.004¢; sint + 0.003e,(sin 7 + o, t2) +0.001e;3 cost

+0.002¢, sin t + 0.003e13(cos 7 + e ) + 0.002¢,3 cos 7 + 0.005¢,3 sin,

2+ t2)
+0.003¢5(sin 7 + e ) + 0.002¢15 cos ¢ + 0.001e,3 sin 7 + 0.002¢1,3 cos £,

oij() =1 -03sint, n;(t) =1-0.8cos3t, 06;(t) =1-0.6sin2t,
T1(t) =1 =0.1sint, 7(t)=1-0.3cost.

Sij(t) =0.002¢p cos t + 0.003¢; sint + 0.001e; cos t + 0.001e3(sin t +

Then, it is easy to see that conditions (A;) and (A,) are satisfied.
Moreover, take ¥, =9, = 1,p=3,q = 3, then through simple calculations, we obtain

a; = 0.014,a, = 0.012,5% = 10.05,5{ = 0.26," = 9.95,5% = 10.05, b5 = 0.27,b% = 9.95,
&1 = 0.03,¢1, = 003, = 0.03,8x = 0.04, @), = 0.04, 15 = 0.04, 15, = 0.03, 15, = 0.04,
@y = 0.04,&; = 0.03,@; = 0.03,@xn = 0.04,3;, = 0.03,3;, = 0.03,5,; = 0.04, 5, = 0.04,
0111 = 003,81, = 0.04,8, = 0.04,8,5, = 0.04, 6y, = 0.03,8,1, = 0.04, 6y, = 0.03,

0220 = 0.04, G111 = 0.06, G112 = 0.05, G121 = 0.05, G122 = 0.05, G211 = 0.04, G212 = 0.06,

Goo1 = 0.02, G2z = 0.05, 71y, = 0.03, 712 = 0.03, 7121 = 0.05, 715, = 0.05, 7, = 0.04,

V212 = 0.05, V2 = 0.04, 750, = 0.04,7, =7, =0.1,0; = =0.3,7; = 77,] 0.8,

- - 1 1 1
Oijk = 5;jk = 0.6, L‘lf = L'g 10" L¥=15 = T M=M= 48,p ~ 0.054972 < 1,

P ~0.518973 < 1.

Hence, (A3) and (Ay) are also satisfied. Consequently, in view of Theorem 3.2, we know that
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system (1.1) has a unique Besicovitch almost periodic solution that is globally exponentially stable
(see Figures 1-4).

—x9(0)=-0.2 - x3(0)=0.34 —x9(0)=0.75 — x3(0)=-0.1

o 5 10 15 20 25 30 35 40 45 50
t

—x}(0)=0.32 —x}(0)=-0.3 —x](0)=-0.65 — x}(0)=0.25

o 5 10 15 20 25 30 35 40 45 50

Figure 1. Curves of xJ(z), x)(1), x| (), and x,(7) of system (1.1) with two different initial
values.

—x%(0)=-0.15 — x3(0)=0.25 —x%(0)=0.55 — x3(0)=-0.35

o 5 10 15 20 25 30 35 40 45 50
t

—x3(0)=0.25 —x3(0)=-0.1 —x3(0)=-0.45 — x3(0)=0.45

Figure 2. Curves of x7(1), x3(), x](), and x;(7) of system (1.1) with two different initial
values.
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x3%(0)=0.15 —x]}?%(0)=0.35 — x}%(0)=-0.55
o

1)

10 20
1

25 30 35 40 45 50
t
—x}3(0)=0.26 —x13(0)=-0.55 —x}3(0)=-0.25

12

x1%(0)=0.65

Yo

X

WWM/W\/V\

-1
o 5 10 15 20 25 30 35 40 as 50

Figure 3. Curves of x;(), x,*(1), x;°(¢), and x;°(r) of system (1.1) with two different initial
values.

—x2%(0)=-0.32 - x33(0)=0.42 —x23(0)=0.15 - x2%(0)=-0.75
0.6
N o2
T8
& -0.2
e
0.6
-1
o 5 10 15 20 25 30 35 a0 as 50
t
|
1 —x}2%(0)=0.15 — x}23(0)=-0.32 —x}?3(0)=-0.85 — x}*3(0)=0.85
~

5

10 15 20 25 30 35
t

Figure 4. Curves of x3(2), x3° (1), x}2(1), and x3*(¢) of system (1.1) with two different initial
values.

Remark 4.1. Even when the system considered in Example 4.1 degenerates into a real-valued system,
there are no existing results to derive the results of Example 4.1.

5. Conclusions

This article introduces a new method to establish the existence and global exponential stability
of Besicovitch almost periodic solutions for Clifford-valued high-order Hopfield fuzzy NNs with D

operators. The methods and results of this article can be applied to study the generalized almost
periodic and almost automorphic dynamics of high-order NNs.
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