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Abstract: This work considered strong convergence of the Euler-Maruyama (EM) method for a
stochastic volatility jump-diffusion model (SVJID model, for short). In this model, the underlying
asset price follows a jump-diffusion geometric Brownian motion with stochastic volatility, and the
volatility process obeys a mean-reverting square root process with Poisson jumps. As preliminary
results, the existence and uniqueness of nonnegative solutions for the SVID model was shown by
means of Tanaka’s formula and the comparison theorem. Also, some moment properties of the solution
to the SVID model were given. In view of unavailability of an explicit solution for the SVJID model,
we used the EM method to approximate the exact solution and proved strong convergence of the
EM approximation in the L? sense. In addition, the EM approximation for the SVJD model was
applied to approximately compute expected payofts of a European option and a barrier option. Finally,
simulations were presented to verify the theoretical analysis.
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1. Introduction

Stochastic differential equations (SDEs) have important applications in fields of finance, biology,
statistical mechanics, and so on (see, e.g., [3, 8, 17]). The mean-reverting square root process is a
special SDE, which has been widely used as a model for stochastic volatility, stochastic interest rates
and financial asset pricing. It is well-known that the Black-Scholes option pricing model cannot explain
the volatility smile since the volatility remains constant over time of the option’s expiry (see [15, 19]).
In order to overcome this issue, Bates [2], Higham and Kloeden [9], and Yang and Wang [24] proposed
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a jump-diffusion stochastic model, which has been an effective approach among others. In addition, in
terms of model parameter estimation, Fukasawa et al. [6] proposed a log-normal fractional stochastic
volatility model to test roughness (H < 0.5), developing a quasi-likelihood estimator using realized
volatility errors and Whittle-type covariance approximation. The estimator, applied to volatility series,
shows consistency in high-frequency asymptotics, validated by simulations, with empirical evidence
confirming roughness. Wang et al. [20] proposed modeling and forecasting realized volatility (RV)
using the fractional Ornstein-Uhlenbeck (fO-U) process with a general Hurst parameter, H, while
introducing a two-stage estimation method for fO-U process parameters based on discrete-sampled
observations.

It should be noted that the mean-reverting square root process is not only a nonlinear SDE, but
also its diffusion coefficient does not satisfy the global Lipschitz condition, so that it does not have an
explicit solution, see, e.g., [12,13, 16]. Therefore, the numerical solution of the mean-reverting square
root process will play an important role in practical applications. Early work by Higham and Mao [10]
investigated convergence of Monte Carlo simulations involving the mean-reverting square root process.
Mao et al. [15] used the numerical method to study the mean-reverting stochastic volatility model
under regime-switching. Wu et al. [21] studied the strong convergence of the mean-reverting square
root process with delay. From both theoretical and numerical points of view, the numerical solution
can be used for approximating the exact solution, only if the former could converge to the latter in
some probabilistic sense. In financial applications, the EM approximation, as a Monte Carlo method,
is often applied to calculate the expected price of financial derivatives (see, e.g., [4] and [5]).

In view of the volatility smile and the volatility’s randomness, we shall consider the following
stochastic volatility jump-diffusion model, in which the volatility follows a mean-reverting square root
process with jumps, namely

dS (f) = uS (O)dt + \VV(@®)S (HdW,(t) + JS (t7)dN; (), (1.1)
dV(t) = k(@ — V(0))dt + vy V(@)dW,(t) + TdN,(1), (1.2)

where S (¢7) denotes lim,, S (r), and {V(#)},»0 is the volatility process; u, «, 6,7y, T are nonnegative
constants and J > —1; W,(¢) and W,(¢) are two correlated Brownian motions; and N;(¢) and N,(¢) are
two correlated scalar Poisson processes with intensities A; and A,, respectively. To be more precise,
the stochastic volatility jump-diffusion model can be seen as the Heston model with Poisson jumps.
For simplicity, we assume that the initial values S (0) and V(0) are both positive constants.

It should be emphasized that Alfonsi [1], Higham and Kloeden [11], and Yang and Wang [24]
adopted implicit numerical methods to study the mean-reverting process. In particular, under the
condition of 2« > y?, Yang and Wang [24] provided a positivity preserving numerical scheme, called
the transformed jump adapted backward Euler method, for a more general mean-reverting model.
However, in this paper, we focus on the explicit EM method because of its convenient calculation and
acceptable convergence rate. So we only need to ensure that V(¢) > O for all # > 0 almost surely under
weaker assumptions. On the other hand, not only do we need to approximate the solutions to (1.1)
and (1.2), but we also need to approximate quantities that are path-dependent, for example, the
European barrier option value.

The outline of the paper is as follows. In the next section, we will give some properties of the
solution to the SVID model, including the nonnegativity and the moment boundedness. In Section 3,
we investigate the EM approximation of the SVJD model and obtain moment bounds of discrete
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approximate solutions. In Section 4, we prove that the EM approximate solution converges to the
exact solution in the L? sense. In Section 5, we utilize the EM approximation for the SVJD model to
compute expected payoffs of a bond, a European option, and a barrier option. Finally, Section 6 gives
some simulation results to illustrate the theoretical results.

2. Properties of the solutions to the SVJD model

Throughout this paper, R, denotes the family of nonnegative real numbers, R" denotes the
n-dimensional Euclidean space, and R™" denotes the space of n X m matrices with real entries. Let
(Q, F,{F}>0, P) be a complete probability space equipped with a filtration {¥,},»( satisfying the usual
conditions, namely, it is right continuous and increasing, while %, contains all P-null sets. We assume
that Wy(7), W, (1), N1(t), N,(¢) are all defined on (Q, 7, {F}is0, P). If G is a set, its indicator function is
denoted by 15, namely 15(x) = 1 if x € G and 0 otherwise. Let [x] denote the largest integer which
does not exceed x. Moreover, for two real numbers a and b, we use a V b = max{a, b} and
a A b = min{a, b}.

Since S (7) 1s the underlying asset price and V(¢) is the stochastic volatility at time ¢, it iS necessary
to guarantee the nonnegativity of the solutions to (1.1) and (1.2). To proceed, we need Itd’s formula
for jump-diffusion processes [7, p. 680].

Lemma 1. Let
! ! !
S =S0)+ f b(r,S(r))dr + f o(r,S(r)dW(r) + f c(r,S(r))dN(r), 2.1
0 0 0
where S (0) € R", b(-,-): R, XR" - R", o(+,-): Ry X R" — R™™ W(t) is an m-dimensional Brownian

motion, N(t) is a Poisson process with intensity A, and c(-,-): Ry X R* — R".
If f(t,x) € CY2 (R, X R™), then f(t,S (1)) is again a jump-diffusion process, and

f(t,S(t))Zf(O,S(O)HfLof(r,S(r_))dr+fL1f(r,5(r_))dW(r)+fL—lf(r,S(r_))dN(r),
0 0 0

where
2
Loft.x =2 gt 0 Y gx D\t ) + %trace [O'T(t, 0?2 J(;g;’ 9o, x)],
af(, T
Lif(t,x) = (%) o (t, 1),

Loy f(t, x) = f(t,x + c(t,x) — f(2, %),
and the superscript T denotes the transpose, and trace(A) denotes the trace of matrix A.

Since (1.2) is mainly used to model stochastic volatility, it’s naturally required that V(¢) will never
become negative. The following theorem shows that the solution of (1.2) is unique and nonnegative.

Theorem 1. For any given initial value V(0) = Vy > 0, there exists a unique solution V(t) to (1.2), and
P(V(t) 2 0,¥Vt>0) =1. 2.2)
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Proof. 1t is sufficient to show that the following SDE

dV(t) = k(0 = V(2)dt + v \|IV(@)|dW,(t) + Td N, (1) (2.3)

has a unique solution V(¢), and P(V(r) > 0,Vr > 0) = 1.
Uniqueness. Let V(t) and V,(¢) be two solutions of (2.3). It is known that there exists a unique
strong solution to (2.3) without jumps, see, for instance, [22, p. 2642]. Since

Vi) = Va(t) = =« f (Vi(r) = Va(r)) dr +7y fo (VIVit)l = VIVa()]) dWa(),

0

the uniqueness of the solution is obtained immediately from that of the mean-reverting square root
process in [22].

Existence. Since the coefficients of (2.3) satisfy the linear growth condition, the existence of the
solution can be similarly derived by extending the proof of Theorem 1.3.1 in [14]. The key point is to
deal with the jump term fot Tdﬁz(r) as in [9], which satisfies

1 2
E(f Tdﬁz(r)) = L7t
0

by the martingale isometry for the compensated Poisson process (ﬁz(t) = Ny(t) — Aob).
Nonnegativity. To prove the nonnegativity of V(¢), we rewrite SDE (2.3) as

V(i) =Vy+ f (k8 + ATt — kV(r)dr + yf VIVO)IdW,(r) + f Tdﬁg(r).
0 0 0

Then we introduce the following equation:

X = f(/lzT—KX(r))dr+yf \/lX(r)lsz(r)+f Tdﬁz(r).
0 0 0

It is easy to observe that
2
e | Vixl - \/Iyl‘ <y lx -yl

and f0+ u~'du = co. Hence, applying the Tanaka-type formula (see, e.g., Theorem 152 in [18]), we
have

X)) = —f Lix(—)<0dX(r) + f [(X(r=) +7)" = (X(r-))" + Lix(—)<0)T] dNa(7)
0 0

! !
< _f I{X(r—)so}dX(’”) +f 1{X(r-)gO}TdN2(l’)-
0 0

We may easily find that
!
0< EX(t)_ < KEf l{X(,)SO}X(r)dr <0.
0

We therefore have X(#) > 0 a.s. Since «, 6, A,, T are nonnegative, applying the comparison theorem
(see, for instance, Theorem 295 in [18]), we have V() > X(¢) due to V, > X(0) = 0. This completes
the proof. O
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We know that (1.1) is often used to model financial quantities, so it is natural that the solution
S () > 0. The following lemma shows that the solution of (1.1) is unique and positive.

Lemma 2. For any given initial value S(0) > 0 and V(t) in (1.2), there exists a unique solution S (t)
to(1.1), and S (t) > 0 holds true with probability one.

Proof. 1f V(¢) is bounded, then it is obvious that Eq (1.1) has a unique solution since its coeflicients
satisfy the Lipschitz condition and the linear growth condition. In view of this, for each n > 1, we
define the following sequence of stopping times:

T, = 1inf{r > 0 : |V(¢)| = n}.

Clearly, 7, T oo holds as n — oo and |V(¢ A 7,)| < n with probability one. Then there exists a unique
solution to the equation

N

SUAT) = S(0)+u f “sars [ VOSOAW ) + f S (YN, ().
0 0 0

Letting n — oo, we know that S (7) is the unique solution to (1.1).
Now we prove S () > 0 a.s. It follows easily from [t6’s formula with jumps that

S =S50)(1+ ) Pexp [ f (u— 2V(r)dr + f \/V(r)dWl(r)] .
0 0

Noting that S(0) > 0 and J > —1, we have S () > 0 a.s. The proof is complete. O

Taking expectations on both sides of (1.1) with respect to its integral equation and using the
martingale property, we may easily derive that ES () = S(0)exp(u + A4,J)t. Furthermore, we have
ES(t) > 0ast — oo, if u+ A;J <O.

We now consider the first and the second moment properties of V().

Lemma 3. Assume that V(t) is the solution of (1.2). Let

VO) (6 A
A= V(O)2 + (26 + y2 +2A,7) [L - (— + LZT)] ,
K K K
p)
B = L7 + (20 + 7 + 2457) (9 + LT)
K
0 Lt V(O
C= (2K9+)/2+2/12T)(— $ 20 Q)
K K K
Then 1
EV(f) = V(0)e™ + (9 + LT) (1= &™)
K
and B B
EV(f? = — — Ce™ + (A _2Z, ZC) =
2K 2K
Moreover, A
HmEV() = 6 + ~2% (2.4)
t—o0 K
and
. , B
ImEV()” = —. (2.5)
t—o0 2K
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Proof. By (1.2) and the definition of N, it is easy to see that

EV(t) = V(0) + (k6 + 1,7)t — Kf EV(r)dr.
0

This implies
—kt /127 —kt
EV(f) = V(0)e™ + (0 + —)(1 _ e,
K
Hence 1
mEV() = 6+ =25
t—00 K

as required. Applying Lemma 1 to (1.2) and taking expectations, we obtain
f !
EV(t)* = V(0)* + 77t + (246 +y*+2257) f EV(r)dr—2k f EV(r)*dr
0 0

t
=A+Bt+Ce™ - 2Kf EV(r)*dr.
0

Hence B B
EV() = — — Ce™ + (A -2, ZC) =
2K 2K
The required result (2.5) follows by letting t — oo. O

For later use, we will show the following theorem, which gives an upper bound for the second
moment of log S (¢) in the strong sense.

Theorem 2. Suppose that S (t) satisfies (1.1). Then, for any T > 0, we have

E( sup |logS(t)|2) < 4(|log S (0)] + uT)* + DT> + 16 VDT

0<t<T

+42,(log(1 + J))*T + 422(log(1 + J))*T?, (2.6)

whereD:§(+|C|+|A—2—li+2C|.

Proof. Applying Lemma 1 to (1.1), we obtain that, forany 0 < < T,

log S (1) = log S (0) + f (k= 3v()dr+ f V(AW (r) + f log(1 + JYdN;(r).
0 0 0

We therefore derive

" 2
]E( sup |logS(t)|2) <4(|1og S (0)| + ,uT)2 +E [ sup (f |V(r)|dr) l
0<t<T 0<t<T \Jo
' 2
+ 4E | sup f VV(r)dW,(r) ]
0<:<T |Jo
f log(1 + J)dN,(r)
0

2
+4E

sup
0<t<T
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By the Cauchy-Schwarz inequality, the Doob martingale inequality, and the martingale isometry, we
further get

2

T
f(; VV(r)dW,(r)

E( sup [log§ (t)|2) < 4(|1og S ()| + uT)* + TE( sup f |V(r)|2dr) + 16E
0

0<t<T 0<t<T

+4(log(1 + J)’E [N(T)I?

T T
< 4(|1og S (0) + uT)* + TE f \V(r)*dr + 16E f \V(r)\dr + 42,(log(1 + J))*T
0 0
+ 423 (log(1 + J))*T.
It is easy to see from Lemma 3 that EV(#)*> < D. Hence, the required result follows. O

3. Moment bounds of the EM approximate solutions

In this section, we will give the EM approximation of the SVID model and derive moment bounds
for the EM approximation. Since S (¢) is positive, it follows from Lemma 1 that

dlogS(t) = (u— %V(t))dt + \/del () + log(1 + J)dN, (1), 3.1
dV(t) = k(@ - V()dt +vy \/deZ(t) + TdN,(1). (3.2)
To be computationally feasible, we replace (3.1) and (3.2) with
dlogS(t) = (u— %V(t))dt + \/del () + log(1 + J)dN, (1), (3.3)
dV(t) = k(@ - V())dt +y deg(I) + TdN,(1). (3.4)

Now we define the discrete EM approximate solutions. Given a stepsize At > 0, S(0) = S = so
and V(0) = V, = vy. Applying the EM method to (3.3) and (3.4) yields

log 5141 = log s; + (u — 2viDAr + yVilAW,; + log(1 + J) AN, , (3.5)

Viyl = V,'(l - KAf) + kOAL + YV |Vi|AW2’l‘ + TANQ’,', (36)
where AW, ; = Wi(tis1) = Wi, AWa; = Wa(tirg) — Walty), AN = Ni(tis1) — Ni(#), AN = No(tivr) —
N,(t;). To extend the discrete time approximation to the continuous time case, we first define the step
functions 5(¢) and v(¢) by

log 5(¢) :==log s; and V(¢) :=v;, t € [t;, ti41)- (3.7)

The continuous-time approximations of log s(#) and v(#) are accordingly defined by

log s(f) := log sy + f (1 = 319()) dr + f V@AW, (r) + f log(1 + J)dN,(r),  (3.8)
0 0 0

v(t) == vg + f k(0 — v(r))dr + yf VIv)IdWL(r) + f TdN,(7) 3.9
0 0 0
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for any ¢t > 0. Moreover, for t € [#;,1;,1), the above continuous-time approximations can be rewritten in
the following equivalent forms:

log s(t) = log s; + (1 — it — 1) + VIvl(W1(2) = Wi(8)) + log(1 + J) (Ni(H) = N (1)), (3.10)

V(1) = v; + k(0 = v)(t = 1) + Y VIVI(Wa(t) = W) + T(Na(t) — Na(1;)). (3.11)

Noticing that log s(7), log 5(¢), v(¢), and ¥(¢) coincide with their discrete solutions at the gridpoints, we
have log s(#;) = log 5(t;) = log s;, v(t;) = ¥(t;) = v;. Besides, we have the following natural relationship:

sup E|v(0)P < sup Ev()” (3.12)

0<t<T 0<t<T

for any p > 0 and T > 0. In the remainder of this section, we let T > 0 arbitrarily.
Now we shall give the first and the second moment bounds of the continuous-time approximations
of v(¢) and log s(?).

Lemma 4. For the SDE (3.9), we have

E( sup |v(t)|) < (v + KOT + 1T + 16y2)e*+ 2T (3.13)
0<t<T

and

E( sup |v(t)|2) < { [4(v0 +kOT)? + 4,7°T (1 + /IZT)]

0<t<T
+ 16y°T (vo + k0T + ;7T + 16y?) e<K+%>T}e4K2T2. (3.14)
Proof. It is easy to see that forany 0 <t < T,
! t !
v(t) = (vo + k6t) — Kf v(rydr + yf VIV()IdW,(r) + Tf dN,(r). (3.15)
0 0 0

For any 0 < #; < T, taking supremum ¢ over [0, #;] and expectations on both sides of (3.15), we obtain
that

fo VIV()IdW(r)

E( sup |v(t)|) < (vo+k0T) + Kfl Elp(r)|dr + yE( sup
0

0<t<t 0<t<t
!
f sz(l") ) .
0

We then apply the Burkholder-Davis-Gundy inequality to derive that

+ TE( sup

0<t<t

E( sup |v(t)|) < (vo + kKOT) + k f l E[v(r)\dr + \/3_27E( f 1 Iv(r)ldr)z + TEN(T)
0

0<r<ty 0

1 1 1]
< (vg + &kO0T + A,7T) + Kf Elv(r)|dr + 2 (32)/2 + f El\_/(r)ldr)
0 0
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1.
< (Vo + k0T + ,1T + 16y%) + (k + E) f E(sup |v(t)|)dr.
0

0<t<r

The required result (3.13) follows from the Gronwall inequality. Moreover, for any 0 < ¢t < T,
according to (3.9), we may easily observe that

t 2 ¢ 2 " 2
V(@) < 4(vy + kOT)? + 4«* ( f |\7(r)|dr) +4y° ( f \/I\_/(r)lsz(r)) + 477 ( f ng(r)) .
0 0 0

So, forany 0 < t; < T, we have

1 2
E( sup |v(t)|2) < 4(vy + KOT)* + 4K2El sup ( fo I\'/(r)ldr) ]

0<t<ty 0<t<t;
1 2
+472E[ sup ( f sz(r)) ]
0<t<ty 0

t 2
+4y°E [ sup ( f \/I\‘)(r)lsz(r))
0
By the Cauchy-Schwarz inequality, the Doob martingale inequality, and the martingale isometry,

0<t<t;

5 1] 2
E( sup |v(z)|2) < 4(vy + kOT)* + 4&*T f Elo(r)[*dr + 16y°E ( f \/l\'/(r)Isz(r)) + 477E [No(T)]?
0 0

0<t<ty
3l

11
< 4(vy + kOT)* + 4K*T f Elv(r)[*dr + 16y°E [P(r)ldr + 4,7°T + 457°T?
0 0

11 1
< 4(vo + kOT)* + 4°T f E(sup |v(t)|2)dr+16y2 f ]E(sup |ﬁ(t)|)dr+4/1272T
0 0

o<t<r 0<t<r

+ 42377 2.
Then, by (3.13), we obtain

11
E( sup |v(z)|2) < |4(vo + KOT) + 4,7°T (1 + ,T)| + 4T f E ( sup |\7(t)|2) dr
0

0<t<ty 0<t<r

+16y°T (VO + k0T + 7T + 16)/2) e* T
Finally, the Gronwall inequality yields the desired assertion (3.14). O
Lemma 5. For the SDE (3.8), we have

E( sup |log s(t)|2) < 4(log so| + uT)* + [4(vo + kOT)* + 42, 7°T(1 + A,T)]

0<t<T
x T2e*°T" 4 16Ty (vo + K0T + 7T + 16y?)
X W DTHT? 16T (vo + k0T + 7T + 16y%)

x DT 1+ 42 [log(1 + NPT + 423 log(1 + NPT (3.16)

Proof. For any 0 <t < T, we note that
! 2 2 5
[og s(0)F < 4 log sol + T + ( | |\7(r)|dr) 44 4 |
0

j; VIv)IdW(r)

f log(1 + J)dN,(r)
0
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|

We therefore obtain

+4E | sup

0<t<T

fo VIvNIdWi(r)

; 2
E( sup [log s(t)|2) < 4(|Tog so| + uTY + E [ sup ( fo I\_/(r)ldr)

0<t<T 0<t<T
2]

By the Cauchy-Schwarz inequality, the Doob martingale inequality, and the martingale isometry,

T
j; VIvNIdWi(r)

+ 4E | sup

0<t<T

f log(1 + J)dN,(r)
0

2

T
E( sup |log s(t)|2) < 4(|log so| + uT)* + T f E[v(r)*dr + 16E
0

0<t<T
+ 4[log(1 + HE [N(T))?
T T
<4(|logso| + uT)* + T f Elv(r)|*dr + 16E f [5(r)ldr + 44,(log(1 + J))*T
0

0
+423[log(1 + NI*T?
T T
< 4(|log so| + uT)* + T f E( sup |\7(r)|2)dr+ 16 f E( sup |v(r)|)dr
0 0<r<T 0 0<r<T

+42,(log(1 + N)*T + 423[log(1 + JI*T>.

Applying Lemma 4 yields the desired result. O
4. Strong convergence

In this section, we will prove the convergence of the EM approximation on the finite time interval
[0, T]. As a bridge, we begin with considering the difference between v(¢) and ¥(¢) in the L? sense.

Lemma 6. If v(¢) of (3.7) is given and v(t) satisfies (3.9), then
sup E(w(t) - 7(1)* < [12(6% + Q)At + 637°At +3 V3y207 + 34,7 | At
- = LAY, (@.1)
where é is defined by the right-hand side of (3.14). Consequently

lim sup E(v(r) — #(8))* = 0. 4.2)

At—=0 g<4<1

Proof. For t € [iAt, (i + 1)Af), we have

V(1) = 9(2) = (t = t)K(0 — vi) + ¥ VIVl (Wa(2) = Wa())) + T(Na(2) — Na(1,))
= (1 = 1)[K(0 = v)) + 7] + ¥ Vil (Wa(2) = Wa(2)) + T(Na(2) — Na(t,)).

By the martingale isometry and the Holder inequality,
E(v(f) — 9())* < 1262(t — £,)*(8* + Bv?) + 6 57%(¢ — 1,)°
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+ 3Y°E [Inil(Wa(t) = Wa(6))?] + 3T°B(Na(1) - Na(1))?
< 1268 + Q)(AD? + 62T2(AN? + 3V3y QP At + 3,7°At
< [1226% + Q)Ar + 683TA1 + 3V3y2 07 + 30,7 | Ar.
Taking the supremum ¢ over [0,7] yields the required result (4.1). This implies (4.2) follows

immediately. The proof is complete. O

The above lemma shows that the difference between v(¢) and v(¢) will tend to 0 as Ar — 0 in the
L? sense. The following theorem shows the L' and L? convergence properties of the continuous-time
approximation.

Lemma 7. Let n > 1 be any integer. For V(t) satisfying (3.2) and v(t) in (3.9), we have

sup E[V(t) —v(t)| < &7

0<t<T

1 y’T N
7 + kT VLAt + — (1 + Vne LAf) (4.3)

n n

and

E [ sup (V(£) — v(£))

0<t<T

< (2/<2T2LAt + 8y*T VLAt + 8y*T sup E[V(r) — v(t)|)e2K2T2, (4.4)

0<t<T

where L is as defined in Lemma 6. Consequently

lim sup E|V(t) — v(#)] = 0 4.5)
Ar=0 o<t
and
lim E [ sup (V(t) — v(t))z] = 0. (4.6)
A=0 o<t
Proof. To prove (4.3), we use a smoothing skill to approximate |x| (see, e.g., [23]). Let n > 1. Clearly,
fll//\/‘g % = n. For each n > 1, let (1) be a continuous function such that its support is contained in

[1/ V", 1/ vl, 0 < g, (u) < 2, and 11//@5@ W.(0)du = 1. Define

|x| y
Pu(x) = f dy f Yn(u)du.
0 0

Then we obtain ¢, € C*(R,R), ¢ (x)] < 1, and |¢) (x)| < ﬁlm\/ﬁen,]/m(x). We also have |x| <
dn(x) + % for all x € R. Since

V(t) - v(1) = —« fo (V(r) = 5(r)dr +y fo (VV() = V) o),

we can use the It6 formula to get that
2
dgu(e(r) = [—m/):,(e(r))(wr) = 5(9) + 24/t (V) - x/|v(r>|)2] dr
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+ ¥, (e(r) (NV () = P0]) dWa(r),

where e(r) = V(r) — v(r). By ¢,(-)’s properties and Lemma 6, we have
Ed,(e(r)) <kE fo V) - wldr + Y;E fo 1o (V) - VO dr
<kE fo W)~ vldr + Y;E fo I eIV — 50 dr
<kE fot |[V(r) —v(r)|dr + kE fot [v(r) — v(r)| dr + %215 fol lp! (e(r)| |V (r) — v(r)| dr
= Y;E fo e ) — 70 dir

t 2 2T 2 nr
SKEf|V(r)—v(r)|dr+KT Iar+ (22 + 222 VA,
0 2\ n \n

Hence

E[V(r) = v(n)| < E¢,(V(r) = v(r) + %

4 1 2T
< KEf \V(r) = v(P)|dr + — + kT VLAf + L= (1 + \ne" \/LAt).
0 \n n

An application of the Gronwall inequality yields the required result.
Now let us prove (4.4). By the Cauchy-Schwarz inequality, we have

IV(6) —v(O)I* < 26T f V() — 5 dr +2y° ( f (Vv - \/l\'/(r)l)sz(r))
0 0

For any #; € [0, T'], using the Doob martingale inequality, we obtain

E[ sup (V(1) - v(t))z] < 2T f ) \V(r) = 5(r)* dr + 8y* f ) (Vv - \/IV(r)l)z dr.
0 0

0<t<t;

2

By the triangle inequality, we can deduce that

E [ sup (V(t) —v(t))*| < 26T f | \V(r) = v(r)? dr + 2T f | v(r) — (r)|* dr
0 0

0<t<t

+ 8y? f l \V(r) = v(r)|dr
0

11
< 2K°T f E[sup(V(t) —v(0))* | dr + 2*T* LAt + 8y*T VLAt
0

0<t<r

+ 8y*T sup E|V(r) — v(?).

0<t<T

The Gronwall inequality will give the required assertion (4.4). Finally, (4.5) and (4.6) follow easily
from (4.3) and (4.4). O
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Lemma 8. For log s(¢) satisfying (3.8) and log 5(¢t) in (3.7), we have

sup E(log s(¢) — log 5(1))* < |6u>At + %QAt +3V307 + 3, (log(1 + D)X + L, An|AL,  (4.7)

0<t<T
where é is the same as that in Lemma 6. Consequently

lim sup E(log s(¢) — log 5(£))* = 0. (4.8)

At—=0 o<1

Proof. For t € [iAt, (i + 1)At), we obtain from (3.10) that

1
log s(f) — log 5(t) = (t — ;) (u - 5|v,-|) + VWL = Wi (1) + log(1 + JY(N, (1) — Ny (1,)).

Furthermore, we can derive that

1 2
E(log s(f) — log 5())* < 3(At)*E (u - 5|v,.|) + 3 V3AIVEW? + 3og(l + )2, Ar(1 + 4, A1)
1 —
< 3(A1’E (2,12 + 5|v,~|2) +3V302 At + 34, (log(1 + 1)*At(1 + ;A1)
< 615 (Ar)? + %Q(Ar)2 +3V3Q02At + 34, (log(1 + J)A(1 + A, An)At

3 _
< |62At + SO0 +3 V307 +34,(log(1 + X1 + L, Af) | At.

Taking the supremum ¢ over [0, 7] and letting At — 0 yields the required assertions. O

The above lemma shows that the difference between log s(¢) and log 5(¢) will tend to 0 as At — 0 in
the L? sense. In order to approximate the value of the options, especially a barrier option, we will need
a stronger convergence result. The following theorem shows the strong L? convergence property of the
continuous-time approximation.

Theorem 3. Assume that log S (¢) satisfies (3.3) and log s(t) satisfies (3.8). Then

lim E [ sup (log S (¢) — log s(t))z] =0. 4.9)
Ar=0 o<t

Proof. By (3.3) and (3.8), we derive that for any ¢ € [0, T'],

1 ! t
log S (1) — log 5(1) = =3 fo (VI = F(r)hdr + fo (VIVOl = VRO dWi ().

So

2

1 t 2 t
(log S (1) — log s(1))” < 5( fo <|V<r>|—|v<r>|>dr) +2( fo (VIVE) = R0I) awi ()
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The Cauchy-Schwarz inequality gives

2

(log S (1) — log s()” < % f <|V<r>|—|v<r)|>2dr+2( f (VIvenl - J|v<r>|)dwl(r>) :
0 0

For any #; € [0, T'], by the Doob martingale inequality and Itd isometry, we have

E | sup (log S (1) — log s(1))*

0<r<ty

T h
< EEf (V) = [9(r))*dr
0

sup ( fo t(«/|V<r>| E \/|v<r>|)dW1(r>)2]

0<t<ty

T 1 il
< B fo (|V(r>|—|w>|>2dr+8E( fo (VIvnl - J|v<r>|)dwl(r))

+2E

2

<3 [ V) - ) + 82 | (VIO - ARG dr
Noting that
°E fo (VI - 9l dr < TE fo (V- WPl dr + TE fo (W)~
<TE fo ll(V(r) —v(r))*dr + TE fo ) (v(r) — 9(r))*dr

<T°E [ sup (V(t) — v(t))z] +T? sup E(v(t) — 5(1))*

0<t<T 0<t<T
and
51 2 3l
8E f (VIVOl = VIF0)l) dr < 8E f IV(r) = (r)| dr
0 0
< 8T sup E|V(t) — v(1)|
0<t<T
< 8T sup E|V(¢) — v(t)| + 8T sup E|v(¢) — (7)|,
0<t<T 0<t<T
we can easily get the required assertion (4.9) by means of (4.2), (4.5), and (4.6). O

5. Applications to financial products

In this section, we will show that expected payoffs of a European option and a barrier option given
by the EM method will converge to their respective real expected payoffs when the time step goes to
zero.

5.1. A European option

We consider the expected payoff for a European put option at expiry time 7':

O =E[(K-S(T)"], 5.1
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where K > 0 is the exercise price. Naturally, the expected payoff based on the numerical method (3.7)
is given by _
Ou = E[(K = 5(T))"]. (5.2)

The following theorem shows that the numerical approximation (5.2) converges to (5.1).

Theorem 4. For (5.1) and (5.2), we have

lim |® — @, = 0. (5.3)

At—0

Proof. For any given pair of positive numbers m and M, let
A={llogS§®)|<m,0<t<T},B={llogs(®)| <M, 0<t<T}

Given any € > 0, by Theorem 2, Lemma 5, and the Markov inequality, we can find sufficiently large
m, M such that
g
P(A°U B°) < —.
( )< 4K
Compute
© — Ol = [E[(K ~ S(T)"] - E[(K - 5(T))"]|
<E|(K-ST)" - (K - 5(T)"|

<E(|(K = ST)* = (K = §(T)| 1ans) + B ([(K = S(T)" = (K = 5(T)"| Laeue) -
Making use of the inequality |(K — S(T))* — (K — 5(T))*| < |S(T) — 5(T)|, we have
1O — @l < E(S(T) = ()| Lanp) + 2KP(A° U B°)
<E(S(T) - ST Laew) + 5
< B(jee5 D — ot D 1,0) +

2
<E (efl log S(T') — log E(T)|1AmB) + g
< "8 llog S (T) — log 5(7)| + 5

< e (log S (7) — log (T)| + E[log s(T) — log 5(T)]) + 3,

where ¢ is between log S (T) and log §(7'). This, together with Lemma 8 and Theorem 3, yields the
assertion (5.3). O

5.2. A barrier option

We now consider an up-and-out barrier call option at expiry time 7'. Let K be the exercise price and
By the barrier. For the SVJD model and the numerical method (3.7), we define

A=E [(S (T) - K)+1{Oss(t)sBU, OSIST}] > (5.4)

XA: =E [(E(T) - K)+1{Osf(t)SBU, OSIST}] . (5~5)
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Theorem 5. For (5.4) and (5.5), we have

lim |A — Ay = 0. (5.6)
At—0
Proof. Let _
A={0<S{®) <By,0<t<T}and Ay, :={0 < 5() < By,0<t<T}
We have

A = Aa| = B[S (1) - K 1] - B[ () - K)*15,
<E|S(T) - K1, - ((T) - K)*15, |
<E(IS(T) - K)* = (5(T) = K)" 51,

+E(I(S(T) = K) My ) + E(I(T) = K) M pez, )
<E(IS(T) = (D15, ) + (By — K)P(ANA,,) + (By — K)P(A° N Ay,).

Clearly, (5.6) follows if we could show that

ggE(|5(T) — 5(T)l15,) =0, Eglop(A NAy) =0, and lim P(A° N4y = 0.

At—0

Forany i, j k> By,let F ={|logS(®)| <i,0<t<T},G={v(@®)| < j,0<t<T},and H = {|log s(¢)| <
k,0 <t < T}. Given any € > 0, by Theorem 2, and Lemmas 4 and 5, we can find sufficiently large

i, J, k such that
E

P(FFUG°UH) £ ———.
( ) 8(1V By)

(5.7)
Define a stopping time
Ti% = inf{r > 0 : [log S ()| > i or [v(?)| > j or |log s(?)| > k}.

Compute

E(IS(T) = ST ye3,,) = E(IS(T) = SO gz, 0rnom) + B (1S (T = SO gz, 0grevceve)
<SE(S(T) - 5(T)1pnGnn) + BuP(F°U G U HY)

&
<E(S(T) = S rogon) + 3
In the same way as in the proof of Theorem 4, we can show that

B%E(w (T) = §(T)1,3,) = 0.

Next we will show that P (A N ZZ,) — 0 as At — 0. For any sufficiently small 6 > 0, we have

A:{sup S(t)SBU}

0<t<T

:{Sup S(I)SBU—(S}U{BU—(S< sup S(I)SBu}

0<t<T 0<t<T
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c { sup S(nAt) < By —(5} U {BU —o0<sup S < BU}
0<nAt<T 0<t<T
= Zl @) Zz,
wheren =0, 1,---,[T/At]. Using (5.7), we derive that
—c —c E
P(AHAA,)sP(AmAA,nFmGnH)+§. (5.8)

Since 5(t,) = s(t,,), we obtain
ANA,NFNGNHC (A NA,NFNGNH)UA,

c ({ sup |S (nAr) — 5(nAr)| > 5} N {rije > T}) UA,
0<nAt<T

= ({ sup |S (nAr) — s(nAn)| > 5} N {ri > T}) UA,.

0<nAt<T

Therefore,

P(ANA,NFNGNH)<P { sup |S(nAt)—s(nAt)|zé}ﬂ{rijk>T})+P(Z)

—_

0<nAt<T
1 _
< —E| sup IS®AL) - s(rAD)| - 1ir,m) +P(A2)
0 | 0<nAt<T
1 _
< SE| sup [S() = SO s om) | + P (A2)
| 0<t<T
1 . _
< <E| sup (¢"Vllog S (1) — log s(0l) - 1pr,om) | + P (42)
| 0<t<T
1. _
< —¢"VE [ sup |log S (¢) - log s(t)l] +P(4). (5.9)
0 0<t<T

For the sake of simplicity, let Z(t) = [} (1« = 1V(r)dr + [} NV(HdW;(r). By (3.1), for any ¢ € [0, T,
P(S(t) = By) = P(log S (1) = log By)

= ) P(Z(1) = log By — log S - klog(1 + J))
k=0

[ee)

E [P (Z(r) = log By —log S - klog(1 + J)|V(r),r < )]
=0

=~

Noting that Z(¢) is normally distributed with mean fot (,u - %V(r)) dr and variance fot V(r)dr once
V(r),r < t are given, we thus obtain

P(Z(t) = log By — log S — klog(1 + J)|V(r),r < t) = 0.
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By this, we have P(S(f) = By) = 0. Since S (¢) is a right-continuous process in ¢ € [0, T], it is not hard
to see that

P(sup S(t):BU):P( sup S(r):BU)

0<t<T reQN[0,7]uiT}
sp[ g (S(r)sz}
reQN[0,T1U{T}
< ), BS(M=By
reQN[0,T]U{T}
=0,

where Q is the set of rational numbers. So we may choose ¢ so small that

P(Zz) < g

Furthermore, by Theorem 3, we can choose Af so small that

1, 3
S VB [ sup |log S (#) — log s(t)l] < f,

0<t<T
and hence,
—c 7
P(ANAyNFNGNH)< §8-
This, together with (5.8), we obtain that P(A N ZZ,) — 0 as Ar — 0. Namely

lim P (AnA,)=o0.

Finally, we show that P (AC N ZA,) — 0 as Ar — 0. For any ¢ > 0, we have

A = {sup S() > BU}

0<t<T

{sup S > BU+6}U{BU < sup S(1) SBU+6}

0<t<T 0<t<T

. Z3 UK4.

Thus,
P (AC N ZA,;) <P (Zg N ZA,) +P (Z4 N ZAt)
< P( sup |S (1) — 5(1)| > 5) +P(A). (5.10)
0<t<T

We may easily observe that

{ sup |S(r) — 5(2)| > 6} C { sup [S(¢) — s(2)| > %6} U { sup |s(¢) — 5(2)| > %6}

0<t<T 0<t<T 0<t<T
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— 0,U 0. (5.11)

Then in the same way as (5.9), we may choose At so small that
P(Q)<P(OINFNGNH)+P(Q;N(FUG°UH))

< P({ sup |S(7) — s(r)| > %(5} N AT > T}) + g

0<t<T

IA

PR [ sup |log S (1) — log s(t)l] + g

0<t<T

A
A~ o

(5.12)

Now we consider P (Q,). Let N = [T/At]. Define

N
$() =), SMAN prcreng, 0<t<T.
n=0

We also have

{ sup |s(t) — 5(t)| > %6} C { sup |S (1) — s(t)| > J—té} U { sup |S (1) — 5(7)| > %6}

0<t<T 0<t<T 0<t<T

C { sup [S(¢) — s(2)| > i&} U { sup |S (nAr) — s(nAr)| > }‘6}.

0<t<T 0<n<N

Thus,

P( sup |s(?) — 5(1)| > %6) < P( sup |S(?) — s(2)| > %6) + P( sup |S (nAt) — s(nAt)| > %6). (5.13)

0<t<T 0<t<T 0<n<N

Similar to (5.12), we can choose At so small that

IP{ sup |S (1) — s(r)] > ié} <

0<t<T

ool M

and
P( sup [S (nAf) — s(nAn)| > }15) <2
0<n<N 8

We therefore have

P(Q,) = P( sup |s(f) — 5(t)| > %5) <

0<t<T

)

This, together with (5.11) and (5.12), yields

P( sup |S(¥) — 5(2)| > 5) < - (5.14)

0<t<T

N M
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Recalling the definition of A, for any £ > 0, we can find a sufficiently small § > 0 such that

— P>
P(4,) < 5 (5.15)
Substituting (5.14) and (5.15) into (5.10) yields
In other words, we have shown that
lim P(A° NAy) = 0.
At—0
This completes the proof of the theorem. O

6. Simulations

In this section, a European put option and an up-and-out barrier call option are considered, and their
simulation results are given to verify the theoretical results.

For the European put option, the initial states are set to be Sy = 50, Vy = 0.001. We choose
parameters K = 55, 4 = 0.03,J = 1,«=2,0 = 0.01, y = 0.05, r = 0.002, 4; = 0.50, 1, = 0.4, and
T = 1 year. Table 1 shows the corresponding simulation results. For the up-and-out barrier call option,
the initial states are set to be S¢ = 60, V, = 0.002, and the parameters are set as K = 50, By = 80,
u=0.05J=1«k=22,6=0.02,y =0.08, 7 =0.003, ; = 0.60, 2, = 0.5, and T = 1 year. Table 2
illustrates the corresponding simulation results. The simulation results clearly verify the effectiveness
of the theoretical results.

It should be noted that the standard error (SE) decreases with increased simulation counts and
reduced step sizes, albeit at the cost of extended computation time. As demonstrated in Tables 1 and 2,
a 1% error margin can be achieved with a computation time of approximately half an hour, which
remains operationally acceptable.

Table 1. Simulation results under the SVJID model for a European put option.

No. of simulation trials No. of time steps Standard error Computing time (sec.)

5,000 40 0.0441 29
20,000 100 0.0219 29.8
80,000 320 0.0110 377.8
160,000 640 0.0078 1543.5

Table 2. Simulation results under the SVJD model for an up-and-out barrier call option.

No. of simulation trials No. of time steps Standard error Computing time (sec.)

5,000 40 0.0925 4.2
20,000 100 0.0458 40.8
80,000 320 0.0230 534.5
160,000 640 0.0163 2124.5
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7. Conclusions

This paper investigated the strong convergence of the Euler-Maruyama (EM) method for the SVID
model. The SVID model describes an underlying asset price governed by a jump-diffusion geometric
Brownian motion with stochastic volatility, where the volatility process follows a mean-reverting
square root process incorporating Poisson jumps. By applying Tanaka’s formula and the comparison
theorem, we established the existence and uniqueness of nonnegative solutions for the SVID model,
along with the moment properties of the solutions. Due to the absence of an explicit solution for the
SVJD model, the EM method was employed to approximate the exact solution, with its strong
convergence in the L, sense rigorously proven. Furthermore, the EM approximation was applied to
numerically estimate expected payoffs for a European option and a barrier option.
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