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Abstract: This paper investigates a eco-epidemiological model with a graph p -Laplacian (p > 2).
We first overcome the difficulties caused by the nonlinearity of the p -Laplacian and show the existence
and uniqueness of the global solution to the system. By the approach of Lyapunov functions and
the comparison principle, we show that the trivial equilibrium, the disease-free equilibrium without
predators, the coexisting disease-free equilibrium, the prey’s endemic equilibrium, and the coexisting
endemic equilibrium are asymptotically stable under the given conditions. With numerical simulations,
we apply our generalized weighed graph to the Watts-Strogatz network, which illustrates the effect of
population mobility.
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1. Introduction

In this paper, we study a weighted networked eco-epidemiological model with p -Laplacian (p > 2)

S S+I\ BSI  pSY

2 _pars = (1— )— _ “ S, (x, 0, +co),

ot 1ALS = 1S A Tval m+S 1S, (x,1) € Vx(0,+00)

ol BS1 polY

— — DA = —dI - — hol, 1) € VX (0, +00),

or e T ral N Tyl ™ (x,1) € VX (0, +00) (1.1)
- _ Py — _

% Ds;APY d2Y+qm+S + —t (x,1) € Vx(0,+00),

§(x,0) = So(x), 1(x,0) = Ip(x), Y(x,0) = Yo(x), xeV.

Here, S (x, t) represents the density of susceptible prey in vertex x € V at time ¢, I(x, f) represents the
density of infected prey in vertex x € V at time 7, and Y(x, f) represents the density of predators in
vertex x € V at time . Al is the graph p -Laplacian operator defined in (1.2), D;(i = 1,2, 3) represent
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the diffusion rate of individuals among vertices, r is the intrinsic birth rate of susceptible prey, & is the
carrying capacity of the prey environment, « is the inhibition effect, and S is the force of infection.
The model consumes susceptible and infected prey following a Holling Type-II functional response
with the predation coefficients p; and p, and the half-saturation constant m. Here, ¢ (0 < g < 1) is
the assimilation efficiency of predators, d; is the death rate of infected prey, and d, is the natural death
rate of predators, wherease h; and h, are the harvesting capabilities for susceptible and infected prey,
respectively. In addition, the system satisfies the initial conditions S o(x) > (£)0, Ip(x) > 0, Yo(x) > 0.
A network is mathematically described as a undirected graph G = (V, E), which contains a set
V of vertices and a set E of edges (x,y) connecting vertex x and vertex y. If vertices x and y are
connected by an edge (also called adjacent), we write x ~ y. G is called a finite-dimensional graph
if it has a finite number of edges and vertices. G is called connected if for every pair of vertices x
and y, a sequence (called a path) of vertices xo = x, xj,...,x, = y exists such that x;_; and x; are
adjacent for j = 1,...,n. A graph is weighted if each adjacent x and y is assigned a weight function
w(x,y). Here, w : VXV — [0, +00) satisfies w(x,y) = w(y, x) and w(x,y) > 0 if and only if x ~ y.
Throughout this paper, G = (V, E) is assumed to be a connected weighted finite-dimensional graph
with V = {1, 2,...,n}. Next, we introduce the discrete p -Laplacian operators defined on a network.

Definition 1.1. For a functionv : V — Rand p € (2, +0), the discrete p -Laplacian A?, on 'V is defined
by
Apv(x) 1= Z V(@) = V(@2 (0(y) = V(D)W (X, y). (1.2)

y~x.yeV

When p = 2, it is called the discrete Laplacian A, := A% on V, which is defined by

A) = D () = v(x)(x, ). (1.3)

y~x.yeV

Here, we should emphasize that the discrete p -Laplacian operator A?, (p > 2) is actually nonlinear,
which is different from the classical Laplacian A or the discrete Laplacian A,,.

Definition 1.2. For a function D, : V — [0, +0), the degree D (x) is defined by

Dy(x):= Y o). (1.4)

y~x,yeV

In the following, we briefly introduce the developments of the eco-epidemiological system and the
inspirations of our problem.

Ecology and epidemiology have traditionally been regarded as two separate fields of study, but
theoretical and empirical research has found that various populations within most ecosystems are
potentially susceptible to various infectious diseases to varying degrees, necessitating the study of the
impact of epidemiological parameters in the ecological domain. Currently, eco-epidemiology has
emerged as an important branch of biomathematics, integrating issues from both ecology and
epidemiology.

Over the past decades, scholars have integrated infectious diseases into predator-prey models.
Anderson and May [1] pioneered this interdisciplinary research, examining parasite infections in prey
and predators. They emphasized the role of disease mechanisms in altering basic reproductive
numbers and systems’ persistence. Temple [2] experimentally found that predators disproportionately
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target unhealthy prey, with this bias increasing as prey become harder to capture. Subsequent studies,
including Xiao and Chen [3], explored predator-prey models with disease in the prey, focusing on
equilibrium existence and stability. Packer [4] discussed predator removal’s impact on diseased prey,
while Holt [5] provided an example where predation enhanced disease spread. These works
highlighted the profound influence of disease and predators on predator-prey systems. Further
research, such as Upadhyay [6] on complex functional responses and Liu [7] on diseased prey with
induced defenses, mainly focused on Hopf bifurcations, with limited discussions on disease
transmission and prevalence. Wang and Yao [8] proposed an eco-epidemiological prey-predator
model incorporating infectious diseases in prey, demonstrating the stability of equilibria in the
diffusive model under Neumann boundary conditions and proving the uniqueness and global stability
under Dirichlet constraints. Pandey et al. [9] investigated a delayed eco-epidemic model with
environmental noise, showing how chaos can be controlled through adjustments in predator growth
and stochasticity within Holling-type interactions. Dey et al. [10] modeled predator-prey-pathogen
dynamics with non-local disease transmission, revealing that larger transmission ranges reduce spatial
complexity and stabilize uniform states by analyzing bifurcations, Turing instability, and
integro-differential system dynamics.

Apart from the impact of infectious diseases on biological populations, the influence of human
harvesting on predator-prey models is also crucial. These models play a pivotal role in bioeconomics,
particularly in managing renewable resources. By determining the maximum sustainable yield,
targeted harvesting can maintain ecosystem balance and generate economic benefits. Early works by
Brauer et al. [11, 12] explored the effects of harvesting on predators and prey, highlighting the risks of
overharvesting predators or prey, which can lead to ecosystem collapse and species extinction. They
also considered simultaneous harvesting of both, identifying harvest rates that ensure global
stability (coexistence). Dai et al. [13] studied the dynamics of two interacting species harvested
independently at constant rates, emphasizing the risk of species extinction due to unbalanced
harvesting rates and the inadequacy of equilibrium points in preventing overexploitation. Cristiano
et al. [14] considered the global stability of a two-predator system with human harvesting of both
predators.

In recent decades, recognizing both the economic benefits of human harvesting and the practice of
culling infected populations during epidemics, scholars have incorporated harvesting into epidemic-
predator-prey systems. Bairagi et al. [15] studied the impact of prey harvesting rates on an epidemic-
predator model, under the assumption that predators exclusively prey on infected prey, focusing on
local stability of equilibria. Bhattacharyya and Mukhopadhyay [16] extended this model, considering
predators that prey on both susceptible and infected prey, as described in the following system (1.5):

ds S+I\ BSI  pSY

= s (1- - - —h

d rS( k) Tval mis S

dl  BSI polY

— = —dI - - hl, 1.5
dt  1+al 1 (1.5)
dY p1SY palY

— =—-d)Y + + .

dt 2 qm+S qm+[

Population mobility stands out as a noteworthy scenario in epidemic transmission dynamics, and some
differential equation models have emerged as pivotal tools in modeling the outbreak and dissemination
of epidemic diseases, (refer to [17-20] and references therein). The dispersal equation for v without
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any growth term is
@ =V -(DW,Vv)Vv),
ot

where v is the population density. D(v, Vv) is the population’s random motility set to be a constant,
which leads to linear isotropic diffusion. During the past few years, many authors have paid much
attention to the Laplacian diffusion when D = 1, see for example such as Allen et al. [21,22], Yang et
al. [23], Lin and Zhu [24], Li et al. [25], Lei et al. [26], and the references therein. However, in
ecosystems, the distribution and migration of species are influenced by various factors, including
environmental resources, competitive relationships, predator-prey relationships, etc. These factors
often exhibit complex nonlinear relationships, making it difficult for traditional linear models to
accurately describe them. We consider the other typical nonlinear relation D(v,Vv) = |Vy|P~2,
If p > 2, the nonlinear diffusion A?v := V - (|Vv|?~2y) is called the slow p-Laplacian diffusion,
whereas 1 < p < 2, it is called the fast p-Laplacian diffusion. The p-Laplacian operator is
distinguished by its isotropic nature, making it particularly suited for analyzing rotationally
symmetric problems. Its fundamental mathematical behavior depends critically on the exponent
parameter p: the operator reduces to the classical Laplacian when p = 2, while deviations from this
value introduce intrinsic nonlinearity with distinct analytical features. A key characteristic emerges at
nodal points of solutions, where the operator exhibits singular behavior, presenting unique challenges
in the study of partial differential equations. This nonlinear operator has proven indispensable for
modeling multiscale phenomena across disciplines. In physics, it captures non-Fickian diffusion
processes, turbulent flow dynamics, and phase transitions that linear approximations fail to describe.
Engineering applications leverage its structure to simulate complex fluid—structure interactions and
characterize materials with strain-rate-dependent properties. Within biological contexts, the operator
demonstrates remarkable versatility: ecological models employ it to quantify population dispersal
under environmental heterogeneity, epidemiological studies incorporate its formalism to refine
predictions of infection spread through dynamic contact networks, and biophysical applications
utilize its framework to model anomalous tissue growth mechanisms. In summary, the p -Laplacian is
a powerful and indispensable tool in physics, biology, and engineering (see for example Oruganti et
al. [27], Liu et al. [28], Yang et al. [29] and Li et al. [30]).

Traditional transmission models assume that the population is uniformly mixed, implying an equal
probability of contact between any two individuals within the population. This clearly cannot fully
reflect the realistic characteristics of disease transmission. For instance, the geographical dissemination
of COVID-19 from city to city and from country to country primarily occurred through air travel,
wherein passengers traverse predefined flight routes. In fact, the spread of infectious diseases among
humans can be viewed as a network-based transmission behavior that follows certain patterns.

Therefore, investigating the impact of network structure on transmission behavior naturally
becomes a crucial topic. Complex network theory serves as a powerful tool to address this significant
issue. Over the past two decades, the propagation of epidemics in heterogeneous networks has
garnered significant attention. We refer to a comprehensive review by Pastor-Satorras et al. [31] and
the references therein. Recently, the classical Laplacian A has been substituted by the discrete
Laplacian A, in graph Laplacian problems, and various methods and techniques have been developed
to study the existence and qualitative properties of the solutions [32—41].

For the eco-epidemiological model without a graph p -Laplacian, Bhattacharyya et al. [16] have
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studied the uniform upper bound and asymptotic behavior of the solution, and Rao et al. investigated
the stability of the equilibria further. In this paper, our main aim was to study the effect of the graph
on infectious disease transmission and the spreading of predators. We expect that the results are also
applicable to the eco-epidemiological model with the discrete p-Laplacian. First, we overcome the
difficulties caused by the nonlinear p-Laplacian A’ (p > 2) operator and obtain the unique local
solution of the system (1.1). We then extend the local solution to the maximal time by the means of a
priori estimation. After that, under the given initial conditions, we prove that the equilibria are
asymptotically stable by the method of the comparison principle, the Lyapunov function, and the
Lemmas obtained in Section 3. Here are our main conclusions.

Theorem 1.1. System (1.1) possesses a unique solution for all t € [0, +c0).

For convenience, throughout this paper, we write

hy md, q Sz qx
Si=k(l—-—), Spg=———, Yp=—S5 1-—)-hy|, = ,
A ( r) B - B d B|( k) 1 @(x) o
S d S
Rozi, R1=—A,RT:@, ) = 2 , 3=ﬁA,
hy Ss d> P19(Sc) + pap(lc) dy + h

where S ¢, I¢ are positive constants and satisfy

81S¢c,1c,0) =0,
gZ(SC,IC’O) = O

Theorem 1.2. If Ry < 1, then Ey = (0,0, 0) is globally asymptotically stable.

Theorem 1.3. Suppose Ry > 1 and R; < 1. If Ry < 1, then E4 = (§4,0,0) is globally asymptotically
stable.

Theorem 1.4. Suppose R} > 1, Ry < 1, and p, < % If Ry > 1, min,y So(x) > Sp, and

min,cy Yo(x) > Y3, then Eg = (S,0, Yp) is globally asymptotically stable.
Theorem 1.5. Suppose Ry > 1. If R, > 1, min,y So(x) > S¢, and min,y ly(x) > Ic, then Ec =
(Sc,Ic,0) is globally asymptotically stable.

*\2
r(m+S™) and

Theorem 1.6. Suppose that the positive equilibrium E* = (S*,I",Y") exists, with p; < =3
Py < % If min,cy So(x) > S7, min,ey Ip(x) > I*, and min,cy Yo(x) > Y*, then E* is globally

asymptotically stable.

The rest of the article is organized as follows. In Section 2, we overcome the difficulties caused by
the nonlinear operator p-Laplacian A (p > 2) and establish the global existence and uniqueness of
the solution to the system (1.1) via the coupled upper—lower solutions approach and a prior estimate.
In Section 3, by the method of Lyapunov functions and the comparison principle, we investigate the
asymptotical behavior of the system (1.1) under the given conditions. In Section 4, we carry out
numerical simulations to confirm our analytical findings and illustrate the small-time dynamical
behavior. Discussions and conclusions are given in Section 5.
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2. Existence and uniqueness

In this section, we first use the method of coupled upper and lower solutions to establish the local
existence and uniqueness of the solution to the system (1.1). We then give a prior estimate of the
solutions to (1.1), which is useful to extend the local solution to the maximal time.

For the sake of simplicity, throughout this paper, we write

g) == (81(v1,v2, v3), &2(vi,v2, v3), &3(v1, V2, v3)),

where
_ VitV Bviva P1vivs
g1(vi,va,v3) = vy (1 = - - = hyvy,
k l+av, m+v
_ Pvin P2V2V3
g(vi,va,v3) = —apvy — — hyvy,
1+ av, m+ v,
P1vivs3 P2vaVv3
g3(vi,v2,v3) = —dbvz + g + .
m+ v m+ vy

Definition 2.1. Suppose that for each x € V, v;(x,-),Vi(x,-) € C([0,T]) (i = 1,2,3) are differentiable
in (0, T'] for each x € Q. A pair of functions V = (¥, V,, 73), v = (V1, V2, V3) are called the coupled upper
and lower solutions of the system (1.1) if vV > v > 0 and if

5%
=5 = DAL > g7 72, Pa), (x,1) € VX (0,T],

0, _ A

E - DZAZVZ = g2(v19 V2, V3), (-x’ t) €V X (Oa T]a

03 N -

E - D3A£V3 2 83("1, Vo, V3), (-x’ t) € V X (0’ T]’

a/\

S~ DibL < 81017 ), (x,1) € VX (0, T], 21
oD, . o

E - DZAZVZ < gZ(Vl» Va2, V3)’ (X, t) eV X (0’ T]a

03 . A

E - D3AZV3 < 83("1, V2, V3), (-xa t) eVX (Oa T]a

Di(x,0) < vip(x) < 9(x,0) fori=1,2,3, xeV.

For a given pair of coupled upper and lower solutions, denoted as ¥ and ¥, we set

I; := {vi(x,-) € C([0, T])

Vi<vi<vh, IL:={v

v<v <9} =10 x I, x I15.

There constants K; for i = 1,2, 3 exist such that

0gi
K+ i(v) >0, forvell
8v,-
Foreachi = 1,2, 3, we define
Gi(vi,v2,v3) = Kiv; + gi(vi, v2, v3). (2.2)
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We consider the system

ov;
0—: — DiAPv; + Ky = Gi(vy,va,v3)  fori=1,2,3, (x,f)eVx(0,T], 03
vi(x,0) = vp(x) fori=1,2,3, xeV.

Then System (2.3) is equivalent to System (1.1) in a finite time interval.
By using v = $ and v? = § as the initial iterations, we can construct the sequences (V" )}m |
and {y"}*_, from the scalar equations’ iteration process

il [)(t) DAV + K™ = Gy v ), (k1) € VX (0, T,
a—(m)

> + Koty = Gy v ), () € VX (0, T,
v

- + Kv" = Gy e YY), () € Vix (0, T,
ag(t) = DALY + K™ = G VD a Yy, () e VX (0, T, 4
aX(Zm) (m) (m) _ (m— 1) (m 1)) —(m 1)

o — DAYV + Koy = Ga(y, , ), (x,H)e Vx(0,T],
0v(m)

—— - Ds APV + Kap™ = G, v DY (1) € VX (0, T,
V" (x,0) = gﬁ’")(x, 0) = vip(x) fori=1,2,3, xeV.

We now briefly discuss the local existence and uniqueness of a solution for the equation

vi(x, 1) = dAv(x, 1) + g(x,t,v(x, 1)), (x,1) € VX (0,+00), ) s
v(x,0) = vo(x), xeV, 2:5)

where d is a positive constant, g is locally Lipschitz continuous with respect to v on R.
Let 7y, > 0 be fixed and consider a Banach space

X, ={v:VXx[0,1t] = R|v(x,-) € C[O, ty] for each x € V}

with the norm ||V||X,0 '= MaX,ey MaXo<<y, [V(X, ).
It is then easy to see that the operator D : X,, — X, given by

D[v](x,1) := vo(x) + df APv(x, s)ds + f g(x, s,v(x, s))ds, (x,t) €V x|[0,1],
0 0

is well-defined. In Lemma 2.1, we show that this operator D is contractive on a small closed ball.
Hence, we obtain the existence and uniqueness of a solution to the Eq (2.5) in a small time
interval [0, ], as a consequence of Banach’s fixed point theorem.

Lemma 2.1. Let g(x, t,v) be locally Lipschitz continuous with respect to v on R. Then the operator D
is a contraction on the closed ball

B(vo, 2[Ivollx, ) := {v € X, | Iv = volly, < 2lIvollx, }»

if to is small enough.
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Proof. Consider v; and v, € B(vy,2 ||Vo||x,0)- Since g is locally Lipschitz continuous with respect to v
on R, L > 0 exists such that

|g(x7 ta Cl) - g(x’ t’ b)| < Lla - b|’ (l,b € [_m’ m]a

where m := 3 ||v0||X[0. Then for any x € V X [0, #y],
Alvi(x, s) = Apva(x, 5)

= > [ M0 8) =i P 2010, 8) = vi(x, ) = a0, 5) = V2, HIP 200, ) = e, )]l y).

y~xyeV

Assume that
ay = vy, s) —va(x,s), by =vi(y,s) —vi(x,s), J,(1) = |t|p_2t.

Then |a,| = [v2(y, 5) = va(x, )| < 2|vally, < 6lIvollx, - Similarly, [by| < 6[vollx, -
Since
1 t>0,

= P2t =
Jp(t) |t| t { _(_t)p—l’ < 0’

by calculation, we have

. [ (=12 120, .
me—{ (- (i, 1<, = @= D™

In view of the Lagrange mean value theorem, we have
|7,(6)) = Jp(ay)| = T (c,)Iby — a,)
=(p — DI, (v, 8) = vi(x, 8)) — (a(y, 5) — va(x, 5))|
<(p = Dlayl”™* + 1By )1 (v, 5) = va(p, 8)) = 1 (x, 5) — va(x, 5)))|

-2 -2
<4(p - 1)6" IIVollf},O v =vally,, -
where ¢, is some intermediate value between a, and b,. Therefore
|Aﬁv1 (x,8) = APy, (x, s)|

< D Wby = Jpa)lw(x.y)

y~x,yeV

<dn(p — 16" |Ivolly, * max w(x, y) vy = vally,
0 x,yeV 0
where 7 is the number of vertices of the graph. Then
|DIvi1(x, ) = DIv2](x, 0)|
! t

= ‘d f (ALvi(x, 8) = Afva(x, 5)) ds + f (8(x, 5,v1) — g(x, 5,v2)) ds

0 0
<ddni(p — )6’ IIVOII)“'};2 max (X, y) v = vall, + Lelve = vally,
<Cty|lv; - V2||X,0 ,

where C := 4dn6"*(p — 1) ||vo||§’(_2 max, ey w(x,y) + L. Choosing #, sufficiently small, we obtain a
0
contraction on the closed ball B(vy, 2 ||v0||Xt0) into itself. |
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From the above, the sequences {ﬁ(m)};;’: . and {v"}*_ exist and are unique for a small 7. In the

following, we aim to show the existence and uniqueness of solutions to System (1.1). In order to do
so, we need to give the following lemmas of the graph p -Laplacian equations.

Lemma 2.2. (Green Formula) For any functions vi,v, : V — R, we have

23 n@EADIE) = D ) = i 200) = vi0)0m0) = )W, ).

xeV x,yeV

In particular, in the case of vi = v,, we have

23 ALV = D ) = n@Pw(y). (2.6)

xeV x,yeV

Moreover, in the case of v, = 1, we have

D (=ALwvi(x) = 0. 2.7)

xeV

Proof. Using (1.2), we have

D n@EALI) ==Y ) Y 0) = @I 06) = (), y)

xeV xeVv y~x,yeV
== > @) = @P 1) = v, )
x,yeV
= = > M) =P 0(x) = v G ).
x,yeV

From the equality above, we deduce

23 n@EADYIE) = D i0) = v 2 mi() = Vi) = v, ),

xeV x,yeV
which completes the proof. O

Lemma 2.3. (Maximum Principle) Suppose that d is a positive constant and K(x,t) is a bounded
function in V X [0, T] for any T > 0. Assume that v(x, t) is continuously differentiable with respect to t
in' VX [0,T] and also satisfies

ot (2.8)

9
& ANy + Kv> 0, (x,0)€Vx(0,T],
v(x,0) > 0, x eV,

and thus v(x,t) > 0in V x [0, T].

Proof. By setting v = e X0'y(x, £), where K| is a positive constant satisfying Ko + K > 0, we deduce

APy = AL (eX01p) = ¢~ DK APS Thus we have
-
a—‘; — dePKIAPT 4 (K + K)o > 0 for (x,1) € V X (0, T]. (2.9)
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Notice that v(x, t) is continuous on [0, T'] for each x € V and V is finite, and thus we can find (xy, #y) €
V x [0, T] such that v(xo, tp) := minyey mineo 7| V(x, ).

For the case where £y = 0, we have v(xy, ) = vo(x9) = 0. Thus we have v(x,f) > 0in V x [0, T],
which implies v(x,7) > 0in V X [0, T].

For the case where #, > 0, the Eq (2.9) implies v(xy, tp) < V(y,f)) for any y € V. In view of the
definition of A?, we have

ALV(xo, fo) = Z V(Y 10) = V(xo, t)I" > (W(y, o) = V(X0, f0))w(X0, ¥) 2 0. (2.10)

y~x0,yeV

Meanwhile, it follows from the differentiability of v(x, 7) in (0, T'] that

ov
E(Xo, tp) < 0. 2.11)

By substituting (2.10) and (2.11) into (2.9), we have (K, + K)v(xo, fy) = 0. Noting that (K, + K) > 0,
we deduce v(xo, fp) > 0, which means min,cy min,eo 7 v(x,f) > 0. Therefore, we have v(x,#) > 0 in
Vx[0,T]. Thatis v(x,t) > 0in V X [0, T]. O

Lemma 2.4. (Strong maximum principle) Suppose that d is a positive constant and K(x,t) is a bounded
function in V X [0, T] for any T > 0. Assume that v(x, t) is continuously differentiable with respect to t
in' VX [0, T] and also satisfies (2.8). If v(x*,0) > 0 for some x* € V, then v(x,t) > 0in V x (0, T].

Proof. Using the maximum principle above, we have v(x, ) > 0in Vx[0, T]. By setting v = e~X0'y(x, 1),
where K| is defined as in the proof of Lemma 2.3, which satisfies Ky + K > 0, we have

(E — de'"KIAPG + (Ko + K|y 2 0. (2.12)
Notice that v(x, r) is continuous on [0, T'] for each x € V and V is finite, and thus we can deduce that
M := max,ey maXe ) V(X, ) < +00. Plugging (1.2) into (2.12), we have

ov(x*,t _ _ _ _
V(g ) 5 o2k DO, =V DPR, Dw(x', ) = (Ko + KR, 1)
4 y~x*,yeV
> — d(2M)P~2ePDKot Z w(x", yw(x", 1) — (Ko + K)v(x", 1) (2.13)
y~x*,yeV

> — dQM)P 2P DRI D (7 W(x*, 1) — (Ko + K)v(x", 1)
> — [dM)P 2P KT D (x*) + (Ko + K)]v(x", 1) fort € (0,T].

Since v(x*,0) = v(x*,0) > 0, (2.13) implies that
VX, 1) = V(x*, 0)e @M BRIDLCO K+ 5 () for £ € (0, T). (2.14)

We prove the result by contradiction. If v(x, ) > 01in V X (0, T'] cannot hold, a point (xy, #y) € V X (0, T']
exists such that v(xy, #p) = 0, which implies V(xy, fp) = min,ey min.or; v(x, ) = 0. By (2.9), we have

> 0. (2.15)

(xo.t0)

.
(a—: — deP K0P 1 (Ky + K)Y)

AIMS Mathematics Volume 10, Issue 4, 9202-9236.



9212

Since v is differential with respect to ¢ in V X (0, T'], it follows that g—fl(xo,,o) < 0. Thus (2.15) implies
that

ov
de P DK0APT (0 1) < —'
@ ( 0 0) (al‘ (x0,0)

By (1.2), we also have AL v(xy, 1) > 0. In view of ¥(xg, ;) = 0 and V(x, 1) > 0, we have AL V(xo, o) =
Sxoev ¥ (0, t)w(Xo, y) = 0. This inequality implies that

+ (Ko + K)v(xo, zo)) <0. (2.16)

v(y,t9) =0 forany y € Vandy ~ x. 2.17)

On the other hand, since V is connected, for x* € V, there is a path xo ~ x; ~ -+ ~ x,, = x*. By (2.17),
we obtain that v(xy, 7)) = 0. Employing this argument repeatedly, we induce v(x*,#y) = O in order,
which contradicts (2.14). The proof is completed. O

Lemma 2.5. (Lemma B.4 in [42]) For p > 2, J (1) := t|P~2t, we have
22Plb —al’ < (J,(b) — J(@)(b—a), a, beR.

Moreover; if b > a, we have
Jp(b—a) < 2”_2[Jp(b) - J,(a)]. (2.18)

Lemma 2.6. (Comparison principle) Assume that (vi,Vv,,Vv3) is a solution of the system (1.1).
If (V1,V,,V3) is continuous with respect to t on 'V X [0,T], is differentiable with respect to t in
V x (0, T], and satisfies

% — DAYV, > g1(Vy, T, ), (x,1) e VX (0,T],

o _ DyAP Y, > g5(V1, 92, 13), (x,1) € Vx(0,T],

o1 (2.19)
% — D3ALD; > g3(Py, T, 13), (x,0) € Vx(0,T],

V1(x,0) 2 vip(x), V2(x, 0) = va(x), 3(x,0) = v3p(x), x€V,

then (v1,v,,V3) = (v1,Vv2,v3) on V X [0, T]. Moreover, if (1, ,, V3) satisfies (2.19) by reversing all the
inequalities, then (V1,V,,V3) < (vi,va,v3)on V X [0,T].

Proof. Denote z;(x, 1) := (%i(x,1) — vi(x,1))e X!, where K is a positive constant to be determined later.
Notice that z;(x, 7) is continuous on [0, T'] for each x € V and V is finite, we can find (x, fp) € VX [0, T]

such that

z21(x0, 1) = min min z;(x, 1), 2.20
1(x0, fo) min min 1(x, 1) (2.20)

If 1ty = 0, we have z;(x, 1) > z;(xo,0) > 0, which implies that ¥; > v,. Next, we consider the case where
to > 0. Equation (2.20) immediately implies that

21(x0, 7o) < 21(y, 1), forany y € V.
This is equivalent to
V1(x0, o) — vi(x0, o) < ¥1(y, o) — vi(y, o), forany y € V. (2.21)
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and
V1(y, t0) — V1(x0, t0) = vi(y, to) — vi(xo, o), forany y € V.

Recalling the definition of A?, we have
AP 71 (X0, 19) = 0.

At the same time, from the differentiability of z;(x, ) in (0, T'], we obtain

0
%(xo, to) < 0.
Note that
APz (x, 1) = e K PDAP (5 — vy)(x, 1)
=D N @m0 i) - i) )|
y~x,yeV
L) =i, D)) = (F1(x, 1) = vi(x, 1) Jw(x, y)
—oKi(p=1) Z ‘(f;l(y, 1) = v1(x, 1) — (n(y, 1) — vi(x, t))‘p_2
y~x,yeV
G100 = i (x, 1) = (i (3, D) = vi(x, D) |w(x, y),
we have

AP (1 = vi)(x0,t0) = Z ‘(Vl(y’ t0) — V1(Xo0, 10)) — (vi(y, to) — vi(xo, to))

y~xo,y€V

01, 10) = P1(x0, 1)) = (Vi(Y, o) — vi(Xo, 1)) ]w(xo, ¥).

Assume that

by := $1(y, to) — P1(x0. o), @y = vi(y,f0) — vi(Xo,t9) and J,(1) := |1,

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

In view of (2.22), we have b, > a, for any y ~ xy and y € V. Combining this with inequality (2.18) in

Lemma 2.5, we deduce that

|by - ay|p_2(by - ay) = Jp(by - ay) < zp_z[Jp(by) - Jp(ay)] = 2p_2[|by|p_2by - |ay|p_2ay]’

which implies

AL = vi)(Xo, fo) = Z by = ay,l”"(by = ay)w(xo,y)

y~x0,y€V

<272 3 [Iby 7y — el aylw(x, y)

y~x0,yeV

:2P—2[ Z |by|17—2]7y w(xo,y) — Z |ay|p_2ay a)(xo,)’)]

y~x0,y€V y~x0,yeV
2 ~
=2r [Af)v] (X0, t0) — AL v1(xo, to)]-

(2.27)
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Combining (2.27) with (2.25), we have
AP 21 (xo, tg) < 272 K0PV AL (xo, 19) — AZ v (X0, 10) |- (2.28)

Note that ¥; and v; satisfy (2.19) and (1.1), respectively, so by calculation, we deduce that

9 _2 07
2P 2 K02 2 (x, 1) — Dy AP t
e o1 (x0, o) 1 wzl(xo, 0) (2.29)

2 2p_2€_Kt°(p_l)[81(\71, Vo, ¥3) — g1(vi, v, v3) — K(Vy — Vl)](xo, f)-
Substituting (2.23) and (2.24) into (2.29), we deduce that

[&(‘71, V2, V3) — g1(vi, v2,v3) — K(V — Vl)](xo, f) < 0. (2.30)

Next, we prove z;(xo, o) > 0 by contradiction. Suppose, on the contrary, that (¥; —v;)(xg, ) = =6 < 0.

Choosing

[(g1(V1, V2, V3) — g1(v1, va, v3)) (X0, f0)] N
0

we find that [g,(Vy, V2, V3) — g1(V1, V2, v3) — K(¥1 — v1)](x0, o) > 0, which contradicts (2.30). Thus, we

have

K = 1a

21(x0, t0) = € X (F — vi)(x0,19) > 0.

In view of (2.20), it follows that z;(x, #) > O for (x,¢) € V X [0, T]. By a similar argument to z;(i = 2, 3),
we can also obtain z;(x, ) > 0 for (x,t) € V x [0, T]. These conclusions imply that ¥;(x, ) > v;(x, )i =
1,2,3) for (x,1) € V[0, T]. Applying a similar process, we have (V1, ¥, ¥3) < (vq,v5,v3) on VX[0, T].

The proof is completed. O
Lemma 2.7. The sequences (v""}*_, and (v")*_, governed by (2.4) admit the limit as m — co. We
write
lim v :=v and lim v := . (2.31)
Meanwhile, the following monotonicity property holds:
p<v™ <y <y <y <V <V <5 form=1,2,-- (2.32)
for (x,t) € V x[0,T]. Moreover, for each m = 1,2,---, Z(’") and V'™ are coupled upper and lower

solutions of (1.1).

Proof. We first prove the following two claims and then use an induction method to prove the theorem.
Claim 1. v\" > v for (x,1) € V x [0, T] for i = 1,2,3.

Proof of Claim 1. Take z;(x,t) := (y?l)(x, f)— ygo) (x,1))e~™Mi for i = 1,2, 3, where M; represents positive
constants. Notice that z;(x, f) is continuous on [0, T'] for each x € V and V is finite, and thus we can
find (x{, 7)) € V x [0, T] such that

(x £°) £ min min z(x, t). 2.33
Zi( 0 0) oV o zi(x, 1) ( )

If # = 0, we have z(x,7) > z(xi,0) = 0, which implies that v!

where #, > 0. Equation (2.33) immediately implies that

D> yﬁo). Next, we consider the case

zi(xh, ) < zi(y, £), forany y € V.
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This is equivalent to
v, 1) = v, 1) < v, 1) = vV, 1), forany y € V (2.34)
and
v 0. 15) = 10 1) 2 10, 1) = v (%G, 1), forany y € V. (2.35)
Recalling the definition of A?, we have
AP zi(x(), ) > 0. (2.36)
At the same time, from the differentiability of z;(x, #) in (0, T'], we obtain
i i) <0 237)
Note that

—M;t(p— 0
Az, 1) = e MDALWY = ) )

2
=N 0000 = 100,0) - (500 - v )|

y~x,yeVvV
1060, 0 =00, 0) = 0V (x, 1) = vV (x, 0)]w(x, y) (2.38)
=M S W00 -0 0) - 0000 1O n)|
y~x,yeV

A0 0.0 = v 0) = (1) = v D) |w(x, ),
and thus we have
.. , .. , .. p2
A =0 ) = Y |0 6t - ) - 00 1) = vV 1)
y~x6,y€V (239)
[P0 1) = v, 1) = (V0 1) = v, 1) |w(xi, ),
Assume that
b, = b; = \_}El)(y, 1) — yﬁl)(xf),tf)), a, = a; = ZEO)(y, t) — EEO)(xB, ) and J,(t) := 1Pt

In view of (2.35), we have by > a, for any y ~ x{, and y € V. Combining this with inequality (2.18) in
Lemma 2.5, we deduce that

by — a,lP2(by — a,) = J,(by — a,) < 2P2[J,(b,) — J,(a))] = 2P 2[|b,|P"*b, — |a, P ay],
which implies

AL =y = ) Iy = @y - aw,y)

y~x6,y€V
<202 3 [Iby by  lay | 2ay (), y)
y~xf)’yev (2.40)
=277 3T bl wton - Y. lal Cayw(x,y)]
y~xbh.yev y~xi yeV

=272 APy V() 1) — ALY (. 1),

1
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Combining (2.40) with (2.38), we have
AP 2y, ty) < 272 M DIALYD (el 1) — ALY (. 1)]. (2.41)
Note that 2(10) = V; and y(ll) satisfy Systems (2.1) and (2.4), respectively. By calculation, we deduce that
2”2eM"t6(”2)%(x6, 1) — DAL z,(xh, 1) = — 2P 2 M (M, + K)zi(xh, 1)), (2.42)
Substituting (2.36) and (2.37) into (2.42), we deduce that
zi(x, 1) = 0. (2.43)

In view of (2.33), it follows that z;(x,7) > O for (x,7) € V x [0,T]. That is, v"(x,7) > v\"(x,1)
when (x,f) € V x [0, T] for i = 1,2, 3. Thus, we complete the proof of Claim 1.
With the help of Claim 1, we have

vO(x, 1) < vW(x, 1), for (x,7) € V x [0, T]. (2.44)
Applying a similar process, we also have
V0,0 >V,  for(x,f) e Vx[0,T]. (2.45)

Claim 2. %" > " for (x,7) € Vx [0, T] fori = 1,2,3.

Proof of Claim 2. Denote w;(x, ) = (3 (x,1) — v\"(x,1))e”™" for i = 1,2,3, where H; are positive
constants to be determined later. Notice that w;(x, 7) is continuous on [0, T'] for each x € V and V is
finite, and thus we can find (x',#) € V x [0, T] such that

wi(x:, £) £ min min w;(x, 1), 2.46
(X, 1) min min i(x, 1) (2.46)

If £ = 0, we have w;(x, ) > wi(x},0) = 0, which implies that 7!

where 7, > 0. Equation (2.46) immediately implies that

D> yl(.l). Next, we consider the case

wi(x], 1)) < wi(y,£), forany y € V.

This is equivalent to

v ) v 1) <3, 6) - v, 1), forany y e V (2.47)
and
vV, 8 =¥, ) > v, ) — vP( L £), forany y € V. (2.48)
Recalling the definition of A?, we have
AP wi(x,, 1)) > 0. (2.49)

At the same time, from the differentiability of w;(x, ¢) in (0, T'], we obtain
owi ;4
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Note that
APw(x, 1) = e M P=DAL G — Dy, 1)
-2
— o~ Hittp=1) Z |(;l§1)(y, 1) — Zgn(y, 1) — (vﬁl)(x, f) — yﬁl)(x, t))‘p
y~x,yeV
A @0 = v e.0) = GV - v 0)]w, y) (2.51)
-2
=D 3G, -7 0) - 600.0 - v )|
y~x,yeV
AE G0 =700 0) = (10,5 - vV D) w(x, ),
we have

- i = i _ =i i i i i
A =y = Y| - T 8) - 00 ) - v, )
y~x’i,y€V (252)

ARG, =L 1) = (V0L 1) = v ) |w(xd, ),
Take
By = B; = Vﬁ”(y, ) - Vgl)(x’i,li), A, = A; = 2,(-])(\/, ) - gﬁl)(x’i,t’i) and J,(t) := |1t

In view of (2.48), we have B, > A, for any y ~ x' and y € V. Combining this with inequality (2.18) in
Lemma 2.5, we deduce that

|By - Aylp_z(By - Ay) = Jp(By - Ay) < 2p_2[-]p(By) - Jp(Sy)] = 2p_2[|By|p_sz - |Ay|p_2Ay]a
which implies

AL — v ) = Y 1By = APTA(B, - Aw(x], y)

y~)ci1 yev
< 2r? Z [|By|p_sz - |Ay|p_2Ay]w(xi’y)
y~x’i yev (253)
— 217—2[ Z |By|p—23y w(xa ,y) — Z |Ay|p_2Ay a)(xil , )’)]
nyil yev y~xi YEV

=272 AL 1) = ALVP (L 1) -
Combining (2.53) with (2.51), we have
APwi(xi, £ < 2P—26—Hft’i<17—1>[Agvf.“(x;, £y — APy (xi )] (2.54)

(/J—l

Note that V(ll) and y(ll) satisfy System (2.4), and thus by calculation, we deduce that

27" Ze*H”M ( | 1) — DiNwix|, 1)
g e (2.55)
> 202 i ”[( H; + K)@ = v") + Fi|xd, 1),
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where
G v, ¥ O =GO T, =1,
Fi =G0, %) 09 = G v W), i=2, (2.56)
G, V0, 5Y) - Gy, i=3.
Substituting (2.49) and (2.50) into (2.55), we deduce that
[(=H: + k)" = o) + Fi| (xl. 6) < 0. (2.57)
Next, we prove w;(x',#) > 0 by contradiction. Suppose that (v(l) gl))(xg, ) = —1; < 0 on the

contrary. Choosing
1 .
H; = — |Fi(x, )]+ K + 1,
Ti

we find that [( H; +K)(_(1) (]))+F,~] (x',#) > 0, which contradicts (2.57). Thus, we have
wi(xl, 1) = e @D — vV) > 0. In view of (2.46), it follows that w;(x,7) > 0 for (x,£) € V x [0, T].
That is, VSI)(x, r > ygl)(x, t) when (x,7) € V x [0,T] for i = 1,2,3. Thus, we complete the proof of
Claim 2.

With the help of Claim 2, we have

W, < vV, for(x,1) e Vx[0,T]. (2.58)
The conclusions from (2.44), (2.45), and (2.58) show that
v <y <5 <O (2.59)
In the following, we demonstrate that " and v(D are the coupled upper and lower solutions of (1.1).

To do this, it suffices to show that ¥ and vV satisfy (2.1). Using (2.4) and (2.59) for (x, 1) € Vx (0, T],
we have

a—(l)

(91‘ D Ap (]) + K V(]) G (V(lo),V(ZO),V3 )) > G (V(O) v(zl),v;))

—(1) (1) (D) —0) (1) (D) —(1) (1) (D)
=G, )" ") + (G vz,v3) G117, v)
1 1 1 —(0 —(1 1 1 1 —(0 —(1
—G(V() V(Q)’Vg))+K1(V(1)_V(1 ))+ (é‘:( )’ (2)’_( ))( 0) _ ())
> G0 v,

where &(x, 1) is some intermediate value between v(l) and v(o) Applying the argument above to v(l)
and the other components, it follows that %" and vV satlsfy (2.1).
Next, we employ an induction method. By selecting ¥ and vV as the coupled upper and lower

solutions ¥ and ¥, and following a similar argument as above, we obtain
2(1) < K(2) < ;(2) < V(l).

Therefore, ¥ and v@ are the coupled upper and lower solutions of (1.1). The relation (2.32) is derived
from the induction principle. Thus, we induce (2.31). The proof is completed. O
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Theorem 2.1. Let v and V be a pair of coupled upper and lower solutions of System (2.3) that are
bounded on 'V X (0,T]. Let (vi,v2,V3) and (v,,V,,v,) be given by (2.31). Then y = V(= V") holds, and
V* is the unique solution of System (2.3) fort € (0, T].

Proof. Let v be a solution of System (2.3). By Lemma 2.6 and Lemma 2.7, we have
v <y <V form=1,2,--- (2.60)

for (x,1) € Vx[0,T]. Thus,v <v <vfor(x,1) € Vx|[0,T].

In the following, we prove v = v for (x, 1) € VX[0, T]. In view of Lemma 2.7, since | < v, <Vv; < ¥
for (x,1) € VX [0,T], v,(x,) and v(x, ) satisfy the relation
ov _ _
— = DI = @11 vy vy) (2.61)
and
I, _
rrin DALy, = g1(v,,V2,V3). (2.62)

Claim A. v, =y, for (x,1) € VX [0,T].
Proof of Claim A. In order to prove Claim A, it is sufficient to prove v; <y, for (x,1) € V X [0, T].

We write W(x,1) := (vi(x, 1) — v, (x, 1)e~?, where Q is a positive constant to be determined later.
Notice that W(x, t) is continuous on [0, T'] for each x € V and V is finite, and thus we can find (x;,#)) €
V x [0, T'] such that

W(xi,t;) = max max W(x,1), (2.63)

xeV t€[0,T]

If t; = 0, we have W(x,7) < W(x;,0) = 0, which implies that v; < v,. Next, we consider the case
where #; > 0. Equation (2.63) immediately implies that

W(xi,t1) > W(y,ty), forany y € V.
This is equivalent to
vi(xr, 1) = v, (x, 1) 2 vi(y, 1) — v, (0, 11), forany y € V (2.64)

and
viy, ) = vi(xi, 1) < v, (v, 1) — v, (x1,11), forany y € V. (2.65)

Recalling the definition of A, we have
APW(x,t) <0. (2.66)

At the same time, from the differentiability of W(x, ) in (0, T'], we obtain

ow
E()Cl,tl) > 0. (2.67)
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Note that
AP W (x, 1) = e P VAL B — v )(x, 1)
=00 S 0.0 - v 000) = Gie ) -y )|
y~x,yeV
' [(Vl (y» t) - 21 (y’ t))) - (vl (x’ t) - Kl (-x9 t))]w(x’ )’) (268)
—e~ (-1 Z ‘(vl 0, =vi(x, 1) = (v, =y, (x, t))‘p_2
y~x,yeV
’ [(‘_}1 (y’ t) - vl (X’ t)) - (21 (y’ t) - Z] ()C, t))]a)(x, )’),
we have
AL — v, 1) = Z ‘(91()’, 1) = vi(x, 1) = (v, 0, 1) = vy (x1, 1)) p—2
y~x1,y€V (269)
A, 1) = Vilx, 1) = 0,05 1) = v (1, 1) Jw(x, ),
We write

5 = . . -2
biy :==vi(y, 1)) = vi(x1,11), ai, =y, t)—v,(x;,t;) and J, (1) = |11,

In view of (2.65), we have by, < a;, forany y ~ x; and y € V. Combining this with the inequality (2.18)
in Lemma 2.5, we deduce that

|b1y - alylp_z(bly - aly) = Jp(bly - aly) 2 2p_2[~]p(b1y) - Jp(aly)] = 2p_2[|b1y|p_2bly - |a1y|p_2a1y]a
which implies

AT =)0t = Y by = an by - aw(x, )

y~x1,y€V
>202 3 (Il by — laylan Jo(x, )
ety (2.70)
= 2p_z[ Z 11,1772 b1y w(x1,y) ~ Z jan " a w(xil’y)]
y~x1yeV y~a.yeV

= 2P_Z[Afil(x1, t) = Ay, (x1, 11)]-
Combining (2.70) with (2.68), we have
AP W (xy, 11) 2 272 @D ALY (xy, 1) — ALy, (x1,11)]. (2.71)

Note that v and y, satisfy (2.64) and (2.65), respectively, so by calculation, we deduce that

ow
2P 27D (x, 1)) — D\ AP W(xy, 1)
- (2.72)

< 2p_2€_QI](p_l)[ - 001 —v)+g1(vi,vy, ;) — 81(2152,\73)]()61, t).
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Substituting (2.66) and (2.67) into (2.72), we deduce that
[ = 061 = v) + 811, v3) = 81, 2. ) (1, 11) 2 0. (2.73)

Next, we prove W(xy, f;) < 0 by contradiction. On the contrary, suppose that (v; — v )(x;,#;) = 6 > 0.
Choosing

I(g1(V1, vy, v3) — 81(vy, V2, V3))(X1, 1)
0:= >
we find that [ - Q7 = v,) + 81(B1, v, v;) = 81(v,, %2, ¥3) |(x1, 1) < 0, which contradicts (2.73). Thus, we
have W(x;,t;) = e 21 (v, — v,) < 0. In view of (2.63), it follows that W(x, r) < 0 for (x,7) € V x [0, T].
That is, vi(x, £) < v,(x, 1), which implies v(x,?) = v, (x, 1) for (x,7) € V X [0, T]. Thus we complete the
proof of Claim A.

Likewise, by following a similar argument, we can see that v;(x, 1) = v.(x, 1) for (x,7) € V X [0,T]
when i = 2,3. That is, v = v(= v*), and v* is the unique solution of System (2.3) for ¢ € (0, T']. O

+1,

Lemma 2.8. Let (vi,Vv,,Vv3) be a solution to System (2.3) defined for t € (0, T] for some T € (0, +o0).
Then fori = 1,2,3, a constant M independent of T exist such that

0<vix,t) <M for(x,t)e Vx[0,T], 2.74)
where M := max {37 | 3 v vio(x), ”Ag"}, d:=min{hy, d, + hy, d»}, and M’ := max {|[vio(®)|ls , k }.

Proof. By directly using Lemma 2.3, we obtain the positivity of the solution. In the following, we first
estimate the upper boundedness of v;(x, ). From (2.3), we have

Bvl

vV
S0 = Db < v, (1 _ El) (x.f) € V x (0. T].

-1
We write w(x,t) = [(||V10(X)||;1 - %) e+ ﬂ for (x,1) € V x [0,T]. It is easy to see that w(x, ) <

M’ := max {||[vio(x)||e » K}, and w(x, 1) satisfies

0

—W(X, 1 —DiA,w = rw(l - K), (x,H) e Vx(0,T],

ot k
w(x,0) = [vip(0)llw » x€eV.

By the comparison principle, we have v,(x, 1) < w(x, 1) < M’.
Letv =X v;. Then for (x,1) € V x (0, T], we have

0
8—‘; - D]szl — DZAZVZ - D3AZV3 <rv— h]Vl - (dl + hz)Vg - d2V3 < M'r— dV,
Summing the equation above with respect to x € V', in light of Lemma 2.2, we obtain
a ZxEV v /
= SnMr—d;v. (2.75)

By the ordinary differential equation theory, it is easy to see that

Z v < max{ i Z Vio(x), n]\c/ll’r}‘

xeV i=1 xeV

Hence we complete the proof. O
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In fact, Lemma 2.8 establishes the boundedness of solutions for the model (1.1), ensuring the
existence of bounded coupled upper and lower solutions to (1.1) on V x (0,T]. Consequently, the
unique local solution obtained in Theorem 2.1 can be extended to the maximal time. Therefore, the
proof of Theorem 1.1 is completed.

3. Stability of equilibria

In this section, we show the global asymptotic stability of the trivial equilibrium E, = (0,0, 0), the
disease-free equilibrium without predators £, = (S4,0,0), the coexisting disease-free equilibrium
Eg = (S3,0,Yp), the prey’s endemic equilibrium Ec = (S¢,Ic,0), and the coexisting endemic
equilibrium E* = (S*, I, Y™).

Lemma 3.1. Suppose that for each x € V, v(x,-) € C([0, +0)) is differentiable in (0, +c0). Assume
thatd > 0, @ > 0, and 8 > 0 are constants. If v satisfies

0
a_: —dAPY > (S — By, (x.0) € V X (0, +00), o
v(x,0) = vo(x) > ()0, xeV,
or 5
8—: —dAPv > (@ = Bv), (x,1) € V X (0, +0), a2
v(x,0) = vo(x) > (£)0, xeV,
then o o
litm infv(x,t) > — (limsup v(x, ) < B) uniformly for x € V. (3.3)
—+00 =400
Moreover, for any given € > 0, t, > 0 exists such that
V1) > % e (1) < % &), for (x,0) € V X [£,, +00). (3.4)

Proof. We only show the case of (3.1) and the case of (3.2) can be proved similarly. Assume that z(x, f)
is a solution of the following equation:

ot
2(x,0)=v(x) 20, xeV.

0z
{— —dNz=a -z, (x,1) €V x(0,+00), (3:5)

(1

We first show that z(x, ) converges to 5 uniformly for x € V.

Since vo(x) # 0 in V, the strong maximum principle implies that z(x, #) > O for (x,7) € V X (0, +c0).
For any small #; > 0, we set 6 := min,ey z(x, #;), and thus 6 > 0. Consider z(x, r), which satisfies the
following equation:

dz
—=a- re(t
dt a IBE’ X € ‘/a € ( 1 +OO)’ (36)
2x,t) =6, xeV
we have o
lim z(x,f) = —onx € V. (3.7)
—+00 — ﬂ
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Note that Aﬁg(x, 1) = 0, and hence z(x, 1) is a lower solution of System (3.5) with # € [#;, +o0). The
maximum principle implies that z(x, 1) > z(x, 1) for (x,7) € V X [t;,+0c0). Combining with (3.7), we
obtain

t—+00

liminf z(x, 1) > % uniformly for x € V. (3.8)
On the other hand, following a similar argument, we have

lim sup z(x, t) < % uniformly for x € V. 3.9

t—+00

Combining (3.8) and (3.9), we deduce that

t—+0o

lim z(x,7) = % uniformly for x € V. (3.10)

Next, since v satisfies (3.1), the comparison principle implies (3.3), which immediately implies
that (3.4) holds. This completes the proof. O

In the proof above, when @ < 0 the limit in (3.10) is 0. Thus, we obtain the following lemma:

Lemma 3.2. Suppose that for each x € V, v(x,-) € C([0, +00)) is differentiable in (0, +00). Assume
thatd > 0, @ <0, and 8 > 0 are constants. If v satisfies
N ANy < @By, (n.t) €V x (0, +00)
Y vsa-—py, X, , TOO),
ot @ (3.11)
v(x,0) =vo(x) 20, xe€V,

then
lim sup v(x, 1) < 0 uniformly for x € V. (3.12)

t—+o00

Lemma 3.3. (i) E4 = (S 4,0,0) exists if and only if Ry > 1;
(ii) Eg = (S 8,0, Yp) exists if and only if Ry > 1 and R} > 1;
(iii) Ec = (S¢, I¢,0) exists if and only if R3 > 1.

Proof. (1) and (ii) are obvious, so we omit their proofs. Next, we prove (iii). Consider

g1(8,1,0) r r Bl
e o _(SA-8)——I- =0,
S PACEEE il g
g(S,1,0)  BS _
7 =T+al (di + hy) =0.

From the last equation, we have § = dll‘%hz (1 + al). Plugging it into the first equation, we obtain

di+h di+h kBI
Sa— ! 2 = LF 2al+I+L.
B B r(1+al)
IfRy > 1,thenS,— d‘;fhz > (. Therefore, the unique positive S ¢ and I exists such that g(S ¢, I,0) =0
and g>(S ¢, Ic,0) = 0. The proof is completed. O

By the approach of comparison principle, the Lyapunov function, and the lemmas above, we can
prove Theorems 1.2—-1.6.
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Proof of Theorem 1.2. Define a Lyapunov function

L(t):Z(S +I+}IY),

xeV

We can easily find that L(¢) > 0 for all ¢ > 0, and L(¢) = 0 if and only if (S,1,Y) = (0,0, 0). By direct
computation, we have

dL

1
— = D (DIALS +g1(S, 1Y) + ) (DyAL] +gx(S, 1, Y)) + . D (DALY + g5(S, 1, Y)).

xeV xeV xeV

By Lemma 2.2, we have

D ALS =0, > ALI=0, » ALY =0.

xeV xeV xeV

We then deduce that

E:

xeV

ar > (gl(S,I, Y)+ g2(S.1.Y) + ~gx(S. 1. Y)) =Y [—55(5 S D)+ (r—h)S - (d + )l - 2y
q k q

xeV

Since Ry < 1, r — hy < 0. Hence, % < 0. By applying the Lyapunov-LaSalle invariance principle, we
have lim;,, (S,1,Y) = (0,0, 0). This completes the proof. O

Proof of Theorem 1.3. By Lemma 2.8, we have (S,1,Y) > (0,0,0). We then find that S satisfies

ot

8—S—D1A£S <(r-h - %S)S, (x,1) € Vx (0, +0),
S(x,0)=S0(x) >0, xeV.

Applying Lemma 3.1, for any small ; > 0, #; > 0 exists such that

S(x,1) <S4 +e&, for (x,1) € VX |[t,+0). (3.13)
Moreover, we have
limsup S (x,#) < S 4, uniformly for x € V. (3.14)
—+00
By R; < 1, we can choose & < % (‘i]’# - SA). Plugging (3.14) into System (1.1), we have
ol S 1
E - DzAil < (% —d; —h)I < —E(dl +hy —BS I, (x,t) €V X(t,+00),
I(x5 t)lt:tl = I(-xa tl) Z 05 X € V

Applying Lemma 3.1, for any small &, > 0, 7, > 1, exists such that
I(x,1) < &, for (x,f) € V X [1p, +00). (3.15)
Moreover, we have
lim sup I(x, ) < 0, uniformly for x € V.

t—+00
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Combining this with I(x, ¢) > 0, we have

lim I(x,t) = 0, uniformly for x € V.

—+00
) s
Since R, < 1 and —d, + Zﬁ—sﬁ =0, we have

qp1(Sa +&1)

_d 4+ -
2T+ (Sa+e)

< 0.

We choose &, < 32-[d; — 2542 ], Plugging (3.15) into System (1.1), we have
oY qpi(Sa+¢&1)  qp& 1 qpi(Sa +&1)
— —D3API < (—d, + + Y<—=[dy - 2222V 0y (x,0) € V X (f, +00),
P L T L LR (f2, +0)
Y(x’ l)ll:lz = Y(-xa t2) 2 Oa X € ‘/.

Applying Lemma 3.1, for any small &3 > 0, t3 > 1, exists such that
Y(x,1) < &, for (x,1) € V X [t3, +0). (3.16)

Moreover, we have
lim sup Y(x, ) < 0, uniformly for x € V.

—+00

Combining this with Y(x,7) > 0, we have

lim Y(x,t) = 0, uniformly for x € V.

—+00

Plugging (3.15) and (3.16) into System (1.1), we have

oS
L _DIAS 2 (r—hy — ey - Pley -~y — =8)S, (x,0) € V X (t3, +00),
ot m k k

S('x’ t)|l=l3 = S(x9 t3) Z O’ X € ‘/.

Applying Lemma 3.1, for any small 4 > 0, 4 > 0 exists such that

kB kp;

Sx,)>S4— (1 +—)ey— —&3 — &, for (x,1) € V X [y, +00). (3.17)
r mr
By the arbitrariness of &, €3, and &4, it immediately follows that

liminf S (x,7) <S4, uniformly for x € V. (3.18)

t—+0o

Combining this with (3.14), we have
lim S (x,t) =0, uniformly for x € V.

t—+00

This completes the proof. O
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Proof of Theorem 1.4. By Lemma 2.6 (the comparison principle), we have (S,1,Y) > (S35,0, Yp).
Define a Lyapunov function

L) = Z [(5 Sy — sBlnSi) - (Y Y- Y lnl)] (3.19)

xeV B YB

We can easily find that L(z) > O for all # > 0, and L(t) = 0 if and only if (S,7,Y) = (55,0, Y3). By
direct computation, we have

dL

S

xeV xeV

. (3.20)
(1= 32) DLy + gs(5.1,7)).

xeV

From the definition of A?, and Lemma 2.2 (Green formula), it is easy to calculate that

Y (1-3)ars == 3 Sars < s,y 3 BRSO COZIW),, )

xeV S xeV S x€V y~x,yeV S (X)
Sx) = SOIPF2(S(x) - S
_ s, Z Z 1S (x) (Y)IS (S (%) (y))w(x’ .
xeV y~x,yeV (y)

Adding the last two equations together, we obtain

S(-2)as =-S5 > ((S(y)_s(x))+(5(x)‘5(y)) 1) - S (DI 2w(x,y)

xeV S S x€V y~xyeV S0 S(;C)( " SO 3.21)
_ 9B ;yN%;V SIS0) w(x,y) <0.
Similar to (3.21), we have
D (1 - %)A{;Y <0
xeV
We then deduce that
‘f; Z [(1 - %)gl(S,], Y) +g2(S, 1Y) + (1 - %)g3(5,1, Y)]. (3.22)

xeV
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Note that g1(S 5,0, Y3)/Ss =0 and g5(S,0, Yz)/ Yz = 0, so we have

cji_lt‘ SZ [(S _SB)(gl(SsI’ Y) _ gl(SB’O’ YB)) +g2(S,I, Y) + (Y_ YB)(g3(S7I’ Y) _ 83(53,0, YB))]

xeV S SB Y YB
_ _ e _ BL piYp(S —Sp)—pi(m+Sp)Y - Yp)
_;(S SB)( ¢SS+ D=y (m+S)m+Sp) )
Bl —Sp)+BSp  pa(Y —Yp)+ p2¥p
e Y p(PEE e PO P g 1)

xeV

+Z(Y—Y3)( gpim(S —Sp) N qul)

~ m+S)Ym+Sp) m+1

p1Ys r , T ( BS s )
=> AR P N A —(dy +h))1
- ((m+S)(m+SB) k)( B~ DI\ @t )
D1 D2 p2Ypl
£ —(m+SE)(S —Sp) (Y- Yp) + DY - Yp) - .
24| Gn+S)m+ S 5) (mg — (m+8p))( B)( B) m+1(6] ) I( B) m+1]
(3.23)
Since R; < 1 and R, > 1, then lﬁf(fl —(d; +hy) <0. By p; < —r(’"k+y‘23)2, we have —(m+§’)‘(ﬁf+53) -7 <0.By

applying the Lyapunov-LaSalle invariance principle, we have lim,_,,, (S,1,Y) = (S 5,0, Yp). Thus, the
proof is completed. O

Proof of Theorem 1.5. By Lemma 2.6 (the comparison principle), we have (S,1,Y) > (S¢,Ic,0).
Define a Lyapunov function

S i
L(t) = Z [Hl (S —Se— SclnS—) +H, (1 . lnl—) + Y|, (3.24)

xeV C C

where

1+ al H
lemax{ mg_ ma( w)}’ by o

m+Sc’ m+ I :1+a’lc'
We can easily find that L(f) > O forall # > 0, and L(r) = O if and only if (S, 1, Y) = (S¢, I, 0). By direct
computation, we have

dL S I
= =g, ZV: (1 - ?C)(DIAZS +Q1(S, 1Y)+ Hy ) (1 - TC)(DZAZI +82(S,1,Y))

dt
e (3.25)
+ > (DALY + g5(S, 1, Y)).

xeV

Similar to (3.21), we have

S I
D (1 _ —C)Ags <0and Y (1 - —C)A{;I <0. (3.26)
5 i
xeV xeV
We then deduce that
dL s I
< [Hl (1= 28) a6 1) + Ha (1= ) (S, 1, 1)+ 565, 1.7 (3.27)

xeV
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Note that g1(S¢,0,Yc)/Sc =0and g,(S¢, Ic,0)/Ic = 0, and so we have

gl(Sala Y) _ gl(SC7IC90)
S Sc

— < [HI(S_SC)(

xeV

S, 1Y Sc, 10,0
+Z[H2(I—Ic)(g2( : ) &l CICC ))+g3(S,I,Y)]

xeV

=) Hi(S - Sc)(——(s Sc+l-1Ic)~

xeV

BU - 1¢) 3 PlY)
I+ah(l+alr) m+S

BES -Sc)(d+ale)+BaSc —1Ic)  pY
(I+a)(1+al) m+1

+ ) Hy (I =)

xeV
+Z 4 qpim(S —Sc)  qriSc _gpamd —Ic)  qpalc
m+S)Ym+Sec) m+Sc (m+Dm+1c) m+lIc

(3.28)

aﬁSC )

_;[——HMS Sc)——H1(S So)d -1p) - (1+CL/1)(1+051C)H2(1_IC)]
pimg = (m+Sc) H) p2(mg — (m+ Ic) Hy)

+;[ (m+8)m+Sc) (5 =Sars (m+ D) (m+ Ic) (I_IC)Y]

2

S 1
‘]P1C+‘]P20_d2Y.
m+Sc m+ I

xeV
Since R, > 1, fnpigc + % —d, < 0. By calculation, we have mg — (m+ S¢)H, < 0 and mq —
(m+1c) Hy < 0. Applying the Lyapunov-LaSalle invariance principle, we have lim,,, (S,1,Y) =
(S¢,Ic,0). This completes the proof. O

Proof of Theorem 1.6. By Lemma 2.6 (the comparison principle), we have (S,1,Y) > (S*,I",Y").
Define a Lyapunov function

L(t):;[HI(S—S -8t | (1= 1 = i) (Y= -y i), (3.29)
where .
r H
H; = max 4 ’mq( +al’) , Hy= L
m+S* m+ I I +al”

We can easily find that L(#) > O for all t > 0, and L(¢) = O if and only if (S,7,Y) = (S*,I",Y"). By
direct computation, we have

dL S r
< =H, ZV: (1 - —)(DIA”S +21(S,1,Y)) + HZ; (1 - 7) (D,AZ] + g2(S,1,Y))

y : (3.30)
+ Z (1 - —)(D3A”Y +g5(S,1,Y)).

xeV

Similar to (3.21), we have

Z(l__)ApS <0, Z(l——)AP1<O and Z(l—%AgYso. (3.31)

xeV xeV xeV
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We then deduce that

* k *

dL S I Y
I < ;[Hl(l - ?)gl(S,I, Y)+H2(1 - T)gz(S,I, Y)+(1 - 7)g3(5,1, Y)]. (3.32)

Note that g1(S*,I",Y")/S* =0, g8, I",Y")/I" =0and g3(S*,I",Y*)/Y* = 0, and so we have

dL ~ (&S, 1Y)  gi(S*1,Y) o [82S, 1Y) ¢S, 1,Y7)
— < H (S-S5 - +H,(I-1 -
a7 XGV[ 1 ( )( 3 5 2 ( ) 7 Iz
S,1,Y S* I, Y*
xeV Y Y*
ol T . . Bl Bl Py piY
=STH (S =SS (S =S +1-T)+ - -
; 1¢ )(k( VY Tval Tral Tmes m+s
S S * Y* Y
+ZH2(I—I*)( BS __ BST Y )
~ 1+al 14+al* m+I* m+1
S S* 1 r
+Zq(Y—Y*)( P P + paf P2 )
e~ m+S m+S* m+l m+I*
:Z[Hl( i —f)(s—s*)2+H2( P2 - ap )(1—1*)2]
. m+S)Y(m+S*) k m+Dm+1I") (A+al)(1+al)
r . o, P1mg—(m+S")H;) ) \
+ 3 |=H (S -SHU -1+ S—SH{Y-Y
; Hi( R o T T (Y =Y
— I'YH
. Z p2(mgq — (m+1") Hy) (=T (Y =Y.
o (m+D(m+1I")
(3.33)
. r(m+S*)? aBS*(m+I*)? Y* r y* apS*
Since p; < “55 and p, < S then 50— — ¢ < Oand .20 — P < 0. By

Y*(1+al")? °
calculation, we have mg — (m + S*) H; <0 and mg — (m + I") H, < 0. Applying the Lyapunov-LaSalle

invariance principle, we have lim,_,,, (S,1,Y) = (§*, I", Y*). Thus, the proof is completed. O
4. Numerical simulations

In order to deal with the numerical solutions of System (1.1), we denote the adjacent matrix of the
graph G by G and take the mean number of passengers per unit of time moving from x; to x; as the
weighted matrix. Here, we assume that (w;;),, 1s a symmetric matrix. Set S(x,t) = U,(i,1),1(x,1) =
U,(i,t), and Y(x,t) = Us(i,t); we then rewrite System (1.1) as the following ordinary differential
equations:

dU(i, 1)
dt

= fi(Uy, Uy, U3)(i,t)+DkZL,~jUk(j,t), fork=1,2,3andi=1,2,--- ,n, 4.1)

J=1
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where L = {L;;} is called the p -Laplacian matrix, which is defined by

U 1) = Ui, 01" wi, J#i,
Li={ < . o
= UG - Ui P P wy, =

=

During our numerical simulations, we assume that the initial total susceptible prey population is 8000
and the the initial total predator population is 500, which are apportioned equally to 50 nodes. The
initial infected prey population is 5, located at the first node.

Theorem 1.4 indicates that in the case of Ry > 1, R} > 1, R3 < 1, and p; < %, System (1.1)
will converge to disease-free equilibrium at an arbitrary node. In addition to the long-time behavior, it
is natural to investigate the small-time behavior for System (1.1) because the total infected population
is a key character during the control of the epidemic. Thus, we take the following parameter values

(time = [¢] = one month):

D;=15(=1,23), p=2, r=3, k=200, =25, =0.015 m=0.5,
p1 =062, p, =086, hy =1, h, =2, d, =054, d, =042, qg=0.68.

We assume that the graph G is a Watts-Strogatz network, where n = 50 in the vertices. From a
mathematical point of view, the Watts-Strogatz network is an undirected graph where some of the
connections between the nodes are determined and others are random. The edge set E is connected
with an average degree of 4 and the probability of rewiring a link is 3/20. The average degree of 4
indicates that each node has two other nodes connected to both its left and right sides. The 3/20
probability of rewiring a link indicates that each node has a probability of 3/20 for it to be connected
to any other node in the graph. The rewired edge aims to introduce some stochastic routines between
two vertices in the model (1.1) due to the fact that the individual population sometimes unavoidably
walks randomly.

We describe, in the first panel in Figures 1 and 2, the initial susceptible prey population takes 160
on all nodes and the initial infected prey population takes 5 on the first node and O on all the others.
Employing a Runge-Kutta scheme for the time integration, we make a portrait of the spatial densities
of the susceptible prey population and the infected prey population on the network for time t =1, 2, 5
in Figures 1 and 2, showing that, for different nodes, the network exhibits a spatially inhomogeneous
behavior. However, the effect of network on the infected population cannot be indicated here; therefore,
we describe the temporal solution of System (1.1), without considering the network’s structure but
only arranging the nodes in a vertical column. We simulate, in the left panel of Figure 3, the dynamic
behavior of System (1.1) without Laplacian diffusion, i.e., ordinary differential equations. At first, the
solution of the infected population rises to a peak, but it then decreases toward 0. Comparatively, we
simulate the dynamical behavior of system (1.1) with Laplacian diffusion with a spatial networked
structure subject to the Watts-Strogatz small-world network. From the right panel of Figure 3, we see
that the solution of the infected population for each node exhibits a dynamic behavior similar to the
solution of an ordinary differential equation. However, even though each node has the same parameters
as System (1.1), their peaks are different.

AIMS Mathematics Volume 10, Issue 4, 9202-9236.



9231

S(z,t) at time ¢ = 0 month for all z € V'
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Figure 1. Solutions of S at time points = 0, 1, 2, and 5 in the Watts-Strogatz network. The
node size corresponds to the node degree; the node colorbar corresponds to the population.
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I(x,t) at time ¢ = 0 month for all z € V

I(z,t) at time ¢ = 2 month for all z € V
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5. Discussion

A great deal of literature so far on eco-epidemiological transmission dynamics has focused
especially on ordinary differential equations. Consequently, uncertainties persist regarding how
population mobility influences epidemic outbreaks, necessitating the inclusion of spatial factors
within the eco-epidemiological dynamic framework. Laplacian diffusion systems with spatially
homogeneous parameters (Murray [17], Yang et al. [23], Lin and Zhu [24]) and spatially
heterogeneous parameters (Allen et al. [21, 22]) have been applied to spatio-temporal dynamic
systems to study the epidemic spreading along space, as well as the factor of population mobility.
Laplacian operators in these studies have been introduced to describe the population diffusion, in
which every single individual is assumed to obey Brown’s random walk, where the moving direction
of population is spontaneous and not affected by the environment. Our eco-epidemiological model in
a network is different, however, since the movement of population in each vertex depends on the
topological structure of the network. Both the short-term and long-term dynamic behaviors of the
eco-epidemiological epidemic model have been studied. To the best of our knowledge, no
eco-epidemiological model has used graph p-Laplacian diffusion to describe the spatio-temporal
spreading.

With the basic reproduction number Ry > 1, R} > 1, R3 < 1, and p; < % Theorem 1.4 shows
that System (1.1) admits a stable coexisting disease-free equilibrium if the initial data of the prey
and predator population is large enough (the initial condition is natural). Our results indicate that the
existence of a graph p -Laplacian defined on a weighted connected graph does not alter the asymptotic
behavior of the eco-epidemiological model. However, our numerical simulations have illustrated that,
in the case of stable coexisting disease-free equilibrium when the graph p -Laplacian corresponding
to adjacent matrix is subject to the Watts-Strogatz small-world network, the peak infected population
admits a spatially inhomogeneous distribution even it is free from disease.
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