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Abstract: The Elzaki-Adomian decomposition method (EADM) is intended to serve as an efficient analytical
method for the resolution of these original fractional-order Riccati differential equations. This can be
accomplished permanently by incorporating the Adomian decomposition method with Elzaki. The local
fractional derivative is implemented in this format. Particularly in the context of nonlinear differential
equations (ODE), this approach is preferred over digital gaps. Additionally, the method’s convergence.
Random individuals with uniform, beta, normal, and gamma distributions are used to select the initial
conditions or coefficients of the equations. The variance, confidence interval, and expected value of the
solutions that are obtained will be determined. MATLAB (2013a) package software will be employed to
display the individuals that were brought together, and the results will be analyzed randomly.
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1. Introduction

In recent years, fractional differential equations (FDES) have garnered substantial attention for their capacity
to simulate intricate phenomena in a variety of disciplines, including finance, engineering, biology, and physics.
These equations, which generalize classical differential equations to fractional-order derivatives, enable more
precise description of heritable properties and memory in a variety of natural and man-made systems. Among
these, local fractional differential equations (LFDES) have emerged as a potent instrument for documenting the
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dynamical behavior of fractal and disordered domains. Nevertheless, the nonlinearity of these equations and the
intricate interaction between fractional derivatives and stochastic components present substantial challenges when
dealing with randomness or uncertainty. The individuals who have been gathered will be displayed using software.

A nonlinear differential equation with extensive applications in control theory, fluid mechanics, population
dynamics, and quantum mechanics, the Riccati differential equation is a well-known equation. Fractional Riccati
differential equations play an important role in modeling nonlinear systems that occur in physical and engineering
applications. Fractional Riccati differential equations play an important role in modeling nonlinear systems that
occur in physical and engineering applications. Adomian decomposition method, He's homotopy approximation,
variational iteration method, and various numerical methods have been used in solving these equations. Momani
and Shawagfeh [1] obtained accurate and convergent results using the decomposition method for solving fractional
Riccati differential equations. Merdan [2] investigated solutions to the fractional Riccati differential equation using
modified Riemann-Liouville derivatives. Abbasbandy [3] successfully applied the iterated He's homotopy perturbation
method to the quadratic Riccati differential equation. He [4] introduced an approximate analytical method for fractional
seepage flow, laying the groundwork for later applications. Jafari and Tajadodi [5] utilized the variational iteration
method for solving fractional Riccati equations effectively. Khader [6] provided a numerical approach to solve these
equations, while Khader, Mahdy, and Mohamed [7] worked on approximate solutions. Additionally, Khader [8]
extended the numerical treatment to fractional diffusion equations. Finally, Khaniyev and Merdan [9] analyzed the
fractional Riccati equation in detail and proposed further improvements.

The local fractional Riccati differential equation (LFRDE), its fractional counterpart, provides sophisticated
modeling capabilities for systems with fractal-like structures. The applicability of these equations to problems
where uncertainty or noise is a critical factor, such as stochastic processes or chaotic systems, is further enhanced
by the inclusion of randomness. Nevertheless, the process of obtaining exact or approximate solutions to random
local fractional Riccati differential equations (RLFRDES) is a multifaceted endeavor that necessitates the use of
efficient and robust solution techniques.

The Adomian decomposition method (ADM) [10-13] and the Elzaki transform method (ETM) are among
the numerous methods that have been devised in recent years to solve fractional differential equations. The Elzaki
transform technique was designed as a powerful tool for solving differential and integro-differential problems.
Elzaki and Ezaki [14] provided a fundamental method for solving integro-differential equations with the
Elzaki transform. In the same year, they expanded the method's scope by describing its applicability to higher
order ordinary differential equations [15] and variable coefficient differential equations [16]. Mahgob and
Elzaki [17-19] used the Elzaki transform to solve Volterra type integral equations and partial integro-differential
eguations using various special functions (e.g., the Bulge function). Bhadane et al. [20] used this approach to solve
one-dimensional groundwater recharge issues in hydrogeology and showed that it is useful in engineering. Hilal
and Elzaki [21] provided an analytical solution for the telegraph equation by demonstrating that the Elzaki
transform is a modified version of the Sumudu transform. Elzaki and Ezaki [22] adapted the Elzaki transform to
systems of partial differential equations and shown that the approach is also applicable to system solutions. Ziane
and Cherif [23] provided an enhanced version of the approach that solves nonlinear partial differential equations
using the Elzaki transform decomposition method. Finally, Shah et al. [24] successfully implemented the Elzaki
transform to fractional multidimensional telegraph equations, achieving remarkably accurate results by combining
the approach with the Adomian decomposition methodology.

The ETM offers an efficient framework for systematically transforming and solving differential equations,
while the ADM is renowned for its capacity to decompose nonlinear problems into a set of simpler components.
The Elzaki-Adomian decomposition method (EADM) is a prospective hybrid technique that capitalizes on the
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assets of both methods by combining these two approaches. The EADM has not yet been extensively investigated
in the context of arbitrary local fractional differential equations, despite its potential.

This paper presents the EADM [25-30] as a novel technique for solving random local fractional Riccati
differential equations. The suggested approach adeptly integrates the decomposition features of ADM with the
transformation attributes of ETM, offering a robust instrument to tackle the difficulties presented by nonlinearity,
unpredictability, and fractional order derivatives. The primary aims of this study are to establish a systematic
framework for implementing EADM in RLFRDEsS, to showcase its efficacy and precision via illustrative cases,
and to evaluate its performance against existing methodologies. This work aims to introduce a novel analytical
method for solving the fractional-time Riccati problem through the use of the local derivative. The suggested
method employs the Elzaki transform and fractional local derivative in conjunction with Adomian polynomials to
get the approximate analytical solution of the fractional time Riccati problem. Three numerical implementations
are provided to illustrate the proposed approach for exponential, uniform, and normal random variables, with initial
conditions selected from perfectly continuous distributions for the nonlinear Riccati equation. The alteration in the
solution due to the fractional parameter is examined by numerical and graphical analyses.

The subsequent sections of this work are structured as follows: Section 2 provides the mathematical
foundation and terminology pertinent to fractional calculus, local fractional derivatives, and stochastic differential
equations. Section 3 delineates the Adomian-Elzaki method and its use in RLFRDES. Section 4 provides
numerical examples to substantiate the proposed method and emphasizes its benefits compared to conventional
approaches. Section 5 ultimately finishes the report by discussing the research findings and prospective future
directions in this field.

2. Preliminaries

Here, we present some basic definitions of local fractional derivative that are important to our research.
Definition 2.1. Local fractional derivative of #(x) of ordercatx = xy,0 < o < 1:

_ jm 2@ $00) 2.1)

g
X=X X=X (x—x0)

Here, £ (x) = lim [+~ fx0)]

X=X (x—=x0)°

The local fractional partial differential operator of order o is given by Kolwankar and Gangal [31,32],

°w(xot) _ i A%(w(xo,)—w(xo—tp))
ato —)}1_)1}}0 (t—tg)° ' (22)

Here, AU(U(X(), t) — U(.'X'O - to)) =T+ O')[U(XO,t) - U(XO — to)]
Definition 2.2. Let F (t) be a function that is defined for t greater than 0. The Elzaki transform of F (t) is defined
as follows:
o _L
E(F(®) =v [, e v #(t)dt. (2.3)

2.1. Local fractional Elzaki transform method (LKED)

New transformation operatG [33] LFE,: #(x) — T, (v):
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LFE {f(x)} = LFE,{¥¢-o a) x*°} = Xy T(1 + ko)ay v*7+27. (24)

For example,
#(x) = E;(i7x7),

[ee]
: axka } ika

oW — — ko+20
LFE{E;(i°x°)} = LFE, {R_EO—F(l T ko) kio I'(1+ ko) T+ ko) v

— 200_ ikovko+20 ,
xG’
I(1+0)’

andif #(x) =

1
r'(1+o)

xO'

pot20 — ;30
['(1+0)

LFEJ{ } =T(1+0)

Definition.2.3. [33] Local fractional Elzaki transform of the function # (x) of order o'

va

LFE{#(x)} = T,(v) = r(1+o)

Iy E, () () 0 <o < 1. 25)

The inverse transformation may be derived as follows:

LFEgHT,(v)} = #(x).

Teorem 2.1. [33] Elzaki transform of local fractional derivative:
IfLFE,{#(x)} = T,(v),

LFE{D§:$(x)} = - T,(v) = v$(0),0 <o <1, (2.6)
and
LFE,{DI¥ $#(x)} = v_rlea(v) - Z}g;év(k—n+2)a7§((é€)a), 0<o<1. @7

Teorem 2.2. [33] Elzaki transform of local fractional integral
LFE{#(x)} = To(v),

therefore,

LFE,{ 42§ (x)} = v°T,(v).

Teorem 2.3. [34] Local fractional Elzaki transformations of various special functions are presented below:
ko

) $() = LE® = Iorcirs

.UO'

T'(1+0) fooo Eq (_vid) 1(dx)? = v*. (28)

LFE;{1} =T,(v) =
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i) LFE,{x°} = I(1+0)v®,LFE, |- (1: )} = 137,

LFE {x"} =T(1 + o)v?7tno, (2.9)
i) #(x) = E;((ax)?),

LFE,{E,((ax)")} = (210)

1- (av)Cr

V) $#(x) = - Es((ax)?),

F(1+ )
- 30
LFE {F(1+ )E ((ax) )} m (211)

2.2. Elzaki Adomian decomposition method

This section presents the Elzaki-Adomian decomposition method [35] for the solution of fractional ordinary
differential equations and equation systems when the fractional Riccati differential equation is expressed as

DEy(t) = p(t) + q(t)y(t) + r(t)y(t)?, (212

and let y(0) = B be the initial condition, then the solution of the equation is y(t), and D& = °D{ is a Caputo

fractional derivative operator with 0 < a < 1. The real-valued functions p(t), q(t),and r(t) are well-known.
Using the Elzaki transform in Eq (2.3),

y() =v2y(0) + v¥E[p()] + v*E[q(t)y(O)] + v*E[r()y(t)?] (2.13)

Is obtained. Then, if the inverse Elzaki transform of the expression (13) is taken,

y(®) = y(0) + ETMv*E[p®]] + ET v Elq()yO]] + ET v E[r(Oy(®)?]].  (214)

The Adomian decomposition approach posits that the function y may be expressed as an infinite series [36,37].

y(&) = Xn=oYn () =yo ty1 t ¥y, + -, (2.15)

where y,, can be defined recursively. This approach also presupposes that the nonlinear operator Ny may be
expressed as an infinite polynomial series.

Ny = Y3=04n, (2.16)
where A,, = A, (Yo, V1, Y2, -+, V) IS an Adomian polynomial defined,

n(yO’yl'yZ’ . 'yn) = n! d)l"[ (2 ()Ak yk)]}{:()l n= 011121 e

where A is a parameter. The Adomian polynomial A,, can be defined as follows:

1

dO
Ay = o1 da° UV(Z%:O Ak Yi)la=o = NVo),
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1 dt ,
A = EW[N(Z}FO Ak Vi)lazo = y1N' (o),
1 d? 2 k _ 1] Y12 "
A, = ZW[N(Zk=OA Vi) la=o = ¥2N'(¥o) +7N (o).

If we substitute (2.15) and (2.16) into (2.14),
> ® = y(0) + E o Ep (@]
n=0

+EHv E[q(t) Ypeo Ya(D]] + E7[vYE[Ziz0 Anl]. (2.17)

If the terms of the same order in Eq (2.17) are equated,

vo = y(0) + ETHv*E[p(®)]],
Y1 = E_I[UaE[Ao]] + E‘l[v“E[qyO]],
y, = ETYv*E[A,]] + E7Y[v*E[qy1]], (2.18)

Y3 = E_l[VaE[Az]] + E‘l[v“E[qyz]],

Consequently, the Elzaki-Adomian decomposition approach yields the recursive relation for the solution of the
ordinary differential equation (2.18) as follows:

Yo = y(0) + ET* [v*E[p(D)]], (219)
Yn+1 = E7Y[vE[A,]] + E7[v*E[qy,]],n =0,1,2, ...

3. Convergence analysis

Define the Banach space C[0, T] consisting of all continuous functions on the interval [0, T] with a
supremum norm. In this part, we examine the functions y(t) and y,, (t) € C[0, T].
Theorem 3.1. (Theorem of uniqueness [38,39]) The unique solution for the nonlinear fractional differential
Eq (2.12) derived by Elzaki-Adomianisvalidfor 0 < y < 1.
Proof. The resolution of nonlinear FODES in Eq (2.12) is delineated as follows:

y(t) = X0 Yn(0), 3.1)

{ n=0; y, =y(0)+ E[v*E[p®)]], (3.2)

n > 0; yo4q = ETY v E[A,]] + E7Yv*Elqyy]]-
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Assuming that y and z are two distinct solutions of Eq (3.2), we may derive the following using the previously
described equation:

ly-z| = |[E7Y{[v*E[p(t) + q(O)(y — 2) + r(t) (y? — z2)]]}]. (33)

Utilizing the convolution theory for the Elzaki transform, it is derived as

— 7B
a1 = [ Qa1 + 02 = 2 =D
< allo=21 + 1= + D) S dr. (34)

Subsequently, applying the integral mean-value theorem, it results in
ly-z| < (qll(y - 2)| + [r||(y-2)(® + VDT,
y = (ql + Ir[l(® + Q)DT,

ly-z| <vl(y-2)I, A -ply-z| <0.

Therefore, |y-z| = 0,as0 < y < 1. Consequently, y = z. This demonstrates the solution’s distinctiveness.
Theorem 3.2. (Convergence teorem [40,41]) Let X be a Banach space and H: X — X be a nonlinear mapping.
Should the inequality

IHW)-H@I < vlly-zIl, vy, z € X. (35)

If it exists, then H possesses a fixed point according to Banach’s fixed point theorem [41]. Moreover, for the
arbitrary selection of y, and y, in X, the sequence generated by the Elzaki-ADM converges to a fixed point of H.

1Ym=yull < 7= 171=Yoll, ¥, @ € X. (36)

Proof. Consider a Banach space (C[/], |- ||) comprising all continuous functions on J, with the norm defined as
lR(O)I] = max ge; |A(E)].

We now illustrate that the sequence {y, } constitutes a Cauchy sequence within the Banach space:
lYm=yull = max ee; [Ym=yul
=max ge; [ETH{[v*E[p(t) + () V-1 = Yn-1) + T Wim-1-y2-D1]}]
<max g [ETH{[v*EP(®) + aO1ym-1 = Yn-al + rO1y7-1- YA l1]}].
Currently, the convolution theorem for Laplace transform is employed to provide the following:

(t—1)Ff

¢
ym-yall < max e [ fo [P0 +a@1Yim-1 = Ynoal + Ty yioall gy de
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_)B
<max ge; [f; (O + Q@ m-1 = Ynal + @I Omo1= Y ) (@ + DD 1505 de].

Next, we obtain the result by employing the integral mean value theorem [41].
IYm=ynll < max ee; (@ + qlym-1 = Yn-1l + I (Vm-1- yn-1)(® + DDT],

”ym_yn” < V”ym—l_yn—lll-

Letm = n + 1, then we have

lyn+1=Yull £ Vlyn-yn-all < V2||}’n—1‘yn—2|| < - S YMlyi-yoll.

Utilizing the triangular inequality, it generates the following:

”ym_yn” < ”yn+1_yn” + ”yn+2_:Vn+1” + et ”ym_ym—lll
Sy 4y lly- ol
<yM1+y+yi+ ™ lly-woll

m-n—1
Tyl ly1-yoll.

<y"

Becausey € (0,1),s01 — y™ "1 < 1, then we have

1Ym=yull < 7= 1y2=¥oll.

Although ||y - ¥l < oo, as m approaches infinity, ||y;,,— v, || approaches zero.
Consequently, the sequence {y,, } is a Cauchy sequence in C[J] and is therefore convergent.
Example 1.

DEy(t) = —y%(t) + 1,0 < a < 1,y(0) = B, (3.7)

B~U(§ =2,n=4),

in this context, where B denotes a random variable with a uniform distribution, solve the local fractional order
Riccati differential equation given the initial condition using the Elzaki-Adomian decomposition method and
examine the probabilistic characteristics.
Solution:

Once the Elzaki-Adomian decomposition method was used on Eq (3.7), the following results were obtained:

¥o =¥(0) + ET[v*E[1]], Y41 = —EHv*E[A,]],

t(l

Yo =B+ E Y v*v?| =B+ E Y[v**?] =B

I(a+1)’

Forn =0,

y1 = —EHv¥E[4,]],
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ta tZlZ

— — 2 _ Rp2
Ao =N(yo) =yo" = B" + 2B I(a+1) + rz(a+1)’

a tZa

[(a+1) * Ma+1)

y, = —E71|veE IBZ + 2B

=1 _v“ {Bzv2 + 2Bv%t? + e+ D I'Ca + 1)172‘”2}]
rQ2a + 1)
a+1)

3a

— _E—l -BZ,UO.'+2 + 2Bv2a+2 + v3a+2

_ B%t“ 2Bt?® r2a+1)
T T(a+l) TQa+1l) TI2(a+DI(GBa+l)

Forn =1,
v, = —E7v*E[A,]],

Ay = y1N'(¥o) = 2yo)1

t% B?%t“ 2Bt?¢ FrQRa+1

Tla+1D/\ T@+1) TQRa+1) TIZ(a+DrBa+1)

_ 2B3t® 4B?%t2e 2BT(2a + 1)t3¢ 2B?t%@
 T(a+1) TQRa+1) TI2a+1Dr@Ba+1) TI(a+1)2

4Bt3« 2IQa + 1)t*®
FRa+ DI'(a+1) TI2(a+ 1DIrQ@a+ Dl(a+1)
) 2B3t*  4B%¢% 2BT(2a + 1)t3¢@ 2B2t%@
yz =—E~ vaE - —_ - —
F(a+1) TQRa+1) TI?(a+1Dr@Ba+1) TI(a+1)?

4Bt3¢ 2T (2a + 1)t
FRa+ Dl(a+1) T?(a+ Dr@a+ Hl(a+1)

_ g 2B3T(a + 1)v2%*t2  4B?T(2a + 1)v3%*t2  2BTr2a + NI'Ba + 1)v*et?
B I(a+1) ra+1) 2(a+ 1DrGa +1)

2B%T(2a + 1)v3**2  4BT'(3a + 1)v***2  2I'(2a + DI'(4a + 1)v>*+2
I'(ax+1)? FRa+ Dl(a+1) T(a+Dr@a+Hl(a+1)

2BT(2a + 1))v***2 2B T(2a + 1)v3%*2
(a+1) F'(a + 1)2

— _E—l [_2B3v2a+2 _ 4BZU30(+2 _

4BT(Ba + Dv***2  2I'2a + DI'(4a + 1)v°%+2
FRa+ Dl(a+1) T?(a+ DrG@a+ Dl(a+1)
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_ 2B%t*® N 4B%t3¢ N 2BT(2a + 1)t* 2B?T(2a + 1)t3¢
" TRa+1) TBa+1) TIZ(a+1DI@Ga+1) T(a+1)2TBa+1)

ABT(3a + 1)t 2T'(2a + DI (4a + 1)t5@
[Q2a+ DIl'(a+ DI'(4a + 1) * M(a+ DrGae+ Hr@Ea+ Hr(a + 1)

y®) =yotyity, + -
t* B?t¢ 2Bt?« FrQRa+1) . . 2Bt

T Ta+D T+ T2a+l) Pa+DrGa+D. 'TZa+D

.\ 4B%¢3%  2BT(2a + 1)t**  2B2T(2a + 1)t3¢
FBa+1) TI?(a+1Dl4a+1) T(a+1)TBa+1)

=B

4BT(3a+1)t** 2l 2a+1)lI(4a+1)t>%
FrRa+D)r(a+1l4a+1) T2(a+DIGa+DIGa+DI(a+1)

(38)

A solution is achieved. In particular, the absolute error diagrams and the comparison of the exact solution
with the Elzaki-Adomian solution for B = 0 and a = 1 are provided below.

The characteristics of the random variable X follow a uniform distribution, denoted as X~U (&, 7).
Employing the moment generating function of the uniform distribution

eNt_gét

MX(t) = E[etX] = (n_f)t’

the first moment and variance of the random variable B~U (¢, 1) are

2 2 3,82 2,13
E[B] = Eern’ E[B?] = MT’“", E[B3] = §3+¢ n:fn +1

G —=n? _ (48t = — 6870 —én® + 4n*)
12 B 45 ’

9§° +28°n — 5¢"n® — 128%n° — 582 n* + 28n° + I°
112

Var[B] Var[B?]

Var[B3] =

is found [42,43]. Let us find the expected value and variance of the expression (3.8).
t® E(BH)t* 2E(B)t*“ F'a+1)
lla+1) T(a+1) TQRa+1) TI?(a+1DrBa+1)
2E(B3)t2® N 4E(BA)t3* 2E(B)[(2a + 1)t*®
F'QCa+1) FBa+1) TI?(a+1lr@Ga+1)
2E(B2)I(2a + 1)t3¢ 4E(B)T(Ba + 1)t*®
F(a+1)’TBa+1) TQRa+ Dl(a+ DI'(Ga+1)
N 2I'Qa + DIr'(4a + 1)t N
I(a+ DIrsa+ Dr83a+ Hr(a + 1)

3a

E(y(t)) =E(B) +
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(é‘z +én+ nz) a9 (é’%) (20

B (f + n) N t* 3 B
2 Fla+1) Fa+1) rQa+1)
3 + 2 + 2 + 3 o
F2a+ 1) N 2<€ €n4€n U)tz
" T2(a+ DIBa+1) e Ia + 1)
4 (W) e 2 (#) [(2a + 1)t
+ rGa+1) 2(a + Dl(4a + 1)

2 (W) FQa+1)t% 4 (f#) [(3a + 1)t

T e+ DI Ga+ ) TQa+ Di(a+ Dl + 1)

2I'2a + DI'(4a + 1)t>«
@ DrGa+ DrGa+ D@+ 1)+

Expected value for special values ¢ = 2 andn = 4,

te 28t* 6t2¢ F2a + 1t3@
E(y(®))=3+ - — —
Fla+1) 3l(a+1) TRa+1) TI?(a+1Dr@Ba+1)
N 60t N 112¢3¢ 6I'(2a + 1))t**
FRa+1) 3r@Ba+1) TI?(a+1lr@a+1)
56I'(2a + 1)t3¢ 12I'(Ba + 1)t**

T+ DTGa+ 1)  T2a + Di(a + DI(da + 1)

2I2a + DI (4a + 1t
T 2@ DrGa+ DIGa+ D@+ 1)

Var(BH)t?* 4Var(B)t*® 4Var(B3)t*®
V t))=Var(B
ar(y(0)) = Var(B) + @+ 12  TQa+1? ' T(Qa+1)?
16Var(B?)t%* 4Var(B)I2a + 1)?t3% 2Var(B*)I(2a + 1)?t%¢
I'Ga + 1)? M(a + DI'(4a + 1)? ['(a + D)*TBa + 1)?

16Var(B)I'(3a + 1)%t8«
[(2a + 1)2T(a + 12T (4a + 1)2
(48" = &n—68%n° — En° + 4n4)) 2 g4 ((5 Izn)z) pia

_ ((f - n)2> +( 45

+
12 I'(a+1)? Ia +1)2

112

4 (956 +2¢°n — 58" — 128°n° — 582 n* + 2¢n° + 9n6) paa
+ FCa + 1)2
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16 ((454 —&n = 6325 ik /s 4774)) poa . 4 ((s‘ Izn)2> [(2a + 1)%t8a
[(Ba + 1)2 (a + DI(4a + 1)?

+

45
I'(a+ 1)*T(Ba + 1)2

2 ((4’54 — 537] — 652 > - 5773 + 4774)) F(ZO( + 1)2t6a

+

16 (%) F(3a + 1)%t8@
F2a + D2 (a + D2 (4a + 1)2

For special values of £ = 2 and n = 4, the variance is

4 4a
Var(y(o) = - 4 120889 3t 10446t | 1934222t%

4
.\ 3 (2a + 1)%t% s 24.1778T(2a + 1)@
Ma+1DIrrda+ 1?2 T(a+ 1)*TBa+ 1)2

%F(Ba + 1)?%t8«
T T Za + D2l (a + D2 (da + D2

Example 2.
“DEy(t) = y(t) — y*(t), 0 < a < 1,y(0) = B, 3.9)

B~Exp(A = 3).

In this context, where B denotes a random variable with an exponential distribution, solve the local fractional
order Riccati differential equation given the initial condition by utilizing the Elzaki-Adomian decomposition
method and examine the probabilistic features.

Solution:
Should the Elzaki-Adomian decomposition technique be employed on Eq (3.9),

¥o = ¥(0) + ET[v*E[0]], yn+1 = —Ev*E[A,]],

yo =B+ E"1[v*0] = B+ 0 = B.

Forn =0,

V1= _E_l[UaE[Ao]],
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Ay = N(yo) = yo* = B?,
y, = _E—l[vaE[BZ]] — _E—l[va+2B2]

B2t@

— _p2p-1[,a+2] — _
= —B°E" [v*"] T(a+1)’

B%t% )_ 2B3t%

Ay = y1N'(yo) = 2yoy1 = 2(B) (—

r(a+1)/)” T(a+1)
Forn=1,
2B3t¢
= —E YE[A,]| = -E Y |v*E |- —
2B3
— _E—l al| _ T 1 a+2
[v < ) (a+ v >l
_ p—1[yp3,2a+2] _ 2B3t*¢
=E7[2B v 1= r2a+1)’
! y12 123 2
A; = y,N'(yo) + 71\’ Vo) = 2yoy2 + yi
_ 4B4t2a B4-t2a'
T TQa+1)  T(a+1)?'
Forn = 2,

ys = —E71[vYE[A,]]

= —E"1|v®*E

[Q2a+1) * I(a+1)?

4B4t2a B4t2a l

[, (4B'TQa + Dv?***?  B*T(2a + 1)v?**?
FQRa+1) I(a + 1)?

[ 4 3 2
_ g <4B4v3“+2 N B*TQa + 1)v3** >l

['(a+ 1)2

4B4t3a BT (2a+1)t3¢%

- rBa+1) T(a+1)2r(Ba+1)’

y®) =yo+tyi+ty, tys + -

B2 _, 2B® o, (434 BT(2a+1)

- 3“ see
@t tiGarn r(3a+1) F(a+1)2I‘(3a+1))t o (3.10)

solution is obtained. X~Exp(A) is a random variable with exponential distribution, the moment generating
function [42,43].
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A
MX(t) = E[etX] = m

The expected value and variance of the random variable B~Exp (1),

1 2 6 24

E[B] = 7 E[B?] = FPL E[B®] = Fek E[B*] = orL
120 720 7! 8!
E[BS] :—/15 ) E[BG] :—16 , E[B7] :?, E[BB] :F’

were obtained with the help of the moment generating function.
From the equation Var(X) = E(X?) — [E(X)]?,

684 4 39744
?, Var[B ] = 18

20
Var|[B] Var[B?] = ~ Var[B3] =

= ﬁ )

is found [42,43]. Let us find the expected value and variance of the expression (3.10).
E(B?) , 2EB® .

Na+1) ra+1)

4 r'2a + 1)
B <F(3a D) T+ DrGa+ D

E(y(t)) = E(B) -

>E(B4’)t3“ + -

2 12
= 1 — AZ ta + /13 tZa
A Tla+1) ['2a+1)
_ 4 rQCa+1) 24 a0,
FBa+1) T(a+1)TBa+1))1*
The expected value for the special value A = 3 is
2 12
32 33 2
E(y(t)) ==— t* «a
OO =3t T T T D
4 Fra+1) 24
- + — 30 4 ...
FBa+1) T(a+1)’TBa+1)) 34

tr 2 , 2t2%  \? ,
Var(y(t)) = Var(B) + (m) Var(B ) + <m) Var(B )

4 < 4 Fra+1)

2
FGa+1) + ['(x + 1)2T(3a + 1)> t%Var(B*)
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_1+( te )220+ 2t \" 684
2 \T(e+1) 2 \FQa+1)) 2

( 4 r(2a+1) )239744
rBa+1) TI'(a+1)2r(3a+1) A8

toe,

For the special value A = 3, the variance is

. ((t))_1+( te )220+ 2t \" 684
T =52 " @+ D) 3* " \T2a+ 1)) 36

s 4 TQa+D ? 39744
TBa+1) T(a+1)2TBa+1)) 38

60('
Example 3.
EDEy(t) = y2(t) +2y(t) +1, 0 < a < 1,y(0) = C, (3.11)

C~N(u=5,0%2=1).

In this context, where C is a random variable following a normal distribution, solve the local fractional order

Riccati differential equation given the initial condition by utilizing the Elzaki-Adomian decomposition method
and examine the probabilistic characteristics.

Solution:
The Elzaki-Adomian decomposition method is used to Eq (3.11).

vo = y(0) + E~t[v*E[1]],

Yn+1 = E7Y[vE[A,]] + E7[v*E[qy,]],n = 0,1,2, ...

_ —1[,a,,2] — —1[,,a+2] — te
Yo=C+E '[v*v? ] =B+ E v ]_C+F(a+1)'

Forn =0,

V1= E_l[vaE[Ao]] + E_I[VaE[}’o]]’

2 2 ta tza
Ao =NQo) =y =C"+ 20 T ey

a tZa

=E_1
71 e+ D) Ta+D

veE [CZ +2C +E1

v*E [C +

=
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=E! [v“ {CZUZ + 2Cv%*? + ra + 1)172‘”2}] + E7[v*{Cv? + v¥*?}]

1
Ma+1)
[(2a + 1)] -

=E—1 [CZ a+2+2C 2a+2+ 3a+2
v v N CTSY

2+0£ + v2a+2]

. C%t® 2Ct%% r2a+1) 3a ct® n 2«
" T(a+1) Ta+1) T2(a+1)IBa+1) F(a+1) Ta+1)

Forn =1,
Y2 = E_l[vaE[Aﬂ] + E_l[vaE[yﬂ]y

Ay = y1N'(¥o) = 2yo)1

te (C?+0O)t* (2C+ Nt*@ ra+1)
=2 (C + ) + + 3a
F'(a+1) F'(a+1) FRa+1) T?(a+1Dr@Ba+1)
C3+C? t“ 2C%+C C*+cC
=2 ( ) + 2«
I'a+1) F(Za +1) T'(a+1)2
N CrQa+1) N 2C+1) - F2a + 1)t*
MR+ 1DIGa+1) TRa+ Dlr(a+1) MBla+1Dr@a+1)/)
v, = E-1|veE |2 (c3+ Cz)t“ 2C%+C N C*+C et
z [(a+1) F(Za +1) T'(a+1)2
N CrQa+1) N 2C+1) a4 FQa + 1)t*
MPa+1DIGBa+1) TQRa+ Dlr(a+1) Bla+ 1DIrGBa+1)
-1|,ap [(c2+c)t“ (2C+1)t%¢ r(2a+1) t3“]
I(a+1) r(2a+1) M2(a+1)rGa+1)

P l(c3 + CH)lM(a + 1)v2et? ( 2C*+C C*+C

Ta+ 1) TCa+ 1) Tla+ 1)2> [2a + 1>

( Cr2a + 1) (2C+1)

M2(a+ DIBa+1)  TQa+ Dl(a+ 1)) FGa+ Dy

2I2a + DI'(4a + 1)v5a+2
B(a+ DIrGa+1) l

-1 (2 2a+2 3a+2 | [a+Dva+?
+E(C? + C)v2e+? + 20+ 1)v3e*2 + s ]

AIMS Mathematics Volume 10, Issue 4, 9122-9149.



9138

_ (2C3+2C%)t%@ <4C2 +2C 2C*+ 26) FQa + 1)t3¢

FZa+ 1) e+l TatD?) TGBatD)
20T (2a + 1) (4C +2) [ + 1))t
<F2(a T DIGa+ 1) Ta+ D+ 1)) Mlda + 1)

ATa + DI'(4a + 1t>*
[B3(a+ DI'Ga+ DIQGa +1)

(C2+0)t?*  (2C+1)t3¢ FQa + 1)t*
FrRa+1) T@Ba+1) TI(a+Dl@a+1)

y®) =yo+y1+y, + -
t* N (C? + O)t~ N (2C + 1)t?e N FrQa+1)
Ma+1) T(a+1) FRa+1) TI?(a+1Dr@Ba+1)

3a

=C+

(2C3+2C%)t%@ (462 +2C 2C*+ 26) ra + 1)t3*

rCa+1) rCZa+1) Ta+1?) TGa+ D
2CTQRa+ 1) (4C + 2) F'(Ba + 1))t
* <r2(a T DIGa+ D TQa+ Dri(a+t 1)) F(da + 1)

ATQa + DI'(4a + 1)t (C2+0)t?*  (2C+1)t3¢
Bla+ DI'Ga+1DrBa+1) TrQRa+1) TQBa+1)

FRa+1)t*e
+ r2(a+1)r4a+1) + (3'12)

The characteristics of the random variable X follow a normal distribution, denoted as X~N (u, 62).
Utilizing the moment generating function of the normal distribution
M, (t) = E[etX] = e®#t+37°tD),
The first and second moments of the random variable C~N (1, 6%) are E[C] = u,
E[C?] = u?*+ 0% E[C3] = 302%u + u3,E[C*] = 30* + 60°%u? + u*,
and its variance,
Var[C] = 6?,Var[C?] = 26* + 40%u?,Var[C3] = 150° + 360*u? + 902 u*4
is found [42,43]. Let us find the expected value and variance of the expression (3.12).

t® (E(C®) +E(O))t* (2E(C) + 1)t%
Na+1) Na+1) ra+1)

E(y(®) =E() +
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r2a + 1) v QE(CH+2E(CH)t?
r2(a + DI(Ga + 1) r(2a + 1)

A4E(C?) +2E(C) 2E(C?®) +2E(O)\TQa + 1)t3¢
< FrQa+1) I'(a+1)? ) FrGa+1)

2E(C)T2a + 1) (4E(C)+2) \T(3a+ 1))t*e
<r2(a T DrGa+1)  TCa+ Dia+ 1)> T(4a + 1)

ATQa + DI'(4a + 1t> (E(CH+E(C))t*™
B3(a+ DI'Ga+ DIGa+1) Fra+1)

QE(C)+D)t3 F2a + 1)t*
Ga+1)  Pa+Dr@at+n

N te N (W2 + o2+ wWt* Qu+ Nt*e
Fa+1) I'a+1) FrCa+1)

F'Ca+1) aq . QB+ pP)+2(u? + o))t
I2(a + DI Ga + 1) r2a + 1)

=

4w + 02 +2u 2 +02) +2u\TQa + 1)t3«
< FrQa+1) I['(a +1)? ) FrGa+1)

2uT2a + 1) (4p + 2) FGa+ 1))t*
<F2(a +1DIr@Ba+1) TI'QRa+ DI'(a+ 1)> I'4a +1)

AT (2a + DI'(4a + 1)t>¢ (u? + a2 +p)t?®
B(a+ DI'(Ga+ DIGa+1) ra+1)

(2u+1)t3¢ I'Q2a + 1)t N
FBa+1) TI?(a+1DI'(@Ga+1)

For special values of u = 5,02 = 1, the expected value is
t® 31t% 11¢t2¢ F'a+1)
E(y(t)) =5
VO) =5+t D e D ' Tza s D T Pt DrGa v D

N 332t%@ N ( 114 N 62 )F(Za + 1)t3@
FrRa+1) FRa+1) T(a+1)?2) TBa+1)

3a

10r2a + 1) 22 [Ga + 1))t
<r2(a T DrGa+1)  TQa+ Dl + 1)) Tlaa + 1)
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ATa + DI'(4a + 1)t + 31t%@
Bla+ DIGa+ 1DIrGBa+1) TQRa+1)

N 11¢3¢ N FQa + 1)t*e
FBa+1) T?(a+ Dl'(4a+ 1)

a 2

t 2
m) (Var(C )+ Var(C))

Var(y(t)) =Var(C) + (

2 2¢2a 2
+(reerm) Y@+ () Gare) +vare)

N 16Var(C?) + 4Var(C) 4Var(C?) + 4Var(C)> (F(Za + 1)t3"‘>2

rZa+1? T Ta+D? rGa+ 1)

+

( 2I2a + 1)

2 16Var(C) F(3a + 1))t
[2(a + DI Ga + 1)) Var(©) + ) ( )

F2a + 1)2T(a + D2)\ T(4a + 1)

tZa 2 5 2t3a 2
+ <—F(2a n 1)> (Var(C*) + Var(C)) + (—F(305 n 1)>

a 2

2t2a 2
2 4 4 2,,2 2 2
—F(a+1)>(0+ o“u +0)+<—>0

Var(C) = o® + ( r2a+ 1)

+

> (156° + 360*u? + 90%u* + 20* + 40%u?)

+ TZa + 1) Mo + 1) rGa+1)

<16(20 +402u2) + 402 420 + 402p?) + 402> <F(2a + 1)1:30f>2
+<

2r(2a + 1) )2 - 1602 )(F(Sa + 1))t4“)2

(a+1Dra+1) F'QCa+ 1)2I'(a + 1)2 I'4a +1)

tZa 2 2t3a 2
254 + 4022 2 2

+<F(2a+1)> 20" +407u"+ o )+<F(3a+1)> d
For special values of u = 5,02 = 1, the variance is

V =1 —t“ 2 103 2t 2 2t 2 6642
ar(y()) =1+ (F(a n 1)) + (F(Za + 1)> + (F(Za + 1))

AIMS Mathematics Volume 10, Issue 4, 9122-9149.




9141

+< 1636
T'(2a + 1)2

2ra+1)  \° 16 [(3a + 1))t4e)?
* <r2(a + DI Ga + 1)) " T@a+ D@ + 12 < T4 + 1) >

t2a 2 2t3a 2
—— ] 103 — .
* <F(2a + 1)) * <F(3a + 1))

412 IQa + 1t3%\*
T+ 1)4>< rGa+ 1) >

4. Results and discussions

In Example 1, the graphs of the Elzaki-Adomian method, the precise answer, and the absolute error are
illustrated in Figure 1. Figure 2 illustrates the binned expected value through 2D graphical representations within
the interval « = 0.7,0.8, 0.9, with 1 and t € [0,4]. Figure 3 depicts consistently organized variance using 2D
graphical representations throughout the interval « = 0.7,0.8,0.9, with 1and t € [0,4].

(@) (b)

0.8 0.8
DJ:I' .l-
0.6F o 0.6+ m
J:I'H "
Sos g g 04 -
juj ) |
o2r IO 02r M
_(Er -}~ Elzaki-Adomian N -~ Exact Solution
in i 8
0 0.5 1 0.5 1
t t
(©
0.04
-~ Absolute Erorr ;!
0.03r ]
1
1
— 1
< 0.02+ ,D
II
0.01} o
4
(EI-I:I-I:H:I-EI;EH:'L
0 0.5 1

Figure 1. (a) Elzaki-Adomian; (b) Exact solution; (c) Absolute error | V;iqm — Vgal fora = 1.
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Expected value of y(t)
2000 T T T T T T T

1800

7

I
~

1600

1400

S

Ey®)

Figure 2. Solution behaviors of the expected value of y(t) fora = 1,0.9,0.8,and 0.7.

x 10 Variance of y(t)
12 T T T T T T T

“O" a=1
-ﬁ- @=0.9
10F == a=0.
"0" azg.j é

Var(y(t))

Figure 3. illustrates the solution behaviors of the variance of y(t) fora = 1,0.9,0.8,and 0.7.

Figure 4 illustrates 2D graphs of confidence intervals for the lower confidence area, expected value, and
higher confidence region for the intervals « = 0.7,0.8,and 0.9 with 1 and t € [0,4]. In Example 2, the
anticipated value depicted in Figure 5 is illustrated by 2D graphical plots within the interval « = 0.7,0.8,0.9 for 1
andt € [0,4].
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Figure 4. Solution behaviors of confidence intervals of y(t) fora = 1,0.9,0.8,and 0.7.

Expectation value of y(t)

E(y(®)

0.5 1 15 2 2.5 3 3.5 4

Figure 5. Solution behaviors of the expected value of y(t) fora = 1,0.9, 0.8, and 0.7.

Figure 6 illustrates the two-dimensional graphs of the systematically organized variance for a values of
0.7,0.8,0.9, and 1 with t ranging from 0 to 4. Figure 7 illustrates the two-dimensional graphs of the confidence
intervals for the lower confidence bound, the anticipated value, and the upper confidence area for the intervals
a =0.7,0.8,0.9,and 1, with t € [0,4] in Example 3. Figure 8 illustrates the two-dimensional graphs of the
systematically organized variance for « values of 0.7, 0.8, 0.9, and 1, across the interval t € [0,4].
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x 10* Variance of y(t)

3 3 3 3 3

2.5

Var(y(t)
-
[6)]

0.5

Figure 6. Variance solution behaviors of y(t) for a values of 1, 0.9, 0.8, and 0.7.
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Figure 7. Behavior of confidence intervals for y(t) ata = 1,0.9,0.8,and 0.7.
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Expectation value of y(t)
8000 T T T T T T T

“0" a=1
7000 == 2=0.9

:"': 0=0.8 $
6000 - a=0.7 ¢¢

E(y®)

Figure 8. Solution behaviors of the expected value of y(t) fora = 1,0.9, 0.8, and 0.7.

Figure 9 illustrates the two-dimensional graphs of the systematically organized variance for a values of
0.7,0.8,0.9, and 1, across the interval t € [0,4]. Figure 10 illustrates two-dimensional plots of confidence

intervals for the lower confidence, expected value, and higher confidence regions for the intervals a =
0.7,0.8,0.9,and 1, with t € [0,4].

x 10° Variance of y(t)
12 T T T T T T T

“0" a=1
-0~ =09 ¢’
10 -@-- g=08 /!

“0" a=0.7

Var(y(t))

Figure 9. Variance of y(t) solution behaviors fora = 1, 0.9, 0.8,and 0.7.

AIMS Mathematics Volume 10, Issue 4, 9122-9149.



9146
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Figure 10. Solution behaviors of confidence intervals of y(t) fora = 1,0.9, 0.8, and 0.7.
5. Conclusions

In Example 1, the graphs of the Elzaki-Adomian method, the precise answer, and the absolute error are
illustrated in Figure 1. The binned anticipated value in Figure 2 is depicted using a two-dimensional graphic. This
study presents the Adomian-Elzaki method (AEM) as a novel hybrid approach for addressing random local
fractional Riccati differential equations (RLFRDES). The suggested technique effectively tackled the issues of
nonlinearity, unpredictability, and fractional-order derivatives by integrating the strengths of the Adomian
decomposition method (ADM) and the Elzaki transform method (ETM). The theoretical framework and
numerical findings indicated that AEM is efficient and dependable in solving RLFRDEs, yielding precise
approximations with low computing effort. AEM has several benefits over current methodologies, such as ease of
implementation, accelerated convergence, and proficiency in managing nonlinearity and unpredictability. These
attributes render it a viable contender for extensive applications in engineering, physics, and other fields where
fractional modeling is significant.

Future study may concentrate on expanding AEM to encompass systems of stochastic fractional differential
eguations, investigating its relevance to practical issues in engineering and the physical sciences. Moreover, the
integration of AEM with machine learning methodologies or sophisticated computational instruments might
enhance its scalability and efficiency, rendering it a more adaptable approach for addressing progressively intricate
challenges.

In summary, the Adomian-Elzaki Method is a notable advancement in the numerical resolution of stochastic
local fractional differential equations. Its capacity to tackle complex issues with precision and computing
efficiency facilitates its use across several scientific and technical domains.
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