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Abstract: The estimator development process is more efficient when additional information is used.
However, occasionally, it is necessary to use information regarding unknown population parameters.
In these cases, we chose two-phase sampling by substituting the population mean of the
supplemental variable with the sample mean from first-phase sampling. The goal of this project was
to develop effective estimators of the finite population mean in a two-phase sampling scenario with a
single auxiliary variable. Under certain conditions, the recommended estimators outperform the
current estimators, producing biased and Mean Square Error (MSE) expressions. Empirical and
theoretical comparisons of the proposed families were conducted using real and simulated data. We
found that the proposed families were more effective in the two-phase sampling situation than in
all-population mean estimators.
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1. Introduction

The utilization of additional information during sampling has proven effective in accurately
estimating the population mean. Incorporating a supplementary variable during the estimation phase is
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a valuable strategy for enhancing the precision of estimating the population mean for the study
variables. When there is a positive or negative correlation between the study and auxiliary variables,
we typically employ the ratio and product estimation methods. Survey statisticians have developed
exponential-type estimators for various sample scenarios, as evidenced in the works of Singh and
Vishwakarma [1], Grover et al. [2], Noor-ul-Amin and Hanif [3]. The latest and efficient estimators
were produced by Sher et al. [4], Muneer et al. [5] and Choudhury and Singh [6], which are hybrid
type estimators. For a more comprehensive understanding, Sabat et al. [7], Di Gravio et al. [8], and
Zaman and Kadilar [9], demonstrate the common use of two-phase sampling in cases where collecting
data on variables of interest is cost-prohibitive and data on variables that correlate with the variables of
interest is more economical. For example, conducting on-site assessments of forest surveys in remote
locations can be both challenging and expensive. However, aerial photography is a more cost-effective
alternative, yielding comparable results regarding the type of forest without the need for costly ground

visits. However, in many important situations, before the survey, the population mean X of the
. . o . N
supplementary variable is not known. In such a situation, the sample mean X; :—in is used as
1 i=1
auxiliary information obtained through an initial sample of n, units (n, < N), taken through a simple
random sampling w.o.r scheme. At the second stage, a sample of n (n<n,) units obtained in the

- 1 - .
same fashion, and sample means of both the study variable y=—Zyi and auxiliary variable
i=1

:—ZxI , are obtained from Tato and Singh [10] and Misra [11].
i=1
Suppose a population consists of N units 2 = {v,, U,, U3, ..., Uy}, and let a first-phase sample of n;
units be drawn from where the estimated mean value of auxiliary variable is obtained. Then, in a
second phase, a sample of n (n<n) units is drawn where both the study and auxiliary variables are
measured. To obtain the expressions for MSE and bias, let us introduce the following terms:
Notations:

- X
& = yT — is a relative error term for y; & =——=— — is arelative error term for x, C, — isthe

population coefficient of variation (c.v.) for y; CX — is the population coefficient of variation (c.v.)
for x; p — is the population correlation coefficient between y and x; and A4 and A, are the finite
population correction (fpc) factors for first- and second-phase sampling, respectively.

Y=Y (1+&), x=X(1+&),and % =X (1+¢,),s0that E(&)=E(&)=E(S)=0, E(gg)zzcj,
E(&)=AC!, E(&)=ACI . and E(£&)=4C, . E(&&)=AC, . E(&&)=AC!, where

N-n N-n
A= A= and R=
Nn & nN

><|| <|

2. Some existing estimators

Kumar and Bahl [12] proposed the usual ratio estimator of the population mean in two-phase
sampling, as follows:
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t = 7%} . 1)

The ratio estimator is typically chosen when there is a positive correlation between the study and
auxiliary variables. The mean square error (MSE) of their proposed estimator up to the first order of
approximation is given as

MSE (t,) =Y?(AC] + 4C; (1-2y)), )

S

c

X

where y=p,

In situations when there is a negative correlation between the study variable and the auxiliary
variable, the product estimator is typically preferred over the ratio estimator. In two-phase sampling,
the classical product estimator of population mean is given as

tp = v[?] - 3)
X

The MSE of their proposed estimator up to the first order of approximation is given as
MSE (t,)=Y?(AC] + 4C} (1+2y)). (4)

In two-phase sampling, Singh and Vishwakarma [1] suggested the exponential type of ratio and
product estimators of the population mean of the research variable as

= X —X
tsvr :yexp[;(_(i%-fj ®)
and
= X —X,
toyp =Y e><|0(71 :;j ©6)
The MSEs of the above estimators up to the first order of approximation are given as
MSE (Toe ) =Y {%5 +A4Cx G—wﬂ (7)
and
MSE (tg, ) =Y {/105 +A'C? (% + Wﬂ (8)
Yadav et al. [13] proposed the following exponential ratio and product estimators:
= = X, —X"
tGR=ay+(1—a)yexp(;1+TJ ©)

and
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tep =0y +(1- 5)yexp[ +2j (10)

The MSE up to the first order of approximation of the above estimators for optimum values of

-2 +2
o .4 and 0= il 4 are given as
_ g A2
MSE (te ) =Y* {/105 +A'9C; (Z"”)_’INT} (11)
and
— g B2
MSE (t, ) =V Pc; +17gC? [Zﬂ//j—/l"j} , (12)
" 1 1
where A=g-2y, B=g+2y, and g_n A=A xl___a
1

The classical unbiased regression estimator is used in two-phase sampling to estimate the population
mean when the auxiliary variable and the research variable are correlated. It works like this:

Reg y+ﬁ(x Xi) (13)

where S is the regression coefficient of the main study variable y regressed on auxiliary variable x.
The MSE up to the first order of approximation for the above linear regression estimator is obtained as

MSE (te,, ) =Y7C2 (A= 40°). (14)

By combining Singh and Vishwakarma [1] and regression estimator with a linear transformation, in
Ozgul and Cingi [14], the following estimator was proposed:

7) (15)

+Z

i1 0]

where Z, =uX, +Vv and z=ux+v.and u, v are the generalized constants, meaning that for different
values of u and v, one can obtain different estimators with different MSE. The minimum MSE up to

: N 2-2,6°C?
the first order of approximation for k,=1l-——"——7~ and
1+(A-4p°)
2— 1,6°C? I
k,=R|(60-1)+ —————%(260— IS given as
2 ( )+1+(ﬂ—/ﬂil,02)( '//):| Y
2044
| Cila-ap) (-0 A0
MSE (to ) =V? : 4 (16)
[1+Cy (’1_/11'0 )]
or
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ﬂle_ZHAC;:

MSE (te,; )(1- 46°C7) -, an

_v2
MSE (toc ) =Y (V2 + MSE (te, )

where qu_—i.
2(uX +v)

3. The proposed class of estimator

The use of auxiliary information commonly leads to improved precision of the estimator. Also,
the development of novel estimators for the finite population mean in two-phase sampling is not only
a theoretical advancement but also a practical necessity. These novel estimators, developed under
existing constraints, are expected to make a substantial contribution to the field of survey sampling
by providing more reliable and precise population estimates. Motivated by these objectives, we
propose the following two families of estimators under a two-phase sampling scheme using a single
auxiliary variable.

3.1. First proposed estimator

Motivated by Muneer et al. [5] and Shabbir et al. [15], we propose the following class of
estimators for the population mean:

e =X RN

A number of estimators can be generated from the above estimator by assigning different values of u,
v, and w. Here, ki and k» are the minimizing constants whose values are determined by minimizing
the MSE, and u, v, and o, 0<w<I, are the generalizing constants that can assume any suitable value
or any known parameter of the population. The bias and MSE of the estimator are given as:

Theorem 1. An estimator for the population mean defined in Eq (18) in the case of two-phase
sampling with single auxiliary variables will have its MSE equation given as

x|

(., A,D%+B,C%-2C,D,E
MSE(thl)min;Yz(l o e e ‘“}. (19)
A.B, —E2

3.2. Second proposed estimator

Motivated by Shabbir et al. [15], Gupta and Shabbir [16], and Shabbir and Gupta [17], we propose
the following improved class of estimators for a finite population mean in two-phase sampling:

=gk B0 E o BT g

X, X +X)+2v

| |3<|

where
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A, =14 AC2 +(AA+ A4 — A )CE+48 (21— 4)C,,,
B, =1+(AA+A4 ~AL)CE, C, =1+(3A+ 94 ~%A)CE+8 (A~ 4)Cp
D, =1+(3A+ 94 —%4)C2,and E, =1+(AA+AA4 —AL)CE+29 (1 4)C,,.

Description. In Table 1, estimators 1-3 represent product exponential estimators obtained using the
value w = 0. These estimators vary based on different values of u and v, derived from known
parameter values. Estimators 4-6 are ratio exponential estimators obtained by setting w = 1.
Estimators 7-11 are obtained by setting w = 2 in combination with different values of u and v. The
final group of estimators are of a hybrid type, incorporating both ratio and product exponential forms,
making them effectively efficient in both cases. Hence, this list of estimators covers a range of
possible settings. Although many other possible estimators are possible, we have listed only a
selected few.

Table 1. Estimators deduced for different values of w, u, and v.

Estimator u VvV o Estimators from first class Estimators from second class
1 10 1 s = [T+, ]| Zexp fl f } ,=[k y+k4]{xi}exp{xi_x}
X [(xrx pre X X, +X
2 1 C 1 =[ky+ &ex> (%-%) X, X, —X
x ol o0 e H fyoz = [T K] %}exp[(zfx +)2Cj
3 1 ,BX 1 toroy =[KY +K; ] @exp 7(%@ } _ |:&:l (71—%)
X (x1+x)+2,6} tproZ_[k3y+k4] x exp (_l+¥)+2ﬁx
4 10 0 -[ky+k]| Few (E—Y)} X (%, —X)
S FA e troz = [T +K, ]| =
(Xi J pro2 [3y+ 4] Yl exp (71-1—?)
S 1 CX 0 =[ky+k,]| —ex (R-%) } X (Yl_i)
e L) P (EW)*ZCJ foo2 [k3y+k4]{dexp{(f1+>‘< +2C,
6 1 X 0 =[ky+k,]| —ex (% %) } v X (Yi—Y)
ﬂ toroy = [T +ky] % o (E+Y)+2ﬂj toroz [k3y+k4]{i}exp{(z+i)+2ﬂx
7 10 Y e ekt Bl el C=RD |, % [ (R-%) %, X X, —X
ot ifeenli ] Gen ] ey 52 o] 52
8 1 C Y2 “[ky k] 22 ex X-X) + X ex (5-%) 1) X % %)
X b <[l kZ]z{i{z p{(mi)ucj} p{(miwzc H tp”_[k3y+k4]{2{x+X1Hexr{(x1+x)+2c}
9 1 Y2 [ky+k ]2 2l 2-ex XX) + e (:-%) 1 & X (%-%)
ﬂx toror = [k +ky] { {2 p{(mi)ﬂﬂ}} p{(iﬂ)ﬂﬂﬂ toroo =[Ks T +K, ] {2 - leeXp{(lerx)JrZﬂ
10 p Yoo ige op| 2R | % [ p(%) } tevart LR LR p(%-%)
P 7wt { {2 p{p(mi)ﬂﬂx]} X pL(mX)MﬂX] tpmz_[k3y+k4][2{i+Y1H6Xp{p(¥1+i)+2ﬂ
11 C. ¥ vt Bl el 2R | % [ p(R-%) vk 2L K g 2R %) ]
P X 2 sl kZ]Z[i{z p{p(mi)ncj} X, p{p(EJr? +20XH oz = [k kA]|:2{¥ zHe p|:p(71+7)+ZCX7

The MSE of the proposed estimator is given in the following theorem.
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Theorem 2. An estimator for the population mean defined in Eq (20) in the case of two-phase
sampling with single auxiliary variables will have its MSE equation given as

MSE(t,.) =771 ApD;+Bp(:;—2chpEp+sz+2E3pc:p+Dg—2DpEp | -
min AB,~E2+B,
where
A, = AC] +{A(8] +28,)~ 1, (6] +28,-25,)| C} +45,(A-4)C,,.,
B, =1+{4(6] +25,) - 4 (87 +26,-25,)|C}, C,=6,(A-4)C, +{8A—4(5,-4,)}CZ,
D, =1+{8,A—4(5,-4,)}CZ and
E, =1+{4(67 +25,)- 4 (57 +25,-25,)| C} +25,(2- 4)C,

4. Efficiency comparison
4.1. For the first proposed estimator

Our proposed estimator Tpro is better than the existing estimators subject to the following
conditions:

Condition (i): By comparing Egs (2) and (19), MSE (t 01 ) < MSE (t, L
AC! +A4C(1-2y)+R, —1>0, (22)
A, D2 B, C2 -2 D E
Where ml: + PYCPI’ S pr —pr .
A,B, —EZ

Condition (ii): By comparing Eqgs (4) and (19), MSE (t,,0; ) < MSE (t,) if

AC; + A4C; (A+2y)+ R, -1>0. (23)
Condition (iii): By comparing Eqs (7) and (19), MSE(t,,, )< MSE (ty) if
2 2 l
AC, + A4C; (Z—l//j+ml—l>0. (24)
Condition (iv): By comparing Egs (8) and (19), MSE (t,,5; ) < MSE (tgr) if
2 2 l
AC, +4,C, (Z+Wj+ml_l>o' (25)
Condition (v): By comparing Eqgs (11) and (19), mse (tores ) < MSE (te) if
g A
/’tCy2 +1"gC? (Z—y/j—/l"7+ﬂf{1 -1>0. (26)

Condition (vi): By comparing Egs (12) and (19), MSE(t,,)<MSE(ts,) Iif

AIMS Mathematics Volume 10, Issue 4, 8907-8925.
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2

AC; +2"gC; [%wj—ﬂ%ml -1>0. (27)
Condition (vii): By comparing Egs (14) and (19), MSE (t 01 ) < MSE (tr, ) if
C}(A-A4p")+R,-1>0. (28)
Condition (viii): By comparing Egs (16) and (19), MSE (t,,0; ) < MSE (toc ) if
V,+R, -1>0, (29)
204c4
C (4" )1 20°C7) - 206
1+C} (A-40%) '

where V, =

4.2. For the second proposed estimator

Our proposed estimator t is better than the existing estimators subject to the following

pro2
conditions:
Condition (i): By comparing Egs (2) and (21), MSE(t,,, )< MSE(t,) if

R
yion +/11CXZ(1_2W)+E]TZ_1>O’ (30)

3

where ®,=A D?+B,C2-2C,D,E, +B,+2B,C,+D?~2DE, and ®,=AB ~E2+B,.

Condition (ii): By comparing Egs (4) and (21), MSE(tpmz) <MSE(t,) if

AC; + AC5 (1+ 2'//)+%—1>0- (31)

3

Condition (iii): By comparing Egs (7) and (21), MSE((t,,,)<MSE (ty) if

/10§+21Cf(%—w)+%—1>0. (32)

3

Condition (iv): By comparing Egs (8) and (21), MSE(tpmz) <MSE (tg, ) If

/1cj+zlcf(%+y/]+%—1>o. (33)

3

Condition (v): By comparing Eqs (11) and (21), MSE((t,,,)<MSE (i) Iif

AR
ACZ + 2"gC? (g—z//j—/i"—+—2—1>0. (34)
y 4 4w,

Condition (vi): By comparing Eqgs (12) and (21), MSE (t,0, ) < MSE (tep) if

pro2

AIMS Mathematics Volume 10, Issue 4, 8907-8925.
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A* R
AC% 1 2"gC? [9+yxj—/1"—+—2—1> 0. (35)
y 4 4 W,

Condition (vii): By comparing Egs (14) and (21), MSE(tpmz) < MSE(tReg) if

Cj(ﬂ—ﬂlpz)+%—1>o. (36)

3

Condition (viii): By comparing Egs (16) and (21), MSE(tpmz) <MSE (toc) If

R
Vl+§2—l>0. (37)

3
5. Numerical study

In this section, the MSEs of the proposed estimators, along with other existing estimators for
real data sets, are given.

In all these data sets, assume the following notations: N — population size; ny — first-phase
sample size; n — second-phase sample size; Y — population mean of variable y; X — population
mean of variable x; Cy — population coefficient of variation of y; Cx — population coefficient of
variations of x; p — population correlation coefficient between y and x.

Population 1. [18] Where X is the population (in 1000s) in 1920 and Y is the population (in 1000s)
in 1930 of 49 US cities.

N nl n Y X Cy Cx p

49 24 10 127.7959 103.1429 0.9634 1.0122 0.9817

Population 2. [19] Y: The total acreage planted with wheat in 34 communities in 1974. X: The total
area planted with wheat (in acres) across 34 villages in 1971.

N nl n Y X Cy Cx p
34 13 6 856.41 208.88 0.8561 0.7205 0.4491
Population 3. [20] Y: The number of tube wells. X: The 69 communities’ net irrigated area in hectares.
N nl n Y X Cy Cx p
69 15 7 135.26 345.75 0.842 0.848 0.922
Population 4. [20] Y: The average number of hours spent sleeping. X: The person’s age.
N nl n Y X Cy Cx p
30 10 4 6.377 66.933 0.163 0.144 -0.8669

Population 5. [21]. Y: The number of agriculture workers in 1971. X: The number of agriculture
workers in 1961.

N nl n Y X Cy Cx P

278 25 12 39.06 25.11 1.4451 1.6198 0.7213

Table 2 shows the MSE values of various estimators of the population mean in the two-phase
sampling with a single auxiliary. The software R version 4.4.2 was utilized for all numerical analysis.
Three specific scenarios are introduced—the first with no transformation (1,0), the second utilizing
Cz (1, Cz), and the third incorporating both Ryz and Cz (Ryz, Cz)—for each of the two groups of

AIMS Mathematics Volume 10, Issue 4, 8907-8925.
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estimators. As shown in the table, the MSEs for all estimators in the proposed groups were
considerably lower than those of the classical, ratio, and other estimators. Therefore, we can
conclude that the proposed groups of estimators for the population mean in two-phase sampling with
an auxiliary variable exhibit lower variances than all the existing estimators for the same parameters.

Table 3 shows the percentage relative efficiency (PRE) values of various estimators for the
population mean in two-phase sampling with a single auxiliary variable. We introduce three distinct
scenarios—the first with no transformation (1,0), the second utilizing Cz (1,Cz), and the third
incorporating both Ryz and Cz (Ryz, Cz)—for each of the two groups of estimators. As shown in the
table, the PREs of all estimators belonging to the proposed groups exhibit a significantly higher level
of efficiency compared to the classical, ratio, and other estimators available in the literature. Thus,
we can confidently conclude that the proposed groups of estimators for the population mean in
two-phase sampling with an auxiliary variable offer exceptional efficiency when compared to all
existing estimators for the same parameters.

Table 2. MSEs of the estimators under different populations in two-phase sampling with
a single auxiliary variable.

Estimators Pop-I Pop-II Pop-III Pop-1V Pop-V

t, 1206.468 73780.58 1665.785 0.47943 254.1521
ty 897.4455 72564.16 1094.546 05554184  212.3113
t 2226.915 111176.3 3609.537 2.211102 587.5549
tom 963.0284 68649.96 1208.601 0.2014667  196.7865
tom 1627.763 87956.02 2466.097 1.119308 384.4083
tor 954.4859 67885.15 1387.843 0.1654431  194.0551
ter 1367.202 64018.73 1717.514 02167253  357.6551
treq 895.9134 68629.51 1089.727 0.2898695  193.7843
toc 844.7858 62373.91 1018.88 0.28241 168.1552
(tpot ), 48.68735 6124.312 95.30145 0.01487197  18.65086
(tpres); . 4750149 6081.405 94.78652 0.01480804  16.12708
(tos) 47.47971 6029.342 9474336 001494622  15.25888
(toro2), 57.78406 6751.424 117.1208 0.01497448  28.7724
(toroz ) . 51.81201 6705.387 116.5365 0.01491032 2535458
(tyoz) 51.70824 6649.523 116.4875 0.01504901  24.18399

AIMS Mathematics
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Table 3. Percentage relative efficiency (PRE) values of the estimators under different
populations in two-phase sampling with a single auxiliary variable.

Estimators Pop-I Pop-I11 Pop-111 Pop-1V Pop-V

t, 100 100 100 100 100

ty 134.4335 101.6763 152.1896 58.58052 119.7073
t, 54.17664 66.36359 46.14954 130.0708 43.25589
tvr 125.2785 107.4736 137.8275 77.27718 129.1512
teve 74.11813 83.88349 67.54742 121.2234 66.11516
ter 126.3997 108.6844 120.0269 6.364461 130.9691
tep 88.24353 115.2484 96.98812 10.89628 71.06068
treq 134.6634 107.5056 152.8626 130.0789 131.1521
toc 142.8134 118.2876 163.4918 130.7012 151.1414
(tpor), 2477.99 1204.716 1747.911 1579.749 1362.683
(tore ), . 2539.852 1213.216 1757.407 1586.569 1575.934
(tps). 2541.017 1223.692 1758.208 1571.9 1665.602
(toroz ), 2087.89 1092.815 1422.279 1568.934 883.3193
(twoz ) 2133.748 1100.318 1429.411 1575.686 1002.391
(toee) . 2134.61 1109.562 1430.012 1561.164 1050.911

6. Simulation study

In two-phase sampling with a single auxiliary variable, the population was divided into two
phases. In the first phase, a sample was selected based on the auxiliary variable. In the second phase,
one sample was selected from the first-phase sample. This design is commonly used to reduce
sampling costs and increase efficiency.

Several estimators, including regression, ratio, and difference estimators, have been proposed to
estimate the population mean by using this architecture. Simulations were performed to assess
estimator performance. The general procedure for performing simulations of estimators of the finite
population mean in two-phase sampling using a single auxiliary is presented below.

Algorithm: Simulation for estimator evaluation
i. Initialization of parameters
Define N,
Define auxiliary variables and their distribution functions,
Define population mean and variance covariance matrix.
ii.  Generate population
Based on the above parameters we generate a data set of size N.

AIMS Mathematics Volume 10, Issue 4, 8907-8925.
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iii.  Draw a first-phase sample and sample statistics
From this dataset randomly select an initial sample S; called first-phase sample.
Calculate means, correlation coefficients, coefficient of variations, and other statistics for both
variables y and x.
iv.  Draw a second-phase sample
Draw a second-phase sample S»<So.
v.  Calculate population estimators’ values
We calculate the values for the estimators of the population mean from this sample utilizing the
statistics obtained from the first-phase sample as auxiliary information.
Store these values of estimators for performance evaluation.
vi.  Repeat steps iii-v R times to obtain the distribution of the estimated population mean.
vii.  Evaluate estimators' performance
Calculate the distribution of estimators over ‘R repetition.
And obtain the MSE of the estimators

MSE(t;) = % (T

viii.  Analyze results
Repeat steps iii-vii for different sample sizes.
Compare MSEs across different scenarios to evaluate estimators' performance.

By conducting simulations, one can compare the performance of different estimators and choose
the estimator that performs best under various scenarios.

Table 4 displays the MSE values of various estimators for the finite population mean in two-phase
sampling with a single auxiliary variable on the simulated data. In this study, we introduced two novel
families of estimators, tprol and tpro2, and presented three special cases for each of these estimators.

An analysis of the results indicates that our proposed estimators exhibit significantly lower MSEs
compared to all estimators selected from the existing literature for the same parameter in similar
scenarios. Moreover, for both of our proposed estimators, the estimators with u=Ryx and v=Cx
consistently demonstrate smaller variances across all selected sample sizes. In addition, the values of
the proposed estimators remain relatively stable across varying sample sizes.

Based on these findings, we confidently conclude that our proposed families of estimators are
highly efficient and consistent for the population mean in two-phase sampling when compared with
traditional estimators such as ratio, product, and other similar estimators.

AIMS Mathematics Volume 10, Issue 4, 8907-8925.
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Table 4. MSEs of the estimators for finite population mean in two-phase sampling.

Estimators n=10 n=20 n=50 n=100 n=200

t, 0.11765 0.0674538  0.0297463  0.0146399  0.006835741
ty 0.112473 0.0595570 0.0258601  0.0129036  0.005915756
tp 0.356272 0.2496402  0.1294851 0.0631248  0.0314097

tve 0.085407 0.0415785  0.0157659  0.0079163  0.003416362
teve 0.207807 01366718  0.0676182  0.0330339  0.01616443
ten 0.031958 0.0443500  0.0156862  0.0078855  0.003399093
tep 0.031805 0.0445138  0.0157166  0.0078912  0.003400891
treg 0.085769 0.0415185  0.0156956  0.0078885  0.003398686
toc 0.076553 0.0390543  0.0181793  0.0085051  0.004243778
(tpot ), 0.023453 0.0146365  0.0065068  0.0031587  0.001479118
(toro ), . 0.019830 0.0125145  0.0056139  0.0027609  0.001276948
(tyer) 0.0196495  0.0120682  0.0056766 0.0027526  0.001261685
(toroz); 0.022643 0.0143328  0.0064367  0.0031449  0.001475519
(tooz ). 0.019288 0.0122986  0.0055556 0.0027491  0.001273876
(S 0019124 00118482 00056223 00027394  0.00125787

Table 5 displays the PRE values of estimators for the finite population mean in two-phase
sampling with a single auxiliary variable based on simulated data. We introduce two families of
estimators, tpro1 and tpro2, from which numerous estimators can be obtained by applying different
values of the generalizing constants u, v, and . However, we provide only three unique cases for
each estimator. Upon examining the results, it is clear that the proposed estimators outperform all
previously established estimators in the literature for the same parameter under comparable
circumstances. Furthermore, the estimators with u=pyx and v=Cx from both proposed families
demonstrate smaller variances across all chosen sample sizes. Additionally, the estimators’ values
exhibit consistency across varying sample sizes, signifying that the proposed families are efficient
and consistent estimators compared with conventional ratios, products, and other estimators for the
population mean in two-phase sampling. In conclusion, the proposed estimators are highly efficient
and consistent compared to the previously presented estimators.
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Table 5. PREs of the estimators relative to the usual estimator of the mean.

Estimators n=10 n=20 n=50 n=100 n=200
t, 100 100 100 100 100

t, 104.6039 113.2503 15.0276 113.4563 115.5514
ty 33.02202 27.02043 22.97275 23.19201 21.76316
ton 137.753 162.2327 188.6743 184.9327 200.0883
tom 56.61566 49.35462 43.99152 44.31777 42.2888
ten 368.1474 152.0043 180.6341 185.6548 201.1049
tep 367.1043 151.5348 189.2668 185.5208 200.9986
freg 137.1721 162.4671 189.5195 185.5857 201.1289
toc 153.6846 172.7181 163.6273 172.1314 161.0768
(tpot ), s 501.6541 460.5439 457.1578 465.9208 462.1497
(tpres); . 593.2857 536.4649 517.8296 532.5756 543.2696
(tyas) 508.7415 558.9393 531.9137 531.8565 567.5748
(toroz), 519.6022 470.3019 462.1383 467.9549 463.277
(toroz ) . 609.9509 545.885 523.2615 534.8668 5445798
(tyoz) 615.1905 560.3159 537.0446 534.4118 560.2958

7. Conclusions

The utilization of auxiliary information has proven to be highly effective in improving efficiency;
however, such information is not always available during the design and estimation processes or can
be prohibitively expensive. Two-phase sampling procedures are frequently employed to overcome this
challenge. In this approach, a sample is first obtained from the population, and auxiliary information is
collected from this sample. In the second phase, a smaller sample is drawn from the first-phase sample, and
both the primary and auxiliary variables are measured in this subsample. Various estimators such as ratio
and product estimators are commonly used to estimate the finite population mean in two-phase sampling
scenarios with a single auxiliary variable. Inspired by the work of [7,8,15], we have proposed two
classes of estimators for the population mean and derived their expressions for bias and mean
squared error (MSE) up to the first order of approximation. We identified the theoretical conditions
under which the proposed estimators are more efficient than some existing estimators in terms of
having less variance. The proposed estimator families were compared with existing mean estimators
on both real and simulated data based on their MSE and percentage relative efficiency (PRE).
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The results of our comparison strongly support the claim that the proposed estimator families are
significantly more efficient than existing methods for estimating the finite population mean in a
two-phase sampling scenario.
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Appendix

Proof 1. To obtain the MSE of the estimator given in Eq (18), we can express Eq (18) in terms of
error as follows:

or

JX(+g) 2—exp{ U(X(1+&)-X(1+&)) }
X (1+&) U(X(1+&)+ X (1+))+2v
o S0E) | UK (L)X (148))
s )X(1+§2) p[( (1+§l)+x(1+§2))+2v]_

toroy = K (1+&) +k, | (38)
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0)(1— él +§2 - 5152 + 512 ){Z—GXp[n(éz_ éz) _ n (514_ é:z )]} 39
ooy =| kY (1+&;)+k, | L ’ (39)
+(1_w)(1+§1 _52 _é:léz +6822)exp[77(§22_§1) - ! (§24_§1 )]
where 7 = ux
uxX +v
Now, expanding with the exponential series and Taylor series, we have
Lot [k Y (1+ 50 ) +k J(l‘l' ‘9151 N 314‘2 N '92g1§2 + 93§12 + ‘94522) (40)
or
Lorot -Y = _(1"' éto + ‘9151 + ‘915051 - L9152 - ‘916052 - 925152 + 33512 + l94‘?22) (41)
+kz <1+ ‘9151 - 19152 - ‘925152 + l93512 + l94‘522 ) -Y
Taking expectation on both sides of Eq (41), the bias of the estimator is given as
Bias (b, ) = kY [1+ 8 (4= 4)C,, ~(%4 - 94— 9,4)C] |+k,[1-(%4 - 4-94)C |-V . (42)

Now by taking the square of Eq (42), we get the following expression:

(o V) =2V [1+ E2+ (9 +29,) 6 +(9 +29,) & + 4966~ 4968, -2( 9+ 92)5152}
e [1+(3f +20,) 80 +(8 +28,) 82 -2(& +32)§1§2} (43)
kY2 [1+ 98 + 98 + 986 - 966 - 968 | -2 [1+ 98 +9.8 - 9,64, |
A2V (148 +29) 8 +(F +29,) & +2966 - 2966 -2(S +8,)65, |+ V7.
Taking expectations on both sides of Eq (43), we get the MSE expression as
MSE (t,,) = kY2 (1+ AC? + A, AC? + A, 4,CL +49,4C 2, ~494C,, - AAC)
+k[14 AACT + 8,4 C - AACE |- 2k Y7 (14 9,4C] + S AC] + 94C &, - 94C,, — 9,4C})
~2kY [1+ 96 + 9,65 -G AC] |+ 2k, [1+AAC] + A AC] +294C 6, - 29AC,, - AAC! |+ V7,

where A, =87 +28,, A, =8 +29, and A;= 2(1912 +92) :
Also, the simplified form is given as
MSE (tpy) = k7Y ? [ 1+ AC] +(A A+ A4 — A4 )CE +48,(A-4)C,, |
K2 (1 (A A~ A1) 2~ 2KV 2 [L+ (44 4 — B4 )C2+ 8, (A~ 4)C,, | (44)
“2kY [1+( A+ A4 — 4 )CL [+ 2K,V [1+(AA+A 4 — AL )CE+28,(A-4)C,, [+ Y7,

To find the values of k;, and k,, we convert the above Eq (44) in the below simplified form

MSE (tp, ) = k7Y 2A, +k7B, —2kYC  —2k,YD,, +2kk,YE, +Y*. (45)

2pr

Now differentiating Eq (45) w.r.t. k, and k, and equating to zero, we get the following two equations:
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OMSE (t,,,;) OMSE (t,,,;)
———— =0 and —————==0,
ok, ok,
So, we obtain
kYA, +kYE, —Y?C, =0 (46)
and
kYE,, +k,B, —YD,, =0. (47)
Solving both Eqs (46) and (47) simultaneously, we obtain the following optimum values
B.C.,—D_ E Y{AuDp —C,Ey
k = orCor ‘”2 " oand K, = ( AR p2 p) . With these values, the minimum MSE of the
A,B, —E2 A,B, -EZ

estimator adopts the following form:

(., A,D%+B,C%-2C,D,E
MSE(thl)min;Yz[l o e e ‘"J. (48)
A.B, —E2

Proof 2. The MSE of the proposed estimator given in Eq (20) and its bias are obtained as follows:

oo = (k¥ (L&) 4k )| @(1+ &) (1+£) " +(1+ @) (1+£)(1+,) |
expEn(fz—ai)(u%n(éz +§1)ﬂ

(49)
or
troz =KoV (14 & + 818 = 8.8, + 815081 — 6oy = 8y + 0o + 6,87 (50)
+k, (1464 — 6,8, — 8,68, + 667 + 8,57,
where
1 1 1 1 3 1
5, =1-2w-=n &,=1-=n+=n* S,=w-=n+=n° 5, =1-w—-=n-=n*
1 @ 277, 2 477"'4771 3 =W 277+877,and 4 @ 277 877.
The difference equation of the proposed estimator is given as follows:
tor =Y = (ke "DV +koV (& + 06~ 88, + 656 065 — 5,68, + 6.8 +6.87) (51)
+k4 (1"' 5151 - 5152 - 525152 + 53512 + 54":22 )
After taking the expectation of Eq (51), we obtain the following bias expression
Bias ., ) = (K, ~1)Y +k¥ [ 5,(A-4)C,, +{6,4~(5,-6,) 4} C] | -

+k,[1+{0,4-(5,-8,) 4} C] |

Taking the square on both sides of Eq (52) and simplifying, we have
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(tyor - Y )2 = (k, ~1)" Y2 +k2Y? (502 +(87+26,) 8 + (57 +25,) 8 + 454,64 - 45,48, -2(5) +52)§l§2)
+k? {1+(5f +28,) & +(87 +25,) & -2(57 +6, )glgz} (53)
2KV (SEE 068 ~ 5,66+ 0.8 +0,8 ) -2 Y (1-8,68 +0,8 +0,8 )
+2kk,Y {1+ (67 +25,) 2 +(87 +28,) & +26,6,6 - 26,6, -2(8} +52)§1§2}.

Taking the expectation on both sides of the above Eq (53), we obtain the following MSE equation:

MSE (t,,,, ) = (k, ~1)° V2 + K2V [ch +{A(87 +28,)- 2 (07 + 25, -26,)|C} +451(/1—21)ny}
+k? [1+{,1(5f +26,)- 2, (67 +26,-25,)} Cf}—zka [8.(A-4)C +{6,4~4(6,-5,)}CE] (54)

“2k,Y [14{5,4- 4, (5, —54)}c§]+2k3k4\7[1+{;,(55 +26,)- 4 (87+26, —254)}c3 +251(,1—11)ch]

or
MSE (ty,o; ) = (ks —1) V2 +k2V2A, +k?B, — 2k, °C, — 2k, YD, + 2k Kk, VE, (55)
Let us differentiate Eq (55) and equate to zero to obtain optimum values of the constants ks and ka
OMSE (t,,,, ) OMSE (t,,,, )
&, L T T
So, we obtain
(k;—1)Y?+kY2A +k,YE,—Y*C =0 (56)
and
k.YE, +k,B, —YD, =0. (57)

Solving both Egs (56) and (57) simultaneously, we obtain the following values of the constants ks
and ks

Tk Y(AD,-C,E,+D,~E,)
and K, = >
AB,—E2+B,

= BpCp—DpEp+Bp
3= 2
Apo_Ep+Bp

Incorporating these optimum values of the constants, the minimum MSE of the proposed estimator is
given as

2 2 2
Apr+chp—2chpEp+Bp+25pcp+Dp—2DpEpJ. )

MSE (t =Y?|1-
(tez ), [ AB,—-E2+B,
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