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Abstract: In this study, we examined a (2+1)-dimensional generalized breaking soliton
system (GBSS) using both analytical and numerical methods. By applying a generalized direct
algebraic method, we derived exact solutions that displayed a variety of solitary and periodic wave
patterns. These solutions illuminated the interplay between nonlinearity and dispersion in several
physical contexts, including fluid dynamics, plasma physics, and nonlinear optics. In addition, we
developed a robust numerical scheme employing an adaptive moving mesh technique based on the
MMPDE5 framework. Stability and error analyses confirmed that this method concentrated grid
points around steep gradients, achieved second-order spatial convergence, and enhanced computational
efficiency. By comparing numerical and exact solutions, we provided more profound insights into
GBSS dynamics and facilitated future investigations of complex, multidimensional, and nonlinear
wave phenomena.
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1. Introduction

Research on nonlinear evolution equations (NLEEs) plays a significant role in establishing many
fields of science and technology. These studies encompass areas such as nonlinear dynamics [1, 2],
fiber optics [3, 4], plasma physics [5], high-frequency waves [6, 7], and ocean engineering [8].
Solitons, a unique wave phenomenon, preserve their structure and energy over extensive distances,
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which is crucial for comprehending the dynamics of intricate nonlinear systems. Solitons are
pivotal in analyzing nonlinear systems due to their stability and capacity to encapsulate fundamental
insights into system behavior [9]. The identification and examination of solitonic solutions not
only deepen our theoretical comprehension but also promote practical advancements in innovations
derived from nonlinear phenomena [10]. Due to the critical significance of solitonic solutions in
comprehending advanced nonlinear frameworks across many applications, substantial efforts have
been dedicated to devising reliable methods for their compilation and validation. Over recent
decades, researchers have devised numerous techniques to analyze and formulate solitonic solutions for
NLEEs. The methods encompass the Hirota bilinear method [11, 12], direct algebraic technique [13],
hyperbolic sine and hyperbolic cosine technique [14], modification and extension of classical Bäcklund
transformation [15, 16], Darboux transformation [17], breather limit method [18], basic (G’/G)-
expansion method [19], generalized exponential rational function method [20,21], exponential rational
function method, improved modified extended hyperbolic tangent function method [22], among others.

Our main objective of this work is to obtain the (2+1)-dimensional generalized breaking soliton
system (GBSS). This system is a reliable theoretical framework for simulating the dispersion,
nonlinearity, and cross-wave coupling of media such as shallow water waves, optical fiber systems,
and magnetized plasma. Researchers have focused on specific instances of GBSS, including [23–25],
whereas we seek to formulate the equation in a more comprehensive and generalized manner. We
aim to reveal dynamic behaviors and solutions that may have been overlooked in prior case-specific
research by expanding its scope. The generalized form provides a cohesive framework that facilitates
the comprehension of various nonlinear phenomena encompassed by the GBSS, hence enhancing
theoretical understanding. We enhance previous methodologies and contribute to the expanding
literature on more compact and efficient methods for analyzing nonlinear evolution equations. This
work is fundamentally based on the GBSS, which is articulated by the following equations:

Wt + αWxxx + βWxxy + γWWx + δWVx + λWxV = 0,
Wy = Vx.

(1.1)

The parameters α, β, γ, δ, and λ are real, whereas the functions W = W(x, y, t) and V = V(x, y, t)
represent the values provided across the two structures, respectively. Wt dictates the temporal evolution
of the wave. The third derivative with respect to x yields αWxxx, representing x-axial dispersion.
Dispersion is a mechanism that distributes the wave, so mitigating the steepening caused by nonlinear
phenomena. The mixed derivative βWxxy characterizes the cross-dispersion in the spatial domains.
Consequently, it illustrates the intricate interplay of waves in both directions. The nonlinear term
γWWx is the nonlinear self-steepening. The wave profile steepens as its amplitude increases. This
elucidates why waves of greater amplitude propagate more rapidly and the wave profile steepens.
Furthermore, the variables δWVx and λWxV represent bidirectional interactions between the two wave
fields, incorporating the motion of the waves along both axes. It is clarified how forward-traveling
waves affect the motion of backward-traveling waves. The second equation of the system, Wy = Vx,
defines the relationship between spatial gradients in x and y, which reduces the degrees of freedom.

In the context of fluid dynamics, GBSS concerns the interaction of surface waves on the water
surface and internal waves lying beneath the surface, which are induced by mechanical forces in the
various density layers. While surface waves caused by the wind and gravitational effects have a short
period and travel fast, internal surface waves have longer wavelengths and move at much slower speeds.
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The GBSS records these interactions by equilibrating nonlinear effects from wave steepening (terms
at the γWWx level) with dispersive effects that induce wave dispersion (the αWxxx term). The cross-
interaction terms δWVx and λWxV represent the energy transfer between surface and interior waves
during contact. The situation may involve internal waves modulated by surface waves leading to
soliton-type nonlinear interactions that change the shape of the wave, possibly inducing phenomena
such as soliton fission [26]. In nonlinear optics, the (2+1) dimensional GBSS described above is
motivated by and gives the interaction of light pulses, or more specifically, solitons propagating
through optical fibers, where the nonlinear refractive index and its dispersion are adjusted to allow the
generation of solitons. As these light pulses traverse the fiber, they are affected by a nonlinear medium,
resulting in pulse steepening and dispersion, which causes pulse broadening. The GBSS incorporates
these dynamics via terms such as αWxxx for dispersion and γWWx, which denotes nonlinear effects.
The cross-interaction terms δWVx and λWxV denote the coupling between two light pulses, which may
propagate in distinct polarisation modes or adjacent fibers, facilitating energy transfer and intricate
interactions. One such interaction is the steepening or fragmentation into sub-pulses (the breaking
soliton phenomenon) of a single pulse. This modeling is essential for optical communications: A
comprehensive comprehension of soliton activity and interaction can enhance data transmission quality
and extend transmission distances [27]. Beyond the interest from their framework of the GBSS, there
also exists a practical interest in a number of different fields. Consider, for example, the application
of GBSS in hydrodynamics; it can model the movement of surface and internal waves in oceans and
lakes, which is critical for understanding energy transfer and wave interactions in these domains. In
plasma physics, the system can capture the behavior of plasma waves in a controlled fusion device,
where the interaction of solitons plays an important role in sustaining the stability of the plasma.

The generalized direct algebraic method is effective for partial nonlinear evolution and wave
equations. This method derives solutions by positing trial functions as exponential or rational functions
and determining their coefficients through balancing principles. It extends the type of solitary wave
solutions with analytic functions of the real exponential solutions to the linearized equation [13]. The
method has been used for various possible equations, adding KdV, Boussinesque, and Schrödinger
equations [28,29]. The phase space analysis [30] has been carried out to elucidate and, to some extent,
prove the method. There have been new extensions of the technique, like the new extended direct
algebraic method in which [31] applied this technique to Tzitzica-type evolution equations and other
nonlinear models. The construction of exact solutions for various nonlinear equations confirms the
method’s effectiveness and accuracy [29]. Other relevant ones are the Newton polygon method and its
extensions, which are proposed to solve generalized algebraic equations [32] as well as general ones
for solving linear algebraic problems [33].

Analytical methods, including the generalized direct algebraic method, yield exact solutions;
however, numerical methods have also played an essential role in obtaining approximate solutions for
nonlinear PDEs for which there are no or very complex closed forms. Among the numerous numerical
methods, adaptive moving mesh methods have been developed as a robust approach for problems
with sharp gradients, singularities, and multi-scale features. Using these methods, the computational
mesh is dynamically adjusted to regions of interest to improve accuracy and efficiency and reduce
the cost of computation. The adaptive moving mesh methods designed and investigated in recent
papers show the ability to solve high-order parabolic PDEs and capture intricate solution features.
In addition, other works have attended to the same issue using finite difference schemes and showed
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unconditional stability over a wide range of parameters, thereby increasing the trust of the numerical
solutions [34]. It should be emphasized that spectral methods provide an alternative possibility, which
is most of the time very precise, in solving high-order nonlinear evolution equations. Recent attempts
covering wave phenomena and dispersion have proven the efficiency of spectral collocation and similar
approaches [35,36]. However, these spectral methods are complemented by our adaptive moving mesh
framework, which actively moves grid points to capture sharp features, minimizing the chance of
complex features being under-resolved. This complementarity ensures that our approach can be used
in conjunction or in contrast with spectral methods for a wider scope of challenging wave problems.

In recent decades, Moving Mesh Partial Differential Equations (MMPDEs) have been raised as one
of the economical methods for solving time-dependent PDEs. A significant foundation for adaptive
moving mesh techniques was set by Huang and Russell [37] when they introduced the MMPDEs.
The paradigm of MMPDE is based on a monitor function that can quantify specific features of the
solution, such as curvature, arc length, or error estimates for adaptive mesh point redistribution.
Concentrating mesh points in critical regions enhances computational efficiency and solution accuracy.
The equidistribution principle, which is at the core of this approach, ensures that the integral of the
monitor function is constant over each sub-domain, thus balancing the resolution to make the domain’s
borders less problematic. Budd and other contributors supplemented these guidelines by dealing with
difficulties such as mesh tangling and blow-up problems that may arise when solving higher-order
PDEs. Moreover, the exact and numerical solutions of the system (1.1) are discussed. Section 2 is
devoted to finding the exact solutions of the system using the generalized direct algebraic method. In
Section 3, we deal with obtaining numerical solutions using the adaptive moving mesh method based
on the finite difference methods.

2. Exact solutions of GBSS

Considering the development equation with physical fields W(x, y, t) and V(x, y, t) in the variables x,
y, and t, we express it in the following form:

P1(W,Wt,Wx,Wxxx,Wxxy,Wy,V,Vx, . . . ) = 0. (2.1)

To investigate travelling-wave solutions of the system (1.1), we assume:

W(x, y, t) = p(ζ), ζ = kx + cy − wt,

V(x, y, t) = q(ζ),
(2.2)

where k and c are arbitrary constants, while w denotes the wave speed. Under this assumption, the
non-linear evolution (2.1) reduces to an ordinary differential equation (ODE):

P2(p, pζ , pζζζ , q, qζ , . . . ) = 0. (2.3)

Here, P2 is a polynomial in q(ζ), p(ζ), and the derivatives of p(ζ) and q(ζ) concerning ζ. In this step,
we utilize the traveling wave solution to merge the original PDE system into an ODE and simplify the
mathematics. This method substitutes the partial derivatives in x and y through a single derivative with
respect to ζ, which accounts for the propagation of the wave along a spatially chosen combination of
directions. Such change is often helpful in finding solitonic or periodic wave solutions that correspond
to some known analytical forms or can be used for further physical interpretation [38].
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2.1. Generalized direct algebraic method and ODE derivation

According to the generalized direct algebraic method, the solutions in relation to the function H(ζ),
as solutions of (2.3), are sought in the form:

p(ζ) =

N∑
k=0

µkH(ζ)k +

N∑
k=1

σkH(ζ)−k, (2.4)

where µk and σk are constants to be determined, and N is an integer fixed by balancing the highest
degree of the nonlinear terms against the highest order of the derivatives. The function H(ζ) satisfies

H′(ζ) = ε

√√
4∑

i=0

τiHi(ζ), (2.5)

where ε is a user-specified constant, usually ±1, and the parameters τi for i = 0, 1, 2, 3, 4 are provided in
Table 1 [39]. The table presents particular relationships between the values of τi that lead to elementary
functions, such as hyperbolic sine and cosine, trigonometric functions, or rational forms depending on
the sign and magnitude of the coefficients.

Table 1. The relations among τi, i = 0, 1, 2, 3, 4, and the function H(ζ).

τ0 τ1 τ2 τ3 τ4 H(ζ)

τ0 = 0 τ1 = 0 τ2 > 0 τ3 = 0 τ4 < 0 H(ζ) = ε

√
−
τ2

τ4
sech

(√
τ2 ζ

)
τ0 =

τ2
2

4τ4
τ1 = 0 τ2 < 0 τ3 = 0 τ4 > 0 H(ζ) = ε

√
−
τ2

2τ4
tanh

(√
−
τ2
2 ζ

)
τ0 = 0 τ1 = 0 τ2 < 0 τ3 = 0 τ4 > 0 H(ζ) = ε

√
−
τ2

τ4
sec

(√
−τ2 ζ

)
τ0 =

τ2
2

4τ4
τ1 = 0 τ2 > 0 τ3 = 0 τ4 > 0 H(ζ) = ε

√
τ2

2τ4
tan

(√
τ2
2 ζ

)
τ0 = 0 τ1 = 0 τ2 = 0 τ3 = 0 τ4 > 0 H(ζ) = −

ε
√
τ4 ζ

τ0 = 0 τ1 = 0 τ2 > 0 τ3 , 0 τ4 = 0 H(ζ) = −
τ2

τ3
sech2

( √τ2

2
ζ
)

At this point, we apply the above method to derive analytical solutions to the GBSS system (1.1).
The traveling-wave substitutions (2.2) simplify the PDEs into a set of ordinary differential equations:

− w pζ + k3 α pζζζ + c k2β pζζζ + k γ p pζ + k δ p qζ + k λ pζ q = 0,

c pζ = k qζ .
(2.6)

By integrating the second equation, Eq (2.6), yields

q =
c
k

p. (2.7)

Substituting (2.7) back into the first equation, Eq (2.6), and integrating once with respect to ζ leads to:

k2(k α + c β
)
pζζ − w p + 1

2

(
k γ + c δ + c λ

)
p2 = 0. (2.8)
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Based on the generalized algebraic technique, the solutions of (2.8) are expressed as follows:

p(ζ) = µ0 + µ1H(ζ) + µ2H(ζ)2 + σ1H(ζ)−1 + σ2H(ζ)−2, (2.9)

such that H(ζ) satisfies

H′(ζ) =
√
τ0 + τ1H(ζ) + τ2H2(ζ) + τ3H3(ζ) + τ4H4(ζ). (2.10)

2.2. Analytical solutions: Case studies

For each of the scenarios outlined in Table 1, we employed symbolic computation (e.g., the Wolfram
Language) to determine the specific constants µ0, µ1, µ2, σ1, σ2, c, k, and others. As a result, we obtain
the following families of solutions:
First case. τ0 = 0, τ1 = 0, τ2 > 0, τ3 = 0, τ4 < 0,

H(ζ) = ±

√
−
τ2

τ4
sech

(√
τ2 ζ

)
.

W1 = −µ0 cosh
(2k
√
τ2

(
(δ + λ) x − γ y + 4k2τ2(βγ − α(δ + λ)) t

)
δ + λ

)
,

V1 =
γ µ0

δ + λ
cosh

(2k
√
τ2

(
(δ + λ) x − γ y + 4k2τ2(βγ − α(δ + λ)) t

)
δ + λ

)
. (2.11)

W2 =
12k2τ2(βc + αk)

c(δ + λ) + γk
sech2

(√
τ2

(
k x + c y − 4k2τ2(βc + αk) t

))
,

V2 =
12ckτ2(βc + αk)

c(δ + λ) + γk
sech2

(√
τ2

(
k x + c y − 4k2τ2(βc + αk) t

))
. (2.12)

W3 =
4k2τ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 sech2(√τ2

(
k x + c y + 4k2τ2(βc + αk) t

)))
,

V3 =
4ckτ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 sech2(√τ2

(
k x + c y + 4k2τ2(βc + αk) t

)))
. (2.13)

Second case. τ0 =
τ2

2
4τ4

, τ1 = 0, τ2 < 0, τ3 = 0, τ4 > 0,

H(ζ) = ±
√
−

τ2
2τ4

tanh
(√
−
τ2
2 ζ

)
.

W4 = −
6k2τ2(βc + αk)
c(δ + λ) + γk

sech2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 ,
V4 = −

6ckτ2(βc + αk)
c(δ + λ) + γk

sech2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 . (2.14)

AIMS Mathematics Volume 10, Issue 4, 8252–8276.



8258

W5 =
2k2τ2(βc + αk)
c(δ + λ) + γk

−1 + 3 tanh2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2


 ,

V5 =
2ckτ2(βc + αk)
c(δ + λ) + γk

−1 + 3 tanh2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2


 . (2.15)

W6 =
24k2τ2(βc + αk)

c(δ + λ) + γk
csch2

( √
−2 τ2

(
k x + c y + 8k2τ2(βc + αk) t

))
,

V6 =
24ckτ2(βc + αk)

c(δ + λ) + γk
csch2

( √
−2 τ2

(
k x + c y + 8k2τ2(βc + αk) t

))
. (2.16)

W7 =
8k2τ2(βc + αk)
c(δ + λ) + γk

(
2 + 3 csch2

( √
−2 τ2

(
k x + c y + 8k2τ2(βc + αk) t

)))
,

V7 =
8ckτ2(βc + αk)
c(δ + λ) + γk

(
2 + 3 csch2

( √
−2 τ2

(
k x + c y + 8k2τ2(βc + αk) t

)))
. (2.17)

W8 =
6k2τ2(βc + αk)
c(δ + λ) + γk

csch2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 ,
V8 =

6ckτ2(βc + αk)
c(δ + λ) + γk

csch2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 . (2.18)

W9 =
2k2τ2(βc + αk)
c(δ + λ) + γk

−1 + 3 coth2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2


 ,

V9 =
2ckτ2(βc + αk)
c(δ + λ) + γk

−1 + 3 coth2


√
−τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2


 . (2.19)

Third case. τ0 = 0, τ1 = 0, τ2 < 0, τ3 = 0, τ4 > 0,

H(ζ) = ±

√
−
τ2

τ4
sec

(√
−τ2ζ

)
.

W10 = −µ0 cos

2k
√
−τ2

(
(δ + λ) x − γ y + 4k2τ2(βγ − α(δ + λ)) t

)
δ + λ

 ,
V10 =

γµ0

δ + λ
cos

2k
√
−τ2

(
(δ + λ) x − γ y + 4k2τ2(βγ − α(δ + λ)) t

)
δ + λ

 . (2.20)

W11 =
12k2τ2(βc + αk)

c(δ + λ) + γk
sec2

(√
−τ2

(
k x + c y − 4k2τ2(βc + αk) t

))
,
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V11 =
12ckτ2(βc + αk)

c(δ + λ) + γk
sec2

(√
−τ2

(
k x + c y − 4k2τ2(βc + αk) t

))
. (2.21)

W12 =
4k2τ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 sec2

(√
−τ2

(
k x + c y + 4k2τ2(βc + αk) t

)))
,

V12 =
4ckτ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 sec2

(√
−τ2

(
k x + c y + 4k2τ2(βc + αk) t

)))
. (2.22)

Fourth case. τ0 =
τ2

2
4τ4

, τ1 = 0, τ2 > 0, τ3 = 0, τ4 > 0,

H(ζ) = ±

√
τ2

2τ4
tan

(√
τ2

2
ζ

)
.

W13 = −
6k2τ2(βc + αk)
c(δ + λ) + γk

sec2


√
τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 ,
V13 = −

6ckτ2(βc + αk)
c(δ + λ) + γk

sec2


√
τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 . (2.23)

W14 = −
2k2τ2(βc + αk)
c(δ + λ) + γk

1 + 3 tan2


√
τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2


 ,

V14 = −
2ckτ2(βc + αk)
c(δ + λ) + γk

1 + 3 tan2


√
τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2


 . (2.24)

W15 = −
24k2τ2(βc + αk)

c(δ + λ) + γk
csc2

( √
2 τ2

(
k x + c y + 8k2τ2(βc + αk) t

))
,

V15 = −
24ckτ2(βc + αk)

c(δ + λ) + γk
csc2

( √
2 τ2

(
k x + c y + 8k2τ2(βc + αk) t

))
. (2.25)

W16 = −
8k2τ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 csc2

( √
2 τ2

(
k x + c y − 8k2τ2(βc + αk) t

)))
,

V16 = −
8ckτ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 csc2

( √
2 τ2

(
k x + c y − 8k2τ2(βc + αk) t

)))
. (2.26)

W17 = −
6k2τ2(βc + αk)
c(δ + λ) + γk

csc2


√
τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 ,
V17 = −

6ckτ2(βc + αk)
c(δ + λ) + γk

csc2


√
τ2

(
k x + c y + 2k2τ2(βc + αk) t

)
√

2

 . (2.27)
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W18 = −
2k2τ2(βc + αk)
c(δ + λ) + γk

 1 + 3 cot2


√
τ2

(
k x + c y − 2k2τ2(βc + αk) t

)
√

2


 ,

V18 = −
2ckτ2(βc + αk)
c(δ + λ) + γk

 1 + 3 cot2


√
τ2

(
k x + c y − 2k2τ2(βc + αk) t

)
√

2


 . (2.28)

Fifth case. τ0 = 0, τ1 = 0, τ2 > 0, τ3 , 0, τ4 = 0,

H(ζ) = −
τ2

τ3
sech2

( √
τ2

2
ζ

)
.

W19 =
σ1τ3

8τ2
cosh

2k
√
τ2

(
(δ + λ) x − γ y + 4k2τ2(βγ − α(δ + λ)) t

)
δ + λ

 ,
V19 = −

γσ1τ3

8 (δ + λ) τ2
cosh

2k
√
τ2

(
(δ + λ) x − γ y + 4k2τ2(βγ − α(δ + λ)) t

)
δ + λ

 . (2.29)

W20 = −
σ1τ3

2τ2
cosh

k
√
τ2

(
(δ + λ) x − γ y + k2τ2(βγ − α(δ + λ)) t

)
δ + λ

 ,
V20 =

(δ + λ)σ1τ3

2kγτ2
2

cosh

k
√
τ2

(
(δ + λ) x − γ y + k2τ2(βγ − α(δ + λ)) t

)
δ + λ

 . (2.30)

W21 =
3k2τ2(βc + αk)
c(δ + λ) + γk

sech2
( √

τ2

2

(
k x + c y − k2τ2(βc + αk) t

))
,

V21 =
3ckτ2(βc + αk)
c(δ + λ) + γk

sech2
( √

τ2

2

(
k x + c y − k2τ2(βc + αk) t

))
. (2.31)

W22 =
k2τ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 sech2

( √
τ2

2

(
k x + c y + k2τ2(βc + αk) t

)))
,

V22 =
ckτ2(βc + αk)
c(δ + λ) + γk

(
−2 + 3 sech2

( √
τ2

2

(
k x + c y + k2τ2(βc + αk) t

)))
. (2.32)

The resulting solutions show a variety of waveforms that some are localized solitons (notably
involving sech2, tanh2, or related hyperbolic functions), while others manifest as periodic waves (often
involving sec2 or csc2). The choice of signs for τ2 and τ4 plays a key role in shaping the wave profile.
For instance, positive τ2 together with negative τ4 can give rise to localized solitonic structures that
decay rapidly, whereas certain trigonometric ratios (like tan or sec) dominate when τ2 and τ4 are
both positive, leading to repeating, periodic solutions. By altering these parameter constraints, one
effectively tunes the system from sharply localized waveforms toward smoother, periodic oscillations,
revealing the flexibility of the model in describing diverse physical phenomena.
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2.3. Graphical analysis and discussion

In this subsection, we summarize the major findings from the graphical analysis while mentioning
the analytical solutions achieved with τ2 = 2.5 (or −2.5), α = −0.2, β = 3.1, γ = −0.5, δ = 3.7,
λ = 0.5, k = 0.4, and c = 0.2 which capture the subtle interplay of nonlinearity and dispersion. In
the last case with the refined values of σ1 = 0.5 and τ3 = 0.8, the parametrizations visually show the
so-called sensitivity of solution behavior to these parameters, which are critical aspects of the model’s
stability as well as its dynamic responses.

Figures resulting from the generalized direct algebraic method showcase different solution families
to the nonlinear system, each of which is related to a distinct value of the parameter set. In these
figures, parameters k and c represent the wave numbers or velocities in the x and y axes, and the
system’s dispersive as well as nonlinear features are controlled by α, β, γ, δ, and λ while the auxiliary
parameters τ0, τ1, τ2, τ3, and τ4 become apparent in the course of the solution, determining the form of
the solution a priori.

In Figure 1, the solutions represented as hyperbolic secant functions are obtained when τ0 = 0,
τ1 = 0, τ2 > 0, τ3 = 0, τ4 < 0 is satisfied. The sech function represents a hyperbolic secant, which has
bright solitons as it decays very quickly from its amplitude maxima. In addition, this corresponds to
the waveforms of W1 and W2 (and associated V components) being localized non-dispersive pulses that
travel with nearly constant shape, which implies a balance of nonlinearity and dispersion in the system.

Figure 1. Surface plots of W1,2 and V1,2, Eqs (2.11)–(2.13), from the first case at t = 0 over
x ∈ [−10, 10] and y ∈ [0, 5]. Because W2 coincides with W3 and V2 with V3, only these four
solutions are shown.

Figure 2 corresponds to the region τ0 = τ2
2/4τ4, τ1 = 0, τ2 < 0, τ3 = 0, and τ4 > 0. Here, the

solutions contain the functions hyperbolic tangent and hyperbolic cosecant. The tanh function gives
rise to kink-type structures that join various asymptotic states, and the csch function generates pulses
that decay very rapidly. The plots for W4,5,6,7, (and their corresponding V-components) exhibit steep
wavefronts and sharp transitions, which is the characteristic of these hyperbolic functions and the
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strong localized nature of the solutions.

Figure 2. Surface plots of solutions W4,5,6,7 and V4,5,6,7, Eqs (2.14)–(2.19), from the second
case at t = 0 over x ∈ [−10, 10] and y ∈ [0, 5]. Since W8,9 and V8,9 coincide with other
solutions, they are omitted, displayed amplitude range is intentionally cropped to highlight
the steep gradient around the main wave structure; the full wave profile extends beyond these
visible boundaries.

In Figure 3, the parameters are set to τ0 = 0, τ1 = 0, τ2 < 0, τ3 = 0, τ4 > 0, which gives rise
to solutions with a secant profile. As for the previous cases, the secant function is periodic and has
vertical asymptotes. This creates repeating minima and maxima in the solutions W10 and W11 (with
their respective V-components), which appear mathematically as a periodic function. Physically, while
this suggests a coherent wave structure, the singularities need, however, to be treated with caution in
real-word applications.
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The parameter set τ0 = τ2
2/4τ4, τ1 = 0, τ2 > 0, τ3 = 0, and τ4 > 0 is considered in Figure 4. The

solutions are given as the tangent and cosecant functions. As these functions are both periodic and
have singular behavior for certain arguments, the plots corresponding to W13 through W17 (and also the
V-components) appear to oscillate repeatedly with steep changes, which, depending on the physical
system, can be viewed as resonant or unstable wave modes.

Figure 3. Surface plots of W10,11, and V10,11 from the third case at t = 0 over x ∈ [−10, 10]
and y ∈ [0, 5]. Because W12 coincides with W11, it is omitted.

Figure 4. Surface plots of solutions W13,15 and V13,15, Eqs (2.23)–(2.28), from the fourth case
at t = 0 over x ∈ [−10, 10] and y ∈ [0, 5]. Since W14,16,17,18, and V14,16,17,18 coincide with other
solutions, they are omitted.
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Figure 5, on the other hand, shows the case where τ0 = 0, τ1 = 0, τ2 > 0, τ3 , 0, and τ4 = 0. In
this case, the solutions have the form of a shifted sech2 form. This describes a bright soliton that has a
smooth bell-shaped curve that decays rapidly away from the peak. The plots for W19 through W22 (and
their corresponding V-components) exhibit the typical localized behavior of such solitons with the
additional parameter τ3 controlling the pulse’s height and width. Collectively, these figures depict the
wave structures that the system is capable of supporting. It is evident that with proper modifications
of the parameters, one can attain transitioned solitary waves that are either periodic or even singular,
which is a clear manifestation of nonlinearity and dispersion interplay in the model.

Figure 5. Surface plots of solutions W19,20,21,22 and V19,20,21,22, Eqs (2.29)–(2.32), from the
last case at t = 0 over x ∈ [−10, 10] and y ∈ [0, 5].
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3. Numerical solution

Moving mesh methods within r-adaptive spatial discretizations are useful for time-dependent
problems through the use of coordinate transforms. Such techniques utilize mesh density functions
in order to modify the mesh according to different features in the solution. This time, we utilized
the two-dimensional MMPDEs on the specified physical (Ωp) and computational (Ωc) domains, over
which we were able to extend our previous works, thus enabling the mesh to adapt based on a specified
mesh density function. Before discussing the formulation of the equations, it is worth noting one of
the benefits of the moving mesh approach is the capability of concentrating mesh points in areas of
steep gradients or variation in the solution [40]. This significantly reduces computational workload
when the solution dynamics are adjustable and ensures accurate capture of solution dynamic changes.
Note that the method’s effectiveness relies on specifying adequate mesh monitor functions and robust
mesh-movement PDEs. In the core equations, MMPDE5 is commonly expressed in two-dimensional
form as follows:

ν
∂x
∂t

= ∇η ·
(
Ψ(x, t)∇η x

)
, (3.1)

where η = (η, ξ) is the computational coordinates, x = (x, y) is the mapping of the physical domain,
and Ψ(x, t) is the monitor mesh function, which depends on the solutions’ variations. ν is the scalar
parameter that scales the temporal speed responsive mesh moves. The right-hand side of Eq (3.1) is
given by

∇η ·
(
Ψ∇ηx

)
=

∂

∂η

(
Ψ
∂x
∂η

)
+
∂

∂ξ

(
Ψ
∂x
∂ξ

)
. (3.2)

Thus, with such an addition, we obtain two PDEs: One for x(η, ξ, t) and another for y(η, ξ, t). The
governing structure of the equations should be the same, while the dependent variable distinguishes
the equations.

In this case, Ψ(x, t) is dependent on a scalar ν that modifies how closely the mesh tracks the changes
in the monitor function. MMPDEs are effective for adaptive mesh generation; however, they carry
extra computational costs and may result in challenges like mesh tangling if not carefully handled. As
addressing the adaptive mesh through PDEs in addition to the PDEs in question becomes extraneous,
computational costs escalate. Even so, coordinate transformations that are MMPDE-based for 2D
problems have their own limitations in this regard, which may cause mesh tangling and loss of mesh
regularity. Among such methods, optimal transportation theory, for instance, those based on Monge-
Ampère and Parabolic Monge-Ampère (PMA) equations, is considered to have more advantages in
that they require fewer equations or lead to meshes that are more robust and regular [41]. Judging
from previous remarks, the selection of a suitable monitor function Ψ to be used to mesh is of great
significance. They may also be selected for the set of error estimates: For example, polynomial
interpolation or truncation error, or on the set of the solution features of the PDEs, such as arc length
or curvature:

Ψ(x, t) =
√

1 + α|∇u(x, t)|2 or Ψ(x, t) =

(
α + β

∣∣∣∇2u(x, t)
∣∣∣2)1/n

,

where n = 2 or 4 and α and β are adaptivity parameters that can change in space to accommodate
sudden changes in the characteristics of the solution. In the process of designing and selecting
monitoring functions, accuracy must be balanced against the extra effort required to measure it.
Adaptive or highly oscillatory solutions may require more refined and specific monitor functions.
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In contrast, uncomplicated functions better serve more straightforward solutions. Thus, adjusting
the monitoring function becomes a standard approach in MMPDE integration to obtain a smoother
computational domain and reduce MMPDE embedding [40]. This confirms the theoretical and
practical progress that are mutually integrated into the efficient use of adaptive moving mesh methods
for simulation purposes.

3.1. Semi-discretization scheme on adaptive grids

To transition from the computational domain Ωc, represented by the coordinate η = (η, ξ), to
the physical domain Ωp defined by the coordinate x, the adaptive moving mesh method employs a
coordinate transformation.

x = (x, y) : x = x(η, t) : Ωc ≡ [a, b] × [c, d]→ Ωp ≡ [a, b] × [c, d] , t > 0,

where Ωc is given as:

F c
h (t) : η j,k = (( j − 1)∆η, (k − 1)∆ξ) , ∀ j = 1, . . . , Lx + 1, k = 1, . . . , Ly + 1,

and Ωp associated with the solution W(x(η, t), t) and V(x(η, t), t) as follows:

F
p

h (t) : x j,k(η j,k) = x
(
η j,k, t

)
, ∀ j = 1, . . . , Lx + 1, k = 1, . . . , Ly + 1,

where the endpoints of Ωp are:

x1,k = a, xLx+1,k = b,∀k and y j,1 = c, y j,Ly+1 = d,∀ j.

In this context, ∆η = b−a
Lx

and ∆ξ = d−c
Ly

represent the uniform step sizes within Ωc, where Lx and Ly are
positive integers indicating the number of mesh points in the x and y directions, respectively. The next
step is to approximate the spatial derivatives using standard second-order centered differences. The
term ∂

∂η

(
Ψ ∂x

∂η

)
is handled by first calculating ∂x

∂η
at Ψ midpoints between grid nodes and then multiplying

it by an appropriately averaged Ψ. A typical discretization in η for the right hand side of Eq (3.1) is
provided as

∂

∂η

(
Ψ
∂x
∂η

)∣∣∣∣
j,k
≈

Ψ
j+ 1

2 ,k

(
x j+1,k − x j,k

)
− Ψ

j− 1
2 ,k

(
x j,k − x j−1,k

)
∆η2 , (3.3)

and similarly in ξ direction. In practice, to have better stability, Ψ j+1/2,k is defined at midpoints by an
average as follows:

Ψ j+ 1
2 ,k

=
1
2

(
Ψ j,k + Ψ j+1,k

)
.

Thus, the semi-discretization in η with continuing temporal time is provided as

ν
dx j,k

dt
≈

1
∆η2

[
Ψ j+ 1

2 ,k

(
x j+1,k − x j,k

)
− Ψ j− 1

2 ,k

(
x j,k − x j−1,k

)]
︸                                                         ︷︷                                                         ︸

FD in η

+
1

∆ξ2

[
Ψ j,k+ 1

2

(
x j,k+1 − x j,k

)
− Ψ j,k− 1

2

(
x j,k − x j,k−1

)]
︸                                                         ︷︷                                                         ︸

FD in ξ

,

(3.4)
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where FD stands for finite difference. In order to account for the boundary conditions, one usually
locks x at the domain edges if the physical boundary is not moving, thus preserving the outermost grid
mesh at the required boundary positions.

As a result, inserting these finite-difference approximations into the MMPDE5 equations gives a
set of ordinary differential equations (ODEs) in time concerning x j,k(t) and y j,k(t). These ODEs can
be solved using classical integration methods for ordinary differential equations such as forward Euler,
Runge-Kutta, and implicit schemes. The choice of a particular method relies upon the requirements for
stability and accuracy of the results. The outcomes provide a discrete evolution of the mesh coordinates
in time, which is adjusted according to the directed solution variation, controlled by the monitored
function Ψ.

To implement the use of adaptive meshes for the discretization of the undertaken PDE, it is
necessary to express the derivatives in the new coordinate system. By relying on the reality of Wy = Vx,
mentioned above, system (1.1) can be rewritten using the Lagrangian form as follows:

Wt −
(
Wxxt + Wyyt

)
+ αWxxx + βWxxy +

γ

2

(
W2

)
x

+
δ

2

(
W2

)
y

+ λWxV = 0,

Wy = Vx,
(3.5)

where
Wx =

1
J

[(
Jηx

)
Wη +

(
Jξx

)
Wξ

]
, Wy =

1
J

[(
Jηy

)
Wη +

(
Jξy

)
Wξ

]
,

Vx =
1
J

[(
Jηx

)
Vη +

(
Jξx

)
Vξ

]
, Vy =

1
J

[(
Jηy

)
Vη +

(
Jξy

)
Vξ

]
,

(
W2)

x =
1
J

[(
Jηx

)(
W2)

η +
(
Jξx

)(
W2)

ξ

]
,

(
W2)

y =
1
J

[(
Jηy

)(
W2)

η +
(
Jξy

)(
W2)

ξ

]
,

Wxxx =
1
J

[(
Jηx

)
Gη +

(
Jξx

)
Gξ

]
, Wxxy =

1
J

[(
Jηy

)
Gη +

(
Jξy

)
Gξ

]
,

(3.6)

and J = xηyξ − xξyη.
In practice, the calculation of every partial derivative in combination with new coordinates requires

careful handling of the terms such as xη, xξ, yη, and yξ. Besides, the transformations based on Jacobians
guarantee that the mesh can be smoothly adjusted to capture critical solution details, enabling localized
refinement in important areas. Even though these transformations increase the difficulty level, the
accuracy and speed that can be achieved make them worth the effort. Each of the terms in Eqs (3.5)
and (3.6) is discretized using a computational finite-difference scheme in η as:

Wx| j,k =
F1(ηx,∆η,W) + F2(ξx,∆ξ,W)

J j,k
, Wy| j,k =

F1(ηy,∆η,W) + F2(ξy,∆ξ,W)
J j,k

,

Vx| j,k =
F1(ηx,∆η,V) + F2(ξx,∆ξ,V)

J j,k
, Vy| j,k =

F1(ηy,∆η,V) + F2(ξy,∆ξ,V)
J j,k

,

(W2)x| j,k =
F1(ηx,∆η,W2) + F2(ξx,∆ξ,W2)

J j,k
, (W2)y| j,k =

F1(ηy,∆η,W2) + F2(ξy,∆ξ,W2)
J j,k

,

Wxxx| j,k =
F1(ηx,∆η,G) + F2(ξx,∆ξ,G)

J j,k
, Wxxy| j,k =

F1(ηy,∆η,G) + F2(ξy,∆ξ,G)
J j,k

,

(3.7)
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where

F1(X,Y,Z) =
JX| j+1,kZ j+1,k − JX| j−1,kZ j−1,k

2Y
, F2(X,Y,Z) =

JX| j,k+1Z j,k+1 − JX| j,k−1Z j,k−1

2Y
,

G j,k = Wxx| j,k =
R1 + R2

J j,k
,

R1 =
a j+1,kW j+1/2,k − a j−1,kW j−1/2,k

∆η
, R2 =

b j,k+1W j,k+1/2 − b j,k−1W j,k−1/2

∆ξ
,

a j,k =
(Jηx| j,k)2 + (Jηy| j,k)2

J j,k
, b j,k =

(Jξx| j,k)2 + (Jξy| j,k)2

J j,k
,

W j+1/2,k =
W j+1,k −W j,k

∆η
, W j,k+1/2 =

W j,k+1 −W j,k

∆ξ
.

(3.8)

It is possible to mention here that yξ = Jηx, yη = −Jξx, xξ = −Jηy, xη = Jξy. These connections are
meaningful because they ensure that the physical terms capture the mesh and are consistent with the
undertaken system. If these transformations are precisely done, higher-order derivatives with respect
to x could be computed efficiently while still using the simpler η coordinate system.

Substituting (3.6)–(3.8) into (3.5), yield

Wt −
1
J

{[(
J ηx

)
Wη +

(
J ξx

)
Wξ

]
xt +

[(
J ηy

)
Wη +

(
J ξy

)
Wξ

]
yt

}
+
α

J

[(
J ηx

)
Gη +

(
J ξx

)
Gξ

]
+
β

J

[(
J ηy

)
Gη +

(
J ξy

)
Gξ

]
+
γ

2J

[(
J ηx

)
(W2)η +

(
J ξx

)
(W2)ξ

]
+

δ

2J

[(
J ηy

)
(W2)η +

(
J ξy

)
(W2)ξ

]
+ λ

V
J

[(
J ηx

)
Wη +

(
J ξx

)
Wξ

]
= 0.

(3.9)

In Figure 6, the evolution of the numerical solution of the (2+1)-dimensional GBSS problem, along
with the adaptive temporal evolution of the mesh, is shown. In Figure 6(a), the solution W22(x, y = 2, t)
for fixed y = 2 is demonstrated for t = 0 to t = 10s. The exact (analytical) solution is shown with a
dashed black line, while the numerical solution obtained from the non-uniform mesh is shown in solid
light blue (see the insets within in Figure 6(a)). Their proximity is consistent with the second-order
accuracy discussed in the error analysis. In addition, Figure 6(b) shows the non-uniform mesh for
x ∈ [−20, 20] with the regions of steep gradients well captured. The figures demonstrate that adaptive
methods give a good prediction of wave phenomena, aligning well with the principles and methods
discussed in the following sections.
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Figure 6. The temporal evolution of the numerical solution of (a) W22(x, y = 2, t) and (b) the
non-uniform mesh from t = 0 to t = 10 is calculated with x ∈ [−20, 20]. The last wave at
t = 10 is illustrated in the inset. The dashed black line implies the exact solution, while the
solid light blue line implies the numerical solution.

3.2. Stability of the discrete MMPDE5

To see if the discrete version of MMPDE5 is stable, we can use a Von Neumann (Fourier) stability
analysis. For simplicity, assume the monitor function Ψ is a constant. Then, each component (say x)
of the mesh mapping follows an equation like a 2D diffusion process,

ν
∂x
∂t

= Ψ

(
∂2x
∂η2 +

∂2x
∂ξ2

)
,

where, η and ξ are the computational coordinates. We reformulate it as

∂x
∂t

=
Ψ

ν

(
∂2x
∂η2 +

∂2x
∂ξ2

)
.

Subsequently, we discretize spatially and employ an explicit time-stepping technique. This results in a
conventional finite-difference formulation:

xn+1
j,k = xn

j,k + ∆t
Ψ

ν

[ xn
j+1,k − 2 xn

j,k + xn
j−1,k

∆η2 +
xn

j,k+1 − 2 xn
j,k + xn

j,k−1

∆ξ2

]
.

To study the stability, we consider xn
j,k = κne i( j θ+k φ). After substituting into the finite-difference

equation, we solve for κ, which is the amplification factor. For stability, we require that |κ| ≤ 1.
In two dimensions, the most restrictive case occurs when θ and φ take on values of π, resulting in
cos(θ) = cos(φ) = −1. This leads to a condition on the time step:

∆t
Ψ

ν

( 1
∆η2 +

1
∆ξ2

)
≤

1
2
.

The scheme is stable if ∆t fulfills this requirement. In practice, if Ψ is not a constant, one often chooses
as the maximum value of Ψ or a sufficiently small ∆t to guarantee, to some extent, stability.

3.3. Stability of the numerical scheme

The Von Neumann analysis, often known as Fourier analysis, is utilized to assess the stability of the
scheme (3.5). This analysis is utilized only within the framework of linear systems. We first reduce
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the system (1.1) into a singular equation by utilizing the relationship Wy = Vx. Therefore, (1.1) is
expressed as

Wt + αWxxx + βVxxx + γWWx + δWWy + λWxV = 0. (3.10)

Thus, we propose that the linear version is represented by

Wt + αWxxx + βVxxx + s0Wx + s1Wy + s2Wx = 0, (3.11)

where the constant quantities s0 = γW, s1 = δW, and s2 = λV are given by,

s0 = max
1≤m≤Lx
1≤k≤Ly

(
γWn

j,k

)
, s1 = max

1≤ j≤Lx
1≤k≤Ly

(
δWn

j,k

)
, s2 = max

1≤ j≤Lx
1≤k≤Ly

(
λVn

j,k

)
.

As the Von Neumann stability analysis depends on a fixed spatial discretization, we substitute

∆η = max
j

∆η j, ∆ξ = max
k

∆ξk.

We believe that our stability analysis is conservative; that is, if the scheme is stable for the largest
and most restrictive step size, it will remain stable for all finer resolutions. Hence, we assume a
solution form:

Wn
j,k = exp (a n ∆t + i b j ∆η + i c k ∆ξ) . (3.12)

Consequently, we may write

Wn+1
j,k = exp(a ∆t) Wn

j,k, Wn
j±2,k = exp(±2i b ∆η) Wn

j,k, Wn
j,k±2 = exp(±2i c ∆ξ) Wn

j,k,

Wn
j±1,k = exp(±i b ∆η) Wn

j,k, Wn
j,k±1 = exp(±i c ∆ξ) Wn

j,k,

Substituting (3.12) into (3.11) and doing some operations, yield

1 = exp(a∆t)
(
1 − i ∆t

(
α (2 sin (b∆η) − sin (2b∆η))

∆η3 +
β (2 sin (c∆ξ) − sin (2c∆ξ))

∆ξ3

−
s1 sin (c∆ξ)

∆ξ
−

(s0 + s2) sin (b∆η)
∆η

))
.

(3.13)

Hence,

exp(a∆t) =
1

1 − F i
, (3.14)

where

F = ∆t
(
α (2 sin (b∆η) − sin (2b∆η))

∆η3 +
β (2 sin (c∆ξ) − sin (2c∆ξ))

∆ξ3

−
s1 sin (c∆ξ)

∆ξ
−

(s0 + s2) sin (b∆η)
∆η

)
.

Thus, ∣∣∣exp(a∆t)
∣∣∣ =

1
√

1 + F2
≤ 1. (3.15)

Equation (3.15) indicates the absence of growth. Thus, the stability condition of the Von Neumann
analysis is satisfied. As a result, the scheme is unconditionally stable.
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3.4. Error analysis

Within the adaptive moving mesh framework, a non-uniform grid with local variable spacing is
used for spatial discretization. Let the computational coordinates be η j and ξk and local spacings be
defined by

∆η j = η j+1 − η j, ∆ξk = ξk+1 − ξk,

that vary with the indices j and k as well as with time t. Therefore, the local truncation error needs to
be assessed based on these variable spacings.

Let us define the exact solution W(η, ξ, t) of the transformed system and, for the adaptive grid
point (η j, ξk) at time tn, let us denote its numerical approximation as Wn

j,k. We describe the local error
as follows:

en
j,k = Wn

j,k −W(η j, ξk, tn). (3.16)

The adaptive finite-difference scheme, which is comparable to (3.9), can be expressed in a general
format as:

Wn+1
j,k −Wn

j,k

∆t
= Ln+1

j,k (W) +Nn+1
j,k (W), (3.17)

where L andN correspond to the discretized linear and, if available, nonlinear operators, respectively.
Most importantly, these operators now involve finite differences calculated with the local spacings
∆η j and ∆ξk. For example, the spatial derivative with respect to η can be expressed by a non-
uniform formula:

∂W
∂η

∣∣∣∣∣
j,k
≈

W j+1,k −W j,k

∆η j
,

with equivalent formulations for higher-order derivatives and for derivatives in ξ.
By substituting the exact solution into (3.17) and comparing it with the continuous equation, we

define the local truncation error at (η j, ξk, tn+1) as

T n+1
j,k =

W(η j, ξk, tn+1) −W(η j, ξk, tn)
∆t

− Ln+1
j,k (W) − Nn+1

j,k (W). (3.18)

At this point, we use Taylor series expansions at (η j, ξk, tn+1), while carefully adjusting for the non-
uniform mesh sizes. Thus, we derive

T n+1
j,k = O(∆t) + O(∆2η j) + O(∆2ξk) + higher-order terms, (3.19)

provided that the adaptive grid is smooth. In other words, if the variations of ∆η j and ∆ξ,k are both
limited and smooth such that ∆η, j+1−∆η j = O(∆2) (and likewise for ∆ξ,k), then the spatial discretization
keeps its local second-order accuracy. Specifically, we can describe the truncation error as

T n+1
j,k ≤ C1 ∆t + C2 ∆2η j + C3 ∆2ξk,

where the constants C1, C2, and C3 depend on higher order derivatives of W together with the
smoothness of the coordinate change in the computational and physical domains.

With respect to Table 2, the results show that the adaptive finite difference scheme has an estimated
second order of spatial convergence. As the number of points increases at t = 10 with the relative
L2 error, the CPU time increases because of the additional computational effort required. The data in
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Figure 7 is represented in log-log form, with the left figure shows CPU time in relation to Effective Lx.
In contrast, the right shows the relative error as it pertains to Effective Lx. The slope of the error curve
validates the data shown in the right figure—meaning the scheme has achieved a second-order error
in spatial accuracy of about 2. Finer grids visually showcase the computational trade-off in the left
panel. All these conclusions conform to the previous theoretical analysis, showcasing that the adaptive
strategy achieves optimization through accuracy and the mesh with significant gradients.

Table 2. Relative error in L2 norm and CPU time for various effective grid sizes (Effective Lx)
at t = 10. This data highlights how refining the adaptive mesh improves accuracy (reduces
the relative error) at the expense of increased computational cost.

Effective Lx Relative Error CPU Time (s)
400 9.200 × 10−1 8.00 × 10−2

800 4.400 × 10−3 3.50 × 10−1

2000 2.300 × 10−4 1.50 × 100

4000 3.000 × 10−5 9.50 × 100

8000 3.700 × 10−6 7.50 × 101

20000 1.200 × 10−6 3.00 × 102
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Figure 7. Log–log plots showing CPU time vs. Effective Lx (left) and relative error vs.
Effective Lx (right) at t = 10. These results illustrate the trade-off between accuracy and
computational effort in the adaptive scheme, confirming the second-order spatial convergence
discussed in the error analysis.

4. Conclusions

Using a generalized direct algebraic approach, we established exact solutions to the (2+1)
dimensional generalized breaking soliton system (GBSS). According to the results of our analysis, the
system accommodates a wide range of waveforms, including solitary and periodic forms. These results
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indicate that when non-linearity is balanced with dispersion, the GBSS serves as an effective model for
intricate wave processes in fluid dynamics, plasma physics, and non-linear optics, which greatly depend
on the wave phenomena. Additionally, we outlined a numerical scheme using the adaptive moving
mesh techniques with the MMPDE5 framework. The adaptive approach effectively focuses grid
points at steep gradient locations, accurately resolving solution features with minimized computations.
Stability and error analyses confirm that the numerical method converges in space with second-order
accuracy. Taken together, the analytical and the numerical approaches yield helpful information
regarding the GBSS dynamics and provide a basis for further study of non-linear wave processes.
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