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Abstract: The Laplacian eigenvalue problem is fundamental to the free vibration problem. The finite
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Additionally, the VEM does not require the explicit expression of basis functions, which simplifies the
computational process. In this paper, we use the VEM to solve the Laplacian eigenvalue problem with
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problem of the Laplacian eigenvalue problem in variational form by defining the solution operator
is obtained. We then construct the virtual element space and the degrees of freedom to define the
appropriate projection operator. To approximate the exact solutions, we construct discrete bilinear
form and right-hand side. Furthermore, we apply the spectral approximation theory to prove the error
estimates of the eigenvalues. To support the convergence analysis, a series of numerical examples
is reported. For the Laplacian eigenvalue problem with Neumann boundary conditions on a square
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1. Introduction

The eigenvalue problems arising from partial differential equations have become an essential field
in engineering application and mathematical theory. The finite element method (FEM) [1, 2] is an
important numerical method to solve the eigenvalue problems. Its outstanding advantage is that it can
solve the partial differential equations in complex regions. At the same time, it is easy to implement
on the computer. However, the FEM also has some limitations; it is unsuitable for some complex
problems, and the flexibility of mesh generation is not strong. Therefore, the virtual element method
(VEM) [3, 4] was introduced as the extension of the FEM to polygonal meshes. The mesh generation
of this method is flexible, which can be a general polygon or polyhedron mesh. This method also has
significant advantages when dealing with complex regions with high regularity. In addition, the VEM
does not need to explicitly express the basis function, which makes the computational process easier
to implement.

Actually, in recent times the VEM has been used to deal with a large range of eigenvalue problems,
such as the Steklov eigenvalue problem [5, 6], the Laplacian eigenvalue problem [7, 8], the linear
elasticity eigenvalue problem [9], the acoustic vibration problem [10], the buckling problem of the
Kirchhoff plate [11, 12], and the transmission eigenvalue problem [13–15]. In this paper, we study
the use of VEM for the approximate solution of the Laplacian eigenvalue problem with Neumann
boundary conditions.

The Laplacian eigenvalue problem is a significant problem in the field of eigenvalues, which is
regarded as the foundation for solving many problems in mathematics and engineering. For example,
the so-called acoustic vibration problem, namely, to compute the vibration modes and the natural
frequencies of an inviscid compressible fluid within a rigid cavity. The virtual element spectral
approximation of the coupled systems involving the fluid-structure occurs. A simple formulation can be
obtained by using the pressure variation, which leads to an eigenvalue problem involving the Laplace
operator; specifically, the problem is given by the equation

∫
div u div v = λ

∫
uv. In addition, by

expanding the Laplacian eigenvalue equation to the fourth-order equation, the vibration and buckling
problems of Kirchhoff plates can be obtained as ∆2u = −λ∆u.

Kirchhoff plate problems play an important role in the mechanical design of structures such as
bridges, automobiles, and airplanes. Other versions of the Laplacian eigenvalue problem include p- and
hp-versions of the VEM for elliptic eigenvalue problems [16], advection-diffusion problems [17, 18],
and transmission problems [13–15].

In the two-dimensional domain, the Laplacian eigenvalue problem with Dirichlet boundary
conditions is called the vibration problem of the membrane, which has been studied by many
references. If boundary conditions are rewritten as Neumann boundary conditions, it is called the
free vibration of the thin film. In this paper, we discuss solving the Laplacian eigenvalue problem with
Neumann boundary conditions based on the VEM. We approximate the exact solution of the eigenvalue
problem using the VEM, and based on the spectral approximation theory for compact operators, we
derive optimal error estimates for the VEM approximation of eigenvalue problems. The validity of the
theoretical analysis is verified by a set of numerical experiments.

The paper is organized as follows: We are devoted to the Laplacian eigenvalue problem with
Neumann boundary conditions and the theory for the solution operator in Section 2. We obtain the
source problem of the variational form and the related error estimates, construct in Section 3 the virtual
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element spaces and the degrees of freedom, and define appropriate the H1 projection operator and the
L2 projection operator. In Section 4, the corresponding discrete forms are obtained by constructing
a bilinear form and a right-hand side. Section 5 applies the spectral approximation for compact
operators with the corresponding estimates of the space gap to obtain error estimates of the eigenvalues.
Finally, we report a set of numerical tests to verify the theoretical analysis in Section 6 and draw the
conclusions.

2. The model of the Laplace eigenvalue problem

Let Ω be a bounded, open, polygonal domain in R2 with Lipschitz continuous boundary Γ. We
adopt the usual notation ‖ · ‖s and | · |s for norm and seminorm in Sobolev space H s(Ω). Similarly, ‖ · ‖0
denotes the norm in Sobolev space L2(Ω).

We are interested in the Laplace eigenvalue problem with Neumann boundary conditions; the free
vibration problem of the thin film is stated as follows:−∆ω + βω = λω, in Ω,

∂ω
∂n = 0, on Γ,

(2.1)

where λ, β ∈ R, ω ∈ H1(Ω), and ‖ω‖0 = 1, n is the unit normal vector to Γ.
Multiplying (2.1) by v and integrating over Ω, the variational formulation of problem (2.1) reads as

follows: find (λ, ω) ∈ R × H1(Ω) with ‖ω‖0 = 1 satisfying

a(ω, v) = λb(ω, v), ∀v ∈ H1(Ω), (2.2)

where a(ω, v) =
∫

Ω
(∇ω · ∇v + βωv)dx and b(ω, v) =

∫
Ω
ωvdx.

The source problem associated with problem (2.2) reads: given f ∈ L2(Ω), find u ∈ H1(Ω) such that

a(u, v) = b( f , v), ∀v ∈ H1(Ω), (2.3)

where the bilinear form a(·, ·) satisfy the Lax-Milgram theorem (see [19]), then there exists M
independent of u and v, α independent of v, since

|a(u, v)| ≤ M‖u‖1‖v‖1, a(v, v) ≥ α‖v‖21, ∀u, v ∈ H1(Ω).

It is also well known that the variational form (2.2) has a unique solution u.
Let Ω be a bounded polygonal domain with the maximum interior angle ω (ω < 2π). When ω < π,

let r = 1; when ω > π, let r < π
ω
− ε (for any ε > 0). Then the constant r belongs to

(
1
2 , 1

]
depends only

on Ω. Hence, we have the following theorem.

Theorem 2.1. [20] If f ∈ L2(Ω), the solution u ∈ H1+r(Ω) satisfied

‖u‖1+r ≤ C‖ f ‖0,

where C is a positive constant.
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3. Virtual element spaces and degrees of freedom

In this section, we briefly recall the core idea of the VEM. Let {Th}h be a sequence of decompositions
of Ω into polygons E. For each element E ∈ Th, ∂E denotes the boundary of element E, and xE denotes
the barycenter of E. As usual, hE will also denote the diameter of the element E and h as the maximum
of such diameters of all the elements in Th. Similarly, for each edge e ∈ ∂E, he is the length of e. For
the moment we just assume that for all meshes Th, there exists a positive constant β for each element
E ∈ Th and every edge e ∈ ∂E such that

• A1: the ratio between the shortest edge and the diameter hE of E is larger than β, that is, he ≥ βhE.

• A2: E is star-shaped with respect to a disk with radius greater than βhE.

Following Beirão da Veiga [3,21], for every integer k ≥ 1, Pk is the space of polynomials of degree
at most equal to k. A preliminary local space is defined by

Ṽk
h(E) :=

{
v ∈ H1(E) : v|∂E ∈ C0(∂E), v|e ∈ Pk(e),∀e ⊂ E,∆v ∈ Pk(E)

}
.

For each v ∈ Ṽk
h(E), define the following linear operator sets:

• L1: The values of v at the all vertices of E;
• L2: For k > 1, the values of v at k − 1 internal points on each edge e of E;
• L3: For k > 1, the values of the moments up to order k − 2 of v in E,

1
|E|

∫
E

mα(x)v(x)dx, ∀mα ∈ Mk−2(E),

where Mk−2(E) :=
{(

x−xE
hE

)s
, |s| ≤ k − 2

}
and α = 1, · · · , nk−2, nk−2 denotes the dimension of

polynomials Pk−2(E).

From the sets of the linear operators, we construct a H1 projection operator Π∇k : Ṽk
h(E)→ Pk(E), it

satisfies the following orthogonality conditions∫
E
∇

(
Π∇k v − v

)
· ∇p dx = 0 , ∀p ∈ Pk(E),

and ∫
∂E

(
Π∇k v − v

)
ds = 0.

We first refer to the context in [4]; there exists a positive constant C such that, for all sufficiently smooth
function v, the following estimates are satisfied:∥∥∥v − Π∇k v

∥∥∥
1,E
≤ Chs−1

E |v|s,E , 1 ≤ s ≤ k + 1.

Now define the L2 projection operator Π0
k : L2(E) → Pk(E), satisfying the following regularity

condition ∫
E
(Π0

kv − v)p dx = 0 , ∀p ∈ Pk(E).
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Similarly, as shown in [4], there exists a positive constant C such that, for all smooth enough
function v, satisfied ∥∥∥v − Π0

kv
∥∥∥

m,E
≤ Chs−m

E |v|s,E , m = 0 or 1, 1 ≤ s ≤ k + 1.

The local virtual element space is introduced by

Vk
h(E) :=

{
v ∈ Ṽk

h(E) :
∫

E
vp dx =

∫
E
(Π∇k v)p dx,∀p ∈ (Pk/Pk−2(E))

}
,

where (Pk/Pk−2(E)) denotes the space of polynomials in Pk(E) that are L2(E) orthogonal to all
polynomials in Pk−2(E). The corresponding global virtual element space is

Vk
h := {v ∈ H1(Ω) : v|E ∈ Vk

h(E),∀E ∈ Th}.

Using the theory in [19, 22], we can verify that L1 − L3 is the degrees of freedom of space Vk
h .

3.1. Virtual element discretization

Since we will mostly work on the element E, the discrete bilinear forms ah(·, ·) and bh(·, ·) are written
separately as the sum of local contributions aE

h (·, ·) and bE
h (·, ·), that is

ah(·, ·) =
∑
E∈Th

aE
h (·, ·), bh(·, ·) =

∑
E∈Th

bE
h (·, ·).

The corresponding discrete forms of the variational problem (2.3) reads: find uh ∈ Vk
h such that

ah(uh,vh) = bh( f , vh), ∀vh ∈ Vk
h . (3.1)

First of all, the discrete bilinear forms are required to be similar to the continuous ones, namely

aE
h (vh, vh) ≈ aE(vh, vh), bE

h (vh, vh) ≈ bE(vh, vh).

In general, the continuous forms a(·, ·) and b(·, ·) are not computable on the basis functions, except
for those which are polynomials. The projection operator Π∇k : Vk

h(E) → Pk(E), for uh, vh ∈ Vk
h(E), the

discrete bilinear form as

aE
h (uh, vh) = aE

(
Π∇k uh,Π

∇
k vh

)
+ S E

a

((
I − Π∇k

)
uh,

(
I − Π∇k

)
vh

)
, (3.2)

where S E
a (·, ·) is a symmetric positive definite bilinear form defined on Vk

h(E) × Vk
h(E) scaling like

aE(·, ·), there exist two positive constants c0 and c1, such that

c0aE (vh, vh) ≤ S E
a (vh, vh) ≤ c1aE (vh, vh) , (3.3)

for all vh ∈ Vk
h(E) with Π∇k vh = 0.

We point out that (3.2) imitates the following identity:

aE (uh, vh) = aE
(
Π∇k uh,Π

∇
k vh

)
+ aE

((
I − Π∇k

)
uh,

(
I − Π∇k

)
vh

)
. (3.4)

For proper choices of S E
a (·, ·), it turns out that aE

h (·, ·) fulfils the following important properties for
all E.
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Lemma 3.1. For all E ∈ Th,

• Consistency: for all vh ∈ Vk
h(E), pk ∈ Pk(E), it holds

aE
h (pk, vh) = aE(pk, vh).

• Stability: there exists two positive constants, α∗ and α∗ independent of h with 0 < α∗ ≤ α
∗ such

that, for all vh ∈ Vk
h(E),

α∗aE (vh, vh) ≤ aE
h (vh, vh) ≤ α∗aE (vh, vh) .

Proof. According to the orthogonality condition of the H1 projection operator, for all pk ∈ Pk(E),
vh ∈ Vk

h(E), the factors (I − Π∇k )pk and (I − Π∇k )vh satisfy the orthogonality; it holds

S E
a

(
(I − Π∇k )pk, (I − Π∇k )vh

)
= 0.

This important property of the H1 projection operator plays a crucial role in the properties
connecting the continuous function space and the discrete function space. According to (3.2), this
could be done as follows:

aE
h (pk, vh) = aE(Π∇k pk,Π

∇
k vh) = aE(pk, vh).

The above conclusion indicates that the discrete bilinear form aE
h under the action of the H1 projection

operator is equal to the continuous bilinear form aE, which directly acts on the original function. We
conclude the proof of consistency.

Following from (3.2)–(3.4), we obtain

aE
h (vh, vh) =aE(Π∇k vh,Π

∇
k vh) + S E

a

(
(I − Π∇k )vh, (I − Π∇k )vh

)
≤aE(Π∇k vh,Π

∇
k vh) + c1aE((I − Π∇k )vh, (I − Π∇k )vh)

≤max {1, c1}
[
aE(Π∇k vh,Π

∇
k vh) + aE((I − Π∇k )vh, (I − Π∇k )vh)

]
=α∗aE (vh, vh) .

Similarly

aE
h (vh, vh) ≥ min {1, c0}

[
aE(Π∇k vh,Π

∇
k vh) + aE((I − Π∇k )vh, (I − Π∇k )vh)

]
= α∗aE (vh, vh) .

The proof is complete. �

Now use the classical Scott-Dupont theorem in [23]; there are the following propositions.

Proposition 3.1. There exists a positive constant C, depending only on the polynomial degree k and
the shape regularity r, such that for every s with 1 ≤ s ≤ k + 1 and for every v ∈ H s(E), there exists a
vπ ∈ Pk(E) such that

‖v − vπ‖0,E + hE |v − vπ|1,E ≤ Chs
E |v|s,E ,

notice that vπ by v piecewise polynomial approximation.
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Proposition 3.2. There exists a positive constant C, depending only on the polynomial degree k and
the shape regularity r, such that for every s with 2 ≤ s ≤ k + 1, for every h and for every v ∈ H s(E),
there exists a vI ∈ Vk

h such that

‖v − vI‖0 + hE |v − vI |1 ≤ Chs
E |v|s

notice that vI by v interpolation approximation.

Dealing with the right-hand side of the discrete variational form (3.1), according to the L2 projection
operator defined in Section 3, for all elements E ∈ Th,

bE(Π0
k f , pk) = bE ( f , pk) , ∀pk ∈ Pk(E).

This projection operator is computable starting from the degrees of freedom as well. Thus, for all
elements E ∈ Th such that

bE
h ( f , vh) = bE(Π0

k f , vh), ∀vh ∈ Vk
h(E).

Theorem 3.1. [3] Let u be the solution of problem (2.3), and let uh ∈ Vk
h be the solution of discrete

problem (3.1); for every approximation uI ∈ Vk
h of u and for every approximation uπ ∈ Pk of u, then

‖u − uh‖1 ≤ C

|u − uI |1 + |u − uπ|1,h + sup
vh∈Vk

h

|b( f , vh) − bh( f , vh)|
|vh|1

 ,
where C is a constant independent of h, uI ∈ Vk

h and uπ ∈ Pk are defined by Propositions 3.1 and 3.2,
respectively.

By applying [21], if f ∈ L2(Ω), the error converges to zero depending on the regularity of the
solution u,

‖u − uh‖1 ≤ C
(
h ‖ f ‖0 + hr |u|1+r

)
≤ Chmin(1,t) ‖ f ‖0 ,

where t = min(k, r) with k the polynomial degree and r the regularity index of the solution u.
The discrete eigenvalue problem of (2.2) is given by: find (λh, ωh) ∈ R × Vk

h such that

ah(ωh, vh) = λhbh(ωh, vh), ∀vh ∈ Vk
h . (3.5)

It is then natural to add a stability term as

bE
h (ωh, vh) = bE

(
Π0

kωh,Π
0
kvh

)
+ S E

b

((
I − Π0

k

)
ωh,

(
I − Π0

k

)
vh

)
, (3.6)

where ωh, vh ∈ Vk
h(E), S E

b (·, ·) is a symmetric positive definite bilinear form defined on Vk
h(E) × Vk

h(E),
that is there exists two positive constants c̃0 and c̃1, for every vh ∈ Vk

h(E), satisfying

c̃0bE(vh, vh) ≤ S E
b (vh, vh) ≤ c̃1bE(vh, vh).
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4. Error estimates

Theorem 4.1. Given f ∈ L2(Ω), let u ∈ H1(Ω) be the solution to problem (2.3) and uh ∈ Vk
h be the

solution to problem (3.1), such that

‖u − uh‖0 ≤ Chr
(
|u − uI |1 + |u − uπ|1,h +

∥∥∥ f − Π0
k f

∥∥∥
0

)
,

where C is a positive constant independent of h.

Proof. Using a duality argument and denote by ϕ ∈ H1(Ω) the solution to

a(v, ϕ) = b(v, u − uh), ∀v ∈ H1(Ω). (4.1)

Since u − uh ∈ L2(Ω), then for ϕ ∈ H1+r(Ω),

‖ϕ‖1+r ≤ C ‖u − uh‖0 .

Let ϕI ∈ Vk
h be the interpolant of ϕ; by Proposition 3.2, then for r ∈ (1

2 , 1], it holds

‖ϕ − ϕI‖0 + h |ϕ − ϕI |1 ≤ Ch1+r |ϕ|1+r ≤ Ch1+r ‖u − uh‖0 . (4.2)

We have that

‖u − uh‖
2
0 = b(u − uh, u − uh) = a(u − uh, ϕ) = a(u − uh, ϕ − ϕI) + a(u − uh, ϕI) = I + II.

We first estimate the term I as follows:

I = a(u − uh, ϕ − ϕI) ≤ C |u − uh|1 ‖ϕ − ϕI‖1 ≤ Chr |u − uh|1 ‖u − uh‖0 .

Then
II = a(u − uh, ϕI) =b( f , ϕI) − a(uh, ϕI) + ah(uh, ϕI) − ah(uh, ϕI)

=
[
b( f , ϕI) − bh( f , ϕI)

]
+

[
ah(uh, ϕI) − a(uh, ϕI)

]
=III + IV.

From the above, it can be inferred that

III = b( f , ϕI) − bh( f , ϕI) =
∑
E∈Th

[
bE( f , ϕI) − bE(Π0

k f ,Π0
kϕI) − S E

b ((I − Π0
k) f , (I − Π0

k)ϕI)
]
.

It holds
bE( f , ϕI) − bE(Π0

k f ,Π0
kϕI) =bE( f − Π0

k f , ϕI − Π0
kϕI)

≤
∥∥∥ f − Π0

k f
∥∥∥

0

∥∥∥ϕI − Π0
kϕI

∥∥∥
1

≤Chr
∥∥∥ f − Π0

k f
∥∥∥

0 ‖u − uh‖0 ,

and
S E

b ((I − Π0
k) f , (I − Π0

k)ϕI) ≤ c̃1bE((I − Π0
k) f , (I − Π0

k)ϕI)

≤ c̃1

∥∥∥(I − Π0
k) f

∥∥∥
0

∥∥∥(I − Π0
k)ϕI

∥∥∥
1

≤ Chr
∥∥∥ f − Π0

k f
∥∥∥

0 ‖u − uh‖0 .
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Finally, estimating the term IV with the consistency of Lemma 3.1, we obtain

IV =ah(uh, ϕI) − a(uh, ϕI)

=
∑
E∈Th

[
aE

h (uh, ϕI) − aE(uh, ϕI)
]

=
∑
E∈Th

[
aE

h (uh − Π0
ku, ϕI − Π0

kϕI) − aE(uh − Π0
ku, ϕI − Π0

kϕI)
]

≤
∥∥∥uh − Π0

ku
∥∥∥

1

∥∥∥ϕI − Π0
kϕI

∥∥∥
1

≤Chr
(
‖u − uh‖1 +

∥∥∥u − Π0
ku

∥∥∥
1

)
‖u − uh‖0 .

Putting together all estimates,

‖u − uh‖
2
0 =I + II

≤Chr |u − uh|1 ‖u − uh‖0 + Chr
∥∥∥ f − Π0

k f
∥∥∥

0 ‖u − uh‖0

+ Chr ‖u − uh‖0

(
‖uh − u‖1 +

∥∥∥u − Π0
ku

∥∥∥
1

)
=Chr ‖u − uh‖0

(
‖u − uh‖1 +

∥∥∥ f − Π0
k f

∥∥∥
0

+
∥∥∥u − Π0

ku
∥∥∥

1

)
.

So
‖u − uh‖0 ≤ Chr

(
‖u − uh‖1 +

∥∥∥ f − Π0
k f

∥∥∥
0

+
∥∥∥u − Π0

ku
∥∥∥

1

)
.

We conclude the proof. �

Theorem 4.2. Let T and Th be the solution operators with problems (2.3) and (3.1), respectively. Then
the following uniform convergence holds:

‖T − Th‖L(L2(Ω)) → 0, as h→ 0.

Proof. Given f ∈ L2(Ω), let T f and Th f be the solutions to problems (2.3) and (3.1), respectively.
Then, using the error estimates of Theorem 4.1, uI ∈ Vk

h and uπ ∈ Pk are given by Propositions 3.1
and 3.2, and the stability condition of Theorem 2.1, we obtain

‖T f − Th f ‖0 = ‖u − uh‖0 ≤ Chr (|u − uI |1 + |u − uπ|1 +
∥∥∥ f − Π0

k f
∥∥∥

0

)
≤ Cht ‖ f ‖0 ,

where t = min(k, r), k ≥ 1 is the order, r is the regularity index, and C is a constant independent of h.
Thus, from the definition of the operator norm, we have

‖T − Th‖L(L2(Ω)) = sup
f∈L2(Ω)

‖T f − Th f ‖0
‖ f ‖0

≤ Cht,

which implies the uniform convergence. �

Lemma 4.1. [19] Let λi be an eigenvalue of problem (2.1), with multiplicity m (that is λi = · · · =

λi+m−1) and let Eλ be the corresponding eigenspace. The discrete eigenvalues λ1,h, λ2,h, · · · , λm,h

converge to λi. Moreover, let Eλ,h be the direct sum of the eigenspaces corresponding to the discrete
eigenvalues λ1,h, λ2,h, · · · , λm,h. Then, there exists a constant C independent of h such that

δ(Eλ, Eλ,h) ≤ C
∥∥∥(T − Th)|Eλ

∥∥∥
L(L2(Ω))

,

where (T − Th)|Eλ denotes the restriction of eigenspace Eλ to T − Th.
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Lemma 4.2. [19] Let φ1, · · · , φm be a basis of the eigenspace Eλ corresponding to the eigenvalue λi,
then, for i = 1, · · · ,m,

∣∣∣λi − λh,i

∣∣∣ ≤ C

 m∑
j,k=1

∣∣∣b((T − Th)φk, φ j)
∣∣∣ +

∥∥∥(T − Th)|Eλ
∥∥∥2

L(L2(Ω))

 .
Theorem 4.3. Under the assumptions of Lemma 4.1, there exists a constant C such that

δ(Eλ, Eλ,h) ≤ Cht,

where t = min(k, r), k is the polynomial degree and r is the regularity index.

Proof. The result directly stems from Theorem 4.2. Indeed,

δ(Eλ, Eλ,h) ≤ C
∥∥∥(T − Th)|Eλ

∥∥∥
L(L2(Ω))

= C sup
f∈Eλ, f,0

‖T f − Th f ‖0
‖ f ‖0

≤ Cht.

We conclude the proof. �

Theorem 4.4. Using the notation of Lemma 4.1, there exists a constant C independent of h but
depending on λ such that ∣∣∣λi − λh,i

∣∣∣ ≤ Ch2t, i = 1, · · · ,m.

Proof. We apply Lemma 4.2; it remains to bound the first term. Let κ and z be the elements of Eλ.
Firstly, we estimate b((T − Th)κ, z), for all κ and z in Eλ

b ((T − Th)κ, z) =a (Tz, (T − Th)κ)

=a ((T − Th)z, (T − Th)κ) + a (Thz, (T − Th)κ)

=a ((T − Th)z, (T − Th)κ) + a (Thz,Tκ) − a (Thz,Thκ)

=a ((T − Th)z, (T − Th)κ) + b (Thz, κ) − a (Thz,Thκ)

=a ((T − Th)z, (T − Th)κ) + b (Thz, κ) − ah (Thz,Thκ) + ah (Thz,Thκ) − a (Thz,Thκ)

=a ((T − Th)z, (T − Th)κ) + b (Thz, κ) − bh (Thz, κ) + ah (Thz,Thκ) − a (Thz,Thκ)

=I′ + II′ + III′.

We estimate separately the above three terms. It is straightforward to obtain

I′ ≤ ‖(T − Th)z‖1 ‖(T − Th)κ‖1 ≤ Ch2t.

In order to estimate the second term, we proceed as in (3.6) by writing it as a sum over the elements
E ∈ Th,

II′ =
∑

E

[
bE

(
(I − Π0

k)Thz, (I − Π0
k)κ

)
− S E

b

(
(I − Π0

k)Thz, (I − Π0
k)κ

)]
≤C

∑
E

∥∥∥(I − Π0
k)Thz

∥∥∥
0,E

∥∥∥(I − Π0
k)κ

∥∥∥
0,E

≤Ch2t.
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Finally,

III′ =
∑

E

[
aE

h

(
Thz − Π0

kTz,Thκ − Π0
kTk

)
− aE

(
Thz − Π0

kTz,Thκ − Π0
kTκ

)]
≤C

∑
E

(
|Thz − Tz|1,E +

∣∣∣(I − Π0
k)Tz)

∣∣∣
1,E

) (
|Thκ − Tκ|1,E +

∣∣∣(I − Π0
k)Tκ

∣∣∣
1,E

)
≤Ch2t.

Putting together all estimates, we have

b((T − Th)κ, z) ≤ Ch2t.

Combined with Theorem 4.3, the conclusion is proved. �

5. Numerical tests

In this section, we present the VEM approximation of the Laplacian eigenvalue problem with
Neumann boundary conditions. Regarding the computational domain, in the test we take the square
domain Ω ∈ [0, 1]2. On this domain, we first consider the mesh partitionings, performed in polygonal
or quadrilateral decomposition. The refinement parameter N used to label each mesh is the number of
elements. These successively refined mesh numbers, 20, 50, 100, and 250, are shown in Figure 1. We
follow the way in literature [3] and set up S E

a (·, ·) or S E
b (·, ·) by defining the local degrees of freedom

suitably.
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(b) N = 50
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(c) N = 100
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(d) N = 250
Figure 1. The polygonal meshes with different mesh numbers in square domain.

The approximate solution of the problem (2.1) is obtained, and the eigenvalues that are closer to
the exact solutions, which are extrapolated from several approximate solutions by means of a least-
squares fit. The approximate solutions and extrapolated values exhibit convergence behavior, with
their corresponding convergence orders characterizing the speed of convergence. It can be seen that the
theoretical order of convergence is only a lower bound since the actual order of convergence for each
unit depends on the regularity of the corresponding partitioning shape. Therefore, the attained orders
of convergence are larger than this lower bound. Table 1 presents the first six eigenvalues computed
using the analyzed method, with grid numbers of 20, 50, 100, and 250, respectively. The extrapolated
value of each eigenvalue is calculated, where λh,i denotes the approximate solution of problem (2.1)
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and λextr,i is the corresponding extrapolated value. The last column of Table 1 contains the estimated
convergence orders of each eigenvalue. The convergence order is an average value that is defined by

Order := log2

∥∥∥λextr,i − λ2h,i

∥∥∥∥∥∥λextr,i − λh,i

∥∥∥ .
Table 1. The first six eigenvalues λh,i(1 ≤ i ≤ 6) in polygonal meshes.

N = 20 N = 50 N = 100 N = 250 λextr,i Order
λh,1 3.1504 3.4887 3.4727 3. 4695 3.4684 1.87
λh,2 3.2780 3.5243 3.4736 3.4700 3.4519 1.09
λh,3 3.3117 3.5390 3.4812 3.4849 3.4669 1.04
λh,4 3.3504 3.5605 3.5487 3.5061 3.4919 1.11
λh,5 3.4749 3.5980 3.5682 3.5473 3.5421 1.07
λh,6 3.7033 3.6212 3.6507 3.5619 3.7125 1.01

In this case, to have a view of the convergence rate, the absolute error and relative error are given
as shown in Figure 2. For the first six eigenvalues, the absolute errors as the refinement parameter are
seen on the left-hand side of Figure 2. The relative errors are shown on the right-hand side, where
the horizontal coordinates represent the polygonal meshes for N= 20, 50, 100, and 250. The absolute
errors and relative errors for the first six eigenvalues and the extrapolated values can be found; it can
be found that the errors of the eigenvalues converge with the refinement of the grid. The slopes of the
folded lines in the figures indicate the convergence orders of eigenvalues. The slopes in the figures are
consistent with the convergence order obtained. Here, the absolute error Err(λh,i) and the relative error
err(λh,i) are defined as, for i = 1, · · · , 6,

Err(λh,i) :=
∥∥∥λextr,i − λh,i

∥∥∥, err(λh,i) :=

∥∥∥λextr,i − λh,i

∥∥∥∥∥∥λextr,i

∥∥∥ .
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(b) Relative error
Figure 2. Absolute error and relative error distribution obtained in polygonal meshes.

Next, consider the square meshes of the square domain Ω ∈ [0, 1]2, taking the refinement parameter
N is 16, 64, 256, and 400, respectively, as shown in Figure 3.
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(a) N = 16
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(b) N = 64
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(c) N = 256
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(d) N = 400
Figure 3. The square meshes with different mesh numbers in square domain.

The first six approximate eigenvalues of the problem (2.1) are obtained through numerical
experiments. Since the structure of meshes is different, the eigenvalues corresponding to different
shapes are different. For the same number of meshes, the eigenvalues of different element structures
are still different. In Table 2, we present the obtained numerical results by the VEM using square
meshes, and the corresponding extrapolated values are calculated. We can see that λh,4 equals to λh,5 in
Table 2, so the eigenvalue is double. We still calculate the convergence orders according to the above
formula. The convergence orders are greater than 1; thus, these experiments confirm the corresponding
results of the theoretical analysis. Similarly, in order to check the convergence rate of the problem (2.1),
the absolute error and relative error are given as Figure 4. The errors and convergence orders of the
fourth and the fifth eigenvalues are the same, and others are not much different.

Table 2. The first six eigenvalues λh,i (1 ≤ i ≤ 6) in square meshes.

N = 16 N = 64 N = 256 N = 400 λextr,i Order
λh,1 3.2557 3.9333 3.9945 3.9977 4.0192 1.72
λh,2 3.6559 3.9566 3.9968 3.9987 4.0127 1.56
λh,3 3.6614 3.9577 3.9968 3.9987 4.0124 1.55
λh,4 3.7774 3.9790 3.9986 3.9994 4.0062 1.69
λh,5 3.7774 3.9790 3.9986 3.9994 4.0062 1.69
λh,6 3.9281 3.9944 3.9996 3.9998 4.0016 1.78
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(b) Relative error
Figure 4. Absolute error and relative error distribution obtained in square meshes.

AIMS Mathematics Volume 10, Issue 4, 8203–8219.



8216

The considered region is [0, 8] × [−2, 2]. The elements are divided into polygons and squares
separately. The refinement parameter N is 18, 72, 288, and 1152, respectively. In Tables 3 and 4, we
present the eigenvalues by the VEM using polygonal meshes and square meshes. The corresponding
extrapolated values and convergence orders are shown in the last two columns of Tables 3 and 4. It
can be seen that the convergence order for the same parameter N depends on the regularity of the
corresponding partitioning shape. The absolute and relative errors of polygonal and square meshes are
given in Figures 5 and 6.

Table 3. The first six eigenvalues λh,i(1 ≤ i ≤ 6) in polygonal meshes.

N = 18 N = 72 N = 288 N = 1152 λextr,i Order
λh,1 3.5380 4.3916 4.4263 4.5857 4.6388 1.46
λh,2 3.7461 4.4232 4.4542 4.6013 4.6503 1.40
λh,3 3.9322 4.4938 4.4903 4.6068 4.6456 1.40
λh,4 3.9369 4.5326 4.5524 4.6589 4.6944 1.47
λh,5 4.3670 4.6145 4.7391 4.6924 4.6768 1.44
λh,6 4.5343 5.0401 4.7716 4.8210 4.8375 1.40

Table 4. The first six eigenvalues λh,i(1 ≤ i ≤ 6) in square meshes.

N = 18 N = 72 N = 288 N = 1152 λextr,i Order
λh,1 4.1331 4.9580 5.2579 5.3505 5.3814 1.78
λh,2 4.2682 5.0011 5.2758 5.3561 5.3829 1.79
λh,3 4.3123 5.0097 5.2789 5.3568 5.3828 1.79
λh,4 4.4065 5.0450 5.2847 5.3576 5.3819 1.78
λh,5 4.5468 5.0995 5.3009 5.3619 5.3822 1.79
λh,6 4.8631 5.2255 5.3411 5.3733 5.3840 1.87
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(b) Relative error
Figure 5. Absolute error and relative error distribution obtained in polygonal meshes.
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Figure 6. Absolute error and relative error distribution obtained in square meshes.

According to the convergence orders of the first six eigenvalues in Tables 1–4, it is found that the
numerical results and the corresponding extrapolated value are close enough. Through Figures 2 and 4–
6, the absolute error and relative error of the first six eigenvalues show an obvious convergence trend.
The convergence rate is in accordance with the convergence order in the corresponding conclusion.
The effectiveness of the VEM for solving the Laplacian eigenvalue problem with Neumann boundary
conditions can be verified.

6. Conclusions

We consider the application of the virtual element method to solve the Laplacian eigenvalue
problem with Neumann boundary conditions. Our theoretical investigation shows that the numerical
algorithm provides the correct spectral approximation. And the error estimates of the eigenvalues
and eigenvectors are given according to the spectral approximation theory of the compact operator.
Representative numerical experiments confirm the theoretical prediction, and the validity and
feasibility of the VEM are verified by numerical experiments to solve the eigenvalue problems in
the domain with different meshes.

Notice that some negative aspects of the current VEM should be considered. For the three-
dimensional eigenvalue problems, there are few numerical results of the VEM, which restricted its
application in practice. Therefore, the VEM can be applied to other more practical eigenvalue
problems, such as the stream eigenvalue problem, the transmission eigenvalue problem, and the
electromagnetic eigenvalue problem, to solve more practical problems. The upcoming article will
investigate the corresponding theory.
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