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1. Introduction

A key challenge in differential geometry is exploring the relationship between the geometry and
topology of Riemannian manifolds. In submanifold theory, an exciting question is how the pinching
conditions on intrinsic or extrinsic curvature invariants affect the geometry and topology of
submanifolds in space forms. Simons first established a key result on minimal submanifolds of
spheres with a sufficiently pinched second fundamental form in his seminal paper [18]. Later, Chern,
et al. [6] proved a well-known rigidity theorem, which has since motivated numerous significant
advances in the study of pinching conditions. The study of rigidity theorems is crucial in the theory of
minimum submanifolds. Some pioneering work and substantial research on rigidity theorems for
minimum submanifolds in spheres have been conducted by Lawson [8]. Let the square norm of the
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second fundamental form be represented by o and a unit sphere be represented by S"*" with the
codimension m. If a compact minimal submanifold N in S"* with the following pinching condition:

OSO'S(ZYL)

m

then either

o=0, or 0':(2:11)
and N is the Clifford hypersurface or the Veronese surface in S*. Later, Li [9] and Chen [5] improved

the pinching number ——— aim 1 ) 23—” They showed that if

then either

and N is the Veronese surface in S*.

After initial motivation by Simons [18] and preliminary developments (for example, [5, 8, 12, 16,
17]), this topic has received much attention. These underlying works reveal, in particular, several
similarities between the free boundary minimal surfaces in a Euclidean unit ball and closed minimal
surfaces in the sphere. In this respect, the classical results and tactics for obtaining rigidity results, in
conclusion, may indicate the direction of interest in exploring similar progress in the free boundary
case. This study was motivated by the rigidity theorems for minimal submanifolds and submanifolds
with parallel mean curvature in space forms see [9, 11,19, 20], etc.

On the other hand, the space forms are useful for understanding the geometric analysis. Several
authors constructed the first eigenvalues for submanifolds in different space forms such as in C-totally
real submanifolds in Sasakian space forms [1], Lagrangian submanifolds in complex space forms [2],
slant submanifolds of Sasakian space form [13, 15], semi-slant submanifolds of Sasakian space
forms [14] and totally real submanifolds in generalized complex space forms [3] that contain a
p-laplacian operator. It should be noted that little work has been done on the rigidity theorems for
totally real submanifolds in space form geometry. Therefore, motivated by some previous work, we
constructed the rigidity for a totally real submanifold in complex space form and discuss their
consequences in the present paper.

2. Basic formulas and definitions

Assume that N" is a complex space form of constant holomorphic sectional curvature 4, denoted
N "(4k). The curvature tensor R of N"'(4«) can be expressed as:

R(V1, V2) V3 ={g(V2, V3)Vi = g(V1, V3)V2 + g(V3, JV)IV,
= (V3. VIV, +2g(V1, IV2)IVs) @.1)

for all V{,V,, V3 € F(TK/). Based on the cases, k < 0, «k = 0, and « > O, N"(4K) is the complex
hyperbolic space CH", the complex Euclidean space C" and the complex projective space CP". We
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call an m-dimensional Riemannian submanifold N of N"(4) as totally real if the standard complex
structure J of N"'(4«) maps any tangent space of N into its corresponding normal space [4].
We considered an orthonormal frame

e ememer- - €m+h,€gf =Jey--- 6’:1 = Jem, €gnity = Jeme1 - €uiny = Jemin}
in N (4k) restricted to N™, e; - - - e,, is tangent to N"". We provided the indices as follows:

AB,C--- =1, m+h 1" m+ b

a,b,c---=1,--- ,;mya*,b*,c=m+1,--- , m+h1*,--- ,;m+h".
Let I1 denote the squared length of the second fundamental form ¢ of N, which is defined by

M= (5" (22)

abk

Similarly, the mean curvature of N is calculated as:
1
H=— k ex. 2.3
m;@@ (23)

If H=01in (2.3), then N is minimal. From (2.1), we get the following equation for submanifold in
complex space form:

Kasco = (55405&) - 5&’(2)5580)K + K(J&Z{CJBD —Japlsc + 2J&1{BJCZ)) (2.4)
where K is the sectional curvature of N"(4K). The curvature tensor of indices for the submanifold is

Rauper = Kabcl + Z ({gcfgl - g;{gc)- (2.5
We define the Ricci curvature for a totally real submanifold:

Ruy = 0= Dk + 3 (2, D 2h = 3 dhdly) (2.6)

From the above, we can establish some notation

=217, H=1é, Ha=(Z)mm (2.7)
Let us assume that e,,,; is parallel to H in which case we have

trH,sy=mH, H,=0, a#m+1 (2.8)

where tr stands for the trace of the matrix H, = (£5,). Taking account of (2.5) and (2.8), we have the
scalar curvature as

R = m(m — Dk + m*H? =11 (2.9)
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where H stands for the mean curvature vector of N”. Since H is constant it can be concluded that the
scalar curvature R is constant if and only if IT is constant by (2.9). Let {, - denote the second covariant
derivative of ¥, in which case we have

Z Lapewe = ddg, — Z Loy Wea = Z Loeep + Z Loy Wik (2.10)
C C C t
where {w,} is the dual frame of N". Taking the exterior derivative of the equation (2.10), we obtain

Z Saperwr = Ay — Z LapeWia + Z LapeWik — Z LareWab — Z Lo Wic- (2.11)
7 7 7 7 ]

Moreover, the Laplacian of {7, is

Aégb = Z é/gbcc = Z ggc‘ab + Z (gngdabc + ggaRdCbc) - Z gfaRafﬁbcu (2.12)
c c cd Be
Lemma 2.1. [10] Let Ty, --- , T, be symmetric (m X m)-matrices, in which case

ST TP < (}SWDW)

r,s=1

such that equality holds if and only if the following matrices are satisfied:

o o=
o oo
oo o
o ox
oo o
oo o

0
—H
0

oxr O

P, T,==P
0 0 0---0 0O 0 0---0
where P is an orthogonal (m X m)-matrix and [T,, T;] = T, T, =TT, is the commutator of the matrices
T,, T,
Lemma 2.2. Let us 71,73, - Tn(n = 2) be symmetric (m X m)-matrices, in this case
=5y (rr('ijffi;? — i ToT5) ) Z [ ToTs)l - = Z (T2 (2.13)
a,p=1 a,p=1
We can now estimate our first main result, which is as follows.

Theorem 2.1. If the mean curvature vector of an m-dimensional compact totally real submanifold N™
in complex space form N"™"(4k) is parallel and satisfies the following inequality

R > (G2 1), 2.14)

then N™ is a totally umbilical sphere S’”( \/Ki?), where H denotes the mean curvature of N™.
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Proof. Assume that N™ is a totally real submanifold of complex space form N m+h(4x) with the parallel
mean curvature vector H. Consider an e, that it is parallel to H and

trH,.1 =mH, trH, =0, a=m+ 1. (2.15)
We assume that the mean curvature vector H is parallel, so we have

D*H = dHe,..1 + HD €1 = dHepit +H ) wpiiges = 0 (2.16)
B

where D is a Levi-Civita connection. From the structure equation and (2.16), we derive

1
d(‘-)m+1,B = Z W1y N\ Wyg + 5 Z Rm+1ﬂclwc A W
Y cl

- % Z Ry 150e A w; = . 2.17)
If we consider, from (2.12), that N has as parallel mean curvature vector and ), wab = 0, we can
derive
%AHH _ Zb“(gg}il)z n Z §$7+1A§Z;;+1
abe ij
= D@+ D (60 Ruave + o Rune) (2.18)

abc abcl

Let Ry (p, 7) the represent the sectional curvature of N for the 2-plane 7 C T, N at the point p € N™.
Then set

Rmin(p) = nlcl}lpr/l\/ RN(p’ ﬂ')~

Therefore, the orthonormal fields are {e;} such that {;’;}“ = A;04, Where A; represents the eigenvalues;
hence, we get

D e

abcl

1
{Zr]lHRlabc + {I’ZHlecbc) 25 Z(/la - /lb)zRabab
ab

1 2
> > Zb: (A0 = ) Rinin- (2.19)
Taking (2.18) and (2.19), we have
1 n+1\2 1 2
SATL > ;@m) 3 ;ua ~ 25 Ruin. (2.20)

m+2h—1
> 2(m+2h)

It follows from Ry (k + H?) and the lemma of Hopf that ITy is a constant [21], and we derive

1
5 2 (a= 4)Ruy = 0. (221)
ab
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It is implied that A, = 4,. In this case, N™" is pseudo-umbilical. Again, from (2.12), ', H? =0 and
mean curvature of N is parallel; we can constructs

ar= 3 V@l Y Y R+ GR) ~ Y Y R (222)

a#m+1 abc a#m+1 abcl a#m+1 Babc

where 7 is the scalar curvature of N™. From (2.5) and (2.15), we get

2

> D LlE R+ GiRuse) = mls+ HT+ Y (wlHH? = wHEHD) = D (iH Hy)

a#m+1 abcl af#m+1 af#m+1
(2.23)
Again (2.5), we derive
DD LR = D trHE = Y (tr(HaHg) = tr(H2HD)). (2.24)
a#m+1 Babe i a,f#m+1
Inserting (2.24) and (2.23) into (2.22), we obtain
1 _ @ \2 2 ’ 2
SAT= DD )+ Z trH2 — a'm(1 + H)r
a#m+1 abc i
2
F(1+d) Y > LR+ GRig) +a ) (tr(H,Hp))
a#m+1 abcl af#m+1
+(=a) Y (tr(HHg) - r(H2HD)). (2.25)
af+m+1

For a fixed a, we choose the orthonormal frame field {e,} such that {7, = A76,,. From (2.15), we get

(¢4 (0% (04 1 (07 (04
2 GanlCoRuave + GiRicve) =5 D (A& = ) Rapas
abcl ab
1
> 5 D4 = AR
ab
:mtrHiRmin

which implies that

Z Z fgb(fflRZabc + KZRlcbc) > mTRin. (2.26)

a#m+1 abcl

In the implementation of DDVV (a conjecture for the Wintgen inequality on Riemannian submanifolds
in real space forms proven by P.J. De Smet, F. Dillen, L. Verstraelen, and L. Vrancken), demonstrated
by the article [7], inequality of Lemma 2.2, we construct the following:

> {tr(HgHg)—tr(HaHB)Z}:% D" tr(HoHy = HgH,)?

af#m+1 af#m+1
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atm+1
1
= 572. (2.27)
On the other hand, we have
> (trH H ))2 o T (2.28)
CH) = meoh—1 '

af#m+1

Setting ' = 221=1 jp (2.25), and combining (2.26)—(2.28), we derive

m+2h+1
1 m+2h— 1 om + 4h
“ars (P e (—)Rmm . 22
2 T—{ (m+2h+1)(K+ I Py }"" (2:29)

If our assumption (2.14) is satisfied, then we have
1
At >0
> T2>

by Hopf’s lemma. This concludes that A7 = 0. Hence, we get the following:

m+2h—1 5
7=0 or RN:(—Z(m+2h) )(K+H )

For the first case, 7 = 0, and thus N is totally umbilical. For the second case, on the basis of (2.5),
we derive

Rahab =K+ H2

and conclude that N is a totally umbilical sphere

m 1
e

Moreover, all inequalities (2.26)—(2.29) changed to equalities if

m+2h—1
Ry = (m)(K + H2)

Now, we will show that the second case can not occur. For this, we consider the equality (2.27)
implies that either all H’, s are zero or two of the H/, s are nonzero o # m + 1. We estimate the following
if the inequality in (2.28) and (2.29) converts into equalities:

trH, =trH;  (@.B#m+1), and Z trHZ = 0.
t

Thus N™ is totally umbilical with R, = « + H?, as the H;j are zero (@ # m + 1). This leads to a
contradiction. This completes the proof of the theorem. O
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In the results below, we have the following:

Theorem 2.2. Let J¢ be normal to an (m > 2)-dimensional totally real submanifold N™ in the complex

space form N m+h(4x). Then either N™ is totally umbilical or it satisfies the inequality

5
infp < m(x + H>)(m — 5)

(2.30)

where the scalar curvature, the mean curvature, and the mean curvature vector are represented by

p, H, and &, respectively.
Proof. Let J€ be normal to N™. We can consider e,,,; is parallel to &, and we have
trH,.y =mH, trH, =0, a#m+ 1.

From (2.12), we have

DA = 3 (0P + D i+ D R+ GiRie) = ColRapie

aijk aabc aabcl afabc

From (2.5), (2.31), and if N is totally umbilical, we obtain

D Lol LR uve + GiRiene) =mic+ HOT = mH? + {tr(H(,Hﬁ)2 - tr(Hng)}
aabcl op

- Z (ir(HoHs))
> CadERopne = —Z{tr(H Ho? - (D) - > k.

aPabc

In view of (2.31), and the pseudo-umbilical condition such that ' ;’l’)“ = Hé,,, we derive

Z LavCecar =MHAH,

aabc

D &ny >Z( e =m Y (VH),

aabc

1 2 _ 2
SAH? =HAH + Za:(vaH) .

By Lemma 2.2 and pseudo-umbilical condition "' = H6,,, we have

2 %‘ {ir(HoHa)" = e () b= 3 r(HaHg)’

af
=2 3 fu(HoHg) - (HEH3))
af#m+1
- > tr(HaHﬁ) ~(wH2,,)
af#m+1

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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3
> —57'2 — I’I’le4

3
= —E(H — mH»? — m*H*. (2.38)

Substituting (2.33)—(2.38) into (2.32), we have
lAH >lmAH2 + m(K + HZ)H - §(l_[ — mHz)2 — m*H* — m*H?
2 2 2

=g + (1= b+ 1) S(11- i)}

1 ) N 3
:EmAH + T{m(K +H ) - ET}. (2.39)

By the same argument as in [16], we conclude that either M" is totally umbilical or

infp < m(K + Hz)(m - g)

This completes the proof of the theorem. O

Theorem 2.3. Let J§ be normal to an (m = 2)-dimensional compact totally real submanifold N™ in
the complex space form N"™"(4«). Then we have the inequality

f {2(K + HHII - 3112 - 5m*H* — 4m*H? + 2mH2}dV <0 (2.40)

where H and 11 denote the mean curvature of N™ and the squared norm of the length of the second
Sfundamental form of N™, respectively.

Proof. Without loss of generality, we consider e;- such that it is parallel to ¢ and trH;- = mH. In this
case trH, = 0, for @ # 17, and J¢ is normal to N™. Taking this together with (2.5), we have

Z §;¥h§faR(zﬁb¢- =m*H? - Z trHi* - Z {tr(HaHﬁ)z _ tr(HiHé)}

afabc op
<m?H? — trH2, - Z {‘[r(HaHﬁ)2 - tr(HiHé)}
o
=P = b = " firH,H? — a2 (241)
af

By the same argument as in Theorem 2.2, we conclude that
%AH > %mAH2 + m(k + H)IT - %(H — mH?*? — m*H* = 2m*H? + mH%.
The boundary of N is compact, by Stokes’s theorem, we obtain
f{m(K + HHIT - %(H —mH?*? — m*H* = 2m*H? + mHz} <0

which implies (2.40). This completes the proof of the theorem. O
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Remark 2.1. Note that if « = 1 in (2.36), then the complex space form N mth(4k) turns to a complex
projective space with constant curvature of 1.

From the hypothesis, Theorem 2.1, we rewrite that

Theorem 2.4. Let N be an m-dimensional compact totally real submanifold in complex projective
space CP"" with parallel mean curvature. In this case, we have

m+2h—1
Ry > (—2(m T )((1 + HZ),

Vieh? )
and the squared norm of the length of the second fundamental form of N™, respectively. Moreover,

CP™™" has the constant sectional curvature 1.

and thus N™ is a totally umbilical sphere Sm( L ) where H and I1 denote the mean curvature of N™

Theorem 2.5. Let N be an (m > 2)-dimensional totally real submanifold in complex projective spaces
CP™". If ¢ is normal to N™, then either N™ is totally umbilical or satisfies the following inequality:

infp < m{l + Hz}(m - g)

Similarly, Theorem 2.3 can be written as if the mean curvature is minimal from Theorem 2.4

Corollary 2.1. Let N™ be an (m > 2)-dimensional compact totally real submanifold in complex
projective spaces CP™". If J¢ is normal to N™, then we have the following inequality:

f {2(1 + H2)IT = 317 — SmPHe — 4n?H + 2mH2}dV <0.

Remark 2.2. Using Remark 2.1 in Theorems 2.4 and 2.5, then Theorems 2.4 and 2.5 coincided with
Theorems I and 2 in [21].

3. Conclusions

The study of totally real submanifolds in complex space forms is a rich area in differential geometry,
with deep connections to complex geometry, curvature theory, and minimal submanifold theory. Their
extrinsic curvature properties (like second fundamental form, mean curvature) are deeply influenced
by the complex structure of the ambient space. This leads to classification results that help understand
the geometric landscape of complex manifolds. In theoretical physics (e.g., string theory), totally real
submanifolds relate to real slices of complexified spaces. In all these, totally real submanifolds offer
tools to probe the nature of curvature, symmetry, and submanifold geometry.
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