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Abstract: In this paper, by using special integrals and integer powers of the arcsin function,
we obtained the recurrences or explicit expressions of some parametric Euler-type series involving
multiple harmonic sums and multiple 7-harmonic sums. According to our results, these Euler-type
series are all expressible in terms of m, In(2), and zeta values. In particular, by specifying the
parameters, we presented as examples the evaluations of some special series, including some known
ones in the literature and some new ones.
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1. Introduction

Generalized harmonic numbers and odd harmonic numbers are defined by
1 - 1
HY := — d 0OV := —_—
n kZ:]: ks an n kzz; (2k _ 1)s
for n € Ny and s € N. Multiple harmonic sums (MHSs) £,(s) and multiple t-harmonic sums (MtSs)
1,(s) are defined by

1 : 1
gn(S) = Z nsl—n]zk and tn(S) = Z 1_[ m, (11)

n>ny>->m=1 1 n>ny>->m>1 j=1
forn € Npand s = (sy,..., s;) € N¥. By convention, £,(0) = 1,(0) := 1 forn > 0, and ,(s) = t,(s) := 0
for n < k. When k = 1, the MHSs and MtSs reduce respectively, to harmonic numbers and odd

harmonic numbers, i.e., {,(s) = H,(f) and t,,(s) = 05,“'). Moreover, for s; > 1, define the multiple zeta
values (MZVs) and multiple t-values (MtVs) by

1 : 1
{(S) = Z ]’lsl—nlik and t(S) = Z l—[ m, (12)

n>>ml 1 n>->mz1 j=1
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which can be viewed as the limits of MHSs and MtSs, respectively. The concept of MZVs was

introduced by Hoffman [1] and Zagier [2] in the early 1990s, and the concept of MtVs was formally

introduced by Hoffman [3] in 2019. Similarly to MZVs and MtVs, let s = (si,...,5) € Nf and

o = (01,...,0%) € {£1}* with (s;,0) # (1,1), and we define the alternating multiple zeta values
(AMZV5s) by

ni ng

{(s;0):= Z (Tll—(r"

Sk
1 .. n
ny>->ne>1

k

Summation formulas on the (alternating) multiple zeta values have attracted extensive attention, and
the readers are referred to the papers due to, e.g., Alegri et al. [4], Hoffman [1,5], and Shen and Cai [6].

The linear Euler sums S, , := >,)", H" /n? were first considered by Euler in correspondence with
Goldbach in 1742 (see [7, p. 253]). Euler discovered that the linear sums S, , can be evaluated in terms
of zeta values when p = 1, p = g, p + g is odd, and (p, q) € {(2,4), (4,2)}. The nonlinear Euler sums
were introduced by Flajolet and Salvy [8] in 1998. These sums are infinite series of the form

b

o H' Pl)H(m) Hr(lpk)
Ple -Pk> q Z
n=1
where pi, pa,....pr,q € N, with p; < pr < --- < prand g > 2. Flajolet and Salvy used the contour
integral representations and residue computation to establish explicit formulas of several classes of
Euler sums. In 2020, by permutations and compositions, Xu and Wang [9] established explicit formulas
of Euler sums §,,,, ., and various alternating Euler sums, and showed that these infinite series are
expressible in terms of MZVs or AMZVs, respectively. More classical results on Euler sums can be
found in, e.g., the works due to Bailey et al. [10], Borwein et al. [11], Chu [12,13], Wang and Lyu [14],
Xu [15], Xu et al. [16], and Zheng [17].

Recently, various Euler-type series have been investigated, including Euler sums involving negative
powers of two [18], Euler-type series on odd harmonic numbers [19], and Euler-type series on
hyperharmonic numbers [20,21]. Additionally, in 2017, Hoffman [22] established some general series
identities by symmetric functions and MZVs. For example, he showed that

i Pu(H, HY,...,H") k+3

n? 2
n=1

1 k
(+2)~ > ; Lt +2= ).

(o)

PuH, H,....H) 1
Li(n+D(n+2)---(n+q)  (g—Dlg— D

for integers k > 0 and ¢ > 2. According to the definition of the multivariate polynomials %, it can
be verified that £,({1};) = Pi(H,, H,(,z), cees H,(,k) ), where {- - - }; denotes k repetitions of a substring, with
{---}o = 0. Therefore, Hoffman’s results can also be viewed as Euler-type series identities. Kuba and
Panholzer [23], and Ma and Wang [24], further generalized Hoffman’s results, and established more
infinite series identities on Euler-type series involving £,({1};) and { *({1}x), where the star version £ (s)
was obtained from the definition of ¢, (s) by replacingn >n; > --->n. > 1lbyn>n; > --- > n > 1.
More recent works on various Euler-type series can be found in the papers of Campbell and Chen [25],
Chen and Wang [26], Liu and Wang [27], and Liu et al. [28]. Note that infinite series involving (odd)
harmonic numbers and central binomial coefficients have also attracted extensive attention recently.
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For example, Campbell et al. [29] used the theory of colored multiple zeta values and various special
integrals to evaluate this kind of infinite series, and Nimbran et al. [30] used the series expansions of
integer powers of the arcsin function to determine the values of such series. More recent results of this
type can be found in, e.g., the papers of Wang and Xu [31], Wang and Yuan [32], and Wei and Xu [33].
In this paper, we will use the series expansions of arcsin”(x) as well as some integrals of
trigonometric functions and inverse trigonometric functions to obtain the explicit evaluations of more
Euler-type series. For n = 1,2,3, the series expansions of arcsin”(x) were given in Edwards’
textbook [34, pp. 77-82], and the expansion of arcsin*(x) was recorded in Ramanujan’s notebooks [7,
Proposition 15]. In the classical book [35, Eq (46)] of Schwatt, a general formula for the series
expansion of arcsin”(x), for n € N, was presented. However, two elegant formulas of arcsin”(x) were
presented by Borwein and Chamberland [36, Eqs (1.1) and (1.3)], which can be reformulated as

arcsin?*!(x) _ i (Znn) 5(2}p) 5

L f > 1.
@p+Dl  Liw anrn o =0, (13)
arcsin®(x) < 477 L1 (2)-1)
_ E‘ " forp > 1 1.4
et Ty e P (4

By means of the expansions (1.3) and (1.4), the following parametric series involving MHSs £,({2},)
and MtSs 7,({2},) will be studied in this paper:

i &n({2}) - t({2},) (L.5)
P m+Dmn+m+1) . Cn+1D)2n+2m+1) '

Cn+k)R2n+k+1) s Cn+k-1)2n+k)’

n

1l
=

form € N, p € Ny, and k = 0,1,2. Note that according to our previous results [37, Lemma 2.1],
£,({r}r) and t,({r};) can be expressed in terms of harmonic numbers and odd harmonic numbers by the
complete Bell polynomials:

1
Gultr) = SV HD, =UH, o (D k= D),
z
b({rho) = YO0, 110, .., (=) (= DIO).
For example,
1
G = H, &) = SIHY = HP),

1
6() =0, t(rr) = {07 - O}

Therefore, the parametric series in (1.5) and (1.6) are indeed Euler-type. We establish in Section 2 the

2m

recurrences of the series in (1.5) by the integral fog 0" sin“"(0)d#, and derive in Sections 3-5 the explicit

expressions of the series in (1.6) by the integrals f09 arcsin”(x)/x>dx, fog "/ sin*(6)d6, and foe " cos(t)dr.
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The results show that the above general Euler-type series are all expressible in terms of powers of 7,
In(2), and zeta values. By specifying the parameters, we present as examples the evaluations of some
special Euler-type series, including some known ones appearing in recent papers due to Hoffman [22],
Campbell and Chen [25], and Chen and Wang [26].

2. Series related to the integral of 6" sin*"(6)

In this section, we consider two kinds of infinite series Z,(ff) and 7, ,,(f ) defined by

> L2 ol 70N 6.(12),)

Z(p) = =
" — m+Dn+m+1) " s Cn+1D2n+2m+1)

for integers m > 1 and p > 0. These series are closely related to the integral
1,
I(n,m) = - f 8" sin“"(0)dg, for n,m > 0.
n: Jo

According to Orr’s result [38, Eq (14)], the following expression for J(n, m) holds:

ﬂ.n+1(2m) m L5t] (- 1)j(”21m)ﬂ.n—2j+1
Tm) = e i+ D1 2. Z 22m+nk2f(n+k+ 1-2))!

k=1 j=1

m (=12

+ 6|.n)rl ’%1 Z 22m+nkn+1
=1

In the next two theorems, we will show that by means of the integral 7 (n, m), the recurrences of the
series Zﬁ,‘f) and 7',1({7 ) can be established.

Theorem 2.1. For integers m > 1 and p > 0, the series zw satisfy the following recurrence:

(2m)ﬂ.2p+2 P2
m

= a(m,k) (p)
Pkt L - 2p+2 2.1
K Lk Tamigpaay | g JGPERm. .1

k=1

where

2k (2 2k\(2k
ano 22

Therefore, the series fo) is expressible in terms of powers of 7.

Proof. Applying a change of variable x — sin(6) to Eq (1.4) gives

o 4777 L 1(12)-1)
" Z B d 1(’{12}” ) sin2 (). 2.2)
n=p \n

6%

Multiply (2.2) with sin*"(6), integrate from 0 to 5, and use Wallis” formula. Then we obtain

I~ 2n+2m

— 4" L 1(12 P D) 2n+2m 7_T n+m évn 1( }p 1)
IQ2p.m) = ;@) f (M&zg e
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-1 ) 1
Z 4pnzp1 H(1_2n+2k)'

Define fo,(m) = [1;=,(1 —

expanded as fi(m) = 1 + X_, a(m.k)

1+2k °

with a(m, k) =

m). Based on one of our previous results [37, Lemma 4.1], f;(m) can be

- (ZZ ik)( kk). Substituting this expansion back,

and using the definition of MZVs as well as the method of partial fraction decomposition, we have

Zén

IQ2p,m

2n+ 2k

pl)( N - a(m,k))
4rn?

G (12),-1) K
2”4p2 o 4,,“22‘“'” Y12 }pl)(

1
n(n + k)

n=p k=1
_ng(2),)  mg(2),) a(m, k) T a(m, k) _ n
=t Z k _4p+1; Z"

The summation in the second term can be computed by Gould [39, Eq (3.90)]:

k=1

which, together with the fact that {({2},) =

O am,k) 2~ (2m = 2k\(2k\ _
Z ko 4'";(m—k)(k B

22)

g7

(2.3)

(see [40, Proposition 2.3]), gives the desired

(2P+1)‘
recurrence. o
Example 2.1. When m = 1, Eq (2.1) gives the following explicit expression:
0 ptl 2p+2-2j
> = N ) (2.4)
s (n+ 1)(n+2) = 2p +3-2))!
Setting p = 1,2 in the above expression yields
0 H? 2
n -y, (2.5)
— (n+Dn+2) 6
S L2 A

i (n+ 1)(n +2) 120

-—+1.

Note that Eq (2.5) was presented by Hoffman [22, Corollary 1]. Similarly, when m = 2,3, setting

p =1,2 gives
S HY nr 11
ST R T
o 42,2 ot 1A

i (n+1D(n+3) 160 96

AIMS Mathematics
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- H? 1172 341
-2 2.7)
— (n+D(n+4) 108 648
o 42,2 1t 341A . 11813
i (n+ D(n+4) 2160 3888 23328
where Eqs (2.6) and (2.7) can be found in Sofo [41, Lemma 1.1].
In the next theorem, we derive the recurrence of the series 7, ,5,” ),
Theorem 2.2. For integers m > 1 and p > 0, the series T satisfies the following recurrence:
m 2m s 2p+2
amk),_p ()3
Z; T = oy - L+ Lm. (2.8)
where a(m, k) = —%(Z:ij)(zkk). Therefore, the series TP is expressible in terms of powers of .
Proof. Applying a change of variable x — sin(6) to Eq (1.3), the series expansion turns into
e S () @)
— = ———sin”"" (). 29
2p+ D) ;4'1 @+ @ (29)

Multiply (2.9) with sin®”(6), integrate from O to %, and use Wallis’ formula as well as the expansion of
fi(m). Then we obtain

= ()(12},)
T2p+1,m) = Z ()an)

= )2, =
_ i Z D i) (210)

,,:p 2””’” (Zn +D@2n+2m+1)

n+m -

=y 1(
:Z( +1)2 +Z“(m k)z(2n+l)2(2n+2k+1)

n=

Sin2n+2m+l (9)(19

By partial fraction decomposition and the definition of MtVs, we have

Z (2n+ 1)2 = 1({2}pe1),

N - _aq
Z(2n+1)2(2n+2k+1) 2k(({ bprt) = 7,5

n=p

Setting m = 01in (2.10) gives 1({2},) = (zp),( )?” (see also [42, Lemma 1]). Combining the above results
with (2.3) yields Eq (2.8). O
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Example 2.2. When m = 1, Eq (2.8) can be reformulated as

- tn({z}p) /4
4 n+ D2+ 3) Z(‘ TG T T

2p+2-2j (_1)[)

In particular, setting p = 1, 2 yields

- oy o1
L Qn+ H2n+3) 32 8
S e X N N

L Qn+ D2n+3) 1536 128 32

Equation (2.11) was presented by Chen and Wang [26, Example 4.6]. Similarly, settingm = 2, p =

andm =3, p=1,21in Eq (2.8) gives

S o 31

i (2n+ D@2 +35) 128 12

S 52,2 ot lxr 1

L (2n+ 1)2n+5) 2048 2048 Ty

S oY 1172 203
~(2n+1)Q2n+7) 576 3240’

< £,(2,2) _11x* 341x* 1823

i 2n+ DQ2n+7) 27648 82944 " 116640

3. Series related to the integral of arcsin”(x)/x>

2.11)

1,2

Based on Eqs (1.3) and (1.4) as well as the integral fosm(e) "‘mi#dx, we can establish the expressions

of another two kinds of infinite series.

Theorem 3.1. For an integer p > 0, the following series are expressible in terms of powers of «, In(2),

and zeta values:

et Lk + D@ = D2k + 1)
HZ: 2n(2n + 1) Z( D 2p - 2k)!
min(2)
+(=DPR2p+1) - m
and
> (2k + (1 - 4k)(g)2P‘2k§(2k +1)
nZ 2n(2n - 1) Z B (2p — 2k)!16*
L @pi2p+ ) (DI
T 47 2p)!
AIMS Mathematics
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sm(O) arcsin®”

Proof. Consider the integral 5— x—(")dx On the one hand, by integration by parts twice, we

have

(2 )!

1 f $in®) arcsin®”(x)
—_— —dx
2p)! x3
6% 6?71 cot(0) . 1 f sin®) arcsin®’~2(x) q
- —~dx
22p)!sin*(f)  22p-D!  2(2p-2)!

X

On the other hand, expanding arcsin®”(x) by (1.4), using partial fraction decomposition, and applying
Eq (2.2), the integral on the left can be rewritten as

1 f S0 arcsin®” (x) dy = i 4mp £, 1 ({2),-1) sin® ()

ERIN e T AE) T wen-Y
~ Z"’: 47 (L1 (12)p-) sin™2(0)  Guni((2),-0) sin®"2(6)
= (*) n(2n —2) 2n?
_ i 4 m 1({2}p-)sin™ @) 67
= (*) n(2n —2) 2(2p)! sin%()’

Combining the above two expressions gives

Z"’: 470 £, 1({2),-1) sin™ (6)

(znn) n(2n —2)
1 fsi““’) arcsin® > (x) 4 O eot®)
T 202p-2) X T o0p -0

n=p

(3.3)

Now, integrate both sides of Eq (3.3) from 0 to 7. Then by Wallis’ formula, the left-hand side of (3.3)
turns into
i 4mr (n—l({z}p—l) - gn 1({ }p 1)

2n 2
(2’1) n(2n —2) (6)d = (2n -2)2n-1)

n=p

The integral of the first term on the right-hand side of (3.3) can be computed by the following formula
(see [37, Eq (5.2)]):

4p+2 % sin(H) aI‘CSin2p+2(x)
Ny —— arem . WY
(6.2 = f d f Wy,

ptl 2p+2 2n(1 )

- Z(_ S ap 32

néQn+ 1)+ (=1)P"12:2p + 3),

and the integral of the second term can be evaluated by Orr’s result [43, Eq (2.2)]:

L5]

x _ gky 2k
j(:@"cot(e)dé (3 )ln(2)+Z( e - zﬂzk)éizk”)+5L;J,;(—1)Sw. (3.4)

AIMS Mathematics Volume 10, Issue 4, 8116-8130.
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Substituting the above formulas into (3.3) gives (3.1).
1 sin®) arcsin??*!(x)
2p+1)! Jo X3

Similarly, expanding the integral dx in two different ways yields

(3.5)

i M a@@sin@) 1 fsi“@ arcsin(x? ™! | 67 cot(6)
&g 2n—1 2p-D!'Jy X 2p)!

(see also [37, Theorem 3.7]). Integrate both sides of (3.5) from 0 to 7. Using Wallis” formula for the
left, and the integral expression of #(3,{2},) [37, Eq (5.1)] as well as the integral (3.4) for the right, we

obtain Eq (3.2). |
Example 3.1. Setting p = 1,2,3 in Eq (3.1) gives

- HY Q) RRlE)

L 2n(2n+1) 6 47

622 @) 37¢3)  5906)

Zi2n@2n+1) 120 8 16 °

O 46(2,2,2)  2°In(2) .\ 3n'(3)  257°4(5) | 3776

Zi2n(2n+1) 5040 160 32 64
Setting p = 1,2,3 in Eq (3.2) yields

o 0Y Q) , 2140

Li2n2n—-1) 8 16

o (2,2 _7r4 In(2) . on%,(3) _ 1554(5)

Zi2n(2n—1) 384 128 256

O 0(2:2.2) _ 2@ 37%(3) 757%¢(5) | 8894(7)
Lidn(2n—1) 46080 2048 2048 4096

4. Series related to the integral of 6"/ sin®(0)

In this section, we establish the expressions of two Euler-type series by the integral of €/ sin’(6).

Theorem 4.1. For an integer p > 0, the following series are expressible in terms of powers of m, In(2),
and zeta values:

a2y @) Z”: =4k 4 "
s Qu+1D2n+2) @Qp+1)! k=1( ) 2p+1-"2k)! @D
and
) & @ -DE)TT ek
Z: 2n(2n+1) ;(_ ) Q2p - 2k)!16F
(5'm@  cepe
e Ve “2)

AIMS Mathematics Volume 10, Issue 4, 8116-8130.
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Proof. Consider the integral fog Si:;( % dé. On the one hand, by integration by parts, we have

f ' .6;" do = f ’ #"d(—cot(0)) = n f ’ 0! cot(#)do, 4.3)
0o sin“(0) 0 0

which can be computed by Eq (3.4). On the other hand, expanding 6*” by Eq (2.2) and using Wallis’
formula, we obtain

) - -1 -1
sin“(6) 2 4r s 2n(2n — 1)

f’zr Gr 46 = T 2p)! = {n—l({z}P—l)
0

which, together with (4.3), gives Eq (4.1). Similarly, expanding 6°**! by Eq (2.9), using Wallis’
formula, and applying Eq (4.3), we obtain Eq (4.2). m|

Example 4.1. Setting p = 1,2,3 in Eq (4.1) gives

= HY _22In2)  3((3) »
ZintD2n+2) 6 4 @4
N £n(2,2) _7*In2) 7°4(3) N 154(5)

Li@Qn+D@2n+2) 120 8 16 °

62,22 2@ xB)  SwG)  63(T)

L4 (2n+1)2n+2) 5040 160 32 64

Here, Eq (4.4) can be found in Campbell and Chen [25, p. 15], and Chen and Wang [26, Example 4.1].
Setting p = 1,2,3 in Eq (4.2) yields

i oY Q) 7B

Zi2n(2n+1) 8 16 °

i 022 7@ 37%03)  31405)
2n(2n+1) 384 128 ' 256

1

S
I

1(2.2.2) 2@ @) 157%¢(S) _127407)
2n(n+1) 46090 2048 = 2048 4097

e

1l
—_

5. Series related to the integral of ¢” cos(?)

In this section, we establish two series identities based on Eqgs (2.2) and (2.9), which give the
evaluations of the following two Euler-type series.

Theorem 5.1. For an integer p > 0, the following series are expressible in terms of powers of m, In(2),
and zeta values:

AIMS Mathematics Volume 10, Issue 4, 8116-8130.
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00 i 2}p P pk k+j 4k—j _ 4k)7r2p—2k—2j§(2 j+ 1)
;(2n+2)(2n+3) ;JZ( 2p+1-2k—-2))!
~ o 2p=2k
+(1 - 1n(2)) ;( Y T (5.1)
and
N (%) P2k + 1)
—_ k— —_(— —_—
Zﬁ o 1><2n 35 = D@+ 1n<2>>2< Yo, 3¢ 1)P; o

k+j
(-1 ET TR TT A (5.2)

p—1 p—k _ 2p—2k=2
+Z (1 = 4GP 2725+ 1)

Proof. On the one hand, by integration by parts, we have

1 ‘ k92” 2k sin(6) k921’ 21~ cos(6)
(z—p)!fotpcos(;)dt_;( 1) e Z( ) Tt

On the other hand, replace 8 by ¢ in (2.2), multiply both sides by cos(#), and integrate from O to 6. Then
we have

1 0 2 _ - 4m-r 511—1({2}17—1) . 2n+l
o) fo tl’cos(t)dt—nZ:[; ) w1 sin®"*!(6)

~ © qn-p gn—l({ }p 1) 2n+1 4n- gn 1({ }p 1) - 2n+1
_ Z; G ©) - 22 ) nen+n) " ©
_ ¢ sin(6) 22 4P & ({2)-1)

. 2n+1
2p)! () nen+D) S (6),

n=p

where the last two steps can be obtained by partial fraction decomposition and Eq (2.9). Combining
the above two results gives us an identity. Divide both sides of this identity by sin(f), and integrate
from O to 5. Then we have

4np{n 1( pl) 2 . on
22 KD sin?(6)do

I’l

)k+1

Zp: f 6?P=2kdo + ZL f : 6*=2=1 cot(9)de
(2p — 2k)! Qp-2k-1!J, '

Using Wallis’ formula for the left, and applying the integral (3.4) for the second term on the right,
we obtain Eq (5.1). Similarly, by means of the integral foi 2P+ cos(r)dt, we have

AIMS Mathematics Volume 10, Issue 4, 8116-8130.
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i 2},) sin”*%(6)
s 2n+2
& gPr=2k+1 67+ sin(0) QZP 2k cos(@)
— _ k+1 k+1 1?7 .
;( Qp—2k+ 1) Z( “2p =2k D (5-3)

(see also [37, Theorem 3.8]). Divide (5.3) by sin(6) and integrate from O to 7. The integral of the
left-hand side is easy to calculate by Wallis’ formula. The right-hand side turns into

Z (= 1)kt fg g2+ 49
2p -2k +1)!

p-l kel pE z
(=1 fz 2 p—2k » fz cos(f) — 1
T [ e con@)da + (- 1) cost9) = L 4p
M Z 2p—20! J, cot®do+ =™ | —4n@)

The first and third terms can be computed directly. For the second term, use the integral (3.4). Finally,
we obtain Eq (5.2). |

Example 5.1. Setting p = 1,2 in Eq (5.1) gives

N HY @) 7 3{03)
L@ 6 6 g I (5.4)
e B . - W W
L Gn+)2n+3) 120 120 16 8 - 3¢(3)
2
L) 600+ 16,

3
where Eq (5.4) can be found in Chen and Wang [26, Example 4.2]. Setting p = 1,2 in Eq (5.2) yields

o0 (2) 2 2
O, O + 2y 76) _ In(2),
~ (2n+ 1)(2n +2) 8 8 16
- 1,(2,2) _ Q) s E) . 37%(3) .\ nQ2)
~(2n+1)2n+2) 384 384 16 128 8 8
314(5)
- W + In(2).

6. Conclusions

In this paper, by using integer powers of the arcsin function and special integrals, we obtained the
explicit expressions or recurrences of some parametric Euler-type series:

i S 1,({2}))
(n+ 1)(n+m+ 1)’ s Cn+1D2n+2m+1)

n=
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- &:({2})) - t({2},)
Zin+)2n+k+1) L @n+k-D2n+k)

form e N, p € Ny, and k = 0, 1, 2. These Euler-type series are all expressible in terms of 7, In(2), and
zeta values.
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