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1. Introduction

This article deals with the nonlinear elliptic equation with measure data of the type
—divA(x,Vu) =u  in Q. (1.1)

Here Q ¢ R" (n > 2) is a bounded domain, the unknown u € W'(Q) with an N-function P(-) which
will be introduced in Section 2, and A(x, Vi) € LI (Q,R"). In (1.1), u is a Radon measure defined on

loc
Q with finite total mass |u|(€) < co. Moreover, if the measure y is actually an L'-function, then

Q) = f () dx (12)
0

for a measurable subset Q C Q. We assume that measure yu satisfies the following condition:
(M) There exists some 6, € (0,n — 1) such that

lul(B(x0, 2R)) < 2R)" (1.3)

holds for all xy € Q and every R > 0.
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In this article, we assume that the Carathéodory vector field A : Q X R" — R" is C'-regular in the
gradient variable &, and satisfies A(x, 0) = 0, and the growth, ellipticity, and continuity conditions, i.e.,
there are constants 0 < s < 1,0 < v < L, and K > 1 such that

o P((er+2))
A O + | Acx, )| (1P + 82) < L———,
(€17 + s2)
(A1) VP (& - &) < (Ax, &) — Ax, &), & - &),
P((1ep + ')
A, &) — A )| < Ko (1x - y) ————
(€7 + 57)2

for any x, y € Q and ¢, &1, & € R". In (Al), the function w : [0,00) — [0, o) has the following
hypothesis.

(A2) w is a non-decreasing concave function such that w(0) = li{% w(p) =0and w(:) < 1.
P

Moreover, w is assumed to satisfy the Dini-continuous condition:

R
(A3) d(R) = f wp) ¥ < o
0 Y

forevery 0 <R < 1.
A significant example of (1.1) is the p-Laplacian type equation, for which s = 0, p € (1, 00),
P(x) = x”, and A(Vu) = |Vu|’~>Vu. Then Eq (1.1) can be expressed as

—div (IVuIP_ZVu) = U.

The relevant research on the regularities of solutions to elliptic equations starts with Kilpeldinen and
Maly [1, 2], and extends with a different technique by Trudinger and Wang [3]. Later, Duzaar and
Mingione make a further study in [4]. Those results show a standard fact that solutions to non-
homogeneous p-Laplacian-type equations with measure data can be pointwise estimated in a natural
way by involving the classical nonlinear Wolff potential WZ,p(x, R) [5], that is,

R (ul(B(x, p)\ 7™ dp n
i [ ]

Based on the relationship between Wolff potential and Riesz potential, Mingione et al. [6, 7] find out
pointwise gradient estimates hold for general quasilinear degenerate equations by applying the Riesz
potential

* |ul(B(x, p)) dp
o PP op
Baroni proves pointwise gradient bounds for solutions in terms of linear Riesz potentials in [8]. In
addition, the caloric Riesz potential serves as a means for pointwise estimation of the spatial gradient
of solutions to nonlinear degenerate parabolic equations [9].

IZ(x, R) := W‘é’z(x, R) = , B>0. (1.4)
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Further, pointwise gradient estimates via the nonlinear Wolff potentials for weak solutions to various
quasilinear elliptic equations with measure data are obtained by Mingione [10] and Yao [11]. More
generally, pointwise potential estimates for elliptic equations and systems with Orlicz growth are
studied in [12-14], respectively.

In recent years, a great deal of effort has gone into investigating nonlinear elliptic equations and
systems involving measure data. Chilebicka et al. [15] study estimates including precise continuity
and Holder continuity criteria by the means of potential of a Wolff type; they also provide regularity
estimates of the solutions and their gradients in the generalized Marcinkiewicz scale [16]. The
existence of solutions in the framework of renormalized solutions is introduced in [17]. There are
many interesting results in [18-20].

In this article, a weak solution to (1.1) is a function u € W'*(Q) such that

f(ﬂ(x,Vu),V@d{:f@dﬂ, (1.5)
Q Q

whenever ¢ € C°(€2). Inspired by Mingione et al. [4,10,21], the main objective is to present pointwise
potential estimates and interior Holder continuity of weak solutions to (1.1) by using (1.4) in the
Sobolev-Orlicz spaces.

We state our pointwise estimates in Theorems 1.1 and 1.2. It is important to note that ) in the
following theorems will be introduced in (1.3). The first main result is the gradient pointwise estimates
of u as follows.

Theorem 1.1. Let u € C'(Q) N WHP(Q) be a weak solution to (1.1) under the assumptions (Al),
(A2), (A3), Radon measure u satisfy u € L'(Q) and (M), and P be an N-function with A,(P, ﬁ) < o0
satisfying Assumption 2.4 and (2.12). There exists a constant C = C(n, v, L, K, s, 6y, Ca,, C;) > 0
and a positive radius R < 1 such that the pointwise estimate

P([Vu(xp)) < C JC [P (IVul|) + P(s)] dx + CIz_eo(xo,4R) (1.6)

B(x0,R)

holds whenever B(xy,R) C Qand 0 < R < R. In (1.6), f denotes integral average, A,-condition, Ch,,
and Cy will be described in Definition 2.3 and Lemma 2.5, respectively.

On the basis of Theorem 1.1, we demonstrate the pointwise estimate of u.

Theorem 1.2. Let u € CO(Q)NWP(Q) be a weak solution to (1.1) under the assumptions (A1),, (Al),,
Radon measure u satisfy u € L'(Q) and (M), and P be an N-function with A,(P, P) < © satisfying
Assumption 2.4, and (2.12). There exists a constant C = C(n, v, L, 8y, Ca,, C;, diam(Q2)) > 0 and a
positive radius R < 1 such that for every r < R the pointwise estimate

P(lu(xo)l) < Crl*e f P (M) dx+CrE,_, _ (x0,2r) (1.7)
(x0,r)

B r
holds, where €y and a will be introduced in Lemmas 2.5 and 3.3, respectively.

Inspired by Mingione’s result [10], the following theorem expounds the Holder continuity of the
solution u.
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Theorem 1.3 (Interior Holder type estimate). Let u € C°(Q) N W'P(Q) be a weak solution to (1.1)
under the assumptions (A1), (A2), let u be a Radon measure satisfying u € L'(Q) and (M), and let
P be an N-function satisfying A,(P, P) < oo, Assumption 2.4, and (2.12). Then there exists constants
a € [0,1) and 0 < R < 1 such that for every x, y € B(xy,2R) C Q, there holds

P () — u()
< Ot (2R, 020 £ P(M) az + P(s>] Jxoyl,
B(x0,2R) R

where the constant C depends on n, v, L, 0y, w(-), Ca,, Ci, and diam(Q).

Remark 1.4. Drawing upon the Riesz potential, our results present pointwise estimates and Holder
continuity within the more generalized framework of Sobolev-Orlicz spaces. Notably, (1.6) provides an
estimate of Vu, whereas (1.7) estimates u itself. We shall leverage Lemma 2.11 to relate u to Vu.

In this article, we adopt several technical tools and methods in Sobolev-Orlicz spaces, and explore
the properties of solutions of homogeneous equations to those of inhomogeneous equations with
measure data. We first establish Proposition 3.2, which reveals the density of the Riesz potential
and serves as a crucial conclusion in facilitating the proof of subsequent comparison lemmas. The
proof of the comparison estimate is divided into two intricate steps; the first step requires Sobolev-
type embedding, while the second primarily employs scaling changes. Our primary objective is to
prove pointwise potential estimates and Holder continuity, which is shown essentially by oscillation
estimates of solutions. By utilizing summation methods and involving the Riesz potential, we proceed
from deriving the estimates of the gradient of u to those of u itself. Ultimately, we employ the sharp
maximal functions, and achieve the interior Holder estimates of solutions.

This article is organized as follows: In Section 2, we state fundamental tools and definitions such
as N-functions and maximal functions. Section 3 is devoted to the proof of Lemmas 3.4 and 3.9,
and Section 4 presents supporting results, to gather Caccioppoli-type inequality and maximal estimate
towards the proof of the main theorems. In the last section, we present the proofs of Theorems 1.1-1.3,
respectively.

2. Preliminaries

In this section, we give the definitions and tools of N-functions, function spaces; classical
inequalities, and maximal functions.
2.1. N-functions

The following definitions and results are standard in the context of N-function; see [22].

Definition 2.1. A function P : [0, co) — [0, 0) is said to be an N-function, if P is convex, differentiable,

and its derivative P’ is a right continuous, non-decreasing function satisfying that P'(0) = 0 and
P'(t) > 0fort>0.

Definition 2.2. The complementary function P : [0, 00) — [0, ) is defined by

P(x) =sup[xt— P(1)].

>0
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Definition 2.3. We say that P satisfied the A,-condition, if there exists Cp, > 0 such that
P(2t) < Cp, P(1)

for all t > 0. By Ay(P) we denote the smallest constant Cy,. The function P is said to satisfy the
V,-condition, if P € A,. Then we define

Ay (P, P) := max {Ay(P), Ay(P)} . 2.1)
By the A;-condition of Definition 2.3, we can easily obtain
P(x +y) < Ca, [P(x) + P(y)] (2.2)
for every x, y > 0.

Assumption 2.4. Let P be a convex function that satisfies A, (P, F) < ooas (2.1), and P is C* on (0, o).
Moreover, let P'(0) = 0, lim;_,o, P'(t) = oo and uniformly int > 0

P'(t) ~tP" ().

Assumption 2.4 assures that P is an N-function.
We let P! : [0,00) — [0, o) be the right-continuous inverse function of P, and (P')™" : [0, 00) —

[0, o0) the inverse function of P’. Then F(t) = P(t) and (F)’(t) = (P")"'(¢) hold. By [23], one has
P(t) ~ tP'(f), and P(P'(1)) ~ P(1) (2.3)
hold uniformly in # > 0. By (2.2) and (2.3), we have
P'(x+y) < Cp [P (x)+ P (y)]. (2.4)

Lemma 2.5. [23] Lei P be an N-function with A,(P, ﬁ) < oo. Then there exist &y > 0, C; > 0 which
only depend on Ay(P, P) such that for all t > 0 and all A € [0, 1], one has

P(A1) < C1AP(p). (2.5)
From Definition 2.2 of N-function 75(-), it is easy to obtain that (2.5) holds for F i.e.,
P < C A2 P(1). (2.6)
Using (2.3) and (2.5), it is not difficult to obtain
P'(At) < CLA*P'(1). 2.7
In this article, we denote a ~ b by Cb < a < C’ b for two constants C and C’.

Lemma 2.6. [23] Let P be an N-function under Assumption 2.4, and A satisfies the continuity and
growth condition of (Al),, (Al),. Then

(A, &) = AX,E)) - (€1 = &) ~ P& =& ~ 1€ - &P (6] +1&D.

Moreover;
Ax, &) - & ~ P(IED)

uniformly in & € R" and x € Q.
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Example 2.7. [24] Assume that P is a Young function such that
P(t) = t'(Jog)”  ,t>1,
where py > 1 and p, € R. The derivative P’ of P is as follow:
P'(1) ~ """ (log(1 + £))”*  nearinfinity.
The complementary function P satisfies
P(t) ~ 177 (log(f)) 77 near infinity.
It is not difficult to verify that P(-) is an N-function satisfying Definitions 2.1-2.3, and Assumption 2.4.

2.2. Function spaces

In this article, we need the following definitions of function spaces. The classical Orlicz spaces
LP(R™) with its norm are given via [22]

L"R") = {f e L'R"

f PUFO) dx < oo},
Rn

1 @)lleen = inf {k >0 ‘ fR P(%) dx < 1}. (2.8)

If || f(x)ll 2@ is finite, then f(x) € L*(R"). The Sobolev-Orlicz spaces W!*(R") and its norm are given
by [25]

and

WHERY = {f € L"(R")

VfeL'®"),
and
Lf COllwre@ny = 1 llzp@ey + IV fllr@n)-
If || £(0)llwr.en is finite, then f(x) € W'F(R™). Both LP(R") and W'-”(R") are Banach spaces.

2.3. Classical inequalities
In this subsection, we recall several classical inequalities.

Lemma 2.8. (Young’s inequality [26]) For all € > 0, there exist C,, (1 depending on A,(P, F), such
that for all £, {, > 0, there holds

0 -4 < eP(0) + CP(L), (2.9)

and

b -6 < eP() + CoP(0). (2.10)

Lemma 2.9. Let P be an N-function with the A,-condition. Then for all € > 0, there exists a constant
C such that
|P(x) = P(y)l < € Co, P(y) + CP(Ix = y)

for x, y > 0, where the constant C depends on Cy, and C.
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Proof. By the mean value theorem, for x > y > 0, there exists 4y € (0, 1) such that
P(x) = P(y) = P'[gx+ (1= A)y](x=y) = P'[y+ do(x = »](x = y).
We use (2.4) and (2.7) to get
P(x) = P(y) < Ca, [P'0)(x =) + CLAT P (x = y)(x = )|
Then applying (2.3) and (2.10), we obtain that
IP() = PG)| < Ca, [P’ 1x =yl + CLAg*P (1x = y1)]

£ Cp, P (P'(y)) + C.P(1x = y) + CP(lx - y))
& Cp, P(y) + CP(lx — y)).

IA

IA

We complete the proof of Lemma 2.9. O

Let B be a measurable set with positive measure, and f : B — R" a measurable function. We denote

the integral average of f by
1
(s = ff(x)dx = — ff(x)dx.
B Bl Js

Lemma 2.10. (Jesen’s inequality [27]) Let P be an N-function with A(P, P) < oo. If f € W“P(B(x, R)),
then there exists C = C(n) for B(x,R) C Q such that

P(f fd{)SCJC PASD dc.
B(x,R) B(x,R)

Lemma 2.11. (Sobolev-Poincaré’s inequality [27]) Let P be an N-function with A;(P, F) < oo and
satisfy Assumption 2.4. If f € WVP(B(x, R)), then there exist 0 < 0, < 1 and C > 0 such that

JC P(lf - (f)B(x,R)l) dz < C(JC P (V) dg)e] (2.11)
B(x.R) R B(x,R)

holds whenever B(x,R) C Q.

The following lemma describes an embedding into a space of continuous functions; see
Theorem 8.39 in [28] and (2.22) in [24].

Lemma 2.12. If an N-function P satisfies that

00 P—l
f (x ) dx < oo, (2.12)
1

X n

then WS’P (Q) = C%UQ) N L=(Q), that is, there exists a constant C = C(n) such that
1Az < C“f”Wé*P(Q) ~ ClIVfller
forall f € WH(Q).
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The following iteration lemma plays an essential role in proving the Caccioppoli-type
inequality (4.1).

Lemma 2.13. (Iteration lemma [29]) Let f : [yR,R] — [0, 00) be a bounded function such that the
inequality
C,

1
flo) < Ef(r)+m

holds for fixed constants C,, k > 0, and yR < o <r < Rwith0 <y < 1. Then we have

C
R <
TOR < {0 )RT

for a constant C depending only on «.

2.4. Maximal functions and sharp maximal functions

Throughout this subsection, we provide powerful tools for Holder estimate of Theorem 1.3.
Analogously to the definition of the classical maximal operator in [30], we define the generalized
maximal operator and sharp maximal function in Sobolev-Orlicz spaces.

Definition 2.14. [31] Let —1 < 7 < n, R < dist(x, dQ), x € Q, where 0L is the boundary of Q. Let
f be a function in Orlicz space LP(Q) or a measure with finite mass, and P be an N-function with
Ay (P, P) < co. The function defined by

ME o(f)(x) := sup 7" Ji( )P(Ifl)dé (2.13)

0<r<R
is called the restricted fractional T generalized maximal function of f.

Definition 3.15. [31] Let B € (0,1), x € Q, and R < dist(x, dQ), let f € LF(Q) and P be an N-function
with Ay(P, P) < oo. The function defined by

My (f)(x) := sup r* Ji( )P(If—(f)m,nl) d¢

0<r<R

is called the restricted fractional B generalized sharp maximal function of f. For 6 > 0, we also denote

M} R (f)(x) := sup 7’ JC( P(—'f — (]:)B(x”)l) dz. (2.14)
B(x,r)

0<r<R
The following note gives us a connection between maximal functions and sharp maximal functions.

Remark 2.16. Combining the generalized sharp maximal functions and Lemma 2.11, we see that if
Assumption 2.4 holds, then it follows that

My {(f)(x) < C sup +’ (JC P (I £1) dé“)sl~ (2.15)
B(x,r)

0<r<R
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3. A comparison argument

In this section, we collect the relevant difference estimates and decay estimates, and consider the
density of the Riesz potential Ig explicitly. We define v € u + WS’P (B(xo, 2R)) as the unique solution to
the homogeneous Dirichlet problem

0 in B(xg,2R),
u ondB(xy, 2R).

(3.1)

{ div A(x, Vv)
v

The existence of v is guaranteed by a standard monotonicity argument; see [13]. One obtains the
following control estimate.

Lemma 3.1. Let u € W'P(Q) be as in Theorem 1.1 satisfying the continuity and growth condition of
(A1), v € u + Wy (B(x,2R)) be a solution to (3.13),, let P be an N-function with Ay(P, P) < oo and
satisfy Assumption 2.4. Then the following estimate

J[ P(Vv))dx < CJC P(Vu| + s)dx (3.2)
B(xp,R) B(x9,2R)
holds, where C depends on n, v, s, L.

We consider the estimate of the difference of a solution to (1.1), and that of the corresponding
solution to the Dirichlet problem (3.1).

Proposition 3.2. Let u € W'*(Q) be as in Theorem 1.1 satisfying (Al),, v € u + Wy (B(x0,2R)) be a
solution to (3.1), let P be an N-function with A,(P, P) < oo, and satisfy Assumption 2.4, (2.12). Radon
measure u satisfies (M). There exists a constant C = C(n, v, Cy) such that

IKI(B(xo. 2R))

QR (3.3)

JC P(Vu—-Vy))dx < C
B(x0,2R)

Proof. Without loss of generality, we first assume that B(xy,2R) = B(0, 1) and |u|(B(0, 1)) = 1. Then
we shall remove these two conditions for general situations.

Step 1. We assume that B(x(, 2R) = B(0, 1) with |u|(B(0, 1)) = 1. By choosing ¢ = u — v as a test
function in (1.5), and using (1.1) and (3.1),, we obtain

f (Alx,Vu) — A(x, Vv),Vu — Vvydx = f (u—v)du. 3.4)
B(0,1) B(0,1)
By using the ellipticity assumption (A1),, we deduce that
y! f P(Vu—-Vy))dx < f (A(x,Vu) — A(x, Vv), Vu — Vy) dx.
B(0,1) B(0,1)
By (3.4) and Lemma 2.12 , it follows that

v f P(|Vu—-Vv))dx < f (u—=v)du < sup |u—v|-[ul(BO,1)) < ClVu = Vv||r0,1)-
B(0,1) B(0,1) B(0,1)
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That is, there exists a constant C3 such that
f P(lVM - VVl) d.x S C3 ”VM - VV”LP(B(O,I))' (35)
B(0.1)
We claim that there exists a positive constant C = C(n, v) such that
f P(Vu-Vy)dx<C (3.6)
B(0.1)

with 2R = 1 and |u|(B(0,1)) = 1. According to (2.8), we write |[Vu — VV||.rpo.1y = k. We shall
prove (3.6) in the following two scenarios. On the one hand, if 0 < k < 1, then it follows from (3.5) that

f P(IVu—-Vy))dx < G35k < C.
B(0,1)

On the other hand, if k > 1, then we set k = (C;C3)"?**, where C, and C; are given in (2.5) and (3.5),
respectively. It is obvious that ﬁ > 1, and so

1 1

(C1C3)"™ P([Vu — V) dx < (C,C3)"*™ C3 ———— = —.
jz;(o,l) s =3 3 (C1C3)2+8° C,

By involving 4 = C,C3 < 1 in (2.5), we obtain that

f P (C,C5|Vu —Vy))dx < Cy f (C1C3)"** P(|Vu — V) dx < 1. 3.7)
B(O,1)

B(0,1)

By (3.7) and (2.8), one finds that the norm k < , that is,

1C3 103
> 1. Therefore, the inequality (3.6) holds.

< 1, which is contradictory to the

condition
1G5
Step 2. Scaling procedures.
We assume that |u|(B(xp, 2R)) = 1, and we shall reduce to the case B(xy,2R) = B(0, 1) by a standard
scaling argument. By letting
u(xo + 2Ry) N v(xg + 2Ry)
TR T
Ay, = QR Alxo + 2Ry, &), () 1= 2R)" " u(xo + 2Ry)
for y € B(0, 1), one has the following equations:
— divA(y,Vii) = f on B(0, 1),
div A(y,V¥) = 0 on B(0, 1).

u(y) :=

With the definition of Radon measure (1.2), we find the following relation between |i|(B(0, 1)) and
|/J|(B(.X0, 2R))7 namely,

|al(B(0, 1))

[ ama = [ R+ 2rnay
B(0,1) B(0,1)

! ) ul(B(x0, 2R))
= — 2R) % dx = —————=—
QRY Sy oy MO Q2R
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Next, we shall reduce the general case to the special case |u|(B(0, 1)) = 1. We define

1
N L lul(B(xo, 2R)) |0
M = [|El(BO, 1) |7 = | == 3.8
[El(BO. 1) ]7 [ SR (3:8)
By (1.3), one has M < 1. Hence the new solution, coefficient, and datum become
_ it _ Py
n=—, V= —,
M M
~ Alx, ME) J2
AXE) = o, = ——.
¢ |l (B(0, 1)) K lal(B(0, 1))
Then we find that
—divA(x, Vi) = j1 on B(0,1),
div A(x,V¥) = 0 on B0, 1)
hold in the weak sense and |iz|(B(0, 1)) = 1. Then by applying the result (3.6) in Step 1, one has
f P (|Vi(xp + 2Ry) — Vi(xo + 2Ry)|) dy
B(0,1)
Vit 2Ry) — V¥ 2R
_ f , (| ii(xo + 2Ry) = Vi(xo + y)|) o< 39)
B(0,1) M
Considering (3.9) on B(xy, 2R), then
_ _ [Vu(x) — Vv(x)|
P ([Vii(xp + 2Ry) — Vi(xg + 2Ry)|) dy = —— ( ) dx,
.fB(o,l) ° ‘ 2R)" Jp(xo2r) M
we apply Lemma 2.5 with A replaced by M to obtain
JC P (|Vu(x) — Vv(x)|) dx
B(x0.2R)
\Y -V B(xy, 2R
< cot JC P(I u(x) v(x)|) ar < ¢ B0 20) G510
B(x.2R) M (2R)%
where C depends on n, v, and C;. From (3.10), we complete the proof of Proposition 3.2. O

Via a classical approach, we have the following estimate inspired by [10].

Lemma 3.3. Let v e WHP(Q) be a weak soluﬁon to the Dirichlet problem (3.1) under the assumptions
(A1), let P be an N-function satisfying A,(P, P) < oo, Assumption 2.4 and (2.12). There exist constants
a € (0,1] and C4 = Cy4(n, v, L) > 1 such that the estimate

—1+a
JC P(Vv)dx < Cy (/—)) JC P(Vv])dx 3.11)
Bxo.) R B(xo.R)

holds whenever B(xy,p) C B(xy, R) C Q.

We note that the estimate (3.11) is tenable by imitating the proof for the p-Laplacian equations.
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Lemma 3.4. Let u € WI’P(Q)fe a weak solution to (1.1) under the assumptions (Al),. Let P be
an N-function satisfying A,(P, P) < oo, Assumption 2.4, and (2.12). Then there exist constants { =
t(n, v, L, Cp,) 2 1and C = C(n, v, L, Cp,, Cy) > 1 such that

—1+a R n B ’ 2R
f P(IVul) dx < 5(8) Jf P(Vul)dx + C (_) bi(Blxo, 2R))
B(x0,0) R B(xo.R) P (2R)%

holds whenever B(xy,p) C B(xy, R) C Q.

Proof. From the triangle inequality and (2.2), we see that

f P(IVu|)dx Cha, (JC P(Vu - Vv|)dx + JC P(Vv)) dx)
B(x0.,0) B(x0.0) B(x0.0)

R n
Ca, (_) f P(IVu — Vv|) dx + Ca, f P(IVv]) dx.
Pl IBxo.R B(x0.p)

By applying (3.11), one carries out

R n
JE P(IVul)dx < Cy, (—) f P(IVu - Vv|)dx
B(x0,0) P B(x0,R)

—l+a
1 Ca,Cy (’3) f P(IVV]) dx. (3.12)
R B(x0.R)

IA

IA

Using the triangle inequality |Vv| < |Vu — Vy| + |Vu| again, the inequality (3.12) leads to

R n —1+a
J[ P(Vuhdx < Ca, [(—) +Ca,C (’3) } f P(Vu - Vv)) dx
B(xo.p) P R B(xo.R)

0 —l+a
40 (—) f P(Vul) dx
R B(xo.R)

with £ = C3 Cy. Tt follows from (3.3) that

R\ p\ | |ul(B(xo,2R))
Ji@o,p) P(Vu)dx < c[(;) 1 CACs (E) ]—(m)%
+ ¢ (

—1+a
) JC P(Vul) dx.
B(xo,R)

CuC (p)_l+a<c RY
A4 13 l) )

we complete the proof of Lemma 3.4. O

= I}

Notice that p < R with

We also definew € v+ Wé’P (B(x9, R)) as the unique solution to the homogeneous Dirichlet problem
with frozen coefficients

(3.13)

{ div A(xg, Vw) = 0 in B(xg, R),
w

v on 0B(xy, R).

We have the following decay estimate.
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Lemma 3.5. Let w € W"P(Q) be a weak solution to (3.13) under the assumption (Al). Then there
exist constants & € (0, 1] and C > 1, both depending on n, v, L, such that

f P (|9 = (VW) ) dx < C(%) f P(IVw — (VW) p)l) dx (3.14)
B(x0.,p) B(xo,R)

holds whenever B(xy, p) C B(xp, R) C Q.
Notice that the conclusion (3.14) is inspired by [32].

Lemma 3.6. Under the assumptions (A1) and (A2) of Theorem 1.1, with v as in (3.1) and w as in (3.13),
there exists a constant C = C(n, v, L) such that

JC P(|lVv — Vw|)dx < CKw(R)JC P(Vv| + s)dx (3.15)
B(x0.R) B(x0.R)

for B(xg, R) C Q, where K and w(R) are given in the assumption (Al).

Proof. We test Eq (3.13), with v—w. Since both v and w are weak solutions, then the assumption (A1),
gives us that

IA

Cv! f P(Vv — Vw|)dx f (A(xg, Vv) = A(xy, VW), Vv — Vw) dx
B(xo,R) B(xo,R)
= f (A(xy, Vv) — A(x, Vv), Vv — Vw) dx.
B(xo,R)

By using (A1); with |x — x| < R and Young’s inequality (2.9), we derive that

P((VVP + s)2)

A

Cyv! f P(Vv - Vw|)dx < Kw(R) Vv — Vw|dx
B(xo,R)

Buok)  (|VVP + 82)2

< eKw(R) P(Vv = Vw|)dx
B(x0.R)

P((|Vv|2 + sz)%)

(VY] + s2)2

+ CgKa)(R)f ] dx. (3.16)

B(xo,R)
Finally, Lemma 3.6 is proved by using the assumptions (A2), (3.16), and (2.3). O

Lemma 3.7. Assume that u € WLP(Q) is a weak solution to (1.1) satisfying (A1), (A2), and P is an
N-function with Ay(P, P) < oo, and satisfies Assumption 2.4, (2.12). Let w be defined in (3.13), and u
be a Radon measure that satisfies (M). There exists a constant C = C(n, v, L, s, Ca,, Cy) such that

lul(B(xo, 2R)) CKw(R) P(IVul + s) dx. (3.17)
(2R)% B(x0.2R)

The key to the proof of Lemma 3.7 is the triangle inequality as follows:

f P(Vu - Vw))dx < C
B(xo,R)

P(IVu — Vwl|) < Cp, [P (IVu — VV]) + P([Vv — V)]

with (3.3), (3.15), and (3.2).

AIMS Mathematics Volume 10, Issue 4, 8066—-8094.



8079

Corollary 3.8. Let u € W''(QQ) be'~ a weak solution to (1.1) under the assumptions (Al),(A2). Let P
be an N-function satisfying Ar(P, P) < oo, Assumption 2.4, and (2.12). Then there exists a constant
C=Cn,v, L, Ca,, C1) 21 such that

R\" [ |ul(B(xo, 2R
JE P(Vu)dx < C JC P(Vulydx + C (—) [M + Kw(R) P(IVul)dx]
B(x0,0) B(x0.R) Y (2R)% B(x0.2R)
holds whenever B(xy, p) C B(xy, R) C B(xg,2R) C Q.

Our goal is to derive an oscillation decay estimate of Vu. Based on Lemmas 3.5 and 3.7, we
first involve the corresponding oscillation decay estimate (3.14) of Vw, and then compare Vu and Vw
by (3.17). We note that Lemma 2.10 and the triangle inequality play an essential role in the following
lemma.

Lemma 3.9. Let u be a weak solution to (1.1) under the assumptions (A1), (A2), M), Ax(P, F) < 00,
Assumption 2.4, and (2.12). Then there exists C = C(n, v, L, s, Ca,, C1) > 0 such that

f P(|Vu = (Vipie,pl) dx - < C(B) f P (Vi — (Vi) 2m)]) dx
B(xo.0) R) Jpixo2m)

R n
+ CK(—) a)(R)JC P(Vu| + s5) dx
Y B(x0,2R)

RY' 1ul(BCxo, 2R))
* C(E) QR)"

for B(xg, p) C B(xp,2R) C Q. Here the constant & is introduced in Lemma 3.5.
4. Caccioppoli-type inequality and maximal estimate

In this section, we use the estimate established in Proposition 3.2 to derive the Caccioppoli-
type inequality and the maximal estimate. First, the following Caccioppoli-type inequality gives a
connection between Vu and u.

Proposition 4.1. (Caccioppoli-type inequality) Let u € W'P(Q) be a weak solution to (1.1) with
measurable coefficients and satisfy (Al),, (Al),. Let u be a Radon measure with (M). Suppose P
is an N-function satisfying Assumption 2.4. Then there exists a constant C = C(n, v, L, C;, Ca,) such

that
U~ Wae, B(xo, 2R
JC P(IVul) dx < cf P[M] dx + ¢ HIBL0. 2R)
B(xo,R) B(x0,2R) R (2R)%

4.1
where B(xy,2R) C Q.

Proof. We may assume that (u)p,2ry = 0 as if u solves (1.1) also u — (u)p,2r) dose. Letn €
Cy (B(xp,2R)) such that 0 <7 < 1, and

n= 1’ inB()C(),R),
1
|V77| < E’ in B(X(), 2R) \ B(X(), R) s (42)
n =0, otherwise.
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Letveu+ Wé’P (B(x9,2R)) be the weak solution to (3.1). We choose a test function ¢ := v to (3.1),

and obtain
f (A(x,Vv),Vpydx = 0.
B(x0,2R)

It is clear that
f (A(x,Vv),nVv)dx = — f (A(x, Vv),vVn) dx.
B(x0.2R)

B(x0.2R)
By Lemma 2.6 and (4.2), we deduce that

f P(Vv)dx < C f (Ax,Vv),Vv)dx < C f (A(x, Vv),nVv)dx.
B(x0.R) B(xo,R)

B(x0.2R)

By (4.3), (4.4), Cauchy-Schwartz inequality, and Lemma 2.6, one has

f P(|Vy])dx < f P'(IVv)) - |v| |Vn| dx.
B(xo,R) B(x0,2R)

According to Young’s inequality (2.10), we derive that for & > 0, there exists C, such that

f P(Vv))dx < e f P(P(VV]) dx + C, f P (V| |Vn)) dx.
B(xo,R) B(x0,2R)

B(x0,2R)

By (2.3) and Lemma 2.13, we deduce that

f P(Vy))dx < agf P(M) dx.
B(xo,R) Blo2R\Bxo.R)  \ R

Dividing by |B(xy, R)|, one gives

f P(Vv))dx < 2" C, f P(M) dx.
B(xp,R) B(x9,2R) R

Applying the triangle inequality with P(|Vu|) < Cy, (P([Vu — Vv|) + P(|Vv|)) and (4.5), one has

4.3)

4.4)

4.5)

JC P(|Vul)dx < 2”CA2JC P(|Vu - Vy|)dx + 2" CAZEgJC P(M) dx. (4.6)
B(xo.R) Bmo2r) \R

B(x0,2R)

In order to estimate the last term of (4.6), we use the triangle inequality again to obtain

JC P(M) dXSCAzJ[ P(Iu—vl) dx+CA2JC P(M) dx.
Bo2r) \R B(x0.2R) R Bo2R) \R

Lemma 2.11 and the classical Holder’s inequality give us that

u — v 0 %
P dx C P'(IVu — Vy|)dx
B(x0,2R) R B(x0,2R)

CJC P(IVu — Vy|)dx.
B(x0,2R)

Thus we combine (3.3) and (4.6)—(4.8), and conclude that

B(xo, 2R
f PVu) dx < ¢ KB 2R) cf P(M) dx.
B(xo.R) (2R)% Bo2r) \ R

This establishes the Caccioppoli-type inequality (4.1).

IA

IA

4.7)

(4.8)

O
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Based on the definition of maximal functions in Section 2.4 and the control estimate in Lemma 3.4,
we present the following pointwise estimate involving the maximal functions.

Proposition 4.2. (Maximal estima}g) Let u € W'P(Q) be a weak solution to (1.1) under (A1), (A2).
Let P be an N-function with Ay(P, P) < oo, Assumption 2.4, and (2.12). Let Radon measure u satisfy
(M). Then there exists a constant C = C(n, v, L, 6y, w(-), Cp,, Cy) such that

iy 01 9i
MY @) (x0) + | M{ L o r (Vo) (x0) |

< CR™™ I, _ (x0,2R)+ C,R"*™™* f P(|[Vul + s5) dx. (4.9)
B(x0.R)
Here I’; —eo—a(XO’ 2R) is a Riesz potential that is introduced in (1.4). In (4.9), the constants &y, a € (0, 1],

0, and 6y are given in Lemmas 2.5, 3.3, 2.11, and (1.3), respectively.

Proof. The key of the proof is to consider the radii R satisfying that R < R, where the quantity Ry > 0
is in dependence of the data n, v, L, a, and w(-). More precisely, by (A2), we shall choose R so that

w(Ry) <6,

where ¢ will be a small quantity that will be reduced at several stages, as a decreasing function of
the quantities n, v, L, and also a. The proof of Proposition 4.2 is accomplished through two steps, to
which the following content is devoted.

By (2.15) and (2.13) with6 = 1 + &y — @ and 7 = (1 + &y — @), there holds

MY, f@@) < C ML g 2 (V) O] (4.10)

l+&p—a, R

By using Holder’s inequality, we obtain

1

1 o

| M0y r V)] = sup (r(]+€°_“)e1 f P”'(qul)dx)l
B(xo.r)

0<r<R

< sup (r“so—“ JC P(IVul)dx)
0<r<R B(xo,r)

= M, o r(Vu)(x0). 4.11)

Then the inequality (4.9) will follow if we are able to show that

MP

1+gy—a, R

(Vu)(xp) < CR™ ., (x0,2R) + CR™**™® f P(Vul+s)dx.  (4.12)

B(x0.R)

Step 1. The case for small radii R < R.
We take 0 < p < r/2 < r < R, and adopt the estimate in Lemma 3.4 with two radii p and r/2. There
exists a constant Cs = Cs(n, v, L, Cy,, C}) such that

f P(Vul) dx < Cs (’3)_1+a J[ P(Vul) dx + C(f) kl(Blxo, 1)) (4.13)
B(x0.p) r B(xo.r) P

ré
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Multiplying both sides of (4.13) by p!*®~?, and taking S = r/p, it follows that

plteoa JC P(Vul)dx < Cs5S~% plteo~ JC P(|Vul) dx
(x0,0) B(xo,r)
lul(B(xo, 1))

+ CSn+a go—1 1+8()
r90+(l
for p < r/2 < R/2. We choose the constant S > 2 large enough, which satisfies that

Cs 1

<5
Seo 2

and take the supremum with 0 < r < R such that the following estimate holds

1
sup (p1+80-" f P(|Vu|)dx) < = sup (r“ao-“ f P(|Vu|)dx)
0<r<R B(xo.,p) 2 0<r<R B(xo,r)

B
+ CR1+8() sup |/’L|( e(x()’ r))’ (414)
0<r<R roota
where 0 < r < Ris equivalentto 0 < p < R/S. By (2.13) and (4.14), we obtain
1 B(xo,
sup (p“so—“ £ peva dx) < LM ) + CRY sup BTy s
p<R/S B(x0.0) 2 0<r<R re
with a constant C depending on n, v, L, Ca,, Cy, S, and a.
On the other hand, we notice that
sup (p”go-a f P(|Vu|)dx) < CS§"R'*e0 f P(|Vu| + s)dx. (4.16)
R/S<p<R B(x0.0) B(x0.R)
Recalling the constant S, and putting (4.15) and (4.16) together , we obtain the following:
1 . lul(B(xo0, 1))
MY, gpmae(VI(X0) < 5 MY p(Vi)(x0) + C R " sup T
+ C R f P(|Vu| + s) dx. 4.17)
(x0,R)
The definition of the supremum shows that for any & > 0, there is r € (0, R] such that
lul(B(xo, ) _ Ipl(B(xo, r))
s e @18)
This leads to
(Bxo, 1) _ ul(BCxo, ) 1 f” dp _ 20 f” lKI(BCx.p)) dp 4.19)
r90+(l r90+a ln2 p - 1n2 p90+(l p :

Since € is arbitrary, and 0 < r < 2r < 2R, the preceding estimates (4.18) and (4.19) show that there
exists a constant C = C(n, 6y) such that

sup HIBO0D) _ f” Iul(B(xo,p)) dp
0

7
r90+(l p90+(l p - CI

n@o a

(x0, 2R). (4.20)

0<r<R
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Combining (4.17) and (4.20), we deduce the desired estimate (4.12) with R < Ry,.

Step 2. Removing the condition R < R,.

Our goal is to prove (4.12) without the restriction R < Ry. Taking R > Ry and recalling
Definition (2.13), it is clear that

M{:so—a, R (VL{) (X())

sup (r1+80-“ JC P(|Vu|)dx)
O<r<R B(x0,r)

sup (r1+€°_“f P(|Vu)) dx) + sup (r”go_“f P(|Vul) dx)
0<r<Ry B(x0,7) Ro<rs<R B(xo,r)

R n
Mf+80—oz,R0 (Vu) (xo) + (—) RHS‘)_QJC P(|Vu| + s)dx. 4.21)
Ry B(x0.R)

IA

IA

We apply (4.12) with radius Ry, i.e.,

M{)+so—a, Ry (Vl/l) (XO) < C’R(l)h€O Iﬁ—Bo—oz(xo’ ZRO)
+CR)™™ JC P(IVul + 5) dx. (4.22)
B(x0.Ro)

By the definition of Riesz potential (1.4), one has

2R |4|(B d
R oy = Ry [ VG0 do

0 n—6p—a 0 p60+a/ Jo
2R
B(xo,p)) d,
< R*® f Wl(B(xo, p)) g’io PV pive ', (x02R). (4.23)
0 prrep 0
It is apparent to enlarge the integral by
R n
R(I)J“SO‘“JC P(IVul + s)dx < (—) R“s"‘o‘f P(IVu| + s)dx. (4.24)
R
B(x0.Ro) 0 B(xo,R)

By using (4.21)—(4.24), we derive

R\ L
MY, oo r (Vi) (x0) < R I’;_go_a(xo,2R)+(R—o) RI*e0 Ji( . P(|Vu| + s)dx.
X0

Since € is bounded, then (4.12) holds.
Combining (4.10)—(4.12), we obtain (4.9), which means the proof of Proposition 4.2 is completed.
O

5. Proofs of Theorems 1.1-1.3

By establishing the preceding technical tools and lemmas, we are in a position to present the proofs
of the main theorems. We first have the following proof.

AIMS Mathematics Volume 10, Issue 4, 8066—8094.



8084

Proof of Theorem 1.1. We set a sequence of balls {B;}* by

B; := B(xo,R)) = B(xo, ), 5.1

@A)

where 2A > 1 will be chosen later. It is clear that B;;; C B; for every i > 0. We set two sequences
{Ki}2, and {k;}>, by

K= Ji P(|Vu = (Vuy|) dx, ki = P(|(Vu)g]) + P(s). (5.2)

We also introduce kg by
ko = f [P(|Vul) + P(s)] dx. (5.3)
B(xo,R)

By (2.10), it is obvious that

ko = P(|(Vug,|) + P(s) = P( ) + P(s) < ko, (5.4)

JC Vudx
B(x0,R)

Ko = f P(|Vu - (Vu),|) dx< C f P(|Vul) dx < k. (5.5)
By B

(x0,R)

as well as

Step 1. An estimate of the summation of K;.
An application of Lemma 3.9 with B(xy,p) = B (xo, %) C B(xp, R) shows that

ﬁ(xo,ﬁ) P(‘VM = (Vi) p(y, £ ) dx

1 a
< c(ﬂ) Jg(xo’R)P(Wu—(Vu)B(xO,R)D dx

Jul(Bxo, 2R)) CQRAY'Kw(R) P([Vul + 5) dx,
(2R)% B(x0.R)

+ CQAY"

where the constants C depend on n, v, L, s, Cp,, and C;. Using (5.1), we choose A =
A(n, v, L, s, Cya,, C;) > 1 large enough such that

of ! . 1
2A) T4
where @ € (0, 1] is given in Lemma 3.5. By (2.2), it is clear that

f P(Vul + s)dx < C [ f P(|Vu = (V)pym|) dx + P(|(Vi0) s m]) + P(s)] .
B(x0,R) B(x0.R)
Hence there exists a constant C¢ > 0 depending on n, v, L, K, s, Cy,, and C; such that
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ﬁmj)(WW*“%w ) ax

1
< (4_‘- + Cq (,L)(R))JC P(|VI/£ — (VM)B(xo,R)D dx
B(xo,R)

|ul(B(xo, 2R))

C
T R

Co w®) [P (|(Vi)psy]) + P(9)] (5.6)

Using (A2), we take R small enough to obtain

Cow(R)< 5.

It follows that if R < R, then all R; < R. Applying the estimate (5.6) with R = R,_;, and noting that w(-)
is non-decreasing, it yields that

Ji,. P(|Vu = (Vug) dx

< % JCB P(|Vu = (Vu)p,_|) dx +C |l(12|§22i1_95610) + CoRiy) [P(|(Vws,, |) + P(s)].

which can be simplified as

! -
K < lx 4o WCBY
2 @R)"

+ Cw(Ri—1) ki1 (5.7)
Via a summation, one deduces that

1'& W@2B) &
2,k < EZ Z @Ry C;‘w(&)ki

i=1

A

forC =C(n, v, L, K, s, Cy,, Cy) and for every integer m. This implies that

m m—1 m—1
lul(2B;)
K; < Ky + 2C + 2C R)k; 5.8
; 0 ;QM% ;m> (5.8)
holds for every m € N.

Step 2. An estimate of k.

Using (5.2), we have

ket 1= Z(km k) + ko < Z | P(|Vwys..]) - P(|vu)s]) | + ko (5.9)

y = |[(Vu)g,,

By using Lemma 2.9 with x = |(Vu)3

i+1 |

| P(|(Vws.,

) - P(|(Vu)s) ‘ < £Ca,P(|(Vu)|) + CP (|| (Vs

— (Vg ).
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Considering the triangle inequality | |x| — |y|| < |x — y| and Lemma 2.10, we have

IA

P(||(Vug.,

= [(Vu)s )

CP ( JC Vi = (Vu)s,| dx)
Bii

IA

Hence there exists a constant C = C(n, v, L, s, Ca,, C;) such that

| P (|,

i+1
i

For each i, we choose & = €(i, n, Cy,, A) small enough such that

1

8CA2 < W

Then we have

A

SCAZP(l(VM)B,»D < gCph ki < 8CA2JC [P ((Vw)]) + P(s)] dx
B;

«c L
- (2A)t(n+l)
1 —

-k
Q2A)

Here we use the fact that the sum of geometric series is finite, i.e.,

m 1 i 0 1 i 1
2law) =2 (5m) ==

i=0

By combining (5.9)—(5.12), and (5.4), there exists a constant C such that

m+1 = §

0

(21\)

Making use of (5.13), (5.8), and (5.5), one derives that for every integer m > 1, there holds

m—1

[ & ul2B)) ~
km+1 < C K()+Z H - +Zw(Ri)ki+k0
L i=0

(2Ri)90 i=0
[ m—1 m—1
~ 2B;
< R+ > K 9)+Zw(R,~)ki .
| - CR)7 3

For the second term on the right side of (5.14), one has

m—1 0
|ul(2B;) 2By _ |ul(B(xo, 2R)) |ul(2Bjs1)
4 2R)™ T Z (2R; )90 T (2R +Z

C(2A)" JC P(|Vu - (Vu)g) dx
B;

) - (|(VM)BI.|)' < &Cy,P(|(Vu)p )+ C Ji P(|Vu = (Vu)g) dx.

[en)| f [P ((Vu)) + P(s)] dx
(x0,R)

+ ky < CZKi + CZO.

— (2Ri )% '

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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Using A > 1, the method adopted in (4.20), and (1.4), we obtain that

SkeB) 2% (B de QA" S Z f2R |u|(B(xo,p)) dp
4 2R~ 2 P p @A) L, P
< CI;‘_HO(xOAR) (5.15)

holds with a constant C depending on n and 6. Inserting (5.15) in (5.14), we obtain the following
inequality:

m—1

kit < C (ko + iy (x0,4R)) + C > w(R) k; (5.16)
i=0
Step 3. An induction approach.
By setting

Ji=ko+ T, (x0,4R) = f [P(Vul) + P(5)] dx + I, (x0,4R),
(x0,R)

we shall use the mathematical induction to prove
ki1 < C J. (5.17)

Initial Step. If m = —1, then by (5.4), we see that (5.17) is trivial. For the case m = 0, (5.17) holds by
using (5.13).

Inductive Step. Assuming that (5.17) is valid for any /m < m, we shall prove it for m + 1. By (5.16), we
have

m—1 m—1

kit < CT+C Y wR)k < CT+CJ ) w(Ry).
i=0 i=0
Due to the fact that w(-) is non-decreasing, we estimate

m—1 00
DL OR) < R+ D O(Rin)
i=0 i=
1 2R dp %
< m2 ), w(P);+Zw(Ri+1)
1 2R
<3 (p); ln(2A)Z f (p)—

1 1 2R
(E+1n(2A)) , “’(p)?'

Considering the fact that A > 1 and the definition of d(-) in (A3), we have

- 2d(2R)
Z )<= o (5.18)

i=0

By applying (5.18), we complete the proof of the inequality (5.17).
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For every Lebesgue point x, of P(|(Vu)|), we let m — oo, and show that

P([Vu(xo)l) + P(s) = lim k4
< C JC [P(IVul) + P(s)] dx + CT_, (xo,4R),
B(x0.R)
where C depends on n, v, L, K, s, 6y, Ca, and C,. Therefore, (1.6) has been proved. O

Via a similar approach to the previous proof, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. We introduce a sequence of concentric balls {E,-};jo by

B; := B(xo. 1) = B(xo, ﬁ)

where H > 1 is a constant determined later, and r < R < 1. Hence E,»H C B(xo, ’5) C E,- for every
i > 0. We define

A= ri1+so JL_\ P(M] dx, and q; := P(|(”)E,|)
B;

ri

— u
ap = r”s"f P(u) dx.
B(xo,r) r

By (2.10) and (2.5), it is obvious that

JC udx
By

Ay = r1+soJC p[w] dx
Bo r
f P(M)dx+P(|(u)§°|)] < Ca. (5.20)
B r r

One applies Lemma 2.11 and Holder’s inequality to obtain

We also introduce a, by

|ul

) < JC P(lu))dx < C; r”sf’f P(—) dx = Cay, (5.19)
B(x0,7) B(xo,7) r

Cl():P(

as well as

CA r1+80

2

IA

A < Criten [ f PA(Vul)dx| < Crlte JQ P(IVul) dx.
Bit1 Bit1

Applying Lemma 3.4 with p = r;,;, R = %, one has

2r; ‘ i ! Ei
Ajy < C[r,- rffl( r+1) JC( r.)P(IVul)dx+rl.1:f°( il ) |,u|(90 )], (5.21)
B(xo0,75

v 2141 r;
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where the constant C depends on n, v, L, Cy,, and C;. By Caccioppoli-type inequality (4.1) and
Definition 2.3, we obtain

f._ o< fp(w) ar v ¢ WIE), 522
B xo,% Ei ’

r.
14 I’l.

Combining (5.21) and (5.22) with r;,; < r;, it follows that

1 “ u- (u)~ 1 ¢ Ei
C — r}+80 f P | Bz| d.x + r}+80 — + r-1+1£0Hn |/’t|( )
H| ' B r; ! H o %

1\ lul(B;)
ofg) ae

r.
i

Ai+1

IA

IA

where C; depends on n, v, L, Cy,, C;, and R. By choosing H = H(n, v, L, Cy,, Ci, R) large enough,
one has N

1 1

— S —_—

H 2Cy

1 lul(B;)
A,'+1S§A,‘+C o

r.
i

which implies immediately that

We consider a summation with respect to i from O to m — 1, and deduce that

N (B
M ai<ag+acy L (5.23)
= T

i=1

i

For every non-negative integer m, one writes

Ayl = Z(am —a;)+ay < Z ‘ P( |(”)§i+,
i=0 i=0
Adopting a similar approach as in the proof of (5.10), we have
R@r

)= (lws])]
£Cp,P(|ayg)|) + ng_ P(Ju - wyg)) dx

)—P(|(u)§i|)‘ + ay.

IA

i

SCAZP( |(u)§,.|) + Crl.lJ"80 JC_ P(M] dx
B;

i

IA

= &Cpha;+CA,;,

and choose & = (2H)™*D sufficiently small. With the help of (5.19), it follows that there exists a
constant C = C(n, v, L, Cy,, C;, R) such that

m 1 m _
ams1 < C E [W ag+A;|+ay < C E A; + Cay. (5.24)
i=0 ( ) i=0
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Analogous to (5.15), we obtain

E

B Z 1I(B:) <CrT . (x0.20) (5.25)
i=0

90+a n—6p—«a
¥;

1l
(=)

i z'

Applying (5.23)—(5.25) and (5.20), one gets that for every integer m > 1, there holds
m—1 Y

— B;
C {AO +ap + Z |,u|(60 )

l

IA

Ayl

IA

Cr”gof (lrl) dx + C”wIZ 6o a(XO,Zr).
(xo0,r)

By the dominated convergence theorem, for every Lebesgue point xy € P(Ju|), there holds

P(u(xo))) = lim dpsy < C f (%0, 27, (5.26)

B(xo,r)

(l |) dx+Cr*I!

r n—6p—«

where constant C depends on n, v, L, 6y, Ca,, C;, and diam(£2). m|
By establishing (5.26), we are ready to prove the result of Theorem 1.3.

Proof of Theorem 1.3. For any real number g, we observe that if u is a weak solution to (1.1), then
u — g is still a solution to (1.1). Let B(xy,2R) C Q. We consider x, y € B(xo, g) satisfying that

r:=|x—yl < % By (5.26), it follows that

P (ju(x) - gl)

IA

C rl*® JC P(—lu ; gl) d¢+Cr® Il,i B _o(x,2r),
B(x,r)

IA

P (lu(y) — gD C 't f P(lu — gl) d¢+Cr L _, ,(2n).
B(y.r) r

By (1.4), one has the following monotone property:

(x,2r)<I¥ (x,2R), and In % (n2r) < In o o 2R).

néa n—6p—a

Via (2.2) and a direct computation, one has

P (lu(x) —u) < Ca, [P(ux) - gD+ P (u(y) — gl

Crmo[f P(Iu—gl)dhf P(Iu—gl)dg]
B(x,r) r B(y,r) r

+Cr b, (2R +T_,  (v.2R)|. (5.27)

IA

n—60p—a

We take g := (4)p(x2r, and observe that B(x,r) U B(y,r) C B(x,2r) C B (x, §) Using Definition 2.3,
we deduce that

J[ P(Iu—gl)ngrJC P(lu_gl)d{sccAzf P(|u_(u)B(x,2r)|)dé,'
B(x,r) r B(y,r) r B(x,2r) 2r
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Since 2r < g, then (2.14) gives us that

2r +go—a

f P(W) d < @ry e G ),
B(x,2r) ’

Then it follows from Proposition 4.2 that

JC P(Iu—gl)d“f P(Iu—gl)dg
B(x,r) r B(,r) r

f P(\Vu)) dZ + P(s)]} . (5.28)
B(x.B

°2

n—60p—a

< Cr—(1+so—a)Rl+80 {Iﬂ (X, 2R) + R—a

To estimate the last integral, we use Caccioppoli-type inequality (4.1) and (4.19) to obtain that

B(x,R
JC P(Vu)dZ < CCa, JC P(M)d§+ CR® ""(g(—f))
B(x%) BxR) \R R0+
< CJC P(M) d{+CR'Y _, _(x,2R). (5.29)
BxR) \R 0
Substituting (5.29) into (5.28) and considering 0 < a < 1, it yields that
JE P(Iu —gl) derJC P(Iu —gl) i
B(x,r) r B(y.r) r
< Crrer@pRiTe {I’;_eo_a(x, 2R)+ R [ f P ('%') dz + P(s)]} : (5.30)
B(x,R)

Combining (5.27)—(5.30) together with B(x, R) C B(xy, 2R), there is a constant C such that

P (Ju(x) = u(y)l)

< CrB, (x2R)+T, (3.2R)|+Cr R, (x.2R)
+ C r*R!to0@ [JC P (M) ds + P(s)] , (5.31)
Bxo2R) \R
where the constant C depends on n, v, L, 6y, w(-), Ca,, C;, and diam(€2). Since R < 1 and a € [0, 1),
then the estimate (5.31) is the desired interior Holder estimate of Theorem 1.3. O

6. Conclusions

In this work, we establish pointwise potential estimates of weak solutions to a class of elliptic
equations in divergence form with measure data. Our primary result is to employ the Riesz potential
to prove the pointwise estimates of the solutions. The key innovation of this paper manifests in the
proof of Proposition 3.2, which enables the relationship between measure data and the Riesz potential
in the Sobolev-Orlicz spaces. Furthermore, we obtain Holder continuity estimates for the solutions
by establishing the Caccioppoli-type inequality and the maximal estimate. This systematic approach
extends the potential estimates of regularity for nonlinear elliptic equations in the existing literature.
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