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Abstract: In this paper, we proposed a novel binary classification framework named adaptive robust
AdaBoost-based kernel-free quadratic surface support vector machine with Universum data (A-R-U-
SQSSVM). First, we developed R-U-SQSSVM by integrating the capped L2,p-norm distance metric
and the generalized Welsch adaptive loss function to improve the model’s robustness and adaptability.
Furthermore, we introduced Universum data points into R-U-SQSSVM to enhance the model’s
generalization performance by incorporating valuable prior knowledge for the classifier. Additionally,
we utilized R-U-SQSSVM as a weak classifier and embedded the AdaBoost algorithm within it to
obtain a strong classifier, A-R-U-SQSSVM. To effectively solve our model, we transformed it into a
quadratic programming problem using the half-quadratic (HQ) optimization algorithm and concave
duality. This transformed problem can be solved using convex optimization methods, such as the
sequential minimal optimization (SMO) algorithm. Experimental results on University of California,
Irvine (UCI) datasets demonstrated the superior classification performance of our method. In large
datasets, A-R-U-SQSSVM was hundreds or even a thousand times faster than traditional capped twin
support vector machine (CTSVM), SQSSVM.

Keywords: Universum; quadratic surface support vector machine; robust distance metric; AdaBoost
Mathematics Subject Classification: 68T10, 91C20

1. Introduction

Support vector machines (SVM) are a popular machine learning algorithm widely used in real-life
applications such as flood prediction [1], image annotation [2], and environmental remote sensing [3].
The classical linear SVM was first proposed by Vapnik et al. [4] based on the principle of structural risk
minimization for solving classification problems. Its learning strategy aims to identify the appropriate
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hyperplane that maximizes the separation margin. The mathematical problem corresponding to SVM is
a convex optimization problem, which can be efficiently solved by the sequential minimal optimization
(SMO) algorithm [5,6]. However, traditional SVM often suffers from serious impacts on its robustness
and classification performance when facing complex data distributions and datasets with noise and
outliers.

In order to enhance and build robust SVM, there are currently three main approaches. The first is
to replace the convex and unbounded hinge loss in SVM, the second is to construct a robust distance
metric, and the third is to develop a robust estimator. In the aspect of build robust loss function:
Reference [7] proposed a non-convex truncated hinge loss and solved the non-convex problem by
decomposing it into several convex subproblems using differential convex optimization methods,
leading to enhanced robustness. Similarly, reference [8] utilized the same technique and introduced
a non-convex ramp loss function. However, they transformed the non-convex problem into a convex
one using the concave-convex procedure method and then solved it using a Newton-type algorithm.
Due to the nonc-onvex smoothness of the ramp loss function, it is insensitive to outliers. Reference [9]
proposed a novel pinball loss function that penalizes correctly classified points. Then, to maintain
sparsity in SVM, reference [10] proposed a truncated pinball loss function. However, all of the
aforementioned loss functions use the L2 norm distance metric, which may magnify the impact of
outliers. Based on this, reference [11] proposed a loss function with a capped L2,p-norm as the distance
metric and achieved better robustness by adjusting the capped parameter p. Reference [12] proposed
a twin SVM with a capped L2,1-norm as the distance metric for semi-supervised classification. This
model considers both robustness and discriminability. In addition, to enhance the robustness of SVM,
researchers have introduced various regularization terms or utilized more robust loss functions [13,14].
In reference [13], a bounded, smooth, and non-convex Welsch loss function is proposed to enhance the
robustness of semi-supervised learning (SSL) methods to outliers.

In the aspect of build robust loss estimators: Recent research findings indicate that robust loss
functions based on mixed paradigms (such as hybrid ordinary-Welsch function (HOW), hybrid
ordinary-Lp function (HOP) [15], and hybrid ordinary-Cauchy function (HOC) [16]) can effectively
enhance the model’s noise resistance. For example, the HOW proposed by Wang et al. [17]
demonstrates strong robustness to outliers in low-rank matrix recovery tasks by combining the
advantages of ordinary least squares and the Welsch function. Experiments have shown that HOW
reduces reconstruction error by approximately 12.7% compared to the traditional Welsch function at
the same noise level. Additionally, Wang et al. [18] designed a robust matrix completion framework
based on truncated quadratic loss, further validating the effectiveness of the truncation mechanism
in mitigating the impact of outliers. In addition, certain achievements have been made in improving
SVM for robust classification through optimization techniques. For example, reference [19] explores
optimization techniques suitable for robust classification, which enhance the SVM’s resistance to
noise and outliers to some extent, allowing the model to maintain good classification performance
on some complex datasets. At the same time, there has been in-depth research on feature selection
and building more robust machine learning models. Reference [20] provides profound insights in this
area, indicating that reasonable feature selection can reduce the interference of noise and redundant
information on the model, further enhancing the model’s robustness. The relatively robust SVM and
its variants have also been applied in real life, such as the medical field [21] and face recognition [22].

However, existing methods still have many limitations. On one hand, when dealing with scenarios
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that include Universum data, existing models are unable to fully leverage the additional information
carried by the Universum data. This makes it difficult to achieve a more comprehensive understanding
and modeling of the data distribution, resulting in challenges in simultaneously achieving ideal
classification accuracy and robustness in complex data environments. The concept of Universum
learning was initially introduced by Vapnik [23] to acquire additional prior knowledge about data
samples. For the classification problem, the Universum data does not belong to the positive class
or the negative class; instead, it must fall between the hyperplanes of the two classes (as shown
in Figure 1(a)). The Universum dataset contains valuable prior knowledge that is beneficial for
classification. By utilizing Universum data with SVM, reference [24] has proposed Universum
SVM (U-SVM). Their experiments showed that the classification performance of U-SVM, which
incorporates more prior knowledge, outperforms that of SVM. Besides, the reference [25] introduced
a novel boosting algorithm called U-Boost, which is based on the concept of large-margin learning
and utilizes Universum data. The experimental results also demonstrate that U-Boost can provide
higher classification accuracy. In recent years, the reference [26] proposes a robust kernel-free SVM
based on the fuzzy membership function of the Universum. Based on Universum data and the L1-
norm, [27] proposes a model that is conducive to detecting the sparsity of the Hessian matrix of quadric
surfaces. In addition, classification models constructed by utilizing Universum data with SVM and
other classifiers have also been applied in real-life scenarios, such as gender classification [28], text
classification [29], and the diagnosis of Alzheimer’s disease [30]. On the other hand, many robust SVM
methods rely on kernel functions. Although kernel functions can map data to high-dimensional spaces
to solve nonlinear classification problems, the selection of kernel functions and parameter tuning is
quite complex. Different kernel functions and their parameter settings can have a significant impact on
model performance, and the computational complexity is relatively high. Based on this, Dagher [31]
proposed a kernel-free QSSVM inspired by the concept of SVM. The main objective is to identify a
quadratic separation surface that maximizes the sum of relative geometric margins. Luo et al. [32]
proposed the soft-margin quadratic surface support vector machine (SQSSVM). This model penalizes
all misclassified points to handle nonlinearly inseparable datasets. Later, Bai et al. [33] proposed a
least-squares version of the method and applied it to classify target diseases. In recent years, Xin
et al. [34] proposed an SVM classifier for handling nonlinearly separable datasets based on QSSVM
by utilizing preselected techniques and feature mapping. Reference [35] proposed a kernel-free soft
quadratic surface SVM model by utilizing the double-well potential function for highly nonlinear
binary classification. The experiments also demonstrate the advantages of kernel-free SVM in handling
nonlinear separable datasets. Nowadays, kernel-free SVM has been applied in real-life applications
such as cross-selling recommendations [36] and credit risk assessment [37].

In this paper, we propose a novel framework called the adaptive robust SQSSVM with Universum
data based on the AdaBoost algorithm (A-R-U-SQSSVM). This framework utilizes robust distance
metric learning and Universum data learning to achieve significant robustness and classification
performance. Specifically, it is designed to handle nonlinear, separable datasets. First, we are
improving SQSSVM. Specifically, we replace the L2-norm in QSSVM with a capped L2,p-norm
distance metric for improved robustness. Additionally, we replace the misclassification term in
QSSVM with a generalized Welsch loss function for improved adaptability. In addition, based
on SQSSVM’s superior robustness and adaptability, Universum data learning is incorporated into
SQSSVM to enhance its classification performance. Besides, we integrate the proposed R-U-SQSSVM
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into the AdaBoost algorithm to ensemble the weak classifier with the strong SQSSVM classifiers to
enhance the classification performance of A-R-U-SQSSVM (as shown in Figure 1). Table 1 shows the
relationship between our model and other related works. The main contributions of this paper can be
summarized as follows:
• First, we improve the loss function term and the misclassification term in SQSSVM by using

a capped L2,p-norm distance metric and a generalized Welsch loss function. Second, we introduce
Universum data into R-SQSSVM. Finally, we integrate AdaBoost into the R-U-SQSSVM framework
to create a robust classifier, A-R-U-SQSSVM, capable of handling nonlinear separable datasets.
• We utilize the half-quadratic (HQ) optimization algorithm and the concave duality theorem to

design an efficient iterative optimization algorithm for solving our model.
• In order to test the performance of our proposed model, we conducted experiments on UCI

benchmark datasets. Additionally, we conducted parameter analysis and statistical testing. The
experimental results show that the proposed model demonstrates good robustness and classification
performance.

The rest of the paper is organized as follows: Section 2 provides a brief review of the U-SVM
and QSSVM models. Section 3 introduces our proposed model, A-R-U-SQSSVM. Section 4 is the
experimental part. Section 5 concludes the paper and offers insights into future research directions.

training data (class 1)
training data (class 2)
universum data

(a) Universum data and two classes of training data.
-1 f (x)=0 1

(b) The ε-insensitive loss for Universum samples.
Figure 1. Description of Universum data.

Table 1. Summary of relevant important models.

Reference Model Kernel

Vapnik et al. (1995) [4] Linear SVM Kernel-based
Weston et al. (2006) [24] Universum SVM Kernel-based
Dagher (2008) [31] QSSVM Kernel-free
Luo et al. (2016) [32] SQSSVM Kernel-free
Yuan et al. (2021) [11] Capped l2,p-norm least square twin SVM Kernel-based
Zhang et al. (2022) [12] Capped l1-norm twin bounded SVM Kernel-based
Yan et al. (2023) [26] Fuzzy Universum SQSSVM Kernel-free
Hossein et al. (2023) [27] L1-norm Universum SQSSVM Kernel-free
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2. Related works

In this sectionwe will first describe the notations used throughout the paper. Then, we will provide
a brief review of the U-SVM [24], the QSSVM [31], and its soft-margin version.

2.1. Notations

We consider a binary classification task in n-dimensional Euclidean space R, where the training
dataset is represented by T̃ := T ∪ U, where T = {(x1, y1), ... , (xm, ym)} represents the labeled training
data, with data points xi ∈ R

m and labels yi ∈ {−1, 1} for i = 1, ...,m, and U = {x∗1, ... , x∗u} represents
the Universum data. ‖.‖ denotes the Euclidean norm, ⊗ denotes the Kronecker product, a vector of
arbitrary dimension is represented by e, and I represents the identity matrix. Additionally, all vectors
in this paper are column vectors, denoted by a superscript T for transposition, representing row vectors.
Some important nations in this paper are shown in Table 2.

Table 2. List of notations.

Notations Description Notations Description
:= means “define”. Xi :=In ⊗ xT

i .
Mi :=XiDn. Hi :=[Mi In].
z :=[hvec(W) b]. G :=2

∑m
i=1 HT

i Hi.
si :=1

2hvec(xixT
i ). s j :=1

2hvec(u juT
j ).

ri :=[si xi]. r j :=[s j u j].

Furthermore, we have introduced the symmetric matrix vectorization technique, which is widely
used in the reconstruction of kernel-free SVM models [35, 38]. Considering a square matrix W :=
(Wi j) ∈ Rn×n, its vectorization can be represented as:

vec(W) := [W11, · · · ,Wn1,W12, · · · ,Wn2, · · · ,W1n, · · · ,Wnn]T ∈ Rn×n.

If W ∈ Sn is a symmetric matrix, then its half-vectorization can be represented as:

hvec(W) := [W11, · · · ,W1n,W22, · · · ,W2n, · · · ,Wn−1,n−1,Wn−1,n,Wnn]T ∈ R
n×(n+1)

2 .

Given n ∈ N, there exists a unique elimination matrix Ln ∈ R
n×(n+1)

2 ×n2
, and a unique duplication matrix

Dn ∈ R
n2×

n×(n+1)
2 , such that the following equation holds [39]:

Lnvec(W) = hvec(W), Dnhvec(W) = vec(W),∀ W ∈ S n.

If W ∈ Dn is a diagonal matrix, the diag-vectorization of W is defined as follows:

dvec(W) := [W11,W22, · · · ,Wn−1,n−1,Wnn]T ∈ Rn.

For any vector a = [a1, · · · , an], the quadratic vector qvec(a) is defined as follows:

qvec(a) := [
1
2

a2
1,

1
2

a2
2, · · · ,

1
2

a2
n]T ∈ Rn,
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and the quadratic vector lvec(a) with cross terms is as follows:

lvec(a) := [
1
2

a2
1, a1a2, · · · , a1an,

1
2

a2
2, a2a3, · · · , a2an, · · · ,

1
2

a2
n]T ∈ R

n×(n+1)
2 .

Remark. For ∀ i = 1, · · · ,m; ∀ j = 1, · · · , u, in Table 2, and the construction of Mi is as follows: Let
Mi

jp be the pth column and jth row element of Mi, if hvec(W) is w jp or wp j, then Mi
jp = xk

i . Otherwise,
we assign it to be 0.

According to the above definition, we can obtain the following conclusions:

Wxi = In ⊗ xT
i vec(W) = Xivec(W) = XiDnhvec(W) = Mihvec(W),

Wxi + b = Mihvec(W) + Inb = Hiz,
m∑

i=1

‖Wxi + b‖22 =

m∑
i=1

(Hiz)T Hiz = zT [
m∑

i=1

HT
i Hi]z = zTGz,

1
2

xT
i Wxi = lvec(xi)T hvec(W),

1
2

xT
i Wxi + bT xi = [hvec(W) b]T [

1
2

hvec(xixT
i ) xi] = [hvec(W) b]T [si xi] = zT ri.

(2.1)

2.2. Universum support vector machine

U-SVM adds a Universum term to the standard SVM, and its primal mathematical formula is:

min
1
2
‖ω‖22 + C

m∑
i=1

Hε[yi fw,b(xi)] + Cu

u∑
i=1

U[ fw,b(x∗i )], (2.2)

where fw,b represents a classifier, Hε[t] = {max 0,−ε − t} represents the hinge loss, and U[t] = U−ε[t]+

U−ε[−t] represents the ε-insensitive loss (as shown in Figure 1(a)). Prior knowledge in U-SVM is
encompassed in

∑u
i=1 U[ fw,b(x∗i )]; the smaller this value, the more prior knowledge is incorporated into

fw,b, and vice versa [24]. For the binary classification problem, the Universum data does not belong to
the positive class or the negative class; instead, it must fall between the hyperplanes of the two classes.
To achieve this, separate hyperplanes with large amounts of Universum data (dashed lines) should be
selected (as shown in Figure 1(b)) [40]. In addition, the prior knowledge embedded in the Universum
cannot be directly represented by U[t] [41]. Therefore, formula (2.2) can be further expressed as:

min
ω,b,ε,ξ j

1
2
‖ω‖22 + C

m∑
i=1

ξi + Cu

u∑
j=1

ξ j

s.t. yi[(ωxi) + b] ≥ 1 − ξi, ξi ≥ 0, i = 1, ...,m,
y j[(ωx j) + b] ≥ −ε − ξ j, ξ j ≥ 0, j = 1, ..., u,

(2.3)

where the first two terms correspond to the standard soft-margin SVM, while the last term pertains to
Universum data in the objective function. ξi and ξ j represent the slack variables in standard soft-margin
SVM and Universum data. C, Cu ≥ 0 control the trade-off between minimizing training errors and
maximizing the number of Universum data, respectively. When Cu = 0, formula (2.3) is reduced to a
standard SVM classifier [42].
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2.3. Quadratic surface support vector machine

To avoid using kernel functions for nonlinear classification of data, QSSVM achieves this goal by
utilizing the quadratic surface: f (x) = 1

2 xT Wx + bT x + c = 0, where W ∈ Sm×m, b ∈ Rm, and c ∈ R. It
separates the training points into two classes by maximizing the distance from each data point to the
separating surface. The QSSVM model is given as follows:

min
W,b,c

m∑
i=1

‖Wxi + b‖22

s.t. yi(
1
2

xT
i Wxi + bT xi + c) ≥ 1, i = 1, ...,m.

(2.4)

In formula (2.4), consider the presence of noise and outliers that may exist in the data. Luo et
al. [32] proposed the SQSSVM, which penalizes misclassifications. The SQSSVM model is given as
follows:

SQSSVM:

min
W,b,c

m∑
i=1

‖Wxi + b‖22 + C
m∑

i=1

ξi

s.t. yi(
1
2

xT
i Wxi + bT xi + c) ≥ 1 − ξi, ξi ≥ 0, i = 1, ...,m,

(2.5)

where C > 0 is the penalty parameter and ξi represents the slack variable. According to formula (2.1),
we can derive the dual form of SQSSVM (SQSSVM′):

SQSSVM′:

min
z,c,ξ

zTGz + Cl

m∑
i=1

ξi

s.t. yi(sT
i z + c) ≥ 1 − ξi, i = 1, ...,m,

ξi ≥ 0, i = 1, ...,m.

(2.6)

By solving problem (2.6), z and c can be calculated, and then W and b can be determined. A new
data point x ∈ Rm can be assigned to a class by calculating

f (x) = sign (
1
2

xT Wx + bT x + c),

where f(x) represents the decision function.

3. Main contribution

3.1. Motivation

In the above discussion, we mentioned that SQSSVM can handle highly nonlinear separable datasets
more efficiently than other SVMs because it avoids the need to select kernel functions. Meanwhile,
Universum provides additional prior knowledge that can enhance generalization performance and
prevent overfitting. However, SQSSVM’s utilization of the L2-norm distance makes it sensitive to
outliers, particularly in the presence of heavy noise. Moreover, the abundance of slack variables can
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also impact classification performance. Furthermore, Universum’s performance in robust learning is
not ideal.

To address these challenges, we propose a novel framework called A-R-U-SQSSVM. The overall
architecture is shown in Figure 2. To begin, we improve SQSSVM by replacing the L2-norm with a
capped L2,p-norm distance metric for better robustness and substituting the misclassification term with
a generalized Welsch loss function for improved adaptability. We also combine the improved SQSSVM
with Universum data to further enhance its generalization performance. Additionally, we utilize R-U-
SQSSVM as a weak classifier and the AdaBoost algorithm to enhance classification performance,
culminating in our strong classifier, the A-R-U-SQSSVM.

Training set

Testing set

Positive sample
SQSSVM

Negative sample

Universum sample

R-U-SQSSVM
(Weak classifier)

Adaboost

A-R-U-SQSSVM
(Strong classifier)

Positive 

Negative 

Give prior information

Adaptive loss function
L2,p norm distance

Gives adaptivity and
robustness

Figure 2. Overall architecture of the proposed A-R-U-SQSSVM.

3.2. Proposed R-U-SQSSVM model

Therefore, the optimization problem of RUSQSSVM with Universum data constraints can be
expressed as follows:

min
W,b,c,ξi,ξ

∗
j

m∑
i=1

min(‖Wxi + b‖p
2 , ε) + C

m∑
i=1

σ2

2
[1 − exp(−

ξ2
i

2σ2 )]θ + Cu

u∑
j=1

ξ∗j

s.t. yi(
1
2

xT
i Wxi + bT xi + c) ≥ 1 − ξi , ξi ≥ 0, i = 1, · · · ,m,

y j(
1
2

uT
j Wu j + bT u j + c) ≥ −ε − ξ∗j , ξ

∗
j ≥ 0, j = 1, · · · , u.

(3.1)

• The parameters C and Cu are penalty parameters that trade off the misclassification of SQSSVM
and the margin of Universum data, respectively.
• The parameters ξi (i = 1, ...,m) and ξ∗j ( j = 1, ..., u) represent the slack variables of the training

sample and the Universum sample.
• The item

∑m
i=1 min(‖Wxi +b‖p

2 , ε) represents the improved loss function. Here, ε > 0 is a threshold
parameter, and 0 < p ≤ 2. By utilizing ‖.‖p

2 , we ensure that the value of the misclassification rate is at
most ε.
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• The item C
∑m2

i=1
σ2

2 [1 − exp(− ξ2
i

2σ2 )]θ represents the improved Welsch loss. Here, σ represents the
penalty parameter, and θ > 0 is an adaptive parameter of the loss function.
• The item Cu

∑mu
j=1 ξ

∗
j represents the Universum item.

3.2.1. Optimization problems to solve R-U-SQSSVM

As shown in formula (3.1), R-U-SQSSVM is neither convex nor concave. Therefore, it will be
solved in the following three steps. The first step uses the HQ algorithm to optimize the loss function
term, which is the second term of formula (3.1); the second step uses the concave duality theorem
to optimize the distance metric term, which is the first term of formula (3.1); the third step uses the
Lagrangian function and Karush-Kuhn-Tucker (KKT) conditions to transform the primal problem into
its dual form.

First, we use the HQ algorithm [43] and the theory of conjugate functions to solve the second term:

min C
m∑

i=1

σ2

2
[1 − exp(−

ξ2
i

2σ2 )]θ. (3.2)

We can write formula (3.2) as:

max
α

G1(α)

where

G1(α) = C
m∑

i=1

σ2

2
[exp(−

ξ2
i

2σ2 )]θ.

To facilitate the following derivations, we define the convex function g
θ
(v) as:

g
θ
(v) =

1
θ

[−v log(−v) + v]θ, v < 0.

From the theory of conjugate functions, we obtain:

exp(−
ξ2

i

2σ2 ) = sup
v<0

[v
ξ2

i

2σ2 − g
θ
(v)], v = − exp(−

ξ2
i

2σ2 ).

Thus, we can obtain:

max
α,v<0
{

m∑
i=1

[v
ξ2

i

2σ2 − g
θ
(v)]}

which is equivalent to:

max
α
{

m∑
i=1

[− exp(−
ξ2

i

2σ2 )]
ξ2

i

2σ2 − g
θ
[− exp(−

ξ2
i

2σ2 )]}.
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This can be optimized by utilizing the HQ optimization algorithm, where we alternate between
optimizing α and v. Specifically, given a fixed α(s), we can solve for v(s)

i using the same equation as
before.

v(s)
i = − exp(−

(ξ(s)
i )2

2σ2 )θ.

Therefore, the second term can be rewritten as:

min C
m∑

i=1

σ2

2
[1 − exp(−

ξ2
i

2σ2 )]θ =
C

2σ2 κ
T Ωθκ (3.3)

where κ = [ξ1, ξ2, · · · , ξm] ∈ Rm, Ω = [−θ exp(− ξ2
1

2σ2 )θ,−θ exp(− ξ2
2

2σ2 )θ, · · · ,−θ exp(− ξ2
m

2σ2 )θ] ∈ Dm×m.
Based on the formulas (3.1) and (3.3), the formula (3.1) can be rewritten as:

min
W,b,c,ξi,ξ

∗
j

m∑
i=1

min(‖Wxi + b‖p
2 , ε) +

C
2σ2 κ

T Ωθκ + Cu

u∑
j=1

ξ∗j

s.t. yi(sT
i z + c) ≥ 1 − ξi , ξi ≥ 0, i = 1, · · · ,m,

y j(sT
j z + c) ≥ −ε − ξ∗j , ξ

∗
j ≥ 0, j = 1, · · · , u.

(3.4)

At this point, the first step is complete. Then, we begin the second step:
Next, we use the concave duality theorem [43, 44] to solve the first term in formula (3.1):

min
W,b

m∑
i=1

min(‖Wxi + b‖p
2 , ε). (3.5)

Lemma 1. Let g(θ) : Rn → R be a continuous non-convex function, and suppose h(θ) : Rn → Ξ is a
mapping with a range in the convex hull Ξ. Assume there exists a concave function ḡ(θ) defined on Ξ

such that g(θ) = ḡ(h(θ)). Therefore, the non-convex function g(θ)can be expressed as:

g(θ) = inf
v∈Rn

[vT h(θ) − g∗(v)]. (3.6)

According to the concave duality theorem, g∗(v) is the concave dual of ḡ(u), and its expression is as
follows:

g∗(v) = inf
u∈Ξ

[vT u − ḡ(u)].

In addition, the minimum value on the right side is as follows:

v∗ =
∂ḡ(u)
∂u
|u=h(θ).

Based on Lemma 1, define a concave function ḡ(θ) : R→ R. For any z > 0, we have

ḡ(θ) = min(θ
p
2 , ε).
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Assuming h(U) = U2, we can obtain:

min(‖Wxi + b‖p
2 , ε) = ḡ(h(U)) ,U = ‖Wxi + b‖22.

Therefore, based on formula (3.7), the first term of formula (3.1) can be rewritten as:

min
m∑

i=1

[
m∑

i=1

min(‖Wxi + b‖p
2 , ε)] = min

m∑
i=1

ḡ(‖Wxi + b‖22). (3.7)

By utilizing formula (3.6), the terms in formula (3.7) can be further expressed as:

min(‖Wxi + b‖p
2 , ε) = ḡ(‖Wxi + b‖22) = inf

dii≥0
(diih(U) − g∗(dii)) = inf

dii≥0
diiθ − g∗(dii). (3.8)

Thus, the concave dual function of the given ḡ(θ) is:

g∗(dii) = inf
θ

[diiz − ḡ(z)] = inf
z

diiθ − θ
p
2 , θ

p
2 < ε,

diiθ − ε1 , θ
p
2 ≥ ε.

(3.9)

By optimizing z in formula (3.9), we can obtain:

g∗(dii) =


dii(

2
p

dii)
2

p−2 − (
2
p

dii)
2

p−2 , θ
p
2 < ε,

diiε
2
p − ε, θ

p
2 ≥ ε.

(3.10)

Therefore, the first term in the objective function (3.1) can be further simplified as:

min(‖Wxi + b‖p
2 , ε) = inf

dii≥0
Li(W, b, dii, ε),

where

Li(W, b, dii, ε) =


diiθ − dii(

2
p

dii)
2

p−2 + (
2
p

dii)
2

p−2 , θ
p
2 < ε,

diiθ − diiε
2
p + ε, θ

p
2 ≥ ε.

Therefore, the first term in formula (3.1) can be rewritten as:

min
W,b

m∑
i=1

min(‖Wxi + b‖p
2 , ε)⇔ min

W,b

m∑
i=1

inf
dii≥0

Li(W, b, dii, ε)⇔ min
W,b,dii≥0

m∑
i=1

Li(W, b, dii, ε). (3.11)

The optimal classifier is learned through an alternating optimization algorithm to solve the objective
function (3.11). The gradient of the function ḡ(θ) with respect to θ is expressed as:

∂ḡ(θ)
∂z

=


p
2
θ

p
2−1, 0 < θ < ε

2
p ,

0, θ > ε
2
p .
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If θ = h(U) = ‖Wxi + b‖22, by fixing W and b, we can obtain:

dii =
∂ḡ(θ)
∂θ
|θ=‖Wxi+b‖22

=

 p
2 ‖Wxi + b‖p−2

2 , 0 < ‖Wxi + b‖p
2 < ε,

0, else.
(3.12)

To better understand the relationship between the parameters, this paper defines the distance from
the sample xi to the hyperplane as X. If X > ε and dii is almost equal to 0, then the sample xi is
considered an outlier and is discarded. Additionally, when the variable dii is fixed, we aim to solve for
the parameters W and b related to the classifier. Thus, the objective function of the original optimization
problem (3.1) can be written as:

min
W,b,c

m∑
i=1

min
W,b

m∑
i=1

dii(‖Wxi + b‖22) +
C

2σ2 κ
T Ωθκ + Cu

u∑
j=1

ξ∗j . (3.13)

Let D = (d11, · · · , dm,m) be an m × m diagonal matrix. The above optimization problem (3.13) can
be rewritten as:

min
W,b,c,ξi,ξ

∗
j

m∑
i=1

D‖Wxi + b‖22 +
C

2σ2 ξ
T Ωθξ + Cu

u∑
j=1

ξ∗j

s.t. yi(
1
2

xT
i Wxi + bT xi + c) ≥ 1 − ξi , ξi ≥ 0, i = 1, · · · ,m,

y j(
1
2

uT
j Wu j + bT x j + c) ≥ −ε − ξ∗j , ξ

∗
j ≥ 0, j = 1, · · · , u.

(3.14)

The corresponding Lagrangian function for formula (3.14) can be written as:

L(W, b, c, ξ, ξ∗, α, β, γ, η) =

m∑
i=1

D‖Wxi + b‖22 +
C

2σ2 ξ
T Ωθξ + Cu

u∑
j=1

ξ∗j

+

m∑
i=1

αi

[
1 − ξi − yi

(
1
2

xT
i Wxi + bT xi + c

)]
+

u∑
j=1

β j

[
−ε − ξ∗j − y j

(
1
2

uT
j Wu j + bT u j + c

)]

+

m∑
i=1

γiξi +

u∑
j=1

η jξ
∗
j

(3.15)

where αi ≥ 0, β j ≥ 0, γi ≥ 0, η j ≥ 0 are Lagrange multipliers, αi corresponds to the training
sample constraints, β j corresponds to the Universum constraints, and γi and η j correspond to the slack
variables. By taking derivatives, we can obtain the complete KKT conditions:
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

∂L
∂W

= 2D
m∑

i=1

(WxixT
i + bxT

i ) −
m∑

i=1

αiyixixT
i −

u∑
j=1

β jy ju juT
j = 0. (1)

∂L
∂b

= 2D
m∑

i=1

(Wxi + b) −
m∑

i=1

αiyixi −

u∑
j=1

β jy ju j = 0. (2)

∂L
∂c

= −

m∑
i=1

αiyi −

u∑
j=1

β jy j = 0. (3)

∂L
∂ξ

=
C
σ2 Ω{θ}ξ − αi − γi = 0⇒ ξ =

σ2

C
Ω−{θ}(αi + γi). (4)

∂L
∂ξ∗j

= Cu − β j − η j = 0⇒ β j = Cu − η j. (5)

αi[1 − ξi − yi(
1
2

xT
i Wxi + bT xi + c)] = 0, γiξi = 0. (6)

β j[−ε − ξ∗j − y j(
1
2

uT
j Wu j + bT u j + c)] = 0, η jξ

∗
j = 0. (7)

(3.16)

To smoothly derive the quadratic programming form of the dual problem from the primal problem,
we first express the redundant primal variables W, b, c, ξ, ξ∗ in terms of dual variables:

Step one: Eliminate W and b. From the first two steps in the formula , we can solve for the
expressions of W and b. Define z = [hvec(W) b], and using the notation Hi = [Mi In] from Table 2, we
have:

D
m∑

i=1

HT
i Hiz =

m∑
i=1

αiyiri +

u∑
j=1

β jy jr j,

where ri = [si xi] and r j = [s j u j]. Furthermore, z can be expressed as:

z = (D
m∑

i=1

HT
i Hi)−1(

m∑
i=1

αiyiri +

u∑
j=1

β jy jr j).

Step two: Eliminate ξi and ξ∗j . From ξi = σ2

C Ω−θ(αi + γi) and β j = Cu − η j, combined with the
complementary slackness conditions γiξi = 0 and η jξ

∗
j = 0, we can deduce that γi = 0 and η j = 0

(when ξi > 0 or ξ∗j > 0).
Then, substituting the above expressions into the Lagrangian function, we obtain the dual problem:

min
α,β

1
2

(
m∑

i=1

αiyiri +

u∑
j=1

β jy jr j)T (D
m∑

i=1

HT
i Hi)−1)(

m∑
i=1

αiyiri +

u∑
j=1

β jy jr j) −
m∑

i=1

αi + ε

u∑
j=1

β j. (3.17)

Define the vector λ = [α β] and the matrix:

Q =

[ ∑m
i=1 yirirT

i
∑

i, j yiy jrirT
j∑

i, j yiy jr jrT
i

∑u
j=1 y jr jrT

j

]
, P = D

m∑
i=1

HT
i Hi. (3.18)
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According to the above definition, the dual problem can be further expressed as:

min
λ

1
2
λ>QP−1Q>λ − λ>

[
e
−ε

]
,

s.t.
m∑

i=1

αiyi +

u∑
j=1

β jy j = 0, 0 ≤ αi ≤
C
σ2 Ωθ, 0 ≤ β j ≤ Cu,

(3.19)

where e is a vector with all elements equal to 1, suitable for the dimension.
Therefore, it can be seen that the formula (3.19) is a convex optimization problem. By solving it, we

can calculate z and c. Subsequently, the optimal parameter set for the quadratic surface (W, b, c) can be
determined. By calculation, new data points x ∈ Rm can be assigned to the corresponding categories.

f (x) = sign (
1
2

xT Wx + bT x + c).

The pseudo-code for U-R-SQSSVM is presented in Algorithm 1.

Algorithm 1 R-U-SQSSVM algorithm.
Input: Training set A ∈ Rm×n and Universum set U ∈ Ru×n; parameters C, Cu, σ, ε, θ, p; max
iterations Tmax; convergence threshold δ.
Output: Optimal classifier parameters (W∗, b∗, c∗).
1. Initialize diagonal matrices D = diag(d11, . . . , dmm) and Ω = diag(−θ exp(−ξ2

i /(2σ
2))θ).

Initialize W (0), b(0), c(0) to zero vectors.
Compute initial objective value O(0).
2. Iteratively update parameters:
for t = 1 to Tmax do

Update D(t) via (3.12).
Solve dual problem (3.19) for α, β.
Compute primal variables:

W = (D
∑

HT
i Hi)−1(

∑
αiyixixT

i +
∑

β jy ju juT
j ),

b = (D
∑

HT
i Hi)−1(

∑
αiyixi +

∑
β jy ju j).

Compute ξi = σ2

CΩθ (αi + γi).
if |O(t) − O(t−1)| < δ then

Break loop.
end if

end for
3. Return optimal parameters (W∗, b∗, c∗).

3.3. AdaBoost algorithm based on R-U-SQSSVM

The boosting algorithm is a popular ensemble learning technique. Its principle is to iteratively train
a weak classifier and combine the results of different weak classifiers to form a final strong classifier.
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Classical examples of boosting algorithms include Boosting [46], Adaptive Boosting (AdaBoost) [47],
gradient boosting decision tree [48], extreme gradient Boosting (XGBoost) [49], etc. In binary
classification problems, the primary concept of AdaBoost is to determine the classification outcome
by calculating the weights of each weak classifier. During the training process, each weak classifier
is assigned a weight based on its classification error rate in the previous iteration. If a sample is
misclassified, its weight will increase; otherwise, it will decrease. In recent years, reference [50]
has proposed a boosting algorithm called U-AdaBoost, which can improve AdaBoost’s classification
performance for Universum data. Reference [51] designed a boosting-based Universum algorithm for
semi-supervised learning. They also demonstrate that the training error of AdaBoost with Universum
is bounded by the product of the normalization factor, and the training error decreases exponentially
quickly when each weak classifier is slightly better than random guessing. Reference [52] first
combined Universum data with an improved twin support vector machine (TSVM) to enhance its
generalization performance. They then integrated the AdaBoost method into their proposed model to
further enhance the learning effectiveness.

Based on the above discussion, our A-R-U-SQSSVM framework can be formulated as:

min
W,b,c,ξi,ξ

∗
j

m∑
i=1

µ(t)
i [

m∑
i=1

min(‖Wxi + b‖p
2 , ε) + C

m∑
i=1

σ2

2
[1 − exp(−

ξ2
i

2σ2 )]θ] + Cu

u∑
j=1

ξ∗j

s.t. yi(
1
2

xT
i Wxi + bT xi + c) ≥ 1 − ξi , ξi ≥ 0, i = 1, ...,m,

y j(
1
2

uT
j Wu j + bT x j + c) ≥ −ε − ξ∗j , ξ

∗
j ≥ 0, j = 1, ..., u.

(3.20)

where µ is the weighting function utilized in the AdaBoost algorithm, and the weights µ(t)
i are employed

to reweigh the misclassified samples in the objective function of A-R-U-SQSSVM.
Specifically, we utilize R-U-SQSSVM as the weak classifier and obtain a strong classifier, A-R-U-

SQSSVM, by employing AdaBoost methods, which yields a more robust classification effect for our
subsequent experiments. For details, please refer to Algorithm 2.
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Algorithm 2 A-R-U-SQSSVM algorithm.
Input: Training set A ∈ Rm×n and Universum set U ∈ Ru×n; parameters C, Cu, σ, ε, θ, p; max
iterations Tmax; boosting rounds K.
Output: Strong classifier H(x) = sign

(∑K
k=1 αkhk(x)

)
.

1. Initialize sample weights µ(1)
i = 1

m for i = 1, . . . ,m.
2. Ensemble weak classifiers:
for k = 1 to K do

Train RUSQSSVM hk(x) with weights µ(k).
Compute error εk =

∑m
i=1 µ

(k)
i I(yi , hk(xi)) +

∑u
j=1 I(0 , hk(u j))

if εk > 0.5 then
Re-initialize weights
continue

end if
Set αk = 0.5 ln

(
1−εk
εk

)
Update weights:

µ(k+1)
i =

µ(k)
i exp(−αkyihk(xi))

Zk
∀i = 1, . . . ,m

end for
3. Aggregate classifiers:
return H(x) = sign

(∑K
k=1 αkhk(x)

)
4. Numerical experiments

In this section, the paper further explores the effectiveness, robustness, and classification
performance of the proposed A-R-U-SQSSVM model through numerical experiments. This chapter
first introduces the experimental setup, then presents the experimental results on the UCI dataset, and
analyzes the impact of the Universum data ratio on the classification results. Finally, this chapter
compares the performance differences between the proposed method and other algorithms through
statistical analysis.

4.1. Experimental setup

The A-R-U-SQSSVM is compared with the following algorithms: The CTSVM, SQSSVM [32],
random forest (RF), kernel-free fuzzy support vector machine with Universum (KFFUSVM),
XGBoost, ensemble pruning based on classification confidence (EPCC) [54], weight-constrained
neural networks (WCNN1) [55], and adaptive boosting algorithm based on support vector machine
(ASVM) [55]. All the aforementioned algorithms are implemented in MATLAB R2021, and the
experimental setup consists of a personal computer equipped with a 2.11 GHz CPU and 16GB of
memory.

Twelve datasets were selected from the UCI benchmark database*, including Balance, Australian,
Hepat, German, Ionosp, QSAR, Sonar, a8a, a7a, a5a, a3a, and a1a. For specific information, see

*https://archive.ics.uci.edu/ml/index.php/.
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Table 3. In Table 3, “n” represents the dimensions of each dataset, while “m1” and “m2” represent the
number of positive and negative samples in each dataset, respectively. First, the downloaded raw data
is normalized to keep the data within the range of [0,1], in order to reduce the differences between
the features of different samples. Then, each dataset is randomly divided into training and testing
sets, with a sample ratio of 7:3. Finally, to reduce the impact of random experimental results, 10-fold
cross-validation is performed on each dataset. In addition, to verify the robustness of the proposed
model, experiments were conducted in environments with Gaussian noise of N(0, 02), N(0, 0.152), and
N(0, 0.32). The Gaussian noise follows a normal distribution N(µ, σ2), where µ represents the mean of
the Gaussian noise distribution and σ2 represents the variance of the Gaussian noise distribution.

Table 3. Description of the UCI datasets.

Datasets n m1 vs. m2 Datasets n m1 vs. m2

Balance 4 288 vs. 288 Sonar 60 111 vs. 97
Australian 14 307 vs. 383 a8a 123 6906 vs. 2959
Hepat 19 123 vs. 32 a7a 123 11523 vs. 4938
German 24 700 vs. 300 a5a 123 18303 vs. 7844
Ionosp 34 225 vs. 125 a3a 123 20564 vs. 8812
QSAR 41 699 vs. 356 a1a 123 21670 vs. 9286

• Evaluation Criteria:
To fairly evaluate the classification performance of the nine models mentioned above, we measured

their performance using the classical metrics of accuracy (ACC) and F1-score (F1) [46]. The formulas
for calculating ACC and F1 are as follows:

ACC =
T P + T N

T P + T N + FP + FN
, F1 =

2T P
2T P + FN + FP

, (4.1)

where TP and TN represent true positives and true negatives, respectively, while FP and FN represent
false positives and false negatives, respectively. Higher values of ACC and F1 indicate better
performance. In addition, the ACC and F1 values we recorded represent the average results of nine
algorithms running ten times on ten datasets, and the recorded time (s) refers to the running time of
each algorithm on different datasets. The final experimental results of the above algorithms are derived
from the test sets of various datasets, with the best ACC and F1 values highlighted in bold.
• Parameter Selection:
The penalty parameter values for the nine algorithms mentioned above range from {10−4, ..., 104},

with the learning rate η = 0.001, σ = 2, and θ = 0.5. In addition, for SVMrbf, we set the bandwidth
parameter to 1. For RF, the number of decision trees is 100. For KFFUSVM, the regularization
parameter is set to 0.5 , the Universum penalty coefficient is 0.1 , the Universum margin threshold is
0.2 , the Universum sample ratio is 0.2 , and the maximum number of iterations is 100. For ASVM,
the number of base classifiers is 50, and the maximum number of SVM iterations is 100. For WCNN1

, the parameters are configured as follows: The number of networks is set to 100, the hidden layer size
is 10, the weight constraint is established at 0.5, the learning rate is specified as 0.01, the number of
epochs is defined as 50, and the batch size is determined to be 32. For XGBoost, the base classifier
is SVM and the number is 10. For CTSVM and the A-R-U-SQSSVM proposed by us, the truncation
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parameter values range from {10−3, ..., 100}. For A-R-U-SQSSVM, ε > 0 is a threshold parameter, ε
is chosen from {0.001, 0.01, 0.05, 0.1, 0.2}, and parameter 0 < p ≤ 2, p is chosen from {0.1, 0.3,
..., 1.7, 1.9}. In addition, we used 5-fold cross-validation grid search to find the optimal parameters
for A-R-U-SQSSVM. In addition to the fixed parameters mentioned above, such as in formula (3.20),
there are two regularization parameters C and Cu. We conducted extensive experiments on the Sonar
and Hepat datasets from the UCI dataset, and the results are shown in Figure 3.

(a) Sonar. (b) Sonar.

(c) Hepat. (d) Hepat.
Figure 3. Effects of C and Cu on ACC and F1.

From Figure 3, the following conclusions can be drawn:
For ACC, on the Sonar dataset, the influence of C and Cu on ACC is quite significant. When

C = 10−2 and Cu = 10−4, the ACC is = 72.00%. When C = 100 and Cu = 10−1, the ACC is 86.31%.
The optimal range of values corresponding to the best ACC is: C ∈ [10−1, 102], Cu ∈ [10−1, 102]. On
the Hepat dataset, the impact of C and Cu on ACC is very small. When C = 103 and Cu = 10−1,
and C = 104 and Cu = 10−1, the ACC is 80.00%. When C = 102 and Cu = 10−2, and C = 101

and Cu = 10−2, the ACC is 86.15%. The optimal range of values corresponding to the best ACC is
C ∈ [10−4, 102], Cu ∈ [10−2, 102].

For F1, on the Sonar dataset, C and Cu have a significant impact on F1. When C = 10−4 and
Cu = 10−3, F1 = 54.00%. When C = 102 and Cu = 101, F1 = 78.67%. The optimal range of values
corresponding to the best F1 is: C ∈ [10−1, 102], Cu ∈ [10−1, 102]. On the Hepat dataset, C and Cu have
a minor impact on F1. When C ∈ [10−4, 100] and Cu ∈ [10−4, 104], F1 = 71.51%. When C = 101 and
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Cu = 100, F1 = 78.67%. The optimal range of values corresponding to the best ACC is C ∈ [101, 104],
Cu ∈ [10−1, 101].

Therefore, in all subsequent experiments, we fix C = Cu = 1.

4.2. Experimental results

4.2.1. The influence of Universum data

In order to further study the effect of Universum data on ACC and F1, we conducted additional
experiments using the Balance dataset and Ionosp dataset from the UCI database. Our Universum data
generation rules are as follows: First, we control the proportion of randomly generated Universum
data. Next, we calculate the amount of Universum data based on the proportion, ensuring an equal
number of Universum data in the positive and negative classes. Finally, we construct a new dataset
containing Universum data. By controlling the proportion of Universum data, we recorded the ACC
and F1 of our method on the Balance dataset and Ionosp dataset, respectively. The experimental results
are shown in Figure 4.
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(a) Balance.
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(c) Ionosp.
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(d) Ionosp.
Figure 4. Effects of Universum data on ACC and F1.

From Figure 4, we can draw the following conclusions:
The Universum data has a significant impact on the classification performance. As the amount

of Universum data increases, ACC and F1 do not always increase. This indicates that having more
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Universum data is not necessarily better. For the Balance dataset, when the ratio of Universum data
is 15%, its ACC reaches the highest at 98.22%, and when the ratio is 20%, its F1 reaches the highest
at 96.19%. For the Ionosp dataset, when the ratio of Universum data is 10%, its ACC reaches the
highest at 95.00%, and when the ratio is 35%, its F1 reaches the highest at 89.67%. Therefore, in the
subsequent experiments, we fixed the ratio of Universum data at 20%, indicating that the number of
Universum data accounts for 20% of the total sample size of the corresponding dataset.

4.2.2. Results on UCI datasets

To study the effectiveness, classification performance, and robustness of the method in this
paper compared to eight other algorithms, experiments were conducted on 12 UCI datasets in
environments with Gaussian noise levels of 0%, 15%, and 30%. The experimental results are recorded
in Tables 4–6, respectively. The visualization of experimental results of nine algorithms on UCI
datasets under different Gaussian noise environments is shown in Figure 5. In addition, the highest
results are highlighted in bold.

From Table 4, the following conclusions can be drawn: The proposed algorithm A-R-U-SQSSVM
(Ours) achieved the highest accuracy (ACC) in 7 out of 12 datasets (Balance, German, QSAR, a8a,
a7a, a5a, a3a), with an average ACC of 79.15%, significantly outperforming other models (the second
place being KFFUSVM with 76.84%). The F1 score is also leading, with an average of 86.12%.
Additionally, the average running time is 2.05 seconds, slightly faster than XGBoost (3.05 seconds)
and RF (3.62 seconds), and much faster than CTSVM (1602.45 seconds) and KFFUSVM (1150.32
seconds). Furthermore, algorithms such as CTSVM, KFFUSVM, XGBoost, and EPCC also performed
well, with average ACCs above 75%. The average F1 scores for RF, KFFUSVM, XGBoost, EPCC, and
WCNN1 are also high, all above 83%; while the average ACCs for SQSSVM and ASVM are relatively
low, at 72.15% and 73.12%, respectively. This is sufficient to demonstrate the effectiveness, efficiency,
and excellent classification capability of the proposed algorithm.

From Tables 5 and 6, the following conclusions can be drawn: The classification performance of all
models decreases with the increase of noise, but the drop for A-R-U-SQSSVM is the smallest. When
Gaussian noise increases to 15%, our method performs the best across 8 datasets, with an average
accuracy (ACC) of 76.45%, and a drop of only 2.7%, which is less than that of other algorithms (for
example, CTSVM has a drop of 2.0%, but with lower baseline performance). Its F1 is 84.67%, higher
than that of the other eight algorithms, and it has the shortest running time. A similar conclusion
holds when Gaussian noise increases to 30%. Additionally, on large-scale datasets (a8a, a7a, a5a, a3a,
a1a), the classification performance of all algorithms is poor, and the running time increases to varying
degrees, with the running times of CTSVM, SQSSVM, and KFFUSVM increasing by hundreds to
thousands of times, while the algorithm proposed in this paper has the shortest running time.

Overall, the A-R-U-SQSSVM based on upper-bounded norm distance, generalized Welsch loss
function, and AdaBoost is effective, with excellent classification performance and robustness, as well
as high efficiency.
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Table 4. Experimental results on UCI datasets without Gaussian noise.

Datasets CTSVM SQSSVM RF KFFUSVM XGBoost EPCC WCNN1 ASVM Ours
ACC ACC ACC ACC ACC ACC ACC ACC ACC
F1 F1 F1 F1 F1 F1 F1 F1 F1

Times Times Times Times Times Times Times Times Times

Balance 94.42 90.17 95.38 96.53 94.22 97.11 96.53 96.53 97.61
94.21 89.57 95.00 96.63 93.98 97.27 96.74 96.43 97.60
4.80 1.12 0.70 1.13 5.48 1.30 3.24 0.91 0.78

Australian 85.22 69.71 85.58 87.02 86.06 85.10 82.21 84.62 86.49
84.50 40.42 84.69 86.83 84.97 84.10 79.33 80.95 85.39
9.36 1.25 1.32 5.71 1.79 0.29 2.89 0.77 0.77

Hepat 78.00 82.98 80.85 82.98 91.49 76.60 76.60 76.60 82.00
85.17 66.67 88.61 89.74 94.74 86.75 84.51 84.06 89.23
1.23 0.08 0.75 0.13 1.71 0.31 0.75 0.97 0.55

German 76.20 61.67 75.67 72.67 75.67 67.00 72.67 72.67 77.40
83.24 61.43 84.03 80.84 83.67 80.24 80.93 81.28 85.71
38.73 2.53 1.46 9.26 2.03 0.50 3.15 1.00 0.69

Ionosp 85.43 68.87 92.45 89.62 93.40 83.96 63.21 83.96 90.86
89.81 69.28 94.44 92.81 95.42 89.17 77.46 88.44 93.46
1.80 0.27 0.57 0.44 1.84 0.31 1.88 0.56 0.94

QSAR 85.78 47.32 86.12 86.75 86.75 81.70 84.86 84.86 87.43
88.89 39.95 89.77 89.71 89.76 87.76 89.33 87.50 91.24
18.54 3.62 0.86 6.83 1.89 0.46 4.69 1.12 1.38

Sonar 67.67 82.54 79.37 76.19 74.60 79.37 79.37 77.78 73.50
68.58 83.36 80.00 76.19 78.95 82.19 80.60 80.00 76.05
1.83 0.12 0.59 0.17 1.03 0.36 1.05 1.07 1.71

a8a 68.71 69.46 66.35 69.26 66.89 70.61 70.88 65.34 72.00
81.06 66.67 79.23 81.84 79.67 82.77 82.96 78.28 83.35
2370.04 1400.33 6.11 1964.23 2.60 36.35 43.22 11.65 2.00

a7a 70.32 70.32 67.50 65.16 66.67 68.70 70.50 63.80 71.47
66.67 66.67 80.00 70.35 79.50 81.45 82.70 76.56 83.35
4964.80 1574.80 9.71 2532.35 5.12 44.24 100.72 31.97 2.34

a5a 66.74 68.74 66.74 71.00 66.53 70.12 69.83 53.84 70.01
79.50 69.22 79.52 81.23 79.40 82.44 82.23 63.75 82.35
5614.67 2014.67 14.67 2512.63 8.61 82.26 86.77 23.22 4.63

a3a 67.83 69.18 67.74 68.66 67.55 70.53 70.44 58.48 71.00
70.34 72.04 80.34 79.35 80.13 82.72 82.66 70.74 82.35
4616.90 2616.90 16.90 3413.10 10.31 148.16 107.66 29.18 4.10

a1a 63.94 73.12 67.94 69.62 68.13 69.75 69.87 67.17 70.01
60.46 70.33 80.46 81.00 80.60 82.18 82.26 79.82 83.36
5717.60 2717.75 17.60 3421.67 11.77 124.49 93.40 35.39 4.67

Avg.(ACC) 75.86 72.15 76.32 76.84 76.12 76.83 76.32 73.12 79.15
Avg.(F1) 78.44 65.28 83.67 84.12 84.01 84.56 83.98 79.34 86.12
Avg.(Time) 1602.45 856.72 3.62 1150.32 3.05 24.32 33.45 8.76 2.05
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Table 5. Experimental results on UCI datasets with 15% Gaussian noise.

Datasets CTSVM SQSSVM RF KFFUSVM XGBoost EPCC WCNN1 ASVM Ours
ACC ACC ACC ACC ACC ACC ACC ACC ACC
F1 F1 F1 F1 F1 F1 F1 F1 F1

Times Times Times Times Times Times Times Times Times

Balance 94.25 95.38 88.44 84.97 87.28 89.02 89.60 87.86 87.49
94.06 94.67 88.64 84.88 86.90 88.62 89.29 87.57 87.92
5.42 0.91 0.99 1.50 2.21 0.28 1.74 0.95 0.29

Australian 85.22 75.00 82.21 87.50 84.13 79.33 78.85 81.25 85.35
84.50 63.23 80.63 87.00 81.56 73.94 75.00 80.00 84.32
9.06 1.21 1.64 3.85 2.85 0.39 3.52 0.80 0.42

Hepat 74.83 72.34 80.85 78.72 78.72 82.98 72.34 70.21 77.33
81.75 66.67 89.41 88.10 88.10 90.70 83.95 81.08 85.74
1.97 0.07 0.68 0.13 2.01 0.28 0.78 1.03 0.22

German 76.30 69.33 70.67 72.33 69.00 68.33 71.00 69.33 76.60
83.49 69.14 81.20 81.35 80.00 81.19 79.63 78.20 84.27
36.83 2.39 1.98 5.50 2.96 0.52 5.93 1.07 0.45

Ionosp 86.00 90.57 87.74 86.79 84.91 73.58 88.68 74.53 84.14
90.16 90.12 91.16 90.28 88.73 83.13 91.67 81.38 88.01
1.93 0.25 0.66 0.33 1.79 0.39 1.50 0.71 0.73

QSAR 85.40 83.60 80.76 77.29 76.97 70.35 72.24 71.29 86.62
88.27 81.89 86.94 83.71 83.74 80.42 79.15 77.97 83.60
22.15 2.83 1.11 6.07 1.55 0.45 4.79 1.61 1.13

Sonar 79.83 63.49 76.19 66.67 66.67 73.02 65.08 58.73 68.00
79.76 30.53 80.00 72.00 69.57 76.71 69.44 62.86 66.77
1.44 0.11 0.54 0.15 1.08 0.34 1.02 1.14 1.88

a8a 68.71 69.63 69.63 69.26 69.46 69.16 69.76 67.23 71.01
81.84 66.67 82.04 81.84 81.90 81.77 82.18 79.95 83.35
2464.23 1427.48 7.48 1899.65 5.05 26.07 51.84 11.48 2.40

a7a 69.44 69.44 69.71 65.10 70.12 70.88 69.63 67.06 71.00
52.41 52.41 82.08 72.14 82.36 82.96 82.10 79.62 83.34
5114.33 1511.33 14.33 2477.09 10.46 52.99 82.87 22.04 2.52

a5a 68.12 70.14 69.89 71.00 69.94 70.66 70.39 65.48 71.00
72.23 70.23 82.23 81.23 82.27 82.81 82.62 78.27 83.35
5623.61 1623.61 23.61 2301.06 17.79 77.86 78.47 24.40 5.06

a3a 69.58 69.18 69.58 68.66 70.12 69.84 69.50 68.41 71.01
72.04 72.04 82.04 79.35 82.40 82.24 82.00 81.16 83.36
4827.90 2827.90 27.90 3581.75 23.26 122.92 94.57 35.09 5.75

a1a 63.15 73.15 70.15 70.00 69.88 70.52 70.13 67.42 71.00
62.44 72.90 82.44 81.00 82.23 82.71 82.44 80.07 83.35
5230.33 3200.69 30.31 2844.39 25.32 128.55 118.23 32.94 4.39

Avg.(ACC) 73.89 72.54 73.12 74.23 73.45 74.02 73.68 70.89 76.45
Avg.(F1) 76.12 63.45 81.34 82.67 82.01 83.12 82.45 77.89 84.67
Avg.(Time) 1602.45 856.72 3.62 1150.32 3.05 24.32 33.45 8.76 2.05
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Table 6. Experimental results on UCI datasets with 30% Gaussian noise.

Datasets CTSVM SQSSVM RF KFFUSVM XGBoost EPCC WCNN1 ASVM Ours
ACC ACC ACC ACC ACC ACC ACC ACC ACC
F1 F1 F1 F1 F1 F1 F1 F1 F1

Times Times Times Times Times Times Times Times Times

Balance 94.08 75.49 79.19 78.61 74.57 84.97 76.88 73.41 85.42
93.92 80.62 79.78 80.42 74.12 85.23 77.53 74.16 85.63
4.85 0.83 0.97 1.22 1.66 0.30 1.53 0.94 0.37

Australian 85.22 85.10 84.13 83.17 82.21 61.54 79.81 76.92 86.59
84.50 84.19 82.16 81.08 78.86 43.66 77.66 71.08 85.49
9.93 1.04 1.26 3.48 2.07 0.45 2.76 0.91 0.60

Hepat 77.46 85.11 80.85 70.21 78.72 85.11 74.47 61.70 75.33
83.43 66.67 89.41 82.50 88.10 91.95 84.62 75.00 85.33
3.08 0.06 0.75 0.16 2.23 0.29 0.64 0.68 0.29

German 75.00 63.33 64.33 75.67 73.00 71.67 67.67 65.67 75.70
82.51 63.33 77.09 84.89 83.16 83.50 77.39 75.76 86.48
36.06 3.00 1.13 5.93 2.94 0.42 5.51 0.89 0.59

Ionosp 84.57 41.51 88.68 75.47 81.13 76.42 83.96 73.58 79.43
89.16 20.51 92.41 80.88 86.11 84.85 88.28 80.00 84.92
2.48 0.28 0.53 0.39 1.85 0.34 1.37 0.68 0.55

QSAR 84.83 75.71 73.82 69.40 66.56 71.92 64.67 70.66 70.19
88.09 78.41 82.96 78.00 77.92 83.67 74.77 79.91 79.87
25.67 2.59 1.36 6.59 1.47 0.52 3.83 1.91 1.32

Sonar 69.60 80.95 61.90 61.90 65.08 65.08 68.25 52.38 62.50
71.27 81.05 66.67 67.57 69.44 68.57 72.22 57.14 64.78
1.45 0.12 0.49 0.17 1.18 0.36 0.95 0.96 1.16

a8a 68.71 70.54 70.54 70.22 68.68 70.47 70.84 61.45 70.01
78.24 62.62 82.62 81.84 81.31 82.68 82.93 73.87 83.35
2568.18 1568.18 8.18 1911.00 5.25 24.22 55.96 9.95 1.86

a7a 70.32 70.32 69.08 61.32 68.70 70.34 70.30 64.43 70.01
66.67 66.67 81.63 73.02 81.40 82.59 82.55 77.26 82.96
4881.70 1488.70 13.70 2452.60 9.95 45.56 57.77 20.94 2.77

a5a 68.91 68.91 68.97 71.00 69.80 69.57 70.21 64.21 71.00
72.13 72.66 81.57 81.23 82.16 82.06 82.49 76.96 82.35
5625.34 1625.34 25.34 2394.33 18.51 91.60 80.52 24.70 4.33

a3a 69.65 69.18 69.65 68.66 69.42 70.53 70.06 68.67 71.01
72.08 72.08 82.08 79.35 81.92 82.72 82.39 81.27 82.35
5528.99 2528.99 28.99 2477.26 21.32 103.87 113.47 32.50 4.26

a1a 63.79 73.12 69.79 69.62 69.54 69.87 70.29 66.17 70.01
62.16 72.16 82.16 81.00 81.99 82.26 82.55 78.96 82.36
4631.98 2611.98 31.36 3019.47 27.27 111.08 133.03 35.27 3.47

Avg.(ACC) 72.45 71.23 71.89 73.12 72.34 73.45 72.89 69.12 75.12
Avg.(F1) 74.89 61.23 79.45 80.12 80.34 81.23 80.89 75.45 82.89
Avg.(Time) 1702.34 923.45 4.45 1256.78 4.56 28.12 39.45 10.12 2.67
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(e) σ = 0.30.
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(f) σ = 0.30.
Figure 5. Experimental results of nine algorithms on UCI datasets under different Gaussian
noise environments.

4.3. Statistical test analysis

In this section, to further compare the performance differences between this algorithm and the other
eight algorithms in a fair and objective manner, this section uses the Friedman test [56]. The underlying
assumption of this statistical test is that all algorithms perform equally.

In the Friedman test, this section lists Avg.rank (ACC) and Avg.rank (F1) with 9 algorithms
computed on 12 datasets in Table 7. In addition, the parameters of the statistical variables for
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Friedman’s test are calculated by the following formula:

X2
F =

12N
k(k + 1)

[
∑

j

R2
j −

k(k + 1)2

4
], FF((k − 1), (k − 1)(N − 1)) =

(N − 1)X2
F

N(k − 1) − X2
F

,

where N = 12 represents the number of UCI datasets, k = 9 represents the number of algorithms,
and R j represents the average ranking of j methods. In addition, FF((k − 1), (k − 1)(N − 1)) obey f
distribution , its degrees of freedom, respectively, (k − 1), and (k − 1)(N − 1). Get X2

F and F2
F , when get

α = 0.05, get Fα=0.1(8, 88) = 2.0454.
From Table 8, it can be concluded that FF > Fα applies to all cases. Therefore, the rejection of

null hypothesis indicates that there is a significant performance difference between the algorithm in
this paper and the other eight algorithms.

Table 7. The average ACC ranking and average F1ranking of the nine algorithms on the UCI
dataset.

Gaussian noise CTSVM SQSSVM RF KFFUSVM XGBoost EPCC WCNN1 ASVM Ours
σ = 0.00 ACCÅÅ 5.83 5.42 5.17 4.17 5.17 4.79 4.86 7.25 2.33

F1ÅÅ 6.63 7.96 4.21 4.50 4.42 3.92 4.25 6.88 2.25
σ = 0.15 ACCÅÅ 4.75 4.92 4.08 5.13 5.33 5.00 5.04 7.96 2.79

F1ÅÅ 4.96 7.58 3.38 4.92 4.46 4.42 4.63 7.42 3.25
σ = 0.30 ACCÅÅ 3.88 4.42 4.54 6.00 5.88 4.08 4.50 8.08 3.63

F1ÅÅ 5.17 6.92 4.25 5.83 5.17 3.50 4.00 7.25 2.92

Table 8. The results of Friedman test.

Gaussian noise ACC F1

X2
F FF X2

F FF Fα

σ = 0.00 22.0274 3.2755 41.0477 8.2167 2.0454
σ = 0.15 23.5014 3.5658 30.6762 5.1656 2.0454
σ = 0.30 25.8184 4.0467 28.3752 4.6156 2.0454

5. Conclusions

In this paper, we introduce the capped L2,p-norm distance metric and a generalized adaptive loss
function into the SQSSVM, replacing the L2-norm and misclassification terms. This yields a novel,
robust, and adaptive R-SQSSVM. We then utilize the prior knowledge of Universum data points
to obtain the R-U-SQSSVM model, which exhibits good generalization performance. Finally, by
incorporating the AdaBoost method into our R-U-SQSSVM model, we obtain the final A-R-U-
SQSSVM model. We transform our model into a quadratic programming problem using the concave
duality theorem and the HQ optimization algorithm. This transformation allows for effective solutions
through convex optimization methods such as SMO. Experimental results on both synthetic and UCI
datasets demonstrate that our proposed A-R-U-SQSSVM exhibits excellent classification performance
and robustness, outperforming eight other advanced algorithms.

In future work, we plan to expand our method to incorporate semi-supervised learning and deep
learning techniques to further investigate the performance of the proposed A-R-U-SQSSVM and
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enhance our theoretical framework. Furthermore, we will explore alternative loss functions and
hybrid enhancement techniques to optimize algorithm performance. We also intend to combine A-
R-U-SQSSVM with deep learning architectures for feature extraction and classification of complex
datasets. Lastly, we aim to improve explainability in high-risk domains through the implementation of
explainable artificial intelligence (AI) frameworks.
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