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Abstract: We give the approximate solution of the Riccati/Logistic differential equations (RDE/LDE).
The suggested approach depends on the homotopy perturbation method developed with the Chebyshev
series (CHPM). A study of the convergence analysis of CHPM is presented. The residual error
function is calculated and used as a basic criterion in evaluating the accuracy and efficiency of the
given numerical technique. We use the exact solution and the Runge-Kutta method of fourth order for
comparison with the results of the method used. Through these results, we can confirm that the applied
method is an easy and effective tool for the numerical simulation of such models. Illustrative models
are given to confirm the validity and usefulness of the proposed procedure.
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1. Introduction

Financial mathematics is one of the most important branches of mathematics, which includes
applications to problems of diffusion, random processes, and others. One of the most important of
these problems is the Riccati differential equation [1], the basic theories of which were presented
in [2]. This type of equation has many applications in engineering sciences, in addition to important
and traditional applications such as stochastic perception theory, network structure, optimal control,
and elastic stability. From this standpoint, many classical numerical techniques have been used,
including, but not limited to, the Euler’s forward method, Runge-Kutta methods, HAM [3], and
variational iteration method [4], the unconditional stable method [5], and others.
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In 1838, the so-called logistic differential equation model was introduced by Pierre Verhulst [6].
These models have been used to describe the chaotic behavior and periodic multiplication of some well-
known dynamic systems. One of the most popular models of this type of equation is the population
model, which contains many variables [7]. In medicine, there is another common use of the logistic
curve, where tumor growth is modeled using the logistic differential equation, in which the tumor size
at time ¢ is expressed as N(¢). Finally, ecology is an important field in which this logistic differential
equation appears.

Due to the problems of accuracy and convergence faced by most numerical methods, a large
number of researchers have used these semi-analytical methods (SAM) to investigate such problems
and gain deeper insights into their complexities. The advantage of the SAM as the preferred method
for finding analytical approximations to complex problems containing highly nonlinear terms [8] lies
in the challenges associated with obtaining exact solutions using traditional analytical techniques.
Among these methods, which have attracted the attention of many scientists and have found
application in solving a wide range of complex problems, is the HPM in particular. An improved
version of this method called the new HPM, was presented in 2010 in the research paper [9] and was
then applied to obtain approximate solutions to the quadratic RDE. This approach has become a
popular choice in many studies ( [10, 11]) due to its simplicity and ease of mathematical calculation.
This distinction and simplicity can be achieved by defining the first approximation as a power series
and then setting all iterations to zero except for the initial iteration. That is, the power series takes a
central place in the method, which in turn facilitates obtaining approximate solutions to nonlinear
equations in the form of the Taylor expansion. Based on what was mentioned above about the
importance of using power series, whether Taylor expansion or others, and in being more effective in
improving the accuracy and convergence in the analytical approximation solutions, Chebyshev series,
which depends on orthogonal Chebyshev polynomials, were used to benefit from the properties of
these functions in good approximation of functions, as well as their distinction in the faster
convergence rate than other functions such as Taylor series, for example, but not limited to [12].
Finally, in [13], a new collocation method is presented to evaluate the elliptic PDEs (including the
Poisson equation, Helmholtz type equation, and transient heat conduction equation) efficiently and
accurately. In this method, the problem domain under study is divided into a series of small
overlapping subdomains, and in each subdomain, the Chebyshev local collocation method is utilized,
where the unknown functions at each node can be estimated using a linear combination of the
unknowns at nearby nodes.

Due to these important properties of handling nonlinear equations and providing very accurate
approximations, the transformed Chebyshev series has been widely applied in many academic studies,
we mention, for example, but not limited to point equations of motion in their linear/nonlinear
form [14], space-variable approximation of the Burger equation [15], the initial and BVPs associated
with the fractional heat equation [16], and others ( [17,18]).

The present research focuses on developing semi-analytical methods to overcome the challenges
inherent in these methods, taking advantage of the pivotal role played by the Chebyshev series, as
shown in the historical context mentioned above, as well as addressing the time-consuming nature of
numerical methods, mitigating these challenges.

The major objective of this manuscript is to apply this method called Chebyshev-Homotopy
Perturbation Method (CHPM) by combining the effective Chebyshev series (CS) with the new
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homotopy perturbation approach, to use a new accurate, and efficient analytical approximation
approach used for the first time to address the present problems, the RDE and LDE. This new method
was compared with some existing methods to confirm its efficiency and high accuracy, and perfect
agreement was obtained.

2. Basic concepts of the CHPM

The novel approach mainly depends on the use of the Chebysheyv series in the new HPM. Here, we
mention some basic assumption of the Chebyshev series, the new homotopy perturbation algorithm,
and then discuss our new algorithm for finding approximate solutions to the RDE and LDE.

2.1. Chebysheyv series

If we have a continuous function ¢(t) in [a, b], then it can be rewritten in terms of the CS of the first
kind as follows [19,20]:

= 2t—b—
q() = Z Ty (ﬁ) , (2.1)

e b-a

where the ’ sign indicates that the coefficient of T(f) must be reduced by half, Ti(f) = cos(k cos™!(¢))
where

1
i = 7% f (1 =) g0.5(b + a + (b — a)))Ti(D)dt.
-1

By the following recurrence relation, we can obtain Chebyshev polynomials of the first kind given on
[—1,1]:
TY(I) = 2t TS—l(t) - T‘Y—z(t)’ s = 23 3’ ceey TO(t) = 19 Tl(t) =1 (2'2)

Furthermore, these functions can be expressed analytically using the finite sum of powers of ¢ as
follows:

A k (k-i
Tk(l) — Z (_1)1 2k—21—1 E ( ; ) lk_ZI. (23)
i=0

If the domain of the problem under study is [0, 1], we need to derive the so-called Chebyshev
transformed polynomials Ty(7) of the first kind, using an appropriate linear transformation via the
recurrence relation (2.2) as follows:

Tr(@®) =22t = 1) Ty—1 (1) — Tr2(2), k=2,3,.. To®) =1, T =2t-1. (2.4)

2.2. The algorithm of the CHPM

To clarify the novel methodology, we shall outline the following steps for its application:

Step 1: Suppose the nonlinear ODE as follows [10, 11]:
L[p(0)] + R[p(x)] + N[p(x)] + s(x) = 0, x € [a,b], (2.5)
where N is the nonlinear term, and s(x) is a given source term.
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Step 2: Employ the principle of homotopy to get:

H(p,0) = LIp(x)] = p"(x) + £ p"(x) + E(R[p(0)] + N[p(0)] + s(x)) = 0, (2.6)

where p*(x) is an initial solution to the proposed problem & 0 < ¢ < 1 is an embedding parameter.
From (2.6), we can find the following:

Lip(x)] = p*(x) = £ p"(x) = &R[p(X)] + N[p(x)] + s(x)). 2.7)

Step 3: Operate by the operator L™ = fox(.)dx to Eq (2.7), and rearrange it to obtain p(x) as follows:

p(x) = p(0) + L' [p"(x)] = € L' [p*(0)] = L7 [R[p(x)] + N[p(x)] + s(x)]. (2.8)
Step 4: Assume that
pe) =" ), P =) e Tx),
k=0 k=0

then, by substituting in (2.8), we can obtain the following:

[Se] (o) (o)

D w0 =pO)+ LY T@| = (L7 | e Tulx)
k=0 k=0 k=0 (29)
— LR Y Fu]+ N D )]+ s
k=0 k=0

Step 5: Compare the coefficients of ¢, k=0,1,2,.. on both sides of Eq (2.9), which leads to obtain:

[

O u@=pO)+ L7 D] aTiw),
k=0

oo

& w(x) = —L’l[ Z i Tk(x)] — LY [R(up) + N(ug) + s(x)], (2.10)

=0
€ up(x) = =L [R(uo, wy) + N(ug, )], -+,
O ui(x) = =L [R(ug, ur, -+ ,ujo1) + N(uo,up, -+, uj-1)], Jj=3,4,--.

Step 6: Assume that u;(x) = 0.

Step 7: The values of the Chebyshev’s coefficients ¢, k = 0,1,2,..,m can be determined by
collocating the equation u;(x) = 0 (the second equation in the system (2.10) after substituting
uo(x) from the first equation in the same system) at m + 1 points x;, j = 0,1,2,...,m. The best
choice for these nodes is the roots of the polynomial equation T,,;;(x) = 0. This leads us to
obtain a set of algebraic equations in Chebyshev’s coefficients, and by solving these equations,
we obtain these coefficients.

Therefore, the analytical solution can be formulated as follows:

Pn(¥) = ug(x) = p(0) + L™

Z Ce Tk(x)]. 2.11)

k=0
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2.3. Convergent analysis of CHPM

Here, we give the convergence analysis of the following numerical solution obtained utilizing the
CHPM:

P = D i) = ) ¢, Ti(x). (2.12)
Jj=0 Jj=0

Theorem 1. [21] Consider a Hilbert space H & define the operator B : H — H. Then the approximate
solutions p,,(x) presented in (2.12) converge to p(x) as an exact solution of the original differential
equation (2.5) if there is a constant k € [0, 1), and ||u;,.1|| = k||lunll, YV m=0,1,2,....

[Se]

Proof. We begin by showing the generated sequence of solutions {p,,(x)},._,

follows:

is a Cauchy sequence, as

2 1
1Pme1 = Pull = Nttmirll < kllttmll < & Nt ll < -+ < K™ luoll-
Now, form,n € N, m > n:

Wpm = Pall = (P = Pm-1) + (Pt = Pm—2) + -+ + (Pur1 — Pl
S NPm = PO+ 1Pt = P2l + -+ [[(Pr1 — Pl
< K" Nluoll + & luoll + -+ - + &+ [luo|

1 — k"

< (Kn+l + KVH'Z + ..+ Km) ||I/l0|| = Kn+1||u0|| 1 —

Since k << 1, we can see that:
lim ||p, — pall =0,
n,m— oo

which means that the sequence {p,,(x)}-_, is a Cauchy sequence in H, i.e.,

Tim pu(x) = p(x).

m]
3. Numerical implementation
3.1. Utilizing CHPM on RDE
We consider the RDE [22, 23] as follows:
(0 =1 -y, w(0) = i, 3.1

the exact solution is defined as (1) = (o e* — 1)(o€* + 1)7!, where o = (1 + ¥)/(1 — ).
The CHPM technique was used to solve the current problem (3.1). The primary phases of the new
technique are given below:

Step 1: Applying the homotopy property on Eq (3.1), we find:
() + Ly () — () - £ (1 - y* () = 0. (3.2)
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Step 2: Taking L™! = fot(.)dt, for both sides of Eq (3.2) yields:

W) = y(0) — L L' W' 0) + L' () + € L7 (1 - y*(1)). (3.3)
Step 3: Assuming that
VOEDIRATON W= ey,
k=0 k=0

then, by substituting in (3.3), we can obtain the following:

(o) [e9)

D@ =g L) aT) + L7 )] aTul)
k=0 k=0

=0 - (3.4)
+0L7'(1- (Z ¢ wk(t)) )-
Step 4: Equaling the terms for the equation (3.4), which have the same powers of ¢:
0 o) =g+ L l(i c Tu(0),
k=0
&y = —L‘I(Z a Te(®) + L7 (1 = y30). 3:5)
k=0

C: a0 = L7 = 200y (1),
and so on.
Step 5: Assume that 1(¢) = 0

Step 6: The values of Chebyshev’s coefficients ¢, k = 0, 1,2, .., m can be determined by collocating
the equation ¢/ (t) = O (the second equation in the system (3.5) after substituting (¢) from the
first equation in the same system) at m + 1 points ¢;, j = 0, 1,2, ...,m. The best choice for these
nodes is the roots of the polynomial equation T,,,(#) = 0. This leads us to obtain a set of algebraic
equations in ¢, and by solving these equations we get these coefficients.

Therefore, the analytical approximate solution of () becomes as follows:

() = g0 = i+ L7 D e Tu(®). (3.6)
k=0
It should be noted that in step 6, the relations (Derivation, Multiplication, and Integration) that were

mentioned earlier are applied.
Figures 1-3 present the approximate solution of the model (3.1) on [0, 1], with varying values of .

(1) Figure 1 presents the approximate & exact solutions implementing the CHPM at m = 9 and ¢ = 0.
(2) Figure 2 gives the numerical solution with various values of initial solutions y = 0.25, 0.5,
0.75, 1.0, and m = 9.
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(3) Figure 3 presents the REF with ¢ = 0.5 and m = 9.

These figures, and the excellent agreement between the given approximate solution & exact solution
allow us to conclude that the approach can be implemented successfully to solve the given model.
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0.4F
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0.1

0.0t - s . ; e
0.0 0.2 04 0.6 0.8 1.0
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Exact: Black
CHPM: Purple

Wit

Figure 1. A comparison between the approximate and exact solutions using CHPM.
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Figure 2. The approximate solution versus .
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Figure 3. The REF of the solution at ¢ = 0.5.
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To validate the numerical solutions of the RDE at ¢ = 0.5 with different values of the approximation
order m, a comparison of the absolute error (AE) is presented in Table 1 for the CHPM and Runge-Kutta
method of fourth order (RK4M) for the same model. This comparison demonstrates how thorough the
approach suggested in this article is suitable for solving the model under study.

Table 1. Comparison of the AE for numerical solutions of the RDE by the CHPM and
RK4M.

AE of the present method AE of the RK4M

t m=38 m=12 h=0.2 h=0.1

0.0 5.753951E-04 9.753615E-05 4.654031E-04 1.752147E-06
0.2  3.654162E-05 5.950140E-06 1.852174E-05 2.852014E-07
0.4  7.015975E-04 4.125047E-05 0.975369E-04  4.620287E-06
0.6  6.025874E-04 5.014785E-07 3.652014E-04  0.650054E-07
0.8  7.320514E-03  3.952581E-06 2.792145E-05 1.654852E-06
1.0 2.250170E-05 7.650287E-07 1.654792E-04 9.753951E-07

3.2. Implementation CHPM on LDE

In this example, we consider the following LDE [23,24]:
b(r) = BO)(1 — 6(1)),

Where

6(0) = 0,

B> 0.

(3.7)

n n ay-1
00 =0((1 - d)e™ + )
is the corresponding exact solution.
The existence and uniqueness of (3.7) can be found in details at [25].
The CHPM was used to solve the current problem (3.7). The primary phases of the new technique
are given below:

Step 1: Applying the homotopy property on Eq (3.7), we get:

Ot + LG () —6° (1) - ¢ (,6’ 0(r)(1 — H(I))) =0. (3.8)
Step 2: Taking L™! = fot(.)dt, for both sides of the Eq (3.8) yields:

0(r) = 6(0) — L1 0°(1)) + L' (8" (1)) + £ L™ (B 0(r)(1 — H(t))). (3.9)

Step 3: Assuming that

00 = > &6,
k=0

()= ) dTu(0),
k=0

then, by substituting in (3.9), we can get the following:

AIMS Mathematics

i 5 6.(t) = 8 + L‘l( i dy Tk(t)) - fL‘l(
k=0 k=0

+ KL‘l(,B(i £0,(0)(1 -
k=0

gk

M

k=

(=]

di Ti(1))

o ek(r))).

(3.10)
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Step 4: Equaling the terms for the equation (3.10) with &%, k = 0,1, ...:

£ Gy(r) =6+ L_l( i dy Tk(t))’

k=0

£ 00 =-L7( >} d Tuw) + L™ (8801 - 6(1))), (3.11)
k=0

£ 6, = L™ (6,1 - 260(0))).
and so on.

Step 5: Assume that 6,(¢) = 0.

Step 6: The values of Chebyshev’s coefficients d;, k = 0, 1,2, ..,m can be determined by collocating
the equation ,(f) = O (The second equation in the system (3.11) after substituting on 6y(¢) from
the first equation in the same system) at m + 1 points #;, j = 0, 1,2, ...,m. The best choice for
these nodes is the roots of the polynomial equation T,,.(f) = 0. This leads us to obtain a set of
algebraic equations in d;, and by solving these equations we get these coeflicients.

Therefore, the analytical approximate solution of 6(¢) becomes as follows:

6,,(t) = 0o(t) = 0 + L“(Zm: di Tu(1))- (3.12)

k=0

It should be noted that in step 6, the relations (Derivation, Multiplication, and Integration) that were
mentioned earlier are applied.

The approximate solution of the Eq (3.7) in [0, 1] is presented in Figures 4—7 with distinct values of
initial solutions #; and various values of the parameter 3.

(1) Figure 4 presents the approximate & exact solutions using the CHPM at § = 0.25, with m = 10
and 8 = 0.5.

(2) Figure 5 plots the approximate solution at various quantities of § = 0.25, 0.5, 0.75, 1.0 and
=05 m=9.

(3) Figure 6 displays the impact of the parameter 5 on the approximate solution with distinct values
of 3=04,08,12, 1.4,atm =10, = 0.5.

(4) Figure 7 presents the REF with 8 = 0.75, and 8 = 0.5, m = 14.

These figures, and the excellent agreement between the given approximate solution and exact
solution allow us to draw the conclusion that the approach can be implemented successfully to solve
the given model. Also, the given approximate solutions depend on the changes in the initial solutions,
and .

To validate the numerical solutions of the LDE at § = 0.25 and 8 = 0.5 with different values of the
approximation order m, a comparison of the AE is presented in Table 2 for the CHPM and RK4M for
the same model. This comparison demonstrates how thorough the approach suggested in this article is
suitable for solving the model under investigation.
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Figure 4. The approximate and exact solutions using CHPM.

1-2'|90=0.25: Black fy=0.50: Red 90=D.?5: Blue eu=1.ol: Purple |
il g—re = — — = g
DBl cow u= me o B EFRS—ammm SE0T
go6f o mmm=mT T
04 =
7 e
0.0k - . : i A
0.0 0.2 0.4 0.6 0.8 1.0

t

Figure 5. The approximate solution with distinct 6.

1.OF ; " ]
B=0.4: Black e
09f  p=0.8:Red - P
f=1.2: Blue - A
08¢ B=1.4: Purple - ":’ S - AR
0.7} BT et
e ~ — "
= // - - e e
0.6 e i e R
¢ez==—-""
05[== =
0.4
0.35L . . . . E
0.0 0.2 04 0.6 0.8 1.0

t
Figure 6. The approximate solution versus £.
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Table 2. Comparison of the AE for approximate solutions of the LDE by the CHPM and

REF(1)
7.x 1077
6.x 1077
5.x 1077
4.x 1077
3.x 1077
2.x 1077
1.x 1077

02 04

06 0.8

10"

Figure 7. The REF of the solution at 8 = 0.75.

RK4M.
AE of the present method AE of the RK4M
t m=38 m=12 h=0.2 h=0.1
0.0  0.123654E-04 4.258123E-05 0.772014E-04  7.951753E-06
0.2  5.014785E-05 4.750281E-06 4.201478E-05 0.852014E-07
0.4  4.654258E-04 3.925880E-05 2.014725E-04  1.620287E-06
0.6  3.963741E-04 8.258004E-07 1.654782E-04 4.654782E-07
0.8  5.320514E-03  8.756542E-06  3.325201E-05 3.654712E-06
1.0 5.250170E-05 8.985214E-07 0.652587E-04  0.654258E-07

4. Conclusions

In this research, the CHPM is applied to obtain the numerical solutions for two important models,
the RDE and LDE with different initial solutions, and some parameters. By comparing the numerical
solutions, exact solution, and RK4M of each of the proposed models, we were able to draw the
conclusion that the approximate solutions presented by applying the given procedure are in excellent
agreement with the real solution. Also, through the resulting numerical results, we found to a large
extent how effective this technique is in solving the problems under study and highlighted the validity
and potential of the proposed technique. Finally, this view of analytical and numerical solutions of
dynamic variables was due to their being present and effectively influencing various models and fields
of applied mathematics. For future work, we can try to provide a theoretical study of the convergence
order measurement, with an expanded focus on the study of convergence and stability of the given
technique. Also, the technique will be applied to more complex models or systems of nonlinear
ordinary or partial differential equations to expand the scope of application of the proposed technique.
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