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1. Introduction

Let A be an associative *-algebra. For A, B € A, denote by [A, B] = AB — BA, [A, B]. = AB — BA”
and A e B = AB + BA” the Lie product, skew Lie product and skew Jordan product of A and B,
respectively. A map 6 : A — A is called an additive derivation if 6(A + B) = 6(A) + 6(B) and
0(AB) = 6(A)B + A6(B) for all A,B € A. Moreover, 6 is called an additive *-derivation if it is
an additive derivation and satisfies 6(A*) = 0(A)* forall A € A. Amap ¢ : A — A (without
the additivity assumption) is called a nonlinear Lie derivation (resp. nonlinear Lie triple derivation)
if @([A,B]) = [¢(A),B] + [A,¢(B)] for all A,B € A (resp. ¢([[A,BI,C]) = [[p(A),B],C] +
[[A, (B)],C] + [[A, B],¢(C)] for all A,B,C € A). In the past years, nonlinear Lie derivations and
Lie triple derivations on various algebras have been studied. Chen and Zhang [1], Yu and Zhang [11],
and Yang [9] gave the structure of nonlinear Lie derivations on upper triangular matrices, triangular
algebras, and incidence algebras, respectively. Ji, Liu, and Zhao [4] proved that every nonlinear Lie
triple derivation on triangular algebras can be expressed as the sum of an additive derivation and a
center value map vanishing on Lie triple products. A map ¢ : A — A (without the additivity
assumption) is called a nonlinear skew Jordan derivation (resp. nonlinear skew Jordan triple derivation)
if o(AeB) = p(A)eB+Aep(B) forall A, B € A (resp. p(AeBe(C) = p(A)eBeC+Aep(B)eC+AeBeyp(C)
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for all A, B,C € A). Nonlinear skew Jordan derivations and skew Jordan triple derivations on various
algebras also have been studied by some authors. Taghavi, Rohi, and Darvish [8], and Zhang [12]
proved every nonlinear skew Jordan derivation on factor von Neumann algebras is an additive *-
derivation, respectively. Darvish et al. [2] proved that every nonlinear skew Jordan triple derivation on
prime *-algebras is an additive #-derivation under some assumption. Recently, derivations (nonlinear
maps) corresponding to (preserving) the new products of the mixture of (skew) Lie product and skew
Jordan product have attracted the attention of several authors. Li and Zhang [6] studied nonlinear
mixed Jordan triple *-derivations on factor von Neumann algebras. Yang and Zhang [10] characterized
nonlinear maps preserving the second mixed Lie triple products on factor von Neumann algebras.
Zhou, Yang, and Zhang [15] proved that any map ¢ from a unital prime *-algebra A to itself satisfying
¢([[A, Bl.,C]) = [[¢(A), Bl.,C] + [[A, ¢(B)]., C] + [[A, Bl.,¢(C)] for all A, B,C € A is an additive
x-derivation. Let A and B be two factors with dimA > 4. Zhao, Li, and Chen [14] characterized the
concrete structure of any bijective map ¢ : A — B satisfying

¢([A @ B,C]) = [¢p(A) @ p(B), p(C)]

forall A, B,C € A.

The conditions under which linear (nonlinear) Lie (triple) derivations of operator algebras can
be completely determined by the action on some proper subsets of these operator algebras were
considered. Let M be a factor with dimM > 1. Liu [7] investigated any linear map ¢ : M — M
satisfying ¢([[A, B],C]) = [[¢(A), B],C] + [[A, ¢(B)], C] + [[A, B], ¢(C)] for any A, B,C € A with
AB = 0 (resp. AB = P, where P is a fixed non-trivial projection of M). Zhao and Hao [13] proved that
if a nonlinear map ¢ from a finite von Neumann algebra M with no central summands of type /; to
itself satisfies 6([[A, B], C]) = [[6(A), B], C] + [[A, 6(B)],C] + [[A, B],6(C)] for any A, B,C € M with
ABC = 0, then 6 = d + 7, where d is an additive derivation from M into itself and 7 is a nonlinear map
from M into its center such that 7([[A, B], C]) = 0 with ABC = 0. In sequel, we introduce the notion
of non-global nonlinear mixed skew Jordan Lie triple derivation. Let F : A X A X A — A be a map
and Q be a proper subset of A. If ¢ satisfies

¢([A e B,C]) =[¢(A) e B,C] + [A e ¢(B),C] +[A e B, p(C)]

for any A, B,C € A with F(A, B,C) € Q, then ¢ is called a non-global nonlinear mixed skew Jordan
Lie triple derivation.

A ring R is called a =-ring if there is an additive map * : R — R satisfying (AB)" = B*A* and
(A*)" = Afor all A,B € R. R is called prime when for A,B € R, if ARB = {0}, then A = 0 or
B = 0. Let Z(R) be the center of R and Z.(R) = {A € Z(R) : A* = —A} be the anti-symmetric
center of R. Motivated by the above-mentioned works, we will study the concrete structure of a kind
of non-global nonlinear mixed skew Jordan Lie triple derivations ¢ on prime *-rings R satisfying
¢([A e B,C]) = [¢(A) e B,C] + [A @ ¢(B),C] + [A ® B, o(C)] for any A, B,C € R with ABC* = 0.

2. Main results

The main result is the following theorem:
Theorem 2.1. Let R be a 2-torsion free unital prime x-ring containing a nontrivial symmetric
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idempotent. If a map ¢ : R — R satisfies
¢([A e B,C]) = [¢(A) ® B,C] + [A @ p(B),C] + [A ® B, p(C)]

for any A, B,C € R with ABC* = (0, then there exists an additive *-derivation ® of R and a nonlinear
map g : R — Z.(R) such that
@(A) = O(A) + g(A)

forany A € R.

Let P € R be the nontrivial symmetric idempotent. Write Py = P, P, = I — P;, R;; = PiRP;
(i, j = 1,2), then R=R;1+R12+Ry1+R2,. Forevery A € R, A = Ay + Ajp + Ay + Agp, where A;j € R;;
I, j=1,2).

Lemma 2.1. For every A;; € Rii, Bij € Rij, C;i € R;i (1 < i # j<2), we have

©(Aji + Bij + Cji) = ¢(A;j) + ¢(B;j) + ¢(Cjp).
Proof: Clearly, ¢(0) = 0. Let
T = @(A; + Bij + Cji) — o(Aii) — p(Bij) — p(Cjp).
Next, we show that 7 = 0. For any X;; € R;; with 1 <i # j <2, since
Xij(Aii + Bij + C],)Pj = Xiinin = Xl‘jB,'jP;k' = X,'jCﬁPj = O,
and
[Xij °Aj, Pj] = [Xij L Cji’ Pj] =0.
We have
[¢(Xij) ® (Aii + Bij + Cji), Pl + [Xi; @ ¢(Aii + Bij + Cji), Pl
+ [Xijo (Aii + Bij + Cji), o(P))]
=@([Xij® (A + B;j + Cj), Pj])
=@([X;; ® Aij, P;]) + ¢([Xij ® Bij, P;]) + o([Xij ® Cj;, P;])

=[p(X;j) ® (Aii + B;j + Cj;), P;] + [Xi; ® (0(A;i) + ¢(Bij) + ¢(C}j), P;]
+ [Xij @ (Aii + B;j + Cji), o(P))].

This implies that

Multiplying Eq (2.1) by P; from the right, we have X;;TP; = 0. Hence, T;; = 0 by the primeness of
R.
From
(A,',' + B,’j + Cji)XijP:j = Al'l'Xl'jP:F = Binl-jP;F = C‘jl‘XvijP;< = O,
and

[Bij ‘Xij,Pi] = [Cji o X

ij» Pi] = 0.
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We have

[p(A;i + Bij + Cj;) ® X;j, Pi] + [(A;; + Bij + Cji) ® (X)), P;]
+ [(Aii + Bij + Cji) @ X;, p(P))]
=p([(A;; + B;j + Cj;) ® X;;, P;])
=p([A;; ® Xij, Pi]) + o([B;j ® X;j, P;]) + ¢([C}; @ X;;, P;])
=[(p(A;j) + ¢(B;j) + ¢(Cj)) @ X;;, P;] + [(Aj; + Bij + Cj;) ® (X)), P;]
+ [(Aii + Bij + Cji) @ X;j, (P;)].

It follows that

[T [ X,'j, P,] s 0 (22)
Multiplying Eq (2.2) by P; from the right and by the fact that 7;; = 0, we have P;,TX;; = 0. Thus,
Tii = O
Since
(Aii + Bij + C‘J,)I‘)]l‘):< = 14”PJP;k = BUP]PT = C'J,P]P;k = 0,
and
[AjeP;,P;]=[CjeP;P]= 0.
We have
[p(Aji + Bijj+ Cj;) e P;, Pi] + [(A;; + Bjj + Cj;) ® o(P)), P;]
+ [(Aii + Bij + Cj)) @ Pj, o(P;)]
=p([(Aj; + Bjj + Cj;)) ® P;, Pi])
=p([Aj; @ P;, P;]) + o([B;j @ Pj, P;]) + o([Cj; ® P, P;])
=[(¢(Ai}) + ¢(B;j) + p(C;;)) ® Pj, Pi] + [(Aii + B;j + Cj;) ® o(P;), Pi]
+ [(Aii + Bij + Cj;)) @ Pj, o(P;)].
Then,
[TeP;,P]=0. (2.3)
Multiplying Eq (2.3) by P; from the left, we obtain 7;; = 0.
From
(Al',' + BlJ + Cﬂ)P,Pj = A[,‘P,‘P; = Bl_/PLPj = CJ,P,Pj =0,
and
[Aii.Pi’Pj] = [Bij.Pian] =0.
We have

[p(Aii + Bij + Cji) @ P, P;] + [(A; + Bij + Cj;) e o(P)), P|]
+ [(Aii + Bij + Cj;) @ P, o(P;)]
=p([(Aji + B;jj + Cj;) ®» P, P;])
=p([Aji® P;, P;]) + o([B;j® P;, P;]) + ¢([Cj; ® P;, P;])
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=[(¢(Ai) + ¢(B;j) + p(C;;)) ® P, P;] + [(Aii + Bij + Cj;) ® o(P;), P|]
+ [(Aii + Bij + Cj;) @ P, o(P))].
It follows that
[T.Pi,Pj] :0.
Multiplying Eq (2.4) by P; from the left, we obtain T'j; = 0. Therefore, T = 0.

Lemma 2.2. For every A;j, Bjj € R;j (1 < i # j<2), we have
@(Aij + Bij) = ¢(A;j) + ¢(B;)).
Proof: Since (P; — A;;)(P; — B;j))P; =0,
PinP}k = Pi(_Bij)P;F = (_Aij)PjP? = (—Aij)(—Bij)P:f =0,
and
[(P; —Aij) e (P;— B;j), Pi] = —A?} + Ajj + Byj.

We have from Lemma 2.1 that

e(—A;) + ¢(Aij + Bij)
=p([(P; — A;j)  (P; — B;j), P])
=[p(P; — Aij) ® (P; — Byj), Pi] + [(P; — A;j) ® o(P; — Byj), P;]
+ [(P; — A;j) o (P; — B;j), p(P))]
=[(¢(P)) + ¢(=A;j)) ® (P; — B;)), P;]
+ [(Pi — Ajj) @ (p(P)) + ¢(=B;j)), Pil
+ [(P; — Ajj) ® (P; — B;j), p(P;)]
=p([P; e P;, P;]) + ¢([P; ® (—B;j), P;]) + o([(=A;;) ® P}, P;])
+ o([(=A;j) ® (=B;)), P;])
=¢(Bij) + p(—Aj; + Aij)
=p(—A;) + ¢(Aij) + ¢(B;)).
Then, p(A;; + Bij) = ¢(A;)) + ¢(B;)).
Lemma 2.3. For every A;;, B;; € R;; (i = 1,2), we have

0(Aii + Bi) = 9(A;;) + ¢(Bjp).

Proof: Let
T = ‘;D(Aii + Bii) - (,D(A”) - ()O(B”)
Since
Pi(Ai+ BOP) = PiAP; = PiBiP; =
and

[Pj'Aii,Pj] =0.

(2.4)
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We have

[o(P;) e (A + B;j), Pj]1 + [P e p(A;; + Bjj), Pj] + [P e (A;; + B;), p(P;)]
=p([P; e (A; + B;), P;])
=p([P; e A;i, P;]) + ¢([P; e B;, P;])
=[ep(P;) ® (Aji + B;j), P;] + [P ® (p(Ai;) + ¢(Bi), P}l
+[Pje (A + Byj), (P))].

This gives that
[PJ.T,PJ]:O

(2.5)

Multiplying Eq (2.5) by P; from the left, by P; from the right, respectively, we obtain T;; = 0,

T;; = 0, respectively.
For any X;; € R;; with 1 <i # j <2, since

Xij(Aii + Bii)Pj' = XiiniP; = XijBiin' =0,
and
[Xij o Aji, Pj] = 0.
We have

[o(Xi;) ® (Aii + B;j), Pj] + [X;j ® p(A;; + Bip), Pj] + [X;; @ (Ai; + Bi), p(P;)]

=p([X;; ® (A;; + B;j), P;])

=p([X;; ® Aii, P;]) + o([Xij ® B;, P;])

=[p(X;;) ® (Aii + B;j), P;] + [Xij ® (¢(Ai) + ¢(Bi), P}l

+ [Xij o (Aii + Bj), (P))].
It follows that
[XZJ [ ] T,PJ] =0.
Multiplying Eq (2.6) by P; from the left, we have X;;TP; = 0, and so T;; = 0.
For any X;; € Rj; with 1 <i# j <2, since
X;i(A;; + Bii)Pj' = inAiin' = inBiin' = 0.

We have from Lemmas 2.1 and 2.2 that

[o(Xi) ® (Aji + B;j), Pj] + [Xj; @ p(A;; + Bi), Pj] + [X; @ (A;; + Bji), p(P)]
=o([Xj; ® (A;; + B;), P;])
=@(AiX5; + BiXj; — XjiAi — XjiBii)
=p(AiX}; — X;iAi) + ¢(BiX}; — X;iBii)
=p([X;; ® Aji, P;]) + ¢([Xj; ® B;j, P;])
=[p(Xj;) ® (Aji + B;j), P;] + [Xji ® (p(Aii) + ¢(Bi), Pjl

(2.6)
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+ [Xj; o (Aii + Bjj), o(P))],

which gives that
[in L T,PJ] = 0.

Multiplying Eq (2.7) by P; from the right, we have X;TP; = 0. Hence, T;; = 0.
Lemma 2.4. (a) o(P,)" = ¢(P;) (i = 1,2);

(b) Pip(P))P; = —Pip(P)P; (1 <i# j<2).
Proof: (a) Let 1 <i# j<?2. Since PjP,-P;‘. =0and [P; e P;, P;] = 0, we have

0=q9([P;eP;,P;])
= [@(P;) @ P;, P;] + [P; e ¢(P;), P;] + [P; e P;, o(P))]
= Pip(P;)"P; — Pjp(P;)P; + ¢(P;)P; — P o(P)).

Multiplying Eq (2.8) by P; from the left and by P; from the right, we obtain
Pip(P;)"'Pj = —Pip(P))P;.

It follows that
Pip(Pj)P; = =P jp(P:))"P;.

Multiplying Eq (2.8) by P; from the left and by P; from the right, we obtain
Pip(Pj)P; = =P jo(P;)P;.
Comparing Eqgs (2.10) and (2.11), we obtain
Pp(P;) P = Pjp(P;)P;.
Since P;P;P; = 0 and [P; e P;, P;] = 0, we have

0=q9(P;eP;,P])
= [p(P;) @ P;, P]] + [P; e ¢(P), Pi] + [P; e Pj,p(P;)]

= Pjo(P;)"P; —2P;p(P)P; + Pjo(P;)P; + 2P jo(P;) — 2¢(P;)P;.

Multiplying Eq (2.13) by P; from the left and by P; from the right, we have
2(Pip(Pj)P; + Pip(P;))P;) = 0.
Since R is 2-torsion free, we have from Eq (2.14) that
Pip(Pj)P; = —Pip(P)P;.
From PiPiP; =0and [P; e P;, P;] = 0, we have

0=q9([P;eP;,P;])
= [p(P;) ® P;, P;] + [P; @ o(P;), P;] + [P; ® P;, o(P))]

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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= Pip(P;)"P; = 2Pjp(P;)P; + Pio(P;)P; + 2Pip(P;) — 2¢(P)P;. (2.16)
Multiplying Eq (2.16) by P; from the left and by P; from the right, then by Eq. (2.15), we have
Pio(P))"P; = Pip(P)P;. (2.17)
For any X;; € R;; with 1 <i # j <2, we have from X;;P;P; = 0 and [X;; ® P;, P;] = O that

0 =¢([X;; ® P;, P;])
=[p(Xij) ® Pi, Pi] + [Xij ® (Py), Pi] + [Xij ® Pi, o(P)]
=o(Xi))P; + Pip(X;;)" P; — Pip(X;))P; — Pip(X;j)" + X;jo(P;)P;
+@(P)X]; — Xijp(P)) — Pip(P)X;;. (2.18)

Multiplying Eq (2.18) by P; from the left and by P; from the right, we have
Pip(Xij)'P; = —X;jo(P))P;. (2.19)

Multiplying Eq (2.18) by P; from the left and by P; from the right, we have P jo(X;;)P;+P e(P)X; =
0. Then,
Pip(Xij)" P = —X;jp(P:))"P;. (2.20)

Comparing Eqgs (2.19) and (2.20), we obtain X;;(Pj@(P;)P; — P;jp(P;)*P;) = 0. It follows that
Pip(P))'P; = Pjp(P)P;. (2.21)
From P,-P,-X;‘j =0and [P; e P;, X;;] = 2X;;, we have

©(2X;j) =p([P; ® P;, X;;])
=[p(P;) ® P;, Xi;] + [P; ® p(P)), X;;] + [P; ® Pi, (X;))]
=@(P)Xij + Pip(P)" Xij — Xijp(P)P; + Pip(P)Xi; + o(P)Xi;
= Xijp(P)P; + 2Pip(X;;) — 20(X;;)P;. (2.22)

Multiplying Eq (2.22) by P; from the left and by P; from the right, we have
Pip(2X;))P; = 3P;p(P)Xij + Pip(P;))" X;; + 2P;p(X;;)P;. (2.23)
It follows from Eq (2.23) and Lemma 2.2 that 3P;¢o(P;)X;; + P;p(P;)*X;; = 0, and so
3P;p(P,)P; + Pip(P;))"P; = 0. (2.24)
For any X;; € R;; with 1 <i # j <2, since P;X;;P; = 0and [P; e X;;, P;] = Xj;, we have

o(X;i) =p([P; ® X, P;])
=[p(P;) ® Xji, P;i] + [P; @ o(Xi), P;] + [P; ® Xi, o(P;)]
=Xip(P;)" P; — Pip(P)X i + ¢(X ;) P;

— Pip(Xi) + Xjip(P)). (2.25)
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Multiplying Eq (2.25) by P; from the left and by P; from the right, we have X;;(Pip(P;)"P; +
P,(p(P[)Pl) =0. Then,
Pip(P;))" P; = —Pip(P))P;. (2.26)

By Eqs (2.24) and (2.26), we obtain that 2P;p(P;)P; = 0. Then by R is 2-torsion free, we obtain
Pip(P;)"P; = Pip(P;)P;. (2.27)

From Egs (2.12), (2.17), (2.21), and (2.27), we can see that ¢(P;)* = ¢(P;).
(b) It follows from Eq (2.9) and (a) that (b) holds.
Lemma 2.5. Pjp(P)P;=0(1 <i+# j<2).
Proof: For any X;; € R;; with 1 <i# j <2, since Ple-ij. =0and [P; e X;;, P;] = X;;, we have

e(X;j) =p([P; ® X;;, P;])
=[p(P)) ® Xij, Pj]l + [P ® p(Xij), Pj]l + [P; ® Xij, p(P))]
=X;jp(P;)'P; — Pjp(P)X;j + ¢(X;))P;
= Pjp(Xij) + Xijp(P)). (2.28)
Multiplying Eq (2.28) by P; from the left and by P; from the right, we obtain 2P ;p(X;;)P; = 0, and

SO,
Pp(X;))P; = 0. (2.29)

Combining Eqs (2.19) and (2.29), we have X;;o(P;)P; = 0. It follows that P;p(P;)P; = 0.
Lemma 2.6. P;p(P)P; =0 (i =1,2).
Proof: For any X;; € R;; with 1 <i# j <2, since

PiXijP;'k =0,[P; ‘Xij,Pi] = —Xij,
we have from Lemma 2.4 that

o(=X;;) =p([P; ® X;j, Pi])
=[@(P;) ® X;j, P;] + [P; @ p(X;)), P;] + [P; ® X;j, p(P))]
=X;jp(P)P; — Pip(P)X;; — Xijp(P;) + o(Xi))P; — Pip(X;j)
+ Xijo(P;) — o(P)Xi. (2.30)

Multiplying Eq (2.30) by P; from the left and by P; from the right, we have
Pip(=Xij)P; = =2P;p(P)X;j — Pip(X;j)P;. (2.31)

It follows from Eq (2.31) and Lemma 2.2 that 2P;p(P;)X;; = 0, and so P;p(P;))X;; = 0. Hence,
Pip(P)P; = 0.
Let T = Pyp(Py)P, — P,p(Py)P;. Then, T* = —T by Lemma 2.4. We define a map ® : R — R by

D(A) = ¢(A) = [A,T]

forall A e R.
Remark 2.1. It is easy to check that ® also satisfies

O([AeB,C]) =[P(A) e B,C]+[AeD(B),C]+[AeB,O)]
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for any A, B, C € R with ABC* = 0. By Lemmas 2.1-2.6, it follows that
(a) For every A € R,‘,‘,B,‘j S 7{”‘, Cj[ S Rji (1 <i# ] < 2), we have

DO(A;; + B;j + Cji) = D(A;) + D(B;)) + P(C}).
(b) For every A;j, B;; € Ri; (1 <i # j<2), wehave
D(A;j + Bij) = D(A;)) + D(B;)).
(c) For every A;, B;; € R;; (i = 1,2), we have
O(Aii + Bi) = P(A;) + D(Byy).

(dDP)=0(3G=1,2).
Lemma 2.7. O(R;)) CR;; (1 <i# j<2).
Proof: Let A;; € Rij with 1 <i # j < 2. From A;;P;P; = 0,[A;; e P;, P;] = 0 and ®(P;) = 0, we have

0 =0([A;; e P, P;])
=[D(A;)) o P;, P;]
=D(A;))P; + P/D(A;j)"P; — P/ D(A;))P; — P/D(A;)". (2.32)
Multiplying Eq (2.32) by P; from the left, we obtain P;®(A;;)P; = 0.
Since P/(—14U)P;k = O, [P/ L] (_Aij)a Pl] = Alj and (D(Pl) = (D(PJ) = 0, we have
D(A;j) =O([P;e (-A;)), Pi])
=[Pj d (D(_Aij)’ P
:ij)(_Aij)Pi - P,‘CD(—A,‘J')P]'. (233)
Multiplying Eq (2.33) by P; from both sides, by P; from both sides, respectively, we have
P,®(A;))P; =0, P,O(A;;)P; = 0, respectively. Therefore, ®(R;;) C R;;.

Lemma 2.8. (D(R”) c R,‘[ (l = 1, 2)
Proof.' It follows from P,’A,’,’Pj~ = 0, [P, L] Aii» P]] =0and (I)(PZ) = q)(PJ) = 0 that

0=0(P;e Aii,Pj]) = [P; e D(A;), Pj] = Piq)(Aii)Pj - Pj(I)(Aii)Pi- (2.34)

Multiplying Eq (2.34) by P; from the left, by P; from the left, respectively, we have P;®(A;;))P; = 0,
P;®(A;;)P; = 0, respectively.
For any X;; € R;; with 1 <i # j <2, since X,-J-A,-,-Pj. =0,[X;;j ® Aj;, Pj] = 0 and ®(P;) = 0, we have

0 :(D([Xij ° Aj, Pj])
=[D(X;)) ® Aji, Pj] + [X;j @ D(A;), Pl

Multiplying Eq (2.35) by P; from the left, and by Lemma 2.7, we have
XijO®AiP; = —Ai(P;O(X;)P;)" = 0.
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Then, P;®(A;)P; = 0. Hence, ®(R;;) € R;.
Lemma 2.9. For every A;; € Rii, Bij € Rij, C;i € Rji, Djj € Rjj (1 < i # j <2), we have
(a) ®(A; + Bij + Djj) = O(Ay) + (B;)) + ©(D;);
(b) ®(A;; + Cji + Djj) = ®(Ay) + O(Cj) + P(Dj)).
Proof: (a) Let
T = ®(A; + Bij + Djj) — D(Aiy) — ©(Byj) — (D).

Since
Pj(Ai,' + Bij + DJ])P:( = P]‘AI‘Z‘P:< = P]‘BijP:-F = PijjP;F = 0,
and
[Pj‘Aii,Pi] = [Pj.DjjaPi] =0,0(P) = q)(Pj) =0.
We have

[Pje#D(A; + B;j + Djj), P;]
=O([P; ® (A;i + Bij + Djj), Pi])
=O([P;e A;, Pi]) + O([P; e B;j, P;]) + ®([P; e Dj;, P])
=[P; e O(A;), P;] + [P; e ®(B;)), P;] + [P; e D(D,)), P]
=[P; o (D(A;) + ©(B;)) + ©(Dy))), P;].
This implies that
[P;jeT,P;]=0. (2.36)

Multiplying Eq (2.36) by P; from the left, by P; from the left, respectively, we have T;; = 0, T;; = 0,
respectively.
For any X;; € R;; with 1 <i # j <2, from

Xij(Aii + Bij + D]J)Pl* = XiiniP:( = )(l‘jB,'jP;-k = )(,']'D]‘]‘P;< = O,
and
[Xij ® Aii, Pi] = [Xij ® Bij, P;] = 0,D(P;) = 0.
We have
[D(X;;) ® (Ajj + Bij + Djj), Pi] + [X;; « ®(A;; + B;; + Dj;), Pi]
=@([X;; ® (Aii + B;j + Dj;), P;])
=O([X;; @ Ajj, Pi]) + O([X;; ® B;j, P;]) + ©([X;; ® D;;, P;])
=[D(X;;) ® (Aj; + Bi; + Djj), P;] + [X;; ® (D(A;;) + P(B;;) + (D)), Pil,
which implies that
[X,'j L4 T, Pl] =0. (237)
Multiplying Eq (2.37) by P; from the right, we obtain X;;7P; = 0, and so T;; = 0.
For any X;; € R;; with 1 <i # j <2, since

(Aii + Bl] + DJ])XJle = A”)(lej< = BlejtPj = D]JX]le = 0,
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and
[Bij ® Xji, Pj] = 0,[(Aii + Djj) ® X, P;] = =X;;A;; — Dj; X, ®(P;) = 0.

We have from Remark 2.1 (b) that

[P(Aii + Bij + Djj) ® Xji, Pj] + [(Aii + Bij + Dj;) @ D(Xj), P;]
=O([(Aii + Bij + Dj;) ® Xji, P;])
=O([(A; + Dj;)  Xj;, P;]) + O([B;; @ Xj;, P;])
=Q(-X;A;) + P(=D;; X)) + O([B;; ® Xji, P;])
=Q([Aj; ® Xj;, P;]) + O([B;j # X;;, P;]) + ®([D;; ® X;;, P;])
=[(P(A;) + ©(B;j) + P(D;;)) @ X;;, P;] + [(Aj; + Bij + Dj;) e ®(X}), P;].

It follows that
[T eX;,P;]=0. (2.38)

Multiplying Eq (2.38) by P; from the right and by the fact that T';; = 0, we obtain X;7*P; = 0 and
soT; =0. Hence, T = 0.

(b) Similarly, we can show that (b) holds.
Lemma 2.10. For A € R, there exists amap g : R — Z.(R) such that

D(A) - g(A) = ©(Ay) + (A;)) + D(A) + D(A))).

Proof: For A € R, write A = 22 A;j. Let

ij=1
T = (D(Aii + A,] + A], + A”) - (I)(A”) - (D(AU) - q)(A]l) - (I)(AJJ) (239)
For any X;; € R;; with 1 <i # j <2, since
Pinj(Aii +A,'j +Aji ‘|‘14U)>k - 0,

PinjA;'ki = PjX,'jA;kj = Ple'jAj'i = PinjAj'j = 0, CD(P]) = O,
and
We have from Lemma 2.9 and Remark 2.1 (b) that

[Pj o (D(Xij),Al‘,‘ + Aij + Aj,‘ + Ajj] + [PJ ° X,‘j, (D(A,‘,' + A,‘j + Aj,' + Ajj)]
:(I)([P] ° XijaAii + Al] + A]l + A]J])
=0(X;;Ai) + P(XiA ) + P(-A;: X)) + D(-A;: X;))
=O([P; e X;;,Ai]) + D([P; ® X;;,Aij]) + D([Pj e X;j,Aji])
:[P] [ ] (D(Xij)’Aii + Aij + Aji + A”]
+[Pj o Xij, D(Ai) + O(A;j) + (A ;i) + O(A;))].
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It follows that
[PieX;;,T]=0. (2.40)

Multiplying Eq (2.40) by P; from the right, we obtain X;;TP; = 0. Then, T;; = 0. Multiplying
Eq (2.40) by P; from the left and by P; from the right, we have P;,TX;; = X;;TP;. It follows from [5,
Lemma 1.6] that T;; + T;; € Z(R). Similarly, we can show that 7;; = 0.

Since (A;; + A;j + Aji + Ajj)P,X;‘j =0,

Al’,'Pl'X;kj = Alele*j = A]lPle*] = AJJPlXt*] = O, (D(Pl) = 0,

and
[(A,‘i + A,’j + Aji + Ajj) ° P[,Xl‘j] = A,’,‘X,‘j + AjiXij + A:FIXU — XijAji-

We have from Lemma 2.9 that

[P(A; + Aij+ Aji + Ajj) @ Pi, Xijl + [(Ai + Aij + Aji + Ajj) ® P, D(X;))]
=O([(A;i +A;j +Aj;i +Ajj) e P, X;;])
=Q(A;: X;; + A X))+ OA ;X — XijAji)
=D([A;; ® P;, X;j]) + ([A;j ® Pi, Xij]) + D([Aj; ® P;, X;j])
+ O([A;; o P;, X;;])
=[(P(A;) + P(A;) + P(A;) + P(A;)) @ P;, X;)]
+[(A +Ajj+Aji + Ajj) e P, O(X;))],

which implies that
[T e P;, X;j] =0. (2.41)

Multiplying Eq (2.41) by P; from the left and by P; from the right, we have P,TX;; + P;T*X;; = 0,
and so Tj; = —T}. Similarly, T;; = —T;.f/.. It follows that T;; + Tj; € Z.(R) by T;; + Tj; € Z(R). Define a
map g : R — Z.(R) by

gA)=T;+Tj. (2.42)

Combining Egs (2.39) and (2.42), we can obtain the desired result.
Lemma 2.11. For every A;, B;; € R, Aij, Bij € Rij, Bji € Rji, Bj; € Rj; (1 <i# j<2), we have
(a) ©(A;;B;j) = ©(A;;)B;j + A @(B;));
(b) ®(A;;B;}) = ©(Ai)Bi; + A;;O(By);
(c) ©(A;;Bji) = ©(A;j)Bj; + AijO(Bjp);
(d) ®(A;;Bj;) = D(A;j)B;; + A;jP(Bj)).
Proof: (a) Since
A;iBij(=P))" = 0,[A; ® B;j, —P;] = A;;B;j,

we have from Remark 2.1 (¢), (d), and Lemmas 2.7 and 2.8 that

q)(AiiBij) =Q([Aj; @ Bij, —-P;])
=[D(A;) o Bz’j, —P]+[A;e (D(Bij), —P
=O(A;))B;; + A;iD(B;)).
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(b) For any X;; € R;; with 1 <i # j <2, it follows from (a) that

D(A;iBi)X;; + AiiB;i O(Xi))
=0(A;;B;iX;j)
=0(A;)BiXi; + AiD(B;i X))
=0(A;)B;iX;j + Ai®(Bii)Xij + Aii B P(X;)).

This yields that (P(A;B;;) — ©(A;)Bi; — A;®(B;;))X;; = 0. Hence, (b) holds by Lemma 2.8.
(C) For any Xij S Rij with 1 <[ # ] < 2, since AiijiX;j = 0and [Aij L4 Bj,', Xij] = Al'ij,'X,'j, we have
from (a) and Lemma 2.7 that

D(A;;B;i)X;; + AijB;O(X))
=0(A;;B;iXi))
:(D([Aij b BjiaXij])
=[®(A;;) ® Bji, Xij] + [Aij @ D(Bj), Xij] + [Aij ® Bji, D(X;;)]
=0(A;))B;iXij + AiyjP(B)Xij + Ay B;iP(X)).
Then, (P(A;;Bj;)) — ®(A;j)Bji — A;j®(B;;))X;; = 0, and so (¢) holds by Lemmas 2.7 and 2.8.
(d) For any X; € R;; with 1 <i # j < 2, we have from (a) and (c) that
D(A;jBjj)X i + AijBjjP(X;i)
=O(A;;Bj;X;i)
=D(A;;)B;iXji + A;jP(B;;X i)
=O(Ai))BjiXji + AijO(B;j)X i + AijBj;P(X;ji)-

It follows that ((D(A,/B”) - (D(AU)B” - AU(D(B”))X/I =0. Then, (d) holds by Lemmas 2.7 and 2.8.
Lemma 2.12. For every A;; € R;; (i, j = 1,2), we have

D(AL) = D(A;)".

Proof: Letl <i# J < 2. Since Al]P](Pt)* = 0, [Alj ] PJ,P,] = A;k] -A
(b), (d), and Lemma 2.7 that

ij» we have from Remark 2.1 (a),

O(A;) — O(A;j) = O([A;j o Pj, Pi]) = [D(A;)) ® Pj, Pi] = D(A;))" — D(A;)).

Hence, (D(Ajj) = D(A;)".
For any X;; € R;; with 1 <i # j <2, since A,-iPiX;‘j =0,[A; e P;, X;;] = A;iX;; + A} X;j, we have from
Remark 2.1 (a), (b), and Lemmas 2.7, 2.8, and 2.11 that

D(A;)Xij + AiD(X;)) + DA)X;; + A;D(X;))
=0(A; Xij) + DA X))
=Q([Aj; ® Pi’Xij])
=[D(A;;) o P;, X;;] + [Aji @ P;, D(X;))]
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=D(A;)X;; + PA;) X + AiD(X;j) + A D(X)).

It follows that (D(A’) — ©(A;;)*)X;; = 0. Then, ®(A}) = ®(A;)" by Lemma 2.8.
Proof of Theorem 2.1: We define amap ¥ : R — R by

F(A) = D(A) - g(A)

forall A € R. Forevery A,B € R, let A = Ziz,j=1Aij’ B = szzl B;j. From Remark 2.1 (b), (¢), and
Lemma 2.10, we have

W(A + B) =0(A + B) — g(A + B)
=O(P;(A + B)P;) + ®(P;(A + B)P;) + ®(P;(A + B)P;)
+ O(P(A+B)P;)+g(A+B)—g(A+B)
=O(A;) + P(A;) + D(Aj) + D(Aj)) + D(By;) + D(B;;))
+ O(B;) + D(B;))
=0(A) — g(A) + ©(B) — g(B)
—W(A) + ¥(B).

Hence, ¥ is additive on R. Next, it follows from Remark 2.1 (b), (¢), and Lemmas 2.7, 2.8, 2.10, and
2.11 that

Y(AB) =®(AB) — g(AB)

+ g(AB) - g(AB)
=O(A;B;; + AjjBj;) + ©(A;B;; + A;;Bj;) + O(A;;B;; + Aj;Bj;)
=@®(A;;B;;) + ®(A;;Bj;) + ®(A;;B;j) + ®(A;;B;;) + P(A;;B;;)
=(P(A;) + (A + O(A;) + O(A;))(B; + Bi; + Bji + B))

+ (A + A+ Aji + Aj)(D(B;;) + O(B;j) + ®(Bj;) + O(Bj;))
=(P(A) - g(A))B + A(P(B) — g(B))
=¥Y(A)B + A¥Y(B).

It follows that ¥ is an additive derivation on R. Moreover, we have from Lemmas 2.10 and 2.12 that

Y(A)" = (D(A) - g(A))
= (O(An) + O(A;)) + O(Aj) + P(A;)) + g(A))" — g(A)”
= D(A;)" + O(A;)" + D(A;)" + D(Aj))°
= O(A}) + D(A]) + DA} + D(AY)
= O(A") — g(A")
=Y(A").
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Consequently, ¥ is an additive *-derivation on R. By the definitions of @ and ¥, we can see that
@(A) = O(A) + g(A), where O(A) = Y(A) + [A, T] is an additive *-derivation.

As applications of Theorem 2.1, we have the following corollaries.
Corollary 2.1. Let A be a factor von Neumann algebra acting on a complex Hilbert space H with
dimA>1. If a map ¢ : A — A satisfies o([A @ B,C]) = [¢p(A) @ B,C] + [A o ¢(B),C] + [A ® B, p(C)]
forany A, B, C € A with ABC* = 0, then there exists an additive x-derivation ® of ‘A and a nonlinear
map g : A — iRI such that p(A) = O(A) + g(A) for any A € A.
Corollary 2.2. Let H be an infinite dimensional complex Hilbert space and B(H) be the algebra of
all linear bounded operators on H. If a map ¢ : B(H) — B(H) satisfies p([A ® B,C]) = [p(A) @
B,Cl+[Ae@(B),Cl+[AeB,¢(C)] forany A, B,C € B(H) with ABC* = 0, then there exists T € B(H)
satisfying T + T* = 0 and a nonlinear map g : B(H) — iRI such that

@(A) = AT — TA + g(A)

for any A € B(H).

Proof: It follows from Theorem 2.1 that there exists an additive %-derivation ® of B(H) and a nonlinear
map g : B(H) — iRI such that (A) = O(A) + g(A) for any A € B(H). By the result of [3], © is linear
and, so it is inner. Hence, there exists § € B(H) such that @(A) = AS — SA for any A € B(H).
Therefore,

A'S —SA"=0A")=0(A) =S"A"-A"S"

for all A € B(H). From this, we can see that S + §* = Al forsome A € R. Write T = S — %/U and so
T +T*=0. Hence p(A) = AT — TA + g(A) for any A € B(H).

Corollary 2.3. Let A be a standard operator algebra on an infinite dimensional complex Hilbert space
H with dimA>1, which is closed under the adjoint operation and contains a nontrivial projection. If
amap ¢ : A — A satisfies o([A @ B,C]) = [¢(A) @ B,C] + [A ® ¢(B),C] + [A ® B,¢(C)] for any
A,B,C € A with ABC* = 0, then there exists an additive *-derivation ® of A and a nonlinear map
g : A — iRI such that p(A) = O(A) + g(A) for any A € A.

3. Conclusions

In this paper, we characterized the structure of a specific type of non-global nonlinear mixed skew
Jordan Lie triple derivations on prime *-rings. Moreover, we applied the above result to factor von
Neumann algebras and standard operator algebras.
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