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in the synthesis of drugs and dyes. Therefore, a thorough understanding of its properties is of utmost
importance. This paper is mainly concerned with the existence of solutions for a class of Hadamard
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graph after iterations.
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1. Introduction

Fractional calculus is a branch of mathematics that investigates the properties of arbitrary-order
differential and integral operators to address various problems. Fractional differential equations
provide a more appropriate model for describing diffusion processes, wave phenomena, and memory
effects [1–4] and possess a diverse array of applications across numerous fields, encompassing
stochastic equations, fluid flow, dynamical systems theory, biological and chemical engineering, and
other domains [5–9].

Star graph G = (V, E) consists of a finite set of nodes or vertices V(G) = {v0, v1, ..., vk} and a set of
edges E(G) = {e1 = −−→v1v0, e2 = −−→v2v0, ..., ek = −−→vkv0} connecting these nodes, where v0 is the joint point
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and ei is the length of li the edge connecting the nodes vi and v0, i.e., li = |−−→viv0|.
Graph theory is a mathematical discipline that investigates graphs and networks. It is frequently

regarded as a branch of combinatorial mathematics. Graph theory has become widely applied in
sociology, traffic management, telecommunications, and other fields [10–12].

Differential equations on star graphs can be applied to different fields, such as chemistry,
bioengineering, and so on [13, 14]. Mehandiratta et al. [15] explored the fractional differential system
on star graphs with n + 1 nodes and n edges,

CDα
0,xui(x) = fi(x, ui,

CDβ
0,xui(x)), 0 < x < li, i = 1, 2, ..., k,

ui(0) = 0, i = 1, 2, ..., k,
ui(li) = u j(l j), i, j = 1, 2, ..., k, i , j,

k∑
i=1

u
′

i = 0, i = 1, 2, ..., k,

where CDα
0,x,

CDβ
0,x are the Caputo fractional derivative operator, 1 < α ≤ 2, 0 < β ≤ α − 1, fi, i =

1, 2, ..., k are continuous functions on C([0, 1] × R × R). By a transformation, the equivalent fractional
differential system defined on [0, 1] is obtained. The author studied a nonlinear Caputo fractional
boundary value problem on star graphs and established the existence and uniqueness results by fixed
point theory.

Zhang et al. [16] added a function λi(x) on the basis of the reference [15]. In addition, Wang
et al. [17] discussed the existence and stability of a fractional differential equation with Hadamard
derivative. For more papers on the existence of solutions to fractional differential equations, refer
to [18–21]. By numerically simulating the solution of fractional differential systems, we are able to
solve problems more clearly and accurately. However, numerical simulation has been rarely used to
describe the solutions of fractional differential systems on graphs [22, 23].

The word chemical is used to distinguish chemical graph theory from traditional graph theory,
where rigorous mathematical proofs are often preferred to the intuitive grasp of key ideas and theorems.
However, graph theory is used to represent the structural features of chemical substances. Here, we
introduce a novel modeling of fractional boundary value problems on the benzoic acid graph (Figure 1).
The molecular structure of the benzoic acid seven carbon atoms, seven hydrogen atoms, and one
oxygen atom. Benzoic acid is mainly used in the preparation of sodium benzoate preservatives, as
well as in the synthesis of drugs and dyes. It is also used in the production of mordants, fungicides,
and fragrances. Therefore, a thorough understanding of its properties is of utmost importance.

Figure 1. Molecular structure of benzoic acid.
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By this structure, we consider atoms of carbon, hydrogen, and oxygen as the vertices of the
graph and also the existing chemical bonds between atoms are considered as edges of the graph. To
investigate the existence of solutions for our fractional boundary value problems, we label vertices of
the benzoic acid graph in the form of labeled vertices by two values, 0 or 1, and the length of each edge
is fixed at e (|−→ei | = e, i = 1, 2, ..., 14) (Figure 2). In this case, we construct a local coordinate system
on the benzoic acid graph, and the orientation of each vertex is determined by the orientation of its
corresponding edge. The labels of the beginning and ending vertices are taken into account as values 0
and 1, respectively, as we move along any edge.

Figure 2. Benzene graphs with vertices 0 or 1.

Motivated by the above work and relevant literature [15–23], we discuss a boundary value problem
consisting of nonlinear fractional differential equations defined on |−→ei | = e, i = 1, 2, · · · , 14 by

HDα
1+ri(t) = −%αi φp

(
fi
(
s, ri(s), HDβ

1+ri(s)
))
, t ∈ [1, e],

and the boundary conditions defined at boundary nodes e1, e2, · · · , e14, and

ri(1) = 0, ri(e) = r j(e), i, j = 1, 2, · · · , 14, i , j,

together with conditions of conjunctions at 0 or 1 with

k∑
i=1

%−1
i r′i (e) = 0, i = 1, 2, · · · , 14.

Overall, we consider the existence and stability of solutions to the following nonlinear boundary
value problem on benzoic acid graphs:

HDα
1+ri(t) = −%αi φp

(
fi
(
s, ri(s), HDβ

1+ri(s)
))
, t ∈ [1, e],

ri(1) = 0, i = 1, 2, · · · , 14,
ri(e) = r j(e), i, j = 1, 2, · · · , 14, i , j,

k∑
i=1

%−1
i r′i (e) = 0, i = 1, 2, · · · , 14,

(1.1)

where HDα
1+ , HDβ

1+ represent the Hadamard fractional derivative, α ∈ (1, 2], β ∈ (0, 1], fi ∈ C([1, e] ×
R × R), %i is a real constant, and φp(s) = sgn(s) · |s|p−1. The existence and Hyers-Ulam stability of
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the solutions to the system (1.1) are discussed. Moreover, the approximate graphs of the solution are
obtained.

It is also noteworthy that solutions obtained from the problem (1.1) can be depicted in various
rational applications of organic chemistry. More precisely, any solution on an arbitrary edge can
be described as the amount of bond polarity, bond power, bond energy, etc. This paper lies in the
integration of fractional differential equations with graph theory, utilizing the formaldehyde graph as a
specific case for numerical simulation, and providing an approximate solution graph after iterations.

2. Preliminaries

In this section, for conveniently researching the problem, several properties and lemmas of
fractional calculus are given, forming the indispensable premises for obtaining the main conclusions.

Definition 2.1. [2, 20] The Hadamard fractional integral of order α, for a function g ∈ Lp[a, b],
0 ≤ a ≤ t ≤ b ≤ ∞, is defined as

HIq
a+g(t) =

1
Γ(α)

∫ t

a

(
log

t
s

)α−1 g(s)
s

ds,

and the Hadamard fractional integral is a particular case of the generalized Hattaf fractional integral
introduced in [24].

Definition 2.2. [2, 20] Let [a, b] ⊂ R, δ = t d
dt and ACn

δ[a, b] = {g : [a, b]→ R : δn−1(g(t)) ∈ AC[a, b]}.
The Hadamard derivative of fractional order α for a function g ∈ ACn

δ[a, b] is defined as

HDα
a+g(t) = δn(HIn−α

a+ )(t) =
1

Γ(n − α)

(
t

d
dt

)n
∫ t

a

(
log

t
s

)n−α−1 g(s)
s

ds,

where n − 1 < α < n, n = [α] + 1, and [α] denotes the integer part of the real number α and
log(·) = loge(·).

Definition 2.3. [25] Completely continuous operator: A bounded linear operator f , acting from a
Banach space X into another space Y, that transforms weakly-convergent sequences in X to norm-
convergent sequences in Y. Equivalently, an operator f is completely-continuous if it maps every
relatively weakly compact subset of X into a relatively compact subset of Y.

Compact operator: An operator A defined on a subset M of a topological vector space X, with
values in a topological vector space Y, such that every bounded subset of M is mapped by it into a
pre-compact subset of Y. If, in addition, the operator A is continuous on M, then it is called completely
continuous on this set. In the case when X and Y are Banach or, more generally, bornological spaces
and the operator A : X → Y is linear, the concepts of a compact operator and of a completely-
continuous operator are the same.

Lemma 2.4. [20] For y ∈ ACn
δ[a, b], the following result hold

HIα0+(HDα
0+)y(t) = y(t) −

n−1∑
k=0

ci

(
log

t
a

)k
,

where ci ∈ R, i = 0, 1, · · · , n − 1.
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Lemma 2.5. [21] For p > 2, | x |, | y |≤ M, we have

| φp(x) − φp(y) |≤ (p − 1)Mp−2 | x − y | .

Lemma 2.6. [4] Let M be a closed convex and nonempty subset of a Banach space X. Let T, S be the
operators T − S : M → X such that

(i) T x + S y ∈ M whenever x, y ∈ M;
(ii) T is contraction mapping;

(iii) S is completely continuous in M.
Then T + S has at least one fixed point in M.

Proof. For every Z ∈ S (M), we have T (x) + z : M → M. According to (ii) and the Banach contraction
mapping principle, T x + z = x or z − x = T x has only one solution in M. For any z, z̃ ∈ S (M), we have

T (t(z)) + z = T (z),T (t(z̃)) + z = t(z̃).

So we have

|t(z) − t(z̃)| ≤ |T (t(z)) − T (t(z̃))| + |z − z̃| ≤ ν|t(z) − t(z̃)| + |z − z̃|, 0 ≤ ν < 1.

Thus, |t(z) − t(z̃)| ≤ 1
1−ν |z − z̃|. It indicates that t ∈ C(S (M)). Because of S is completely continuous in

M, tS is completely continuous. According to the Schauder fixed point theorem, there exists x∗ ∈ M,
such that tS (x∗) = x. So we have

T (t(S (x∗))) + S (x∗) = t(S (x∗)),T x∗ + S x∗ = x∗.

�

Lemma 2.7. Let hi(t) ∈ AC([1, e],R), i = 1, 2, · · · , 14; then the solution of the fractional differential
equations 

HDα
1+ri(t) = −ζi(t), t ∈ [1, e],

ri(1) = 0, i = 1, 2, · · · , 14,
ri(e) = r j(e), i, j = 1, 2, · · · , 14, i , j,

k∑
i=1

%−1
i r′i (e) = 0, i = 1, 2, · · · , 14,

(2.1)

is given by

ri(t) = −
1

Γ(α)

∫ t

1

(
log

t
s

)α−1 ζi(s)
s

ds

+ log t
[

1
Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

) ∫ e

1

(
log

e
s

)α−2 ζ j(s)
s

ds

−
1

Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)( ∫ e

1

(
log

e
s

)α−1(ζ j(s) − ζi(s)
s

))
ds

]
. (2.2)
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Proof. By Lemma 2.4, we have

ri(t) = −HIα1+ζi(t) + c(1)
i + c(2)

i log t, i = 1, 2, · · · , 14,

where c(1)
i , c(2)

i are constants. The boundary condition ri(1) = 0 gives c(1)
i = 0, for i = 1, 2, · · · , 14.

Hence,

ri(t) = −HIα1+ζi(t) + c(2)
i log t

= −
1

Γ(α)

∫ t

1

(
log

t
s

)α−1 ζ(s)
s

ds + c(2)
i log t, i = 1, 2, · · · , 14. (2.3)

Also

r′i (t) = −
1

Γ(α − 1)

∫ t

1

1
t

(
log

t
s

)α−2 ζ(s)
s

ds +
1
t
c(2)

i .

Now, the boundary conditions ri(e) = r j(e) and
k∑

i=1

%−1
i r′i (e) = 0 implies that c(2)

i must satisfy

−
1

Γ(α)

∫ e

1

(
log

e
s

)α−1 ζi(s)
s

ds + c(2)
i = −

1
Γ(α)

∫ e

1

(
log

e
s

)α−1 ζ j(s)
s

ds + c(2)
j , (2.4)

−

k∑
i=1

%−1
i

(
1

Γ(α − 1)

∫ e

1

(
log

e
s

)α−2 ζi(s)
s

ds − c(2)
i

)
= 0. (2.5)

On solving above Eqs (2.4) and (2.5), we have

−

k∑
j=1

%−1
j

(
1

Γ(α − 1)

∫ e

1

(
log

e
s

)α−2 ζ j(s)
s

ds
)

+ λ−1
i c(2)

i

= −

k∑
j=1
j,i

%−1
j

[
1

Γ(α)

∫ e

1

(
log

e
s

)α−1 ζ j(s)
s

ds −
1

Γ(α)

∫ e

1

(
log

e
s

)α−1 ζi(s)
s

ds + c(2)
i

]
,

which implies
k∑

j=1

%−1
j c(2)

i = −

k∑
j=1

%−1
j

1
Γ(α − 1)

∫ e

1

(
log

e
s

)α−2 ζ j(s)
s

ds

+

k∑
j=1
j,i

%−1
j

1
Γ(α)

∫ e

1

(
log

e
s

)α−1(ζ j(s) − ζi(s)
s

)
ds.

Hence, we get

c(2)
i = −

1
Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

) ∫ e

1

(
log

e
s

)α−2 ζ j(s)
s

ds

+
1

Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)( ∫ e

1

(
log

e
s

)α−1(ζ j(s) − ζi(s)
s

))
ds. (2.6)

Hence, inserting the values of c(2)
i , we get the solution (2.2). This completes the proof. �
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3. Main results

In this section, we discuss the existence and uniqueness of solutions of system (1.1) by using fixed
point theory.

We define the space X = {r : r ∈ C([1, e],R), HDβ
1+r ∈ C([1, e],R)} with the norm

‖r‖X = ‖r‖ +
∥∥∥HDβ

1+u
∥∥∥ = sup

t∈[1,e]
|r(t)| + sup

t∈[1,e]

∣∣∣HDβ
1+r(t)

∣∣∣ .
Then, (X, ‖.‖X) is a Banach space, and accordingly, the product space

(
Xk = X1 × X2 · · · × X14, ‖.‖Xk

)
is

a Banach space with norm

‖r‖Xk = ‖(r1, r2, · · · , r14)‖X =

k∑
i=1

‖ri‖X, (r1, r2, · · · , rk) ∈ Xk.

In view of Lemma 2.7, we define the operator T : Xk → Xk by

T (r1, r2, · · · , rk)(t) := (T1(r1, r2, · · · , rk)(t), · · · ,Tk(r1, r2, · · · , rk)(t)) ,

where

Ti(r1, r2, · · · , rk)(t) = −
%αi

Γ(α)

∫ t

1

(
log

t
s

)α−1
φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
))

ds

+
log t

Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−2
φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
))

ds

−
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−1
φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
))

ds

+
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αi

∫ e

1

(
log

e
s

)α−1
φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
))

ds, (3.1)

where φp

(
fi
(

s,ri(s),H Dβ

1+ ri(s)
)

s

)
= φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
))

.

Assume that the following conditions hold:

(H1) gi : [1, e] × R × R → R, i = 1, 2, · · · , 14 be continuous functions, and there exists nonnegative
functions li(t) ∈ C[1, e] such that

|gi(t, x, y) − gi(t, x1, y1)| ≤ ui(t)(|x − x1| + |y − y1|),

where t ∈ [1, e], (x, y), (x1, y1) ∈ R2;
(H2) ιi = sup

t∈[1,e]
|ui(t)|, i = 1, 2, · · · , 14;

(H3) There exists Qi > 0, such that

|gi(t, x, y)| ≤ Qi, t ∈ [1, e], (x, y) ∈ R × R, i = 1, 2, · · · , 14;
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(H4) sup
1≤t≤e

| gi(t, 0, 0) |= κ < ∞, i = 1, 2, ..., 14.

For computational convenience, we also set the following quantities:

χi = e(p − 1)Qp−2
i (%αi + %

α−β
i )

×

[
1

Γ(α)
+

2
Γ(α + 1)

+
1

Γ(α − β + 1)
+

1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

]
+e

k∑
j=1
j,i

(%αj + %
α−β
j )(p − 1)Qp−2

j

×

[
1

Γ(α)
+

1
Γ(α + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

]
, (3.2)

Υi = e(p − 1)Qp−2
i (%αi + %

α−β
i )

×

[
1

Γ(α)
+

1
Γ(α + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

]
+e

k∑
j=1
j,i

(%αj + %
α−β
j )(p − 1)Qp−2

j

×

[
1

Γ(α)
+

1
Γ(α + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

]
. (3.3)

Theorem 3.1. Assume that (H1) and (H2) hold; then the fractional differential system (1.1) has a unique
solution on [1, e] if ( k∑

i=1

χi

)( k∑
i=1

ιi

)
< 1,

where χi, i = 1, 2, · · · , 14 are given by Eq (3.2).

Proof. Let u = (r1, r2, · · · , r14), v = (v1, v2, · · · , v14) ∈ Xk, t ∈ [1, e], we have

|Tir(t) − Tiv(t)| ≤
%αi

Γ(α)

∫ t

1

(
log

t
s
)α−1

∣∣∣∣φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
)
− φp

(
gi
(
s, vi(s), HDβ

1+vi(s)
)∣∣∣∣ ds

+
log t

Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−2
[ ∣∣∣∣φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
)

−φp

(
g j

(
s, v j(s), HDβ

1+v j(s)
)∣∣∣∣ ds

]
+

log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−1
[ ∣∣∣∣φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
)

−φp

(
g j

(
s, v j(s), HDβ

1+v j(s)
)∣∣∣∣ ds

]
AIMS Mathematics Volume 10, Issue 4, 7767–7794.
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+
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αi

∫ e

1

(
log

e
s

)α−1
[ ∣∣∣∣φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
)

−φp

(
gi
(
s, vi(s), HDβ

1+vi(s)
)∣∣∣∣ ds

]
.

Using Lemma 2.5, (H1) and (H2), t ∈ [1, e] and
( %−1

j∑k
j=1 %

−1
j

)
< 1 for j = 1, 2, · · · , k, we obtain

|Tir(t) − Tiv(t)|

≤
e%αi

Γ(α + 1)
(p − 1)Qp−2

i ιi‖ri − vi‖ +
e%α−βi

Γ(α + 1)
(p − 1)Qp−2

i ιi
∥∥∥HDβ

1+ri −
HDβ

1+vi

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1

 %αj

Γ(α)
ι j‖r j − v j‖ +

%
α−β
j

Γ(α)
ι j

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1
j,i

 %αj

Γ(α + 1)
ι j‖r j − v j‖ +

%
α−β
j

Γ(α + 1)
ι j

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥
+

e%αi
Γ(α + 1)

(p − 1)Qp−2
i ιi‖ri − vi‖ +

e%α−βi

Γ(α + 1)
(p − 1)Qp−2

i ιi
∥∥∥HDβ

1+ri −
HDβ

1+vi

∥∥∥
≤

2e(%αi + %
α−β
i )

Γ(α + 1)
(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥ )
+e

k∑
j=1

%αj + %
α−β
j

Γ(α)
(p − 1)Qp−2

j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥)
+e

k∑
j=1
j,i

%αj + %
α−β
j

Γ(α + 1)
(p − 1)Qp−2

j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥)

= e
( 1
Γ(α)

+
2

Γ(α + 1)

)
(%αi + %

α−β
i )(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥)
+e

( 1
Γ(α)

+
1

Γ(α + 1)

) k∑
j=1
j,i

(%αj + %
α−β
j )(p − 1)Qp−2

j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥) .
Hence,

‖Tir(t) − Tiv(t)‖

≤ e
( 1
Γ(α)

+
2

Γ(α + 1)

)
(%αi + %

α−β
i )(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥)
+e

( 1
Γ(α)

+
1

Γ(α + 1)

) k∑
j=1
j,i

(%αj + %
α−β
j )(p − 1)Qp−2

j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥) . (3.4)
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By the formula in reference [3],

HDβ
1+

(
log

t
s

)β−1
=

Γ(β)
Γ(β − α)

(
log

t
s

)β−α−1
, β > 1,

we have

|HDβ
1+Tir(t) − HDβ

1+Tiv(t)|

≤
%αi

Γ(α − β)

∫ t

1

(
log

t
s

)α−β−1 ∣∣∣∣φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
)
− φp

(
gi
(
s, vi(s), HDβ

1+vi(s)
)∣∣∣∣ ds

+
(log t)1−β

Γ(α − 1)Γ(2 − β)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−2
[ ∣∣∣∣φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
)

−φp

(
g j

(
s, v j(s), HDβ

1+v j(s)
)∣∣∣∣ ds

]
+

(log t)1−β

Γ(α)Γ(2 − β)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−1
[ ∣∣∣∣φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
)

−φp

(
g j

(
s, v j(s), HDβ

1+v j(s)
)∣∣∣∣ ds

]
+

(log t)1−β

Γ(α)Γ(2 − β)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αi

∫ e

1

(
log

e
s

)α−1
[ ∣∣∣∣φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
)

−φp

(
gi
(
s, vi(s), HDβ

1+vi(s)
)∣∣∣∣ ds

]
.

Using Lemma 2.5, (H1) and (H2), Γ(2 − β) ≤ 1 and
( %−1

j∑k
j=1 %

−1
j

)
< 1 for j = 1, 2, · · · , k, we obtain

|HDβ
1+Tir(t) − HDβ

1+Tiv(t)|

≤
e%αi

Γ(α − β + 1)
(p − 1)Qp−2

i ιi‖ri − vi‖

+
e%αi

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

i ιi‖ri − vi‖

+
e%α−βi

Γ(α − β + 1)
(p − 1)Qp−2

i ιi
∥∥∥HDβ

1+ri −
HDβ

1+vi

∥∥∥
+

e%α−βi

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

i ιi
∥∥∥HDβ

1+ri −
HDβ

1+vi

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1

 %αi
Γ(α)Γ(2 − β)

ι j‖r j − v j‖ +
%
α−β
i

Γ(α)Γ(2 − β)
ι j

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1
j,i

 λαj

Γ(α + 1)
ι j‖r j − v j‖ +

%
α−β
j

Γ(α + 1)
ι j

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥
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≤
e(%αi + %

α−β
i )

Γ(α − β + 1)
(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥)
+e

k∑
j=1

%αj + %
α−β
j

Γ(α)Γ(2 − β)
(p − 1)Qp−2

j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥)
+e

k∑
j=1
j,i

%αj + %
α−β
j

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥)

+
e(%αi + %

α−β
i )

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥) .
Hence,

‖HDβ
1+Tir(t) − HDβ

1+Tiv(t)‖ ≤ e
( 1
Γ(α − β + 1)

+
1

(Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
×(%αi + %

α−β
i )(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥ )
+e

( 1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

) k∑
j=1
j,i

(%αj + %
α−β
j )

×(p − 1)Qp−2
j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥) . (3.5)

From (3.4) and (3.5), we have

‖Tir(t) − Tiv(t)‖ +
∥∥∥HDβ

1+Tir(t) − HDβ
1+Tiv(t)

∥∥∥
≤ e

( 1
Γ(α)

+
2

Γ(α + 1)
+

1
Γ(α − β + 1)

+
1

(Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
×(%αi + %

α−β
i )(p − 1)Qp−2

i ιi
(
‖ri − vi‖ +

∥∥∥HDβ
1+ri −

HDβ
1+vi

∥∥∥ )
+e

( 1
Γ(α)

+
1

Γ(α + 1)
+

1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

) k∑
j=1
j,i

(%αj + %
α−β
j )

×(p − 1)Qp−2
j ι j

(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥ )
.

Hence,

‖Tir(t) − Tiv(t)‖X ≤ e(p − 1)
[( 1

Γ(α)
+

2
Γ(α + 1)

+
1

Γ(α − β + 1)
+

1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

)
×Qp−2

i
(
%αi + %

α−β
i

)
+

( 1
Γ(α)

+
1

Γ(α + 1)
+

1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

)
×Qp−2

j

k∑
j=1
j,i

(
%αj + %

α−β
j

)]( k∑
i=1

ιi

)(
‖r j − v j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+v j

∥∥∥ )

= χi

( k∑
i=1

ιi

)
‖r − v‖Xk , (3.6)
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where χi, i = 1, 2, · · · , k are given by (3.2).
From the above Eq (3.6), it follows that

‖Tr − Tv)‖Xk =

k∑
i=1

‖Tir − Tiv‖X

≤

( k∑
i=1

χi

)( k∑
i=1

ιi

)
‖r − v‖Xk .

Since ( k∑
i=1

χi

)( k∑
i=1

ιi

)
< 1,

we obtain that T is a contraction map. According to Banach’s contraction principle, the original
system (1.1) has a unique solution on [1, e]. �

Theorem 3.2. Assume that (H1) and (H2) hold; then system (2.1) has at least one solution on [1, e] if( k∑
i=1

Υi

)( k∑
i=1

ιi

)
< 1,

where Υi, i = 1, 2, · · · , 14 are given by Eq (3.3).

By Theorem 3.1, T is defined under the consideration of Krasnoselskii’s fixed point theorem as
follows:

Tµ = $1µ +$2µ,

where

$1µ = −
%αi

Γ(α)

∫ t

1

(
log

t
s

)α−1
φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
))

ds,

$2µ =
log t

Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−2
φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
))

ds

−
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−1
φp

(
g j

(
s, r j(s), HDβ

1+r j(s)
))

ds

+
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αi

∫ e

1

(
log

e
s

)α−1
φp

(
gi
(
s, ri(s), HDβ

1+ri(s)
))

ds.

Proof. For any δ = (δ1, δ2, · · · , δ14)(t), µ = (µ1, µ2, · · · , µ14)(t) ∈ Xk, we have

|$2δ(t) −$2µ(t)|

≤
log t

Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−2
[ ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
)
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−φp

(
gi
(
s, µi(s), HDβ

1+µi(s)
)∣∣∣∣ ds

]
+

log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−1
[ ∣∣∣∣φp

(
g j

(
s, δ j(s), HDβ

1+δ j(s)
)

−φp

(
g j

(
s, µ j(s), HDβ

1+µ j(s)
)∣∣∣∣ ds

]
+

log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αi

∫ e

1

(
log

e
s

)α−1
[ ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
)

−φp

(
gi
(
s, µi(s), HDβ

1+µi(s)
)∣∣∣∣ ds

]
,

which implies that

‖$2δ(t) −$2µ(t)‖

≤ e(p − 1)Qp−2
j

k∑
j=1

 %αj

Γ(α)
u j(t)‖δ j − µ j‖ +

%
α−β
j

Γ(α)
u j(t)

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1
j,i

 %αj

Γ(α + 1)
u j(t)‖δ j − µ j‖ +

%
α−β
j

Γ(α + 1)
u j(t)

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥
+

e%αi
Γ(α + 1)

(p − 1)Qp−2
i ui(t)‖δi − µi‖ +

e%α−βi

Γ(α + 1)
(p − 1)Qp−2

i ui(t)
∥∥∥HDβ

1+δi −
HDβ

1+µi

∥∥∥
≤

e(%αi + %
α−β
i )

Γ(α + 1)
(p − 1)Qp−2

i ui(t)
(
‖δi − µi‖ +

∥∥∥HDβ
1+δi −

HDβ
1+µi

∥∥∥ )
+e

k∑
j=1

%αj + %
α−β
j

Γ(α)
(p − 1)Qp−2

j u j(t)
(
‖δ j − µ j‖ +

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥)
+e

k∑
j=1
j,i

%αj + %
α−β
j

Γ(α + 1)
(p − 1)Qp−2

j u j(t)
(
‖δ j − µ j‖ +

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥)

= e
( 1
Γ(α)

+
1

Γ(α + 1)

)
(%αi + %

α−β
i )(p − 1)Qp−2

i ui(t)
(
‖δi − µi‖ +

∥∥∥HDβ
1+δi −

HDβ
1+µi

∥∥∥)
+e

( 1
Γ(α)

+
1

Γ(α + 1)

) k∑
j=1
j,i

(%αj + %
α−β
j )(p − 1)Qp−2

j u j(t)
(
‖δ j − µ j‖ +

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥) .
In a similar way, we get

|HDβ
1+$2δ(t) − HDβ

1+$2µ(t)|

≤
e%αi

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

i ui(t)‖δi − µi‖
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+
e%α−βi

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

i ui(t)
∥∥∥HDβ

1+δi −
HDβ

1+µi

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1

 %αi
Γ(α)Γ(2 − β)

u j(t)‖δ j − µ j‖ +
%
α−β
i

Γ(α)Γ(2 − β)
u j(t)

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥
+e(p − 1)Qp−2

j

k∑
j=1
j,i

 %αj

Γ(α + 1)
u j(t)‖δ j − µ j‖ +

%
α−β
j

Γ(α + 1)
u j(t)

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥
≤ e

k∑
j=1

%αj + %
α−β
j

Γ(α)Γ(2 − β)
(p − 1)Qp−2

j u j(t)
(
‖δ j − µ j‖ +

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥)
+e

k∑
j=1
j,i

%αj + %
α−β
j

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

j u j(t)
(
‖δ j − µ j‖ +

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥)

+
e(λαi + λ

α−β
i )

Γ(α + 1)Γ(2 − β)
(p − 1)Qp−2

i u j(t)
(
‖δi − µi‖ +

∥∥∥HDβ
1+δi −

HDβ
1+µi

∥∥∥) .
Then,

‖$2δ(t) −$2µ(t)‖X

≤ e(p − 1)
[( 1

Γ(α)
+

1
Γ(α + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
Qp−2

i
(
%αi + %

α−β
i

)
+
( 1
Γ(α)

+
1

Γ(α + 1)
+

1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

)
Qp−2

j

k∑
j=1
j,i

(
%αj + %

α−β
j

)]

×

 k∑
i=1

ιi

)(
‖δ j − µ j‖ +

∥∥∥HDβ
1+δ j −

HDβ
1+µ j

∥∥∥
= Υi

 k∑
i=1

ωi

 ‖δ − µ‖Xk . (3.7)

Hence,

‖$2δ(t) −$2µ(t)‖Xk =

k∑
i=1

‖$2δ −$2µ‖X

≤

( k∑
i=1

Υi

)( k∑
i=1

ιi

)
‖δ − µ‖Xk . (3.8)

It follows from
( k∑

i=1

Υi

)( k∑
i=1

ιi

)
< 1 that $2 is a contraction operator. In addition, we shall prove

that $1 is continuous and compact. For any δ = (δ1, δ2, · · · , δ14)(t) ∈ Xk, we have

‖$1δ(t)‖ ≤
%αi

Γ(α)

∫ t

1

(
log

t
s

)α−1 ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))∣∣∣∣ ds
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≤
%αi

Γ(α)

∫ t

1

(
log

t
s

)α−1 ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))
− φp(gi(s, 0, 0))

∣∣∣∣ ds

+
%αi

Γ(α)

∫ t

1

(
log

t
s

)α−1∣∣∣∣φp(gi(s, 0, 0))
∣∣∣∣ds

≤
e%αi

Γ(α + 1)
(p − 1)Qp−2

i ιi
(
‖δi‖ +

∥∥∥HDβ
1+δi

∥∥∥ )
+

e%αi
Γ(α + 1)

|φp(κ)|

=
e%αi

Γ(α + 1)
(p − 1)Qp−2

i ιi‖δi‖X +
e%αi

Γ(α + 1)
|φp(κ)|.

Then,

‖HDβ
1+$1δ(t)‖ ≤

%αi
Γ(α − β)

∫ t

1

(
log

t
s

)α−β−1 ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
)∣∣∣∣ ds

≤
%αi

Γ(α − β)

∫ t

1

(
log

t
s

)α−β−1 ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))
− φp(gi(s, 0, 0))

∣∣∣∣ ds

+
%αi

Γ(α − β)

∫ t

1

(
log

t
s

)α−β−1∣∣∣∣φp(gi(s, 0, 0))
∣∣∣∣ds

≤
e%αi

Γ(α − β + 1)
(p − 1)Qp−2

i ιi
(
‖δi‖ +

∥∥∥HDβ
1+δi

∥∥∥ )
+

e%αi
Γ(α − β + 1)

|φp(κ)|

=
e%αi

Γ(α + 1)
(p − 1)Qp−2

i ιi‖δi‖X +
eλαi

Γ(α − β + 1)
|φp(κ)|,

which implies

‖$1δ(t)‖X ≤
(

1
Γ(α + 1)

+
1

Γ(α − β + 1)

) (
(p − 1)Qp−2

i ιi‖δi‖X + |φp(κ)|
)
. (3.9)

Hence,

‖$1δ(t)‖Xk ≤

(
1

Γ(α + 1)
+

1
Γ(α − β + 1)

)
×

 k∑
i=1

(p − 1)Qp−2
i ιi‖δi‖X +

k∑
i=1

|φp(κ)|

 < ∞. (3.10)

This shows that $1 is bounded. In addition, we will prove that $1 is equi-continuous. Let t1,
t2 ∈ [1, e]; we have

|$1δ(t2) −$1δ(t1)| ≤
%αi

Γ(α)

∫ t1

1

((
log

t2

s

)α−1
−

(
log

t1

s

)α−1
) ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))∣∣∣∣ ds

+
%αi

Γ(α)

∫ t2

t1

(
log

t2

s

)α−1 ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))∣∣∣∣ ds

≤
e%αi φp(Qi)
Γ(α + 1)

((log t2)α − (log t1)α) +
%αi φp(Qi)

Γ(α)

∫ t2

t1

(
log

t2

s

)α−1
ds, (3.11)

and ∣∣∣HDβ
1+$1δ(t2) − HDβ

1+$1δ(t1)
∣∣∣
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≤
%αi

Γ(α − β)

∫ t1

1

((
log

t2

s

)α−β−1
−

(
log

t1

s

)α−β−1
) ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))∣∣∣∣ ds

+
%αi

Γ(α − β)

∫ t2

t1

(
log

t2

s

)α−β−1 ∣∣∣∣φp

(
gi
(
s, δi(s), HDβ

1+δi(s)
))∣∣∣∣ ds

≤
e%αi φp(Qi)

Γ(α − β + 1)
((log t2)α−β − (log t1)α−β) +

λαi φp(Qi)
Γ(α − β + 1)

∫ t2

t1

(
log

t2

s

)α−β−1
ds. (3.12)

Therefore, from (3.11) and (3.12), we obtain

‖$1δ(t2) −$1δ(t1)‖X ≤
e%αi φp(Qi)

Γ(α − β + 1)
((log t2)α−β − (log t1)α−β) +

%αi φp(Qi)
Γ(α − β + 1)

∫ t2

t1

(
log

t2

s

)α−β−1
ds

+
e%αi φp(Qi)
Γ(α + 1)

((log t2)α − (log t1)α) +
%αi φp(Qi)

Γ(α)

∫ t2

t1

(
log

t2

s

)α−1
ds. (3.13)

This indicates that ‖$1δ(t2)−$1δ(t1)‖X → 0, as t2 → t1.Thus, ‖$1δ(t2)−$1δ(t1)‖Xk → 0, as t2 → t1.
By the Arzela-Ascoli theorem, we obtain that ω1 is completely continuous. According to Lemma 2.6,
system (2.1) has at least one solution on [1, e], which denotes that the original system (1.1) has at least
one solution on [1, e]. �

4. Hyers-Ulam stability

Let εi > 0. Consider the following inequality∣∣∣∣HDα
1+ri(t) − %αi φp

(
fi
(
t, ri(t), HDβ

1+ri(t)
))∣∣∣∣ ≤ εi, t ∈ [1, e]. (4.1)

Definition 4.1. [16] The fractional differential system (1.1) is called Hyers-Ulam stable if there is a
constant c f1, f2,..., fk > 0 such that for each ε = ε(ε1, ε2, ..., εk) > 0 and for each solution r = (r1, r2, ..., rk) ∈
Xk of the inequality (4.1), there exists a solution r̄ = (r̄1, r̄2, ..., r̄k) ∈ Xk of (1.1) with

‖r − r̄‖Xk ≤ c f1, f2,..., fkε, t ∈ [1, e].

Definition 4.2. [16] The fractional differential system (1.1) is called generalized Hyers-Ulam stable if
there exists-function ψ f1, f2,..., fk ∈ C(R+,R+) with ψ f1, f2,..., fk(0) = 0 such that for each ε = ε(ε1, ε2, ..., εk) >
0, and for each solution r = (r1, r2, ..., rk) ∈ Xk of the inequality (4.1), there exists a solution r̄ =

(r̄1, r̄2, ..., r̄k) ∈ Xk of (1.1) with

‖r − r̄‖X ≤ ψ f1, f2,..., fk(ε), t ∈ [1, e].

Remark 4.3. Let function r = (r1, r2, · · · , rk) ∈ Xk, k = 1, 2, · · · , 14, be the solution of system (4.1). If
there are functions ϕi : [1, e]→ R+ dependent on ui respectively, then

(i) |ϕi(t)| ≤ εi, t ∈ [1, e], i = 1, 2, · · · , 14;
(ii) HDα

1+ri(t) = %αi φp

(
fi
(
t, ri(t), HDβ

1+ri(t)
))

+ ϕi(t), t ∈ [1, e], i = 1, 2, ..., 14.

Remark 4.4. It is worth noting that Hyers-Ulam stability is different from asymptotic stability, which
means that the system can gradually return to equilibrium after being disturbed. If the Lyapunov
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function satisfies certain conditions, the system is asymptotically stable. This stability emphasizes the
behavior of the system over a long period of time, that is, as time goes on, the state of the system will
return to the equilibrium state, while the error of Hyers-Ulam stability is bounded (proportional to the
size of the disturbance).

Lemma 4.5. Suppose r = (r1, r2, ..., rk) ∈ Xk is the solution of inequality (4.1). Then, the following
inequality holds:

|ri(t) − r∗i (t)| ≤ εie
( 1
Γ(α)

+
2

Γ(α + 1)

)
+ ε je

k∑
j=1
j,i

( 1
Γ(α)

+
1

Γ(α + 1)

)
,

|HDβ
1+ri(t) − HDβ

1+r∗i (t)| ≤ ε je
k∑

j=1
j,i

( 1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

)

+εie
( 1
Γ(α − β + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
,

where

r∗i (t) =
1

Γ(α)

∫ t

1

(
log

t
s

)α−1
zi(s)ds −

log t
Γ(α − 1)

k∑
j=1

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−2
z j(s)ds

+
log t
Γ(α)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
z j(s)ds −

log t
Γ(α)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
zi(s)ds,

HDβ
1+r∗i (t) =

1
Γ(α − β)

∫ t

1

(
log

t
s
)α−β−1zi(s)ds

−
(log t)1−β

Γ(α − 1)Γ(2 − β)

k∑
j=1

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−2
z j(s)ds

+
(log t)1−β

Γ(α)Γ(2 − β)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
z j(s)ds

−
(log t)1−β

Γ(α)Γ(2 − β)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
zi(s)ds,

and here
zi(s) =

hi(s)
s
, hi(s) = %αi fi

(
s, ri(s), HDβ

1+ri(s)
)
, i = 1, 2, · · · , 14.

Proof. From Remark 4.3, we have

HDα
1+ri(t) = %αi φp

(
fi
(
s, ri(s), HDβ

1+ri(s)
))

+ ϕi(t), t ∈ [1, e],
ri(1) = 0, i = 1, 2, · · · , 14,
ri(e) = r j(e), i, j = 1, 2, · · · , 14, i , j,

k∑
i=1

%−1
i r′i (e) = 0, i = 1, 2, · · · , 14.

(4.2)
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By Lemma 2.7, the solution of (4.2) can be given in the following form:

ri(t) =
1

Γ(α)

∫ t

1

(
log

t
s

)α−1
(
zi(s) +

ϕi(s)
s

)
ds

−
log t

Γ(α − 1)

k∑
j=1

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−2
(
z j(s) +

ϕ j(s)
s

)
ds

+
log t
Γ(α)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
(
z j(s) +

ϕ j(s)
s

)
ds

−
log t
Γ(α)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
(
zi(s) +

ϕi(s)
s

)
ds,

and

HDβ
1+ri(t) =

1
Γ(α − β)

∫ t

1

(
log

t
s
)α−β−1

(
zi(s) +

ϕi(s)
s

)
ds

−
(log t)1−β

Γ(α − 1)Γ(2 − β)

k∑
j=1

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−2
(
z j(s) +

ϕ j(s)
s

)
ds

+
(log t)1−β

Γ(α)Γ(2 − β)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
(
z j(s) +

ϕ j(s)
s

)
ds

−
(log t)1−β

Γ(α)Γ(2 − β)

k∑
j=1
j,i

(
λ−1

j∑k
j=1 λ

−1
j

) ∫ e

1

(
log

e
s

)α−1
(
zi(s) +

ϕi(s)
s

)
ds.

Then, we deduce that

|ri(t) − r∗i (t)| ≤ εi
2e

Γ(α + 1)
+

k∑
j=1

ε j
e

Γ(α)
+

k∑
j=1
j,i

ε j
e

Γ(α + 1)

= εie
( 1
Γ(α)

+
2

Γ(α + 1)

)
+ ε je

k∑
j=1
j,i

( 1
Γ(α)

+
1

Γ(α + 1)

)

and

|HDβ
1+ri(t) − HDβ

1+r∗i (t)| ≤ εi
e

Γ(α − β + 1)
+ ε j

e
Γ(α + 1)Γ(2 − β)

+ε j

k∑
j=1

e
Γ(α)Γ(2 − β)

+ εi

k∑
j=1
j,i

e
Γ(α + 1)Γ(2 − β)
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= ε je
k∑

j=1
j,i

( 1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

)

+εie
( 1
Γ(α − β + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
.

�

Theorem 4.6. Assume that Theorem 3.1 hold; then the fractional differential system (1.1) is Hyers-
Ulam stable if the eigenvalues of matrix A are in the open unit disc. There exists |λ| < 1 for λ ∈ C with
det(λI − A) = 0, where

A =


θ1(%α1 + %

α−β
1 )(p − 1)Qp−2

1 u1 θ2(%α2 + %
α−β
2 )(p − 1)Qp−2

2 u2 · · · θ2(%α12 + %
α−β
12 )(p − 1)Qp−2

12 u14

θ2(%α1 + %
α−β
1 )(p − 1)Qp−2

1 u1 θ1(%α2 + %
α−β
2 )(p − 1)Qp−2

2 u2 · · · θ2(%α12 + %
α−β
12 )(p − 1)Qp−2

12 u14
...

...
. . .

...

θ2(%α1 + %
α−β
1 )(p − 1)Qp−2

1 u1 θ2(%α2 + %
α−β
2 )(p − 1)Qp−2

2 u2 · · · θ1(%α12 + %
α−β
12 )(p − 1)Qp−2

12 u14

 .
Proof. Let r = (r1, r2, ..., r14) ∈ Xk, k = 1, 2, · · · 14, be the solution of the inequality given by∣∣∣∣HDα

1+ri(t) − %αi φp

(
fi
(
t, ri(t), HDβ

1+ri(t)
))∣∣∣∣ ≤ εi, t ∈ [1, e],

and r̄ = (r̄1, r̄2, ..., r̄14) ∈ Xk be the solution of the following system:

HDα
1+ r̄i(t) = %αi φp

(
fi
(
s, r̄i(s), HDβ

1+ r̄i(s)
))
, t ∈ [1, e],

r̄i(1) = 0, i = 1, 2, · · · , 14,
r̄i(e) = r̄ j(e), i, j = 1, 2, · · · , 14, i , j,

k∑
i=1

%−1
i r̄′i (e) = 0, i = 1, 2, · · · , 14.

(4.3)

By Lemma 2.7, the solution of (4.3) can be given in the following form:

r̄i(t) =
%αi

Γ(α)

∫ t

1

(
log

t
s

)α−1
φp

(
gi
(
s, r̄i(s), HDβ

1+ r̄i(s)
))

ds

−
log t

Γ(α − 1)

k∑
j=1

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−2
φp

(
g j

(
s, r̄ j(s), HDβ

1+ r̄ j(s)
))

ds

+
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αj

∫ e

1

(
log

e
s

)α−1
φp

(
g j

(
s, r̄ j(s), HDβ

1+ r̄ j(s)
))

ds

−
log t
Γ(α)

k∑
j=1
j,i

(
%−1

j∑k
j=1 %

−1
j

)
%αi

∫ e

1

(
log

e
s

)α−1
φp

(
gi
(
s, r̄i(s), HDβ

1+ r̄i(s)
))

ds.

Now, by Lemma 4.5, for t ∈ [1, e], we can get

|ri(t) − r̄i(t)| ≤ |ri(t) − r∗i (t)| + |r∗i (t) − r̄i(t)|
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≤ εie
( 1
Γ(α)

+
2

Γ(α + 1)

)
+ ε je

k∑
j=1
j,i

( 1
Γ(α)

+
1

Γ(α + 1)

)

+e
( 1
Γ(α)

+
2

Γ(α + 1)

)
(%αi + %

α−β
i )(p − 1)Qp−2

i ui(t)
(
‖ri − r̄i‖ +

∥∥∥HDβ
1+ri −

HDβ
1+ r̄i

∥∥∥)
+e

( 1
Γ(α)

+
1

Γ(α + 1)

) k∑
j=1
j,i

(%αj + %
α−β
j )(p − 1)Qp−2

i u j(t)
(
‖r j − r̄ j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+ r̄ j

∥∥∥)
and ∣∣∣HDβ

1+ri(t) − HDβ
1+ r̄i(t)

∣∣∣ ≤ ∣∣∣HDβ
1+ri(t) − HDβ

1+r∗i (t)
∣∣∣ +

∣∣∣HDβ
1+r∗i (t) − HDβ

1+ r̄i(t)
∣∣∣

≤ ε je
k∑

j=1
j,i

( 1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

)

+εie
( 1
Γ(α − β + 1)

+
1

Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
+e

( 1
Γ(α − β + 1)

+
1

(Γ(α)Γ(2 − β)
+

1
Γ(α + 1)Γ(2 − β)

)
×(%αi + %

α−β
i )(p − 1)Qp−2

i ui(t)
(
‖ri − r̄i‖ +

∥∥∥HDβ
1+ri −

HDβ
1+ r̄i

∥∥∥)
+e

( 1
Γ(α)Γ(2 − β)

+
1

Γ(α + 1)Γ(2 − β)

) k∑
j=1
j,i

(%αj + %
α−β
j )

×(p − 1)Qp−2
i u j(t)

(
‖r j − r̄ j‖ +

∥∥∥HDβ
1+r j −

HDβ
1+ r̄ j

∥∥∥) .
Hence, we have

‖ri − r̄i‖X = ‖ri − r̄i‖ +
∥∥∥HDβ

1+ri(t) − HDβ
1+ r̄i(t)

∥∥∥
≤ e

(
α + 2

Γ(α + 1)
+

1
Γ(α − β + 1)

+
α + 1

Γ(α + 1)Γ(2 − β)

)
εi

+e
k∑

j=1
j,i

(
α + 1

Γ(α + 1)
+

α + 1
Γ(α + 1)Γ(2 − β)

)
ε j

+e
(
α + 2

Γ(α + 1)
+

1
Γ(α − β + 1)

+
α + 1

Γ(α + 1)Γ(2 − β)

)
×(%αi + %

α−β
i )(p − 1)Qp−2

i ui(t)(‖ri − r̄i‖X

+e
k∑

j=1
j,i

(
α + 1

Γ(α + 1)
+

α + 1
Γ(α + 1)Γ(2 − β)

)
(%αj + %

α−β
j )(p − 1)Qp−2

i u j(t)‖r j − r̄ j‖X

= θ1εi +

k∑
j=1
j,i

θ2εi + θ1(%αi + %
α−β
i )(p − 1)Qp−2

i ui(t)‖ri − r̄i‖X
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+

k∑
j=1
j,i

θ2(%αj + %
α−β
j )(p − 1)Qp−2

i u j(t)‖r j − r̄ j‖X,

where

θ1 = e
(
α + 2

Γ(α + 1)
+

1
Γ(α − β + 1)

+
α + 1

Γ(α + 1)Γ(2 − β)

)
,

θ2 = e
(
α + 1

Γ(α + 1)
+

α + 1
Γ(α + 1)Γ(2 − β)

)
.

Then we have

(‖r1 − r̄1‖X, ‖r2 − r̄2‖X, ..., ‖r14 − r̄14‖X)T

≤ B(ε1, ε2, ..., ε12)T + A(‖r1 − r̄1‖X, ‖r2 − r̄2‖X, ..., ‖r14 − r̄14‖X)T ,

where

B14×14 =


θ1 θ2 · · · θ2

θ2 θ1 · · · θ2
...

...
. . .

...

θ2 θ2 · · · θ1

 .
Then, we can get

(‖r1 − r̄1‖X, ‖r2 − r̄2‖X, ..., ‖r14 − r̄14‖X)T ≤ (I − A)−1B(ε1, ε2, ..., ε14)T .

Let

H = (I − A)−1B =


h1,1 h1,2 · · · h1,14

h2,1 h2,2 · · · h2,14
...

...
. . .

...

h14,1 h14,2 · · · h14,14

 .
Obviously, hi, j > 0, i, j = 1, 2, · · · , 14. Set ε = max{ε1, ε2, ..., ε14}, then we can get

‖r − r̄‖Xk ≤
( k∑

j=1

k∑
i=1

hi, j
)
ε. (4.4)

Thus, we have derived that system (1.1) is Hyers-Ulam stable. �

Remark 4.7. Making ψ f1, f2,..., fk(ε) in (4.4). We have ψ f1, f2,..., fk(0) = 0. Then by Definition 4.2, we deduce
that the fractional differential system (1.1) is generalized Hyers-Ulam stable.

5. Example

The benzoic acid graph we studied in the system (1.1) can be extended to other types of graphs.
For example, star graphs and chord bipartite graphs provide a theoretical basis for physics, computer
networks, and other fields. Here we only discuss the fractional differential system on the star graphs (i
= 1, 2, 3). We discuss the solution of a fractional differential equation on a formaldehyde graph, and
the approximate graphs of solutions are presented by using iterative methods and numerical simulation.
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Example 5.1. Consider the following fractional differential equation:

HD
7
4
1+r1(t) + ( 1

3 )
7
4φ3

1 + t
5(t+3)5

sin(r1(t) +
|H D

3
4
1+ r1(t)|

1+|H D
3
4
1+ r1(t)|

 = 0,

HD
7
4
1+r2(t) + ( 1

2 )
7
4φ3

1 + t
(t+2)7

sin(r2(t) +
|H D

3
4
1+ r2(t)|

1+|H D
3
4
1+ r2(t)|

 = 0,

HD
7
4
1+r3(t) + ( 2

3 )
7
4φ3

1 + t
1000 |arcsin(r3(t))| +

t|H D
3
4
1+ r3(t)|

1000(1+|H D
3
4
1+ r3(t)|)

 = 0,

r1(1) = r2(1) = r3(1) = 0,
r1(e) = r2(e) = r3(e),
(1

3 )−1r′1(e) + (1
2 )−1r′2(e) + ( 2

3 )−1r′3(e) = 0,

(5.1)

corresponding to the system (1.1), we obtain

α =
7
4
, β =

3
4
, k = 3, %1 =

1
3
, %2 =

1
2
, %3 =

2
3
.

Figure 3 (The structure of formaldehyde) is from reference [22]. Coordinate systems with r1, r2,

and r3 are established, respectively, on the formaldehyde graph with 3 edges (Figure 4).

Figure 3. A sketch of CH20.

Figure 4. Formaldehyde graph with labeled vertices.
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Fort ∈ [1, e],

g1
(
t, r1(t), HDβ

1+r1(t)
)

= 1 +
1

5(t + 3)2

sin(r1(t) +
|HD

3
4
1+r1(t)|

1 + |HD
3
4
1+r1(t)|

 ,
g2

(
t, r2(t), HDβ

1+r2(t)
)

= 1 +
1

(t + 2)7

sin(r2(t) +
|HD

3
4
1+r2(t)|

1 + |HD
3
4
1+r2(t)|

 ,
g3

(
t, r3(t), HDβ

1+r3(t)
)

= 1 +
t

1000
|arcsin(r3(t))| +

t|HD
3
4
1+r3(t)|

1000(1 + |HD
3
4
1+r3(t)|)

.

For any x, y, x1, y1, it is clear that

g1(t, x, y) − g1(t, x1, y1) ≤
1

5(t + 3)2 (|x − x1| + |y − y1|),

g2(t, x, y) − g2(t, x2, y2) ≤
1

(t + 2)7 (|x − x2| + |y − y2|),

g3(t, x, y) − g3(t, x3, y3) ≤
t

1000
(|x − x3| + |y − y3|).

So we get

u1 = sup
t∈[1,e]

|u1(t)| =
1

5120
, u2 = sup

t∈[1,e]
|u2(t)| =

1
2187

, u3 = sup
t∈[1,e]

|u3(t)| =
e

1000
,

χ1 = 51.9811, χ2 = 54.7872, χ3 = 58.0208,

and
(χ1 + χ2 + χ3)(u1 + u2 + u3) = 0.5555 < 1.

Therefore, by Theorem 3.1, system (5.1) has a unique solution on [1, e].
Meanwhile,

θ1 = 14.1839, θ2 = 9.7755,

A =


2.6581e − 03 7.134e − 03 6.1901e − 02
1.832e − 03 1.0351e − 02 6.1901e − 02
1.832e − 03 7.134e − 03 8.9816e − 02

 .
Let

det(λI − A) = (λ − 0.0964)(λ − 0.0011)(λ − 0.0054) = 0,

so we have
λ1 = 0.0964 < 1, λ2 = 0.0011 < 1, λ3 = 0.0054 < 1.

It follows from Theorem 4.6 that system (5.1) is Hyer-Ulams stable, and by Remark 4.7, it will be
generalized Hyer-Ulams stable.
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Ultimately, the iterative process curve and approximate solution to the fractional differential
system (5.1) are carried out by using the iterative method and numerical simulation. Let ui,0 = 0,
the iteration sequence is as follows:

r1,n+1(t) = −
( 1

3 )
7
4

Γ(7
4 )

∫ t

1

(
log

t
s

) 3
4
φ3

1 +
1

5(t + 3)2

sin(r1,n(t)) +
|HD

3
4
1+r1,n(t)|

1 + |HD
3
4
1+r1,n(t)|


 ds

−
(1

3 )
7
4 (1

2 )−1(log t)(
( 1

3 )−1 + ( 1
2 )−1 + ( 2

3 )−1
)
Γ( 7

4 )

∫ e

1
(1 − log s)

3
4φ3

(
1 +

1
(t + 2)7

(
sin|r2,n(t)|

+
|HD

3
4
1+r2,n(t)|

1 + |HD
3
4
1+r2,n(t)|

))
ds −

(1
3 )

7
4 (1

2 )−1(log t)(
(1

3 )−1 + ( 1
2 )−1 + ( 2

3 )−1
)
Γ( 7

4 )

∫ e

1
(1 − log s)

3
4

×φ3


(
1 + 0.001t|arcsin(r3,n(t))| +

t|HD
3
4
1+r3,n(t)|

1000 + 1000|HD
3
4
1+r3,n(t)|

) ds

+
(1

2 )−1( 1
3 )

7
4 (log t)(

( 1
3 )−1 + ( 1

2 )−1 + ( 2
3 )−1

)
Γ( 7

4 )

∫ e

1
(1 − log s)

3
4φ3

(
1 +

1
5(t + 3)2

(
sin(r1,n(t))

+
|HD

3
4
1+r1,n(t)|

1 + |HD
3
4
1+r1,n(t)|

))
ds +

(1
3 )

7
4 (2

3 )−1(log t)(
(1

3 )−1 + ( 1
2 )−1 + ( 2

3 )−1
)
Γ( 7

4 )

∫ e

1
(1 − log s)

3
4

×φ3

(
1 +

1
5(t + 3)2

(
sin(r1,n(t)) +

|HD
3
4
1+r1,n(t)|

1 + |HD
3
4
1+r1,n(t)|

))
ds

+
( 1

3 )
7
4 ( 1

3 )−1(log t)(
( 1

3 )−1 + ( 1
2 )−1 + ( 2

3 )−1
) 1

Γ( 3
4 )

∫ e

1
(1 − log s)−

1
2φ3

(
1 +

1
5(t + 3)2

×

(
sin(r1,n(t)) +

|HD
3
4
1+r1,n(t)|

1 + |HD
3
4
1+r1,n(t)|

))
ds +

( 1
2 )

5
2 ( 1

2 )−1(log t)(
( 1

4 )−1 + (1
2 )−1 + (2

3 )−1
)
Γ(3

4 )

×

∫ e

1
(1 − log s)−

1
2φ3

(
1 +

1
(t + 2)7

(
sin|r2,n(t)| +

|D
3
4
1+r2,n(t)|

1 + |D
3
4
1+r2,n(t)|

))
ds

+
(2

3 )
7
4 (2

3 )−1(log t)(
( 1

3 )−1 + ( 1
2 )−1 + ( 2

3 )−1
)
Γ( 3

2 )

∫ e

1
(1 − log s)−

1
2φ3

(
1 + 0.003t

×|arcsin(r3,n(t))| +
t|HD

3
4
1+r3,n(t)|

1000 + 1000|HD
3
4
1+r3,n(t)|

))
ds.

The iterative sequence of r2,n+1 and r3,n+1 is similar to r1,n+1. After several iterations, the approximate
solution of fractional differential system (5.1) can be obtained by using the numerical simulation.
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Figure 5 is the approximate graph of the solution of −−→r1r0 after iterations. Figure 6 is the approximate
graph of the solution of −−→r2r0 after iterations. Figure 7 is the approximate graph of the solution of −−→r3r0

after iterations.

Figure 5. Approximate solution of u1.

Figure 6. Approximate solution of u2.

Figure 7. Approximate solution of u3.
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6. Conclusions and prospects

Using the idea of star graphs, several scholars have studied the solutions of fractional differential
equations. They chose to utilize star graphs since their method required a central node connected to
nearby vertices through interconnections, but there are no edges between the nodes.

The purpose of this study was to extend the technique’s applicability by introducing the concept of
a benzoic acid graph, a fundamental molecule in chemistry with the formula C7H6O2. In this manner,
we explored a network in which the vertices were either labeled with 0 or 1, and the structure of the
chemical molecule benzoic acid was shown to have an effect on this network. To study whether or not
there were solutions to the offered boundary value problems within the context of the Caputo fractional
derivative with p-Laplacian operators, we used the fixed-point theorems developed by Krasnoselskii.
Meanwhile, the Hyers-Ulam stability has been considered. In conclusion, an example was given to
illustrate the significance of the findings obtained from this research line.

The following open problems are presented for the consideration of readers interested in this
topic: At present, the research prospects of fractional boundary value problems and their numerical
solutions on graphs are very broad, which can be extended to other graphs, such as chord bipartite
graphs. The follow-up research process, especially the research on chemical graph theory, has a certain
practical significance. This is because such research does not need chemical reagents and experimental
equipment. In the absence of experimental conditions and reagents, the molecular structure is studied,
and the same results are obtained under experimental conditions. Although the differential equation on
the benzoic acid graph is studied in this paper, the molecular structure is not studied by the topological
index in the research process. It can be tried later to provide a theoretical basis for the study of reverse
engineering and provide new ideas for the study of mathematics, chemistry, and other fields.
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