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1. Introduction and preliminaries

Let (M, d) be a metric space. A Banach contraction mapping G : M — M satisfies the following
inequality:
d(Gp,Gq) < kd(p,q) Vp,q € M,

where k € [0, 1).

Two key characteristics of the Banach contraction mapping [1,2] are as follows:
1) It is continuous.
2) If (M, d) is complete, it contains a unique fixed point in M.

A Kannan contraction mapping G : M — M satisfies the following inequality:

d(Gp,Gq) < k[d(p,Gp) +d(q,Gg)]1 Vp,q € M,

where k € [0, 1/2).
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Two important characteristics of the Kannan contraction mapping [3] are as follows:

1) It may be discontinuous.
2) If (M, d) is complete, it contains a unique fixed point in M.

Both of the above mappings are also Picard operators on complete metric spaces (M, d), that is,
Fix(G)={p} and G"py — p as n — oo, for any py € M. These mappings are considered one of the most
effective tools in nonlinear analysis due to their wide domain of applicability.

The literature on metric fixed-point theory is rich and contains many interesting results. Within the
last decades, we have seen concepts like @-admissibility and a-y-contraction mapping [4]; ¢-nearly
contraction mapping and ¢-nearly nonexpansive mapping [5]; asymptotically T-regular mapping in
modular G-metric spaces [6]; relation theoretic contractions [7]; product-operated metric spaces [8];
F-contraction mapping [9]; interpolative Kannan mapping [10]; enriched Kannan mapping [11]; MR-
Kannan mapping [12]; etc.

Berinde and Pdcurar [11] used the technique of enriching the contractive type mappings through
the Krasnoselskii averaging process and introduced the notions of enriched Kannan mapping and
enriched Bianchini mapping. They also proved the existence of a fixed point for these notions with the
help of Kransnoselskii iteration. Berinde and Pdcurar also presented the notions of enriched Banach
contraction [13] and enriched ¢-contraction in convex metric spaces [14]. The directions provided by
Berinde and Pacurar inspired the other researchers. As a result, we have seen enriched ¢-contraction
using normed linear spaces [15]; enriched multivalued contraction [16]; enriched Kannan-type
semigroup mapping [17]; MR-Kannan-type interpolative contractions [18]; enriched p-contraction
and enriched p-Kannan mapping in modular function spaces [19]; enriched Suzuki mappings in
Hadamard spaces [20]; Wardowski-type enriched contractive mappings [21]; enriched generalized
Bianchini mapping [22]; enriched Kannan-type mappings in convex metric spaces [23]; etc.

The literature review provides a lot of applications of enriched type contraction mappings in other
topics of mathematics, like split feasibility problems [11,22], variational inequality problems [11,22],
linear systems of equations [22], and integral equations [23]. Numerous scientific and technical
domains have recognized possible uses of the above-listed topics. For example, these problems are
helpful for phase retrieval, compressed sensing, and image reconstruction in signal processing. They
are employed in data analysis, optimization, and machine learning within the discipline of computer
science. They are also useful in equilibrium problems, game theory, and finance in the context of
economics. In addition to the above, these topics have a lot of other uses in engineering and
transportation problems.

The notions of enriched Kannan mapping and enriched Bianchini mapping, along with related fixed-
point results, are mentioned below.

Definition 1.1. [/7] Let (M, || - ||) be a normed linear space. A mapping G : M — M is said to be an
enriched Kannan mapping if there exist / € [0, o) and k € [0, 1/2) such that

Wl(p—q)+Gp—Gqll <k(llp— Gpll +1lg — Gqll) Yp,q € M.

Theorem 1.1. [11] Let (M,]| - ||) be a Banach space, and let G : M — M be an enriched Kannan
mapping. Then, G contains a unique fixed point in M.

Definition 1.2. [//] Let (M, || - ||) be a normed linear space. A mapping G : M — M is said to be an
enriched Bianchini mapping if there exist / € [0, c0) and k € [0, 1) such that

lI(p — q) + Gp — Gqll < kmax{||p — Gpll,|lg — Gqll} Vp,q € M.
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Theorem 1.2. [1]1] Let (M, || - ||) be a Banach space, and let G : M — M be an enriched Bianchini
mapping. Then, G contains a unique fixed point in M.

In the next section, we have presented a few generalizations of the above-mentioned enriched
Kannan mapping and enriched Bianchini mapping, along with corresponding fixed-point results. The
generalizations are obtained in two different ways. One generalization is based on an inward
modification of the ideas of Berinde and Pacurar [11], while the other generalization is based on an
outward modification.

Throughout the article, we denote the set of all natural numbers by N and the set of all real numbers
by R.

2. Main results

In this section, we have generalized the notions of Berinde and Pacurar [11] as inward and outward
enriched mappings by using the methodology of Samet et al. [4] and have studied the existence of fixed
points for these new notions.

The following definition presents the concept of an inward enriched Kannan mapping.

Definition 2.1. Let (M, || - ||) be a normed linear space. A mapping G : M — M is called an inward
enriched Kannan mapping if, for each p,q € M, we have

16(p. 9)(p — @) + Gp = Gqll < k(lp = Gpll + llg = G4lD), 2.1)
where 6 : M x M — R is a mapping and k € [0, 1/2).

The above definition can also be expressed in the form of metric spaces, as given below.
Let (M, d) be a metric space. A mapping G : M — M is called an inward enriched Kannan mapping
if, for each p, g € M, we have

d@(p,q@p +Gp,0(p,q)q + Gg) < k(d(p,Gp) + d(q,Gq)), (2.2)

where 6 : M X M — R is a mapping and k € [0, 1/2).
We now provide an example to support the concept of inward enriched Kannan mapping.

Example 2.1. Consider M = {1, 2, 3} with a usual metric defined on it. Define G : M — M by

Q
<
Il
UJ}\)»—*
T
I
I

-

and 6 : M X M — R by

-2, p.ge{l,2}withp #gq,

-1/2, p,q€{1,3} with p # g,
0(p,q) = .

I, p,qgef{2,3}withp #g¢q,

2, p=gq.
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The readers can easily verify that the definition of inward enriched Kannan mapping is satisfied in this
example. But the mapping mentioned above is neither a Kannan mapping nor an enriched Kannan
mapping. To see this, consider p = 2, g = 3, and p = 1, g = 3, respectively.

The  subsequent  outcome  guarantees the  existence of a  fixed point
for an inward enriched Kannan mapping.

Theorem 2.1. Let (M, || - ||) be a Banach space, and let G : M — M be an inward enriched Kannan
mapping. Let n € (0, 1) be such that the following conditions hold:

(i) There exists pg € M with 8(po, (1 —n)po + nGpoy) = 1;
(i1) For each p,q € M with 8(p, q) = I, we get 0((1 —n)p + nGp,(1 —n)qg + nGq) = I,

(ii1) For each sequence {p,} in M with 6(p,, p,+1) = [ ¥n € N and p, — p asn — oo, we have
O(pn, p) =1Vn e N;

where [ = 717 — 1. Then, G contains a fixed point in M. Moreover, if 8(p,q) > —1 Vp,q € M, then G
contains a unique fixed point in M.

Proof. By the condition (i), we say that there exists py € M with 6(pg, (1 — n7)po + nGpy) = [. Define
p1 = (1 —=n)po + nGpy. Then, we can write 6(pg, p;) = [. By (2.1), we get

16(po, P1)(Po = P1) + Gpo = Gpill < k(llpo = Gpoll + [Ip1 = GpilD.
That is,
li(po — p1) + Gpo — Gpill < k(llpo — Gpoll + llp1 = Gp1lD.
Since [ = % — 1, the above inequality is equivalent to
1
I;

(— - 1) (po — p1) + Gpo — Gpi|| < k(lpo — Gpoll + lIp1 — Gpill).

Simplifying the above inequality, we obtain

|G,po = Gypi|| < k(llpo = Gypoll + llp1 = GypilD,

where G, is an averaged map, thatis, G,p = (1-n7)p+nGp Vp € M. By condition (ii) and 6(p, p1) = ,
we get 0((1 —n)po + nGpo, (1 —n)p1 +nGp;) = L. Again, define p, = (1 —n)p; + nGp;. Then, we have
0(p1, p2) = L. Again, by (2.1), we get

N6(p1, p2)(p1 — p2) + Gpr — Gpall < k(llp1 — Gpill + [Ip2 — Gpal)).
That is,

< k(lp1 = Gpill + llp2 — Gp2l).

1
”(5 - 1) (p1 = p2) +Gp1 = Gps
This implies

|G,p1 = Gyps|| < k(llpy = Gypill + 12 = Gy sl

Continuing the above procedure, we can obtain a sequence {p,} in M with the following properties:
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® p, = ann—l VYn eN;
® O(Pn-1,pn) =1 ¥n e N;
e The following inequality is valid for each n € N:

G ypa-1 = Gupa| < kIpact = Gypucill + 11pa = Gypal). (2.3)

We can rewrite (2.3) as

Ipn = Prsill £ k(|pu-1 = pull + [Ipn = Pnsill) VR € N.

This inequality further shows that

k
1n = Puill < =7 l1Pu-1 = Pl Y1 € . (2.4)

Using (2.4) and induction, we obtain

k n
lpn = Praill < (m) lpo = pill Vr € N. (2.5)

Next, we will show that {p,} is a Cauchy in M by using the triangle property of normed space and (2.5).

m—1 m—1 k J
1pw = pull < X llPi = Pia] < D (m) lpo = pill ¥n < m. (2.6)
j=n j=n

The fact %( < 1 provides the convergence of X7, (%{)l Thus, from (2.6), we get

lim,, ;e ||pn — pull = 0. That is, {p,} is a Cauchy in a Banach space M. Thus, we get a point p, in M
such that p, — p. as n — oco. From condition (iii) and the fact that 6(p,_1, p,) = [ Yn € N, we say that
O(pu-1, p«) =1 ¥n € N. By (2.1), we obtain

10(Pn=1, ) (Pn-t — D) + Gpuet — Gp.ll < k(||pn-i — Gpu-ill + llps — Gp.l]) Yn € N.

That is,

< k(llpn-1 = Gpuall + llps = Gp.l) Yn € N.

1
H(; - 1) (Pn-1 = p:) + Gpuy — Gp,

This yields

|G ypa-t = Gyp-|| < k(lpuct = Gypucill + lIp. = Gyp.ll) ¥n € N.

We can also express the above inequality as

By using the triangle property of the norm and (2.7), we obtain

Pn = Gyp.|| £ k(llpn-i = pull + llp — Gyp.ll) Vi € N. (2.7)

lp: = Gyp:ll < Ipe = pull + [P0 — Gyl
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< ||P* - pn” + k(“pn—l - pn” + ||P* - an*”) ¥n € N.

As n — oo, the above inequality reduces to

lp. — Gyp.ll < Kllp. — Gp.ll.

This inequality only exists when ||p, — G, p.|| = 0, that is, p. = G, p.. Hence, p, = (1 — n)p. + nGp.,
that is, p. = Gp..

We now discuss the uniqueness of a fixed point of G. Consider we have two fixed points, p, and q.,
then by hypothesis, we have 8(p., g.) > —1, thatis 6(p., g.) + 1 > 0. Using (2.1), we obtain

16(p g:) (P = G.) + Gps = Gl = [1(0(p-r g) + D(ps = gl < k(llps = Gpill + [lg. — Gg.ll) = 0.
This implies p. = g.. Hence, the fixed point of G is unique. O

Remark 2.1. The uniqueness of a fixed point can also be obtained in the preceding theorem by
substituting 8(p, q) > —1 Yp,q € M with p € Gp and g € Gq for the condition 6(p,q) > -1 Vp,qg € M.

Remark 2.2. Theorem 2.1 reduces to Theorem 1.1 with / > 0 by defining 6(p, q) = [ Vp,q € M, where
[ > 0 is a fixed constant.

The following illustration clarifies the requirements of the aforementioned theorem.

Example 2.2. Consider M = R with ||p|]| = |p| Vp € M. Define G : M - M and § : M X M — R by

and
5 p.q <0,
0, otherwise.

9(p, Q) = {

First, we discuss the existence of (2.1) by the following cases:
Case 1. For p,g < 0, we have Gp = 0 = Ggq. Then, we obtain

6Cp, 9)(p — q) + Gp — G4l

I(1/H(p — gl
(L/4)(pl + Ig1)
(I/4)(lp - Gpll + llg — Gqll)

2.25
T(Ilp — Gpll +llg - Gqll).

IA

IA

Case 2. For p,q > 0, we have Gp = _72” and Gg = —Tzq Then, we obtain

-2p -2q
0p-q)+ — - —
‘(p q) 3 3

6, ¢)(p — q) + Gp — G|
2
= g(lp —ql)

AIMS Mathematics Volume 10, Issue 2, 3207-3226.
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IA

2.25 5
225 '_P +‘5_61
3 3

225
= =~(Ilp =Gl +llg - Gall).
Case 3. For p > 0 and ¢g < 0, we have Gp = =£ and Gg = 0. Then, we obtain
6p.0)p - )+ Gp=Gall = |00 - )+ =2 -0
2
= 3(in)
L 225 '5 1l
= 75 \[3|T
2.25
= =~(Ilp =Gl +llg - Gall).

By considering the above cases, we see that (2.1) holds with k = Zsﬁ Next, we discuss the existence
of Axioms (i)—(iii). By given 6, we assume [ = i; this implies = ‘5‘. For Axiom (i), take py = —1,

then (1-n)po+7Gpoy = (1 = £) (=1)+£(0) < 0, thus 8(po. (1-m)po+nGpo) = § withn = L. If p,q < 0,
then (1 — n)p +nGp=((1-np<0and (1 -n)g+nGqg = (1 —1n)gq < () Hence, Axiom (ii) holds; that
1s, 0(p,q) = 7 1mphes 9((1 -mp+nGp,(1 —n)g+nGq) = ; w1th n=xz. Also, for each sequence {p,}
in M with Q(pn,p,,+1) =z Vn € Nand p, » pasn — oo, we have Q(pn,p) = 41‘; Vn € N. Hence, all
conditions of Theorem 2.1 are valid in this example, and G has a fixed point.

The following definition presents the concept of an outward enriched Kannan mapping.

Definition 2.2. Let (M, || - ||) be a normed linear space. A mapping G : M — M is called an outward
enriched Kannan mapping if there exist / € [0, o) and k € [0, 1/2) such that

O(p, Plll(p —q) + Gp — Gqll < k(llp — Gpll + |lg — Gqll) Vp,q € M, (2.8)
where 6 : M X M — [0, o0) is a mapping.

The above definition can also be expressed in terms of metric spaces, as follows:
Let (M, d) be a metric space. A mapping G : M — M is called an outward enriched Kannan
mapping if there exist [ € [0, c0) and k € [0, 1/2) such that

O(p, )d(lp + Gp,lg + Gg) < k(d(p,Gp) +d(q,Gq)) Vp,q € M, (2.9)

where 6 : M X M — [0, o0) is a mapping.
To strengthen the idea of outward enriched Kannan mapping, we have developed the following
example:

Example 2.3. Consider M = [0, co) with a usual metric defined on it. Define G : M — M by

1-p, e [0, 1],
Gp:{ p. peEl0,1]
p, p=1,

AIMS Mathematics Volume 10, Issue 2, 3207-3226.
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and 0 : M X M — [0, o) by
1, p,qel0,1],
0, otherwise.

9(p’ q) = {

It is easy to verify that the definition of outward enriched Kannan mapping holds for this example with
[ = 1-2k foreach k € [0, 1/2). But the mapping mentioned above is not an enriched Kannan mapping;
for instance, consider p,q > 1.

Outward enriched Kannan mappings also possess fixed points under certain conditions, as stated in
the following theorem.

Theorem 2.2. Let (M, || - ||) be a Banach space, and let G : M — M be an outward enriched Kannan
mapping. Let the following conditions also hold:

(i) There exists py € M such that 8(pg, (1 —n)po + nGpy) = 1;
(i1) For each p,q € M with 6(p, q) = 1, we have 6((1 —n)p + nGp, (1 — n)g + nGq) = 1,

(i11) For each sequence {p,} in M with 6(p,, p,s1) = 1 Vn € N and p, — p asn — oo, we have
0(p,,p) =1VYneN.

Wheren = ﬁ and / is the constant that appears in (2.8). Then, G contains a fixed point in M. Moreover,
if 8(p,q) > 0 Vp,q € M, then G contains a unique fixed point in M.

Proof. First, we discuss the proof for an outward enriched Kannan mapping with / > 0. The condition

(i) of the theorem implies that py € M with 8(py, (1 — n)py + n1Gpy) = 1 withn = . Set p, =

+1°
(1 = n)po + nGpy. Then, we can write 6(py, p1) = 1. By (2.8), we obtain

O(po, pOII(po — p1) + Gpo — Gpill < k(l|po — Gpoll + llp1 — GpilD).

Since O(py, p1) = 1l and [ = }] — 1 > 0, the above inequality is equivalent to

< k(llpo = Gpoll + llpr = GpalD.

1
H(; - 1) (po — p1) +Gpo — Gp,
This implies
|G, po — Gypi| < k(llpo — Gypoll + llp1 = GypilD,

where G, is an averaged map with 7 = 1%1 As 0(po, p1) = 1 then condition (ii) provides 8((1 — n)po +
1

nGpo, (1 —=n)p1 + nGpy) = 1 with n = 5. By setting p, = (1 —n)p1 + nGp,, we write 0(py, p2) = 1.
Again, by (2.8), we obtain

O(p1, p)l(p1 = p2) + Gp1 — Gpsll < k(l|p1 = Gpill + |lp2 — Gpall).

After performing a few simplifications, we obtain

|Gup1 = Gyps|| < k(llpy = Gypill + 12 = Gy sl

Working with this procedure, we can obtain a sequence {p,} in M with the following properties:
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® pn=G,p,1 Yn e N withp = L
° Q(pn_l,pn) =1VneN;

e For an averaged map G, with = -

77, We obtain

|G Pt = Gypal| < k(lIpact = Gypucill + 1P = Gypull) ¥ € N. (2.10)

We can rewrite (2.10) as

pn = Prsill £ k(|pu-1 = pall + [Ipn = Pnsill) VR € N.

By collecting the same terms on one side of the inequality, we obtain

k
1pn = Puill < = l1Pu-1 = pull ¥ € . (2.11)
Using (2.11) and induction, we obtain
k n
pn = Praill < T—% llpo — pill ¥n € N. (2.12)
From (2.12), one can see that
m—1 m—1 k J
1w = pull < ]Z i = P < JZ (m) lpo = pill Yn < m. (2.13)

Thus, lim,, ;. ||[Pn = pwll = 0. That is, {p,} 1s Cauchy in a Banach space M. Hence, a point p, exists
in M such that p, — p. as n — oo. Since 8(p,-1, p,) = 1 Vn € N, then by the condition (iii), we obtain
O(pu-1,p.) = 1 ¥n € N. By (2.8), we obtain

O(pn-1, p) Wl(pn-1 — p.) + Gpu_i — Gp.ll < k(||pu-1i = Gpn-ill + llps — Gp.ll) Yn € N,

15

1
(— - 1) (Pn—1 - p*) + Gpn—l - Gp*

That is,

< k(llpn-1 = Gpuall + llps = Gp.l) Yn € N.

By simplifying the above inequality, we obtain

|G ypa-t = Gyp-|| < k(lpuct = Gypucill + lIp. = Gyp.ll) ¥ € N.

Equivalently, we say

The limiting case of (2.14), as n — oo, is provided below:

Pn = Gyp.|| < k(llpa-1 = pull + P = Gyp.l) Yn € N. (2.14)

||P* - an*” < k”P* - Gr]p*H Yn e N»

which only holds when ||p. — G,p.|| = 0, that is, p, = G, p.. Hence, p. = (1 — n)p. + nGp,, that is,
p« = Gp..

We next talk about the case where / = 0. The theorem’s formulation gives us the following
conditions for / = 0.

AIMS Mathematics Volume 10, Issue 2, 3207-3226.
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For each p,q € M, we have

0(p, PlIGp — Gqll < k(llp — Gpll + llg — Gqll) Yp,q € M;

There exists pg € M such that 6(py, Gpy) = 1;

For each p,q € M with 6(p,q) = 1, we get 8(Gp,Gq) = 1;

For each sequence {p,} in M with 8(p,, p,+1) = 1 Vn € Nand p, —» p asn — oo, we have
0(p,,p) =1V¥neN.

It is guaranteed that there is a fixed point of G under these circumstances. Since G, = G; = G and
pn=Gp,1 Yn e N,

We now discuss the uniqueness of a fixed point of G. Let there exist two fixed points, p. and q.,
then by hypothesis, we have 8(p., g.) > 0. Using (2.8), we obtain

0(p., g+ D(ps = gl
k(lp. = Gp.ll +llg. — Gg.l)) = 0.

9(17*’ CI*)”l(p* - Q*) + Gp* - GCI*”

IA

This implies p. = g.. Hence, G has a unique fixed point. |

Remark 2.3. In the aforementioned theorem, the uniqueness of a fixed point can also be established
by substituting 6(p,q) > 0 Vp,q € M with p € Gp and g € Gq for the condition 8(p,q) > 0Vp,q € M.

Remark 2.4. Theorem 2.2 reduces to Theorem 1.1 by defining 6(p,q) = 1 Vp,q € M.
The following example supports and explains the above theorem.
Example 2.4. Consider M = R with |[p|| = |p| Vp € M. Define G : M — M by

{l—n pel0,1],
Gp = .
D, otherwise,

and 0 : M X M — [0, 00) by
I, p,qel0,1],
0, otherwise.

0(p,q) = {
The definition of outward enriched Kannan mapping holds for this example with / = % and k = i. For

instance, consider the following cases:
Case 1. For p,q € [0, 1], we have Gp = 1 — p and Gg = 1 — q. Then, we obtain

O(p, Plll(p — q) + Gp — G4|

1
1(f50-0+a-p-a-q

B(p -9 —(p- q)'

1
= E(Ip —ql)
1
= Z(|2P - 2q|)

AIMS Mathematics Volume 10, Issue 2, 3207-3226.
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1
= 7(@p-1=@2q-1D

1
= Z2p-1i+12q-1))
= k(lp = Gpll + llg = G4lD.

Case 2. For p ¢ [0, 1] and ¢ € M. Then, we obtain

O(p, Pll(p —q) + Gp — Gql| = 0 < k(llp — Gpll + llg — Gqll).

Next, we discuss the existence of Axioms (i)—(iii) with n = 7 = %H
2
1

outward enriched Kannan mapping holds with / = 3. For Axiom (i), consider py = 0, then (1 —

mpo +nGpo = (1-3)(0) + (1) € [0,1], thus 6(po, (1 — )po + nGpo) = 1. If p,q € [0,1], then
(1-mp+nGp = (1-3)p+3(1-p) < p+(1-p) = L and (1-n)g+nGq = (1-3)g+3(1—¢) < g+(1-q) = 1.
Hence, Axiom (i1) holds; that is, 8(p, g) = 1 implies 8((1 —n)p + nGp, (1 —n)g + nGq) = 1 withn = %
Also, for each sequence {p,} in M with 6(p,, p,+1) = 1 Yn € N and p, — p asn — oo, we have
6(p., p) = 1 Yn € N. Hence, all conditions of Theorem 2.2 are valid in this example, and G has a fixed
point.

= %, since the definition of

Remark 2.5. In the above example, by considering p = 2 and g = 3, we conclude the following:

e Theorem 2.1 is not applicable for the given 6.
e Theorem 1.1 is not applicable.
e Kannan fixed-point theorem [3] is not applicable.

We now provide generalized notions of enriched Bianchini mappings and discuss the existence of
fixed points for these notions.

Definition 2.3. Let (M, || - ||) be a normed linear space. A mapping G : M — M is called an inward
enriched Bianchini mapping if, for each p,q € M, we have

16(p, ¢)(p — @) + Gp — Gql| < kmax{||p — Gpl|,|lg — Gql|} (2.15)

where 6 : M X M — R is a mapping and k € [0, 1).
The existence of a fixed point for the aforementioned idea is given by the following theorem.

Theorem 2.3. Let (M, || - ||) be a Banach space, and let G : M — M be an inward enriched Bianchini
mapping. Let 7 € (0, 1) be such that the following conditions hold:

(i) There exists pg € M with 8(po, (1 —n)py + nGpoy) = 1;
(i1) For each p,q € M with 6(p, q) = [, we have 0((1 — n)p + nGp, (1 —n)qg + nGq) = I,

(ii1) For each sequence {p,} in M with 6(p,, p,+1) = [ ¥n € N and p, — p asn — oo, we have
O(pn,p) =1VneN;

where [ = % — 1. Then, G contains a fixed point in M. Moreover, if 8(p,q) > —1 VYp,q € M, then G
contains a unique fixed point in M.
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Proof. From the condition (i), we obtain py € M with 8(po, (1 — n)po + nGpy) = [. By letting p; =
(1 = n)po + nG py, we can write 6(po, p1) = [. By (2.15), we obtain

l6(po, p1)(Po — p1) + Gpo — Gpill £ kmax{l|po — Gpoll, llp1 — Gpill}-

This inequality is equivalent to the following.

< kmax{|[po — Gpoll, llp1 = Gpill}.

1
H(; - 1) (po—p1) +Gpo—Gpy
Simplifying the above inequality, we obtain

|Grpo = Gypi|| < kmax{lipo — Gypoll. llpy — Gypill}-

As 8(po, p1) = 1, by (i1), we get O((1 — n)po + nGpo, (1 —n)p; + nGp;) = . We can also rewrite it as
0(p1, p2) = L by setting p, = (1 —n)p; + nGp,. Again, by (2.15), we obtain

l0(p1, p2)(p1 — p2) + Gpi — Gpall £ kmax{l|p; — Gpill,llp2 — Gpall}.

That is,

< kmax{|lp; — Gp1ll,llp2 — Gpall}.

1
H(; - 1) (p1—p2) +Gp —Gps
This implies

|Gp1 = Gypa|| < kmax{lip: = Gypill, llp2 = Gypall}-

Continuing the same pattern, we get a sequence {p,,} in M with the following properties:

¢ D, =Gyp,1 VneN;
b 9(pn—lapn) =lVYneN;
e The following inequality is valid for each n € N:

|Gpuct = G| < kmax{llp,—i — Gypu-ill. lIps — Gypall}- (2.16)

We can rewrite (2.16) as
120 = Punill < kmax{l|pp-1 = pull, [IPn = Pasill} Y € N.
In order to proceed with the proof, we assume that the above inequality yields the following:
lpn = Praill < Kllpuy = pull Yo € N. (2.17)
Otherwise, we obtain a fixed point of G,, and hence of G. Using (2.17) and induction, we obtain

1Pn = Pueill < K"llpo — pill Yn € N. (2.18)

AIMS Mathematics Volume 10, Issue 2, 3207-3226.



3219

Following the proof of Theorem 2.1, we say that (2.18) guarantees that {p,} is Cauchy in a Banach
space M. Hence, {p,} converges to some p. in M, thatis, p, — p. as n — oo. From the condition (iii)
and the fact that 8(p,_1, p,) = [ ¥n € N, we say that 0(p,_,, p.) = [ ¥n € N. By (2.15), we obtain

N0(Pn-1, P)(Pn1 — Ps) + Gpu_y — Gp.ll < kmax{||[p,—1 — Gpu-ill,lIp. — Gp.ll} ¥n € N.

That is,

< kmax{||p,-1 = Gpp-ill, llp« — Gp.ll} Vn € N.

1
H(; - 1) (Pn-1 = Ps) + Gpuy — G,

This yields

|Gypa-1 = Gyp.|| < kmax{llpa-1 = Gypu-ill, llp« = Gyp.ll} ¥ € N.

That is,

Letting n — oo in (2.19), we obtain

Pn — an* < kmaX{||Pn—1 - pn”a ||P* - an*”} ¥n € N. (219)

P = Gyp.ll < kllp. = Gyp.ll Vn € N.

This implies ||p.—G,p.|l = 0, thatis, p. = G, p.. Hence, p. = (1-n)p.+nGp. and we obtain p, = Gp..
Next, we discuss the uniqueness of a fixed point of G. Suppose that there are two fixed points, p.
and g., then by hypothesis, we have 6(p., g.) > —1, thatis, 6(p., g.) + 1 > 0. Using (2.15), we obtain

160(p+, ¢ )P — g:) + Gps — Gg.ll = [(0(p.. ) + D(ps — gl < kmax{[[p. — Gp.ll, llg. — Gq.ll} = 0.
The above inequality implies that p, = ¢g.. Hence, G contains a unique fixed point. O

Remark 2.6. Theorem 2.3 reduces to Theorem 1.2 with [ > 0 by letting 8(p, q) = [ Vp,q € M, where
[ > 0 1is a fixed constant.

To support the above theorem, we provide the following example.
Example 2.5. Consider M = R with ||p|]| = |[p| Vp € M. Define G : M - M and 6 : M X M — R by
) > 05
Gp=1PP
0, p<O,

and
3 P:q <0,
0, otherwise.

0(p,q) = {

To discuss the existence of (2.15), we consider the following cases.
Case 1. For p,q < 0, we have Gp = 0 = Gq. Then, we obtain

N6(p, )(p—q) + Gp —Gqll = [(1/3)(p — gl
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< (1/3)(pl + 14D

2
< 3(max{lp - Gpl.lig - Gall).

Case 2. For p,q > 0, we have Gp = —p and Gg = —¢q. Then, we obtain

0(p — q) + (=p) = (=g)I
= |p—¢q
< max{|pl,lql}

2
< 3(max{lp - Gpl.lig - Gal}).

l6(p, 9)(p — @) + Gp — G|

Case 3. For p <0 and g > 0, we have Gp = 0 and Gg = —¢q. Then, we obtain

0(p —q) +0—(-9)
= |ql

< g(maxum, 241})

2
= 3(maxillp - Gpll. llg - Gqll).

l6(p, ¢)(p — @) + Gp — G4l

The above cases show that (2.15) holds with k = 2. We now discuss the existence of Axioms (i)—

3

(ii1). By given 6, we assume [ = %; this implies n = %. For Axiom (i), consider p, = -2, then
(1 =mpo+1Gpo = (1= 3)(=2) + 3(0) < 0, thus 6(py, (1 = )po +nGpy) = } withn = 3. If p,q <0,
then (1 -n)p+nGp =1 —-n)p <0and (1 —n)g +nGqg = (1 —n)g < 0. Hence, Axiom (ii) holds; that
is, 6(p, q) = % implies 6((1 —n)p + nGp, (1 — n)g + nGq) = 1 with n = 2. Also, for each sequence {p,}
in M with 6(p,, pp+1) = % Vn € Nand p, — p asn — oo, we have 6(p,, p) = % V¥n € N. Hence, all

conditions of Theorem 2.3 are valid in this example, and G has a fixed point.

Remark 2.7. For p = 1 and g = 0, we can calculate ||6(p, ¢)(p—q)+G(p)—G(g)|| = |0(1-0)+(-1)-0| =
1, |lp — Gpll = 2, and ||g — Gg|| = 0. Hence, it is trivial to mention that the above-defined example is
not an inward enriched Kannan mapping, and Theorem 2.1 is not applicable in this example.

The following definition provides the concept of outward enriched Bianchini mapping.

Definition 2.4. Let (M, || - ||) be a normed linear space. A mapping G : M — M is called an outward
enriched Bianchini mapping if there exist [ € [0, c0) and k € [0, 1) such that

0(p, Plll(p — q) + Gp — Gqll < kmax{|lp — Gpll,llg — Gqll} Vp,q € M, (2.20)
where 6 : M X M — [0, o0) is a mapping.

Theorem 2.4. Let (M, || - ||) be a Banach space, and let G : M — M be an outward enriched Bianchini
mapping. Let the following conditions also hold:

(i) There exists pg € M such that 8(p, (1 —n)po + nGpy) = 1;
(i1) For each p,q € M with 6(p, q) = 1, we have 6((1 —n)p + nGp, (1 — n)g + nGq) = 1,
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(ii1) For each sequence {p,} in M with 8(p,, p,+1) = 1 Yn € N and p, — p asn — oo, we have
0(p,,p) =1V¥neN.

1

Where n = 5 and [ is the constant that appears in (2.20). Then, G contains a fixed point in M.

Moreover, if 6(p,q) > 0 Vp,q € M, then G contains a unique fixed point in M.

Proof. First, assume that G is an outward enriched Bianchini mapping with a value of [ greater than

zero. The condition (i) ensures p, € M such that 8(po, (1 — n)po + nGpo) = 1 with p = 1. Assume

+1°
that p; = (1 —n)po + nGpy. Then, we say 6(py, p1) = 1. Using (2.20), we obtain

0(po, pIIl(po — p1) + Gpo — Gpill < kmax{|lpo — Gpoll, lIp1 — Gpill}. (2.21)

As O(po,p1)=1and !l = % — 1> 0, then (2.21) provides

< kmax{[[po — Gpoll, [[p1 = Gpill}-

1
H(; - 1) (Po = p1) + Gpo — Gp:
After performing some calculations, it implies that

|Gpo = Gypi|| < kmax{lipo — Gypoll, llpy = Gypill},

where G, is an averaged map with n = ﬁ As 6(pg, p1) = 1, then the condition (ii) implies 6((1 —

mpo +1Gpo, (1 —n)p1 + nGp;) = 1 with n = 7. By considering p> = (1 — n)p; + nGp,, we say that
6(p1, p2) = 1. Again, by (2.20), we obtain

0(p1, p)lll(p1 — p2) + Gp1 — Gpoll < kmax{l|py — Gpill,lIp2 — Gpll}-
After performing a few simplifications, we obtain

|Gup1 = Gypa|| < kmax{lip: = Gypill, lIp2 = Gypall).

This procedure generates a sequence {p,} in M with the following properties:

® p,=G,p,1 Yn e Nwithnp =
L4 9(pn—]apn) =1Vne N’

1.
+1°

e For an averaged map G, withn = HL], we obtain
|Gypu-t = Gypul| < kmax{llp,—1 = Gypu-ill, P — Gypall} Vn € N. (2.22)
We can restate (2.22) as
1Pn = Prsill £ kmax{{[pu-1 = pull, lIpn = pusill} Yn € N. (2.23)

If we assume that max{||p,—1 — pull, |Pn = Pus1ll} = l|pn — Pus1ll for some n, then we obtain a fixed point
of G,, and G. To continue the proof, we assume it is not possible, then by (2.23), we obtain

1Pn = Pueill < kllpa-i = pall ¥Vn € N. (2.24)
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Using (2.24) and induction, we obtain

Ipn = Punill < K*llpo — pill ¥n € N. (2.25)
From (2.25), one can see that
m—1 m—1
1pw = pull < X" |lpi = pja]| < D Klipo = pill ¥n < m. (2.26)
j=n j=n

Thus, lim,, ;e ||[Pn = pwll = 0. That is, {p,} 1s Cauchy in a Banach space M. Hence, a point p, exists
in M such that p, — p. asn — oo. Since 6(p,_1, p,) = 1 Yn € N, then by following the condition (iii),
we obtain 8(p,_1, p.) = 1 ¥n € N. By (2.20), we obtain

Opn-1, P) W(Pn-1 — ps) + Gpp1 — Gp.ll < kmax{||p,—1 — Gpu-ill,lIp — Gp.ll} Yn € N.

That is,

< kmax{l|lp,-1 = Gppill, llps = Gp.ll} Yn € N.

1
H(; - 1) (Pn-1 = P+) + Gpuy — Gp,

By simplifying the above inequality, we obtain

|Gy past = Gyp.|| < kmax{llps—i = Gypacill, llp. = Gyp.ll} ¥ € N.

Equivalently, we say

The limiting case of (2.27), as n — oo, is provided below.

Pn — an* < kmaX{HPn—l - pn”a ||P* - an*”} ¥Yn € N. (227)

lp. = G,p.l < kllps — Gy, p.ll,

which only holds when ||p. — G,p.|| = 0, that is, p, = G, p.. Hence, p, = (1 — n)p. + nGp,, that is,

P« = Gp..
Next, we discuss the situation in which [ = 0. For [ = 0, we obtain the following conditions from
the statement of the theorem:

e For each p,q € M, we have
0(p, PIIGp — G4l < kmax{||p — Gpll,llg — Gqll} Vp,q € M.

e There exists pg € M such that 8(py, Gpy) = 1.

e For each p,q € M with 6(p, q) = 1, we have 8(Gp,Gq) = 1.

e For each sequence {p,} in M with (p,, p,+1) = 1 VYn € N and p, — p asn — oo, we have
0(p,,p) =1VYneN.

AIMS Mathematics Volume 10, Issue 2, 3207-3226.



3223

Under these conditions, the existence of a fixed point of G is guaranteed. Since G, = G; = G and
pn=Gp,1 VYneN,

To discuss the uniqueness of a fixed point of G, assume that G has two fixed points, p. and gq., then
by hypothesis, we obtain 6(p., g.) > 0. By using (2.20), we obtain

< Kllp. = Gp.ll.llgs — Gg.ll} = 0.
The above inequality implies p. = ¢g.. Hence, G contains a unique fixed point. O

Remark 2.8. Theorem 2.4 reduces to Theorem 1.2 by assuming 6(p,q) = 1 Vp,q € M.
The following example supports the above result.

Example 2.6. Consider M = R with ||p|| = |p| Vp € M. Define G : M - M and 6 : M X M — [0, o0)

by
’ > 05
Gp = p,p
0, p<O,
and
L, p,g <0,
0(p,q) =
(P.9) {O, otherwise.

The existence of (2.20) with [ = % and k = % will be discussed by the following cases.
Case 1. For p,q < 0, we have Gp = 0 = Gq. Then, we obtain

O(p, Pll(p — @) + Gp — G4l| I(1/3)(p — )|
(1/3)(pl + Iql)

2
3 (maxillp = Gpll. llg - Gally).

Case 2. For p,g > 0, we have Gp = p and Gg = g. Then, we obtain

0(p, lilp = q) + Gp = G4l| 01(1/3)(p =) + p —4l
=0
2
3 (maxillp = Gpll. lg - Gall}).
Case 3. For p < 0 and g > 0, we have Gp = 0 and G¢q = ¢g. Then, we obtain

O(p, Pll(p — q) + Gp — G4l 01(1/3)(p —q) +0 -4
=0

2
3 (maxillp = Gpll. lg - Gall}).

Hence, (2.20) holds with k = 2 and [ = 1. As [ = 1, this provides 7 = 3, since = 7. For Axiom (i),

consider py = —1, then (1 — n)py + nGpy = (1 - g) (=) + 3(0) < 0, thus 6(py, (1 — p)py + nGpy) = 1
with n = %. If p,g<0,then(1-n)p+nGp=(1-np<0and(1-nq+nGqg=(1-n)qg<0. Hence,
Axiom (i1) holds; that is, 8(p, g) = 1 implies 8((1 —n)p + nGp,(1 —n)g + nGq) = 1 withn = %. Also,
for each sequence {p,} in M with 6(p,, p,+1) = 1 Vn € Nand p, — p asn — oo, we have 8(p,, p) = 1
Vn € N. Hence, all conditions of Theorem 2.4 are valid in this example, and G has a fixed point.

IA I

IA

IA
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Remark 29. For p = 2 and ¢ = 0, we see  that
N6(p, )(p — q) + G(p) = Gl =102 -0) + (2) = 0] = 2, ||[p — Gpl| = 0, and ||g — Gg|| = 0. Hence, the
above-defined example is not an inward enriched Bianchini mapping, and Theorem 2.3 is not
applicable in this example.

Remark 2.10. The following algorithms are useful for obtaining a fixed point of G and can be extracted
from the proofs of the above-mentioned theorems.

e For each py € M with 6(py, G,po) = % — 1, where n € (0, 1), a sequence {p,} defined by p, =
G,pn,-1 Yn € N converges to a fixed point of G, provided that either Theorem 2.1 or Theorem 2.3
holds.

e For each py € M with Q(po,Gﬁpo) =1,1> 0, a sequence {p,} defined by p, = Gﬁpn_l VYneN
converges to a fixed point of G, provided that either Theorem 2.2 or Theorem 2.4 holds.

Open problem: We invite the researchers to extend the other existing enriched contraction type
mappings by using the techniques presented in this article.

3. Conclusions

This article presents the notions of inward and outward enriched Kannan mappings, as well as
inward and outward enriched Bianchini mappings. These notions are the generalized forms of the
notions given by Berinde and Péacurar, known as enriched Kannan mapping and enriched Bianchini
mapping. The generality of the stated notions is also supported by examples. The existence of fixed
points for the aforementioned notions in Banach spaces is also studied.
Author contributions

Y. A.: Validation; formal analysis; investigation; original draft preparation; review and editing.

M. U. A.: Conceptualization; formal analysis; investigation; project administration; original draft
preparation; review and editing.

M. A.: Formal analysis; investigation; original draft preparation; review and editing.

Use of Generative-Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

Yahya Almalki extends his appreciation to the Deanship of Research and Graduate Studies at King
Khalid University for funding this work through Large Research Project under grant number
RGP2/430/45.
Conlflicts of interest

Authors declare that they have no competing interests.

AIMS Mathematics Volume 10, Issue 2, 3207-3226.



3225

References

1.

S. Banach, Sur les operations dans les ensembles abstraits et leur application aux equations
integrales, Fund. Math., 3 (1922), 133—-181. https://doi.org/10.4064/fm-3-1-133-181

R. Caccioppoli, Un teorema generale sullesistenza di elementi uniti in una transformazione
funzionale, Rend. Accad. Naz. Lincei, 11 (1930), 794-799.

R. Kannan, Some results on fixed points, Bull. Cal. Math. Soc., 60 (1968), 71-76.

B. Samet, C. Vetro, P. Vetro, Fixed point theorems for a-y/-contractive type mappings, Nonlinear

Anal. Theor., 75 (2012), 2154-2165. https://doi.org/10.1016/;.na.2011.10.014

10.

11.

12.

13.

14.

15.

16.

17.

G. A. Okeke, J. O. Olaleru, Fixed points of demicontinuous ¢-nearly Lipschitzian mappings in
Banach spaces, Thai J. Math., 17 (2019), 141-154.

G. A. Okeke, D. Francis, Fixed point theorems for asymptotically T-regular mappings in preordered
modular G-metric spaces applied to solving nonlinear integral equations, J. Anal., 30 (2022), 501—
545. https://doi.org/10.1007/s41478-021-00354-1

A. Alam, M. Imdad, Relation-Theoretic contraction principle, J. Fixed Point Theory Appl., 17
(2015), 693-702. https://doi.org/10.1007/s11784-015-0247-y

M. U. Ali, S. Sessa, Y. Almalki, M. Alansari, Fundamental characteristics of the product-operated
metric spaces, Axioms, 13 (2024), 103. https://doi.org/10.3390/axioms13020103

D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl., 2012 (2012), 94. https://doi.org/10.1186/1687-1812-2012-94

E. Karapinar, Revisiting the Kannan type contractions via interpolation, Adv. Theory Nonlinear
Anal. Appl., 2 (2018), 85-87. https://doi.org/10.31197/atnaa.431135

V. Berinde, M. Picurar, Kannan’s fixed point approximation for solving split feasibility
and variational inequality problems, J. Comput. Appl. Math., 386 (2021), 113217.
https://doi.org/10.1016/j.cam.2020.113217

R. Anjum, M. Abbas, H. Isik, Completeness problem via fixed point theory, Complex Anal. Oper.
Theory, 17 (2023), 85. https://doi.org/10.1007/s11785-023-01385-1

V. Berinde, M. Pacurar, Approximating fixed points of enriched contractions in Banach spaces, J.
Fixed Point Theory Appl., 22 (2020), 38. https://doi.org/10.1007/s11784-020-0769-9

V. Berinde, M. Pacurar, Existence and approximation of fixed points of enriched contractions and
enriched ¢-conntractions, Symmetry, 13 (2021), 498. https://doi.org/10.3390/sym 13030498

V. Berinde, J. Harjani, K. Sadarangani, Existence and approximation of fixed
points of enriched ¢-contractions in Banach spaces, Mathematics, 10 (2022), 4138.
https://doi.org/10.3390/math10214138

M. Abbas, R. Anjum, V. Berinde, Enriched multivalued contractions with applications
to differential inclusions and dynamic programming, Symmetry, 13 (2021), 1350.
https://doi.org/10.3390/sym13081350

S. Panja, M. Saha, R. K. Bisht, Existence of common fixed points of non-linear semigroups
of enriched Kannan contractive mappings, Carpathian J. Math., 38 (2022), 169-178.
https://doi.org/10.37193/CIM.2022.01.14

AIMS Mathematics Volume 10, Issue 2, 3207-3226.


https://dx.doi.org/https://doi.org/10.4064/fm-3-1-133-181
https://dx.doi.org/https://doi.org/10.1016/j.na.2011.10.014
https://dx.doi.org/https://doi.org/10.1007/s41478-021-00354-1
https://dx.doi.org/https://doi.org/10.1007/s11784-015-0247-y
https://dx.doi.org/https://doi.org/10.3390/axioms13020103
https://dx.doi.org/https://doi.org/10.1186/1687-1812-2012-94
https://dx.doi.org/https://doi.org/10.31197/atnaa.431135
https://dx.doi.org/https://doi.org/10.1016/j.cam.2020.113217
https://dx.doi.org/https://doi.org/10.1007/s11785-023-01385-1 
https://dx.doi.org/https://doi.org/10.1007/s11784-020-0769-9 
https://dx.doi.org/https://doi.org/10.3390/sym13030498
https://dx.doi.org/https://doi.org/10.3390/math10214138
https://dx.doi.org/https://doi.org/10.3390/sym13081350
https://dx.doi.org/https://doi.org/10.37193/CJM.2022.01.14

3226

18. R. Anjum, A. Fulga, M. W. Akram, Applications to solving variational inequality
problems via MR-Kannan type interpolative contractions, Mathematics, 11 (2023), 4694.
https://doi.org/10.3390/math 11224694

19.S. H. Khan, A. E. Al-Mazrooei, A. Latif, Banach contraction principle-type results
for some enriched mappings in modular function spaces, Axioms, 12 (2023), 549.
https://doi.org/10.3390/axioms 12060549

20. T. Turcanu, M. Postolache, On enriched Suzuki mappings in Hadamard spaces, Mathematics, 12
(2024), 157. https://doi.org/10.3390/math12010157

21. S. Panja, K. Roy, M. Saha, Wardowski type enriched contractive mappings with their fixed points,
J. Anal., 32 (2024), 269-281. https://doi.org/10.1007/s41478-023-00626-y

22. R. K. Bisht, Krasnosel’skii iterative process for approximating fixed points of generalized
Bianchini mappings in Banach space and applications to variational inequality and split feasibility
problems, Indian J. Pure Appl. Math., 2024. https://doi.org/10.1007/s13226-024-00625-0

23.Y. Yu, C. Li, D. Ji, Fixed point theorems for enriched Kannan-type mappings and application,
AIMS Math., 9 (2024), 21580-21595. https://doi.org/10.3934/math.20241048

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 10, Issue 2, 3207-3226.


https://dx.doi.org/https://doi.org/10.3390/math11224694 
https://dx.doi.org/https://doi.org/10.3390/axioms12060549
https://dx.doi.org/https://doi.org/10.3390/math12010157
https://dx.doi.org/https://doi.org/10.1007/s41478-023-00626-y 
https://dx.doi.org/https://doi.org/10.1007/s13226-024-00625-0
https://dx.doi.org/https://doi.org/10.3934/math.20241048
https://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries
	Main results
	Conclusions

