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Abstract: Hypersingular integral equations have garnered extensive attention in the context of
boundary element methods, particularly within natural boundary element methods. The asymptotic
expansion of the composite rectangular rule’s error function in Hadamard finite-part integrals yields
a hypersingular kernel of 1/sin’(x — s). An extrapolation algorithm was developed to address
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method, corroborated by theoretical results that demonstrate the algorithm’s effectiveness.
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1. Introduction

We consider the following hypersingular integral equation on a circle:

c+21 f(t)
. sin’ 5

dt = g(s), s € (c,c + 2n). (1.1)

Equation (1.1), considered the natural integral equation for harmonic problems, aligns with the form
derived by Yu [28,29]. While natural integral equations themselves hold limited direct significance for
solving boundary value problems (BVPs), they become instrumental in unbounded domain BVPs [8].
By introducing artificial boundaries such as circles or ellipses and applying corresponding natural
integral equations on these boundaries, domain decomposition methods and coupled algorithms can be
effectively constructed [29].
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Integrals of this kind possess several definitions and we present our definition as follows:

c+2m c+27
f fit{) - dt = lim {(f f ) f§? S df — Sf(S)} (12)
¢ Sin -0 te sin €
c+27 f(l) c+21 f( )
sin? ¢ di = lim (f f ) dt—4f( )cot— (1.3)

The equivalent of (1.2) and (1.3) can be similarly obtained in [32].

The composite middle rectangle rule remains applicable when the singular point coincides with the
midpoint of each subinterval, leading to a superconvergence phenomenon. This allows us to derive the
error expansion of the error functional. We leverage these asymptotic expansion results to develop an
algorithmic scheme for solving hypersingular integral equations.

The hypersigular integral defined on the integral

b S—& b
)C f@ dt:hm{f AONN F@ dt—sz)},se(a,b), (1.4)

a (t - S)2 &=0 (r - S)2 s+e (r - S)2

and

has been paid much attention recently.

Hypersingular integrals frequently arise in boundary element methods and various
physical problems, including fracture mechanics, elasticity, acoustics, and electromagnetic
scattering [31]. Numerous methods have been devised to handle these integrals, such as Gaussian
quadrature [9, 10], Newton-Cotes rules [3, 12, 16, 17, 19, 25-28], transformation methods [S5, 7, 11],
and others [2,4,11,24,30]. These studies rigorously analyze trapezoidal-type quadrature formulas
for weakly singular, singular (Cauchy principal value), and hypersingular integrals, providing full
asymptotic expansions for error analysis [33—-37]. Reference [38] explored product integration using
a variant of the generalized Euler-Maclaurin summation formula, while [39] applied this formula to
study the convergence of weakly singular Fredholm and Volterra integral equations. Hypersingular
integral equations in potential theory was studied in [40], and modal analysis of a submerged
elastic disk was studied by [43]. Superconvergence results for the hypersingular integral equation
was presented in [41]. Singular integral operators [45], finite-part integrals of highly oscillatory
functions [42], and hypersingular integrals [44] have been paid much attention in recent years.

The extrapolation method [13,21,22] is based on the error function as

T(h) —ag = aih* + a,h* + azh® + -+,

where T(0) = ay and a; are constants independent of 4. In [14], a generalized trapezoidal rule
for numerical computation of hypersingular integrals on intervals was introduced, with asymptotic
error expansion proven. In [15], the composite trapezoidal rule for Hadamard finite-part integrals
with the hypersingular kernel 1/ sin?(x — s) was discussed, obtaining the main part of the asymptotic
error expansion. In [18], two extrapolation algorithms were presented for hypersingular integrals
on intervals, proving their convergence rates, which match those of classical middle rectangle rule
approximations. In [20], an extrapolation algorithm for supersingular integrals was introduced.
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Before presenting our main results, we first let

1 Mz, 1)
o f e W<t
(1) = 1.
i) 1 ' Matn) oo (1.5)
k=Dl Jy @-02 7 ’
where 7 € [—1, 1] and
M, 1) = 7'(r = " = Fi(r)(r — )", (1.6)
Set J := (—e0) U(=1, 1) U(1,00) , W : C(J) = C(~1, 1) and let
Ti(®) = $a(0) + ) g2+ 1)+ D du(=2j+7), (1.7)
=1 7=

be the linear operator.

Compared with Gaussian quadrature and Newton-Cotes rules, the extrapolation method is more
effective. In the following, the asymptotic error expansion of the middle rectangle rule for Hadamard
finite-part integrals on a circle is given, based on the asymptotic error expansion, and an algorithm to
solve the hypersingular integrals equation is presented. The asymptotic error expansion is

[e] hi -
Eifo$) = ) i/ (aio), (1.8)
i=0

where a;(7) are functions independent of 4 defined as

i—tﬂinﬁ)i>1
air) = & K+ D! (1.9)
—%nmm i=0.

This paper provides the asymptotic error expansion of the middle rectangle rule for Hadamard
finite-part integrals on circles. Based on this expansion, an algorithm for solving hypersingular integral
equations is proposed. To avoid computing a;(7), an extrapolation algorithm is suggested for a given 7.
A series of s; values approximate the singular point s with mesh refinement. Using extrapolation
techniques, we achieve higher-order accuracy and obtain a posteriori error estimates. Additionally, a
collocation scheme is constructed to solve hypersingular integral equations via extrapolation methods,
with proven convergence rates.

2. Main results
Letc=1t <t <--- <t <t, =c+2nrbe auniform partition of the interval [c, ¢ + 27] with mesh
size h = 2n/n and set

ti=to+(i—Dhi=12-.n, 2.1)
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fi=t + g,i: 1,2,---,n.
We define fc(#), the constant interpolation for f(¢), as
fe@®) = f@), i=1,---,n,
and a linear transformation
t=H) =@+ Dty —1)/2+t;,i=1,--- ,n—1, T€[-1,1],

from the reference element [—1, 1] to the subinterval [#;, f;11].
Replacing f(¢) in (1.1) with f-(#) produces the composite rectangle rule:

. C+2ﬂfC(t) _ n ~ .
In(fa S) O . D t-s d'x - E (,U,(S)f(tl) - I(fs S) - En(f, S)9
: P i=1

¢ Sin 5

where w;(s) denotes the Cotes coefficients given by
ti1— S ti— s
w;(s) co > co 5

and E,(f, s) is the error functional.

Let
o ls=6l  1—1
= h, = =
y(@) = y(h,s) min — 5
and . )
B Al .
f 54, i#Em,
fiy SIn” 5
In,i(s) = tn [ —f
{ — :_1 dt, i=m.
tney SINT S5
We also define
Fi(r)=1'
and |
1 F;
O e,
2 T t
Giiv1(1) = 1
’ 1 F;
——f @ e, 1> 1.
2 U t

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

If F(7) is replaced by the Legendre polynomial, it is known that ¢, ;,; defines the Legendre function of

the second kind [1]. Let

1 (" Fi1)
-5 fatn m<t
¢i(t) = 1

' Fi(7)
N '—d |t 1
2L<r—t)2 o >

2.11)
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and 1
1 Fi(r)(t — 1)~ :
x(t) = —= 1. 2.12
Pir(1) 2[1 7y dr, k>i+ (2.12)
Define K,(?) as
Y
) t#£s,
K1) = sin® 5 (2.13)
4, t=s.

Theorem 2.1. Assume f(t) € C*|[c,c + 2n]. For the middle rectangle rule I,(f; s) defined in (2.5) and
ai(7) defined in (1.9), we have

Ei(fo$) = ) g/ (aio) (2.14)
i=0

where s =t,_ + (1 +1)h/2, m=1,2,--- ,n
Then the error function can be written as

fw%m+wwﬁmﬂ+“+£7

5 B FEVS)ar) + - (2.15)

E,(f.5) =

From the error functional, we know that it is not convergence when the first term is ao(7r). By
the first part of ay(t) = 0, we have the convergence rate O(h) which is called the superconvergence
phenomenon.

3. Proof of Theorem 2.1

Define
Mt s) = (t =t (t = ) = Fl@ - ), k>, (3.1)
where
Fl(0) = (1= t;1)". (3.2)
By (2.4), we have
) k+2
M (t,s) = S (1 cj)k_’
hk+2
= S Ma(T.c)) (3.3)
k+2
= WFi(T)(T - Cj)k_i,
where
Mi(t,¢c)) =77 —c))" " = Fi(r)(x — ¢;) 7, (3.4)
cj=2s—t;)/h—1 (3.5)

and F;(7) is defined as in(2.9).
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Lemma 3.1. Let K((t) be defined as in (2.13). Fort € (tj_1,t;), by linear transformation (2.6), we have

K1) = K. (1), Te(-1,1) (3.6)
where
(t—c J)
K.(t)=4+4 +4 3.7
(D=4 Z(T—c—zm)2 Z(T—c+2ln)2 -7)
and c; is defined as in (3.5).
Proof. By the identity in [1],
) =00
T 1
= , 3.8
sin it A @+ D)? G:9
and then we get
! Z +4 i ! (3.9)
sin? =2 (1— s)2 (=5 2171)2 L4 (1~ 5+ 2n)? '
and
(t=s) (t=s) (t—s)
=4+4 3.10
sin? o Z (t—s— 2l7r)2 Z (t— s+ 2In)? (3.10)
Then
(t —s)? c;)? (t—c))*

K1) = sin 2, P =4+ 4Z(T_C]_4lﬂ/h)2 421(7—6*]-+417r/h)2
= 4+4Z(7—_c—2ln)2 Z(T—C + 2In)?
= ch(T),

which completes the proof.

Lemma 3.2. (See [18, Lemma 3.2]) Let P,(t),n =0, 1,---, be the Legendre function [1] defined as

(3]
1 2n - 2r)! )
P,(t) = — -1 " 3.11
® 2n ;( ) ri(n —r)l(n - 2r)! ( )
For the polynomial t",n = 0,1, -- -, it can be expanded by the Legendre function as

Bl on = 4k + )P,y (f)

_ (3.12)
2 k=0 k’(%)n—k

b

where (a), = (a)(a+1)---(a+n—-1).
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Lemma 3.3. Let ¢,,.1(?) and ¢;i(t) be defined as in (2.10) and (2.11), respectively. Then

i1+1
szj—lej—l(l), i =2,
=1
ARG ER (3.13)
D w00, i=2i -1
j=0
and _
i
Q4 + > a;00i(n), i =2iy,
ilt) = . (3.14)
Q)+ D bi0aa(), i=2i—1,
j=1
where |
27i+1
w; =2 2+ f FA0)P(t)dt (3.15)
-1
and _
J
aj=—@4j+1) ) wx,
k=1
J
bj =—-4j-1 Z Wog-3.
k=1
Proof. For i = 2i;,
Fr)=1'
leads to
i1+1
Fi(t) = Y w1 Payi (1), (3.16)
=1

where w,;_; is defined as in (3.15) and P;(7) are Legendre polynomials. The first part of (3.13) follows
immediately from the definition of ¢; (7). Since

i1+1 i1+1

Z(J-)Zj—l = Z(UZj—lPZj—l(l) =F() =1,
Jj=1 J=1

then we have
+

i1 a;
%ﬂm=;;gLﬂ@mm—men

witha; = —(4j+1) Z,i:l wai-1, which leads to the first part of (3.14) by using the recurrence relation [1].
PO =P ()= QL+ DP(n), 1=1,2,--, (3.17)

which completed the proof.
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Lemma 3.4. Assume s € (t,—1,1,), for some m, c; defined as in (3.5). Then, we have

_ 2k Im MJk(t S) .
Jk+1 T2 =8 Loj=m,

o SIN

2
Vi(cj) =
' o fff Mut.s) .
- t, m.
Jk+1 - szth J

Proof. By the equation of (1.2),

f’m Ml]k(t s)

- San t— s
t Ff"(t)Ks(f)

l(m e

. T FN(DK(1) n F () K (1) 2F"($)K(s)

lim f ——dt + f - dt — —

-0 bt (f - S)2 S+ (l - S)2 €

hk+1 f f Fi(T)Ks(T)d hFi(Cm)Ks(Cm)
2k+1 o (T — )2 - <

W F(DK(7)

d
I R
k+1
_Fwii(cm)-

The second identity can be obtained similarly.

Lemma 3.5. Under the assumption of Lemma 3.4, then we have

Proof. We have:

flm
tn-1

2k (lm M;’,Z(t s) ‘
kel . s1n2 — 4L J=m
m—1

2
ik\Cj) =
vale,) 2k f” Mt]k(t s) |
- t, m.
hk+1 s Sant s J
Mit.s) f’ FIOK(®0)
sin? = th B tmot t—s

. { s—€ F’."(Z)K () fm F’."(t)K 63)

= lim f MACASD) t+f —dt}
£—0 ‘e t—s
K Cm—& F; (T)K (T)

- 2k+1 ll_r’% f «fc‘+s —Cnm

e fFi(T)Ks(ﬂ i

2k+1 1 T—Cpy
hk+1
= —7%,”1(%)-

The second part of this Lemma 3.4 can be obtained similarly.

AIMS Mathematics

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Lemma 3.6. Fork > i+ 1, it holds that

2k i M,
Yi(cy) = — { (0.9

!
k+1
R, (= i) sin® 52

Proof. The proof of (3.23) can be obtained similarly to Lemma 3.4 or Lemma 3.5.

Lemma 3.7. Suppose f(t) € C*[c,c +2n]. If s # tj, forany j=1,2,--- ,n, then it holds that

B 0 ( 1)t+1f(k)(s)M (t,5)
f) - fet) = ZO] e R (T

Proof. By taking the Taylor expansion for f(#;_12), we have

[0

f@icip) = f() + Z —(tj 12—t
i
and thus,
1 i+1 £>i)
£ - folo) = Z CLL Oy
and

O \(f — i
£ () Z %

Combining (3.25) and (3.26) leads to (3.24).
Define

© &1y £R+D gy MY t,
o = 10 fe- Y S E SO RS T
i=0 k=i

h(i +1)! (k= i)!

3.1. Proof of Theorem 2.1
Proof.

( f fz )f(t) fe@
2 t—s s

Z”: "0 fe®

T em Vi sin’ 5
~ ii (= 1)+ fkeD (g i f’f M, s)
= = hi+ DIk = )] L rem Yt sm2’ :
By (3.27) of H (1), we have
"0 fe® j(’ Hud)
o sin® 50 ey Sin® 5

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

AIMS Mathematics Volume 10, Issue 2, 2829-2853.



2838

D)

[Se]

( 1)i+1f(k+l)(s) tm M:;l((t S)
h(i + DIk =! J, sm“—s

i=0 =i m—1
Putting (3.28) and (3.29) together yields
c+27 ®  ® i+1.k £(k+1) n
f@ - fc(f) 3 (=D R fE(s)
c sin? =£ B Z — (i + D!k —1)! Zwlk(ﬂ
2 i=1 k=i j=1
=), 2,+1f°+”(s)a (7)
where
1 k+1
(k+)1 7 Ti(T), >0,
am = i D!
1
ETk,‘(T), i=0.
The proof is complete.
Fori=1,
n ti t _ i\l
ap(t) =
o(7) Z{ e
= -2 Z Z {sin[k(t; — )] + sin[k(ti; — )]}
k 1 i= 1
—4 Z Z {cos[k(t; — )] — cos[k(ti_; — )]}
Y Z Z sin[k(t; — 5)]
=1 izl
= —4h Z nsin[nj(t, - s)]
=1
= 8 ) sin[j(l + )]
j=1
= 4mcot ==X (1”)” —4mtan 2
where
n nsinlk(t; — s)], k = nj,
Z sin [k(t; — 5)] =
i=1 , otherwise

(3.29)

(3.30)

(3.31)

(3.32)

has been used. When 7 = 0, we get ao(7) = 0 [6]. This is not the same as the case with a singular point
located on the interval. The reason is that on the circle each subinterval is equal so we just consider the

case of s located at the middle of the interval.

At last, we suggest the modified composite middle rectangle rule, denoting by 7,(f, s), defined by

L,(f.$) = L(f. s) — 4nf'(s) tan %

AIMS Mathematics

(3.33)

Volume 10, Issue 2, 2829-2853.



2839

4. Extrapolation algorithm

Following asymptotic expansion,
o hi -
E\(f) = ) 5/ (S)ai). (4.1)
i=0

For the given s and positive integer n,, we have

__no(s—c)

my 1= B

First, we partition [c, ¢ + 2r] into ny equal subintervals to get a mesh denoted by I1; with mesh size
hy = 2m/ny. Then I, is refined to get mesh II, with mesh size h, = h;/2. In this way, a series of
meshes {II;}(j = 1,2,---) is obtained in which II; is refined from II;_; with mesh size denoted by #;.
The extrapolation scheme is presented in Table 1.

Table 1. Extrapolation scheme of Tl.(j).
T(h)=T"

T(hy) =T T
T(hy) =T TV T
T(hy) = T1(4) TS) 7® 71

3 4
Ths) =1 1 1 1 T
Define {
+
5= s+l =120 4.2)
and
T(hj) = D1, (f, /). (4.3)

The extrapolation algorithm takes the form of:

Step one:

Compute Tfj) =Ty, j=1,---,m.
Step two:

. . G+ _ ()
+1 T’ _Ti— . . .
Compute Tl.(j) = Tl.(fl )+ S, =2, m, j=1 m -

Theorem 4.1. Under the same condition of Theorem 2.1, for a given T and (4.2), we have
(f,s)-TY| < CIf (4.4)

and . .
T - 1Y)
11— —

: < Ch™,
2i-1 _ 1

AIMS Mathematics Volume 10, Issue 2, 2829-2853.
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Proof. By Eq (4.1), we get

I(f,8) =T(hy) =I(f,s)=1(f,s) +I(f,5)) = T(h))

N (4.5)
= I(f9) = 1(f.5)) + ZO] @@ Gs).
fis) = 1G9+ I s)ﬂh- o s)(%h,)z
+ +172(f; )( h D (4.0)
and
. (i+3) 1
f(l“)(sj) = FED(s) 4 (g ) f 2!(5)(‘1'42— h])
o) 1+ 1 it
+ m+(l—i—1)!( 7 hj) +e- 4.7)
Putting (4.5)—(4.7) together, we have
I(£,8) = T(h)) = > bils, D), (4.8)
i=0
where
D a(t)(t+1\* 1 T+ DI
bi(s.7) = f <>Z (5-) = a1 (4.9)
where b;(s, T) is a constant for a given 7. By (4.8), we also have
I(£,8) = T(hj) = ) bi(s, Db, (4.10)
i=0
By (4.8) and (4.10), with h; = 2h;,;, we have
I(f,s) =2T(hj)—T(h))+ Zb (s, T)(— - 1)h’ +Ohh
“4.11)
=79 4 Z bi(s,7) (F - l)hj-,
i=2
which implies
I(f,$)-TY = Zb (s, r)(— - l)h (4.12)
and
Ty = 2T (hjy1) — T(h)). (4.13)

AIMS Mathematics Volume 10, Issue 2, 2829-2853.
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The accuracy O(h*) can be obtained after performing the extrapolation process.
In order to directly use the error expansion of (4.1), we presented the following the new partition as
c=1lp <lor < <top-1<Ion :C+27TWitht0i:li+§,i20,1,"' ,n—1and

Joc(®) = f(to,). (4.14)
Then we have the approximate formula:
5 c+21 ¢
L(f;s): = Jf S{flj(t_)s dt (4.15)
¢ 2
n c+271
t -
- Mawra =4 L a-E .0, (4.16)
= ¢ sin® 5%

and get

2cot(t ; )—200t(l012_s), i=0,
wi(s) = foi — S foir] — S 4.17)
2cot( > )—2cot(’T), 0<i<n,

-5 tiel — S )
On )—2cot( +12 ), i=n,

and then we find the following theorem similarly as with Theorem 2.1.

1
2cot(

Theorem 4.2. Assume f(t) € C*[c,c+2n]. For the rectangle rule I,(f; s) defined in (4.15) and a1 ()
defined in (1.9), independent of h and s, such that

c+2m © 1
Efo={ 19 zf"f D=y e D sy (4.18)
i=0

c

where s =t,_.1+ (1 +1)h/2, m=1,2,--- ,n

Similarly as extrapolation scheme T'(/;), new extrapolation scheme is presented in Table 2.

T(h)) = L1,y (f, 5)). (4.19)

Table 2. Extrapolation scheme of Tl.(j).

T(h)=T"

T(hy) =T T
T(hy) =T TP TV
T(hy) =T T 7O FO
T(/’Ls)— (5) T£4) T§3) TiZ) Tél)

AIMS Mathematics Volume 10, Issue 2, 2829-2853.
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Theorem 4.3. Under the asymptotic expansion of Theorem 4.2, we have
(f,s) - TV < Ch* (4.20)

and the posteriori asymptotic error estimate is given by
F(+D _ A0
i -1

el < op?,
411

The proof of Theorem 4.3 can be similarly obtained as with Theorem 4.1, so we omitted it here.

5. Extrapolation scheme for the hypersingular integral equation

Consider )
1 d t
— .fz( ) dt = g(s), s¢€(0,2n), (5.1
4r Jo  sin” 5
with
2
f g®)dt = 0. (5.2)
0

As in [29], under the compatibility condition (5.2), there exists a unique solution up to an additive
constant for (5.1). With periodical condition

27

f(®dt =0, (5.3)
0

there is a unique solution of (5.1).
Applying I,(f, s) to approximate the hypersingular integral in (5.1) and using #, = t;,_ + h/2(k =
1,2,---,n) of each subinterval to be a collocation point, we get

1 < fc — tm f =ty A _
5 ;(cot S ot =" = g(R), k=12, .n, (5.4)
denoted by
AF, = G, (5.5)
where
L?(n = (akm)nxn,
1 T — X fr — X
i = 5-(cot - 2x - cotkal),k,m = 1,2, ,n, (5.6)
Ff; = (ﬁafZ’ et ’fn)T’ GZ = (g(fl)’ g(fZ)a et ’g(fn))T’
and f; = f(f)(k = 1,2,---,n). Obviously, A, is a circulant matrix and also a symmetric Toeplitz
matrix. Since,
- _ 1 © fk—tm fk_tm—l _
;akm =5 ;(cot S = cot ") = 0, (5.7)

AIMS Mathematics Volume 10, Issue 2, 2829-2853.
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we see that A, is singular.
The regularizing factor vy, (see Reference [23]) in (5.4) is introduced, which leads to

C Kk~ Im fk—tm_ R
70n+_ﬂ_Z(C0t ) — cot 7 l)fm :g([k)’ k = 1,2,”. .,

where vy, has the form
1 v .
n= — th.
Yon = oo kz:; g(h)

System (5.8) is denoted as

ﬂ"“FZH = GZH’
where
0 e
ﬂn+1 = ( e % )’
a Yon e 0

Fn+1 = ( F¢ )’Gn+l :( Ge )’

ande,=(1,1,---,1).
——— —

n
Linear system (5.8) can be rewritten as

1 n fm+1_fm fk—tm ~
nt+ — — t h=g¢t), k=1,2,---,n,
Yon + oo m; ; cot — 8(ty) n

1 - fm+1 _fm
N - - h=
21 Z h 0,

m=1

where f| = f,.1 has been used. Let v,, = —(f,,+1 — f)/h, and we get

1 - fk—lm .
)’on+§;cot 2 vmh = g(ty), k=1,2,---,n,

n

zl—nvah:O.

m=1
The following lemma has been proved in [23].
Lemma 5.1. ([23, Theorem 6.2.1, §6.2, Chapter 6]) For Eq (5.13), its solution is

h lm—fk ~
m = —— t 1r).
v 2ﬂ;co 5 [

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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Lemma 5.2. ([6, Lemma4.2]) Let B,+1 = (bix)n+1)xn+1) be the inverse matrix of A,.., defined in (5.10).
Then,

(1) B, is expressed as

_( boo B
B —( B, B, ), (5.15)
where
B, = (bo1,bo, ** »bon), Ba = (b1o,bao, -+ b)) (5.16)
1
b,‘o = b(),‘ = —,1 <i< n, (517)
n
h? S fk — 1ty 1 = fk — 1ty
bu = ﬂ[;cot 5 —Z;mcot | (5.18)
1<i<n-1,1<k<n,
e i —1t,
by = —— Y meot—2 1<k<n. (5.19)
2]’171' m=1
(2) B, is a Toeplitz and also circulant matrix.
(3)fori=1,2,---,n, we have
D lbal < C. (5.20)
k=1

5.1. Advantage of circulant matrices

Circulant matrices have unique advantages in matrix operations, such as matrix multiplication.
It can greatly save the calculation time and improve the calculation efficiency. The circular matrix
only needs to store the elements of the first row (or the first column) to completely determine the
entire matrix, because the remaining row (or column) elements are obtained from the cyclic shift
of the first row (or column) elements. Circulant matrices have many good mathematical properties,
such as the fact that their eigenvalues and eigenvectors can be calculated analytically, which makes it
easier to analyze and deal with circulant matrices than general matrices in solving linear equations and
eigenvalue problems.

We present the main theorem of this section.

Theorem 5.1. The solution of linear system (5.8) or (5.10)is
R & h2i )
@) = fi= ) g/ Sz (). (5.21)
i=0

Proof. Let F¢_, = (0, f(£)), f(&2),- -+ , f(£,))" be the exact vector. Then, from (5.10), we get

n+1

Fi+l -F,,, = Bn+l(ﬂn+1Gz+] -G/

n+1 n+1/°

(5.22)
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which implies

FE = f =bio ) 8w + > buEa(f 10
| ! = (5.23)
= 5= D 8Eh+ Y buEi(f. B,
m=1 k=1

where {b;} are the entries of B,.; and E,( f, s) is defined in (4.15).
For the first part of % " _1 &(f,,)h of the rectangle rule to compute the definite 1ntegral fo g(nydt.

Then we have

i) - Z buEn(f, )

= Z i Z Wf(m)(fk)azm(?') (5.24)

[e3) h i
= > prraan (@) Z bif VR,

i=0

By (5.24) and (5.20), we obtain

by = < + O
n
and

D b0 = €+ O,
k=1
Then we have
f(&) - Z B a2i+1(T),

where (5.19) and (5.20) has been used.

6. Numerical example

Example 6.1. We consider (1.1) with density function f(t) = 1+2 cos(t)+2cos(2t),c = —m,c+2n = 7.
Numerical results are presented in Table 3 for s = #[,,/4; + (1 + 7)h/2. The right half of Table 3 shows

that the accuracy of I,(s, f) is always O(h*). However, from the left half, the accuracy is O(h?) if s is

located at the superconvergence point (7 = 0), and if 7 # 0, the middle rectangle rule is divergent.
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Table 3. Errors of 1,(s, f) and (s, f) with s = tinja) + (L +1)h/2.

L(f, s) L(f, s)

n 7=0 T=2/3 T=-2/3 T=-2/3 T=2/3
32 | 5.3695e-004 | -1.2446e+000 | 1.0651e+000 | 1.8350e-003 | -7.6074e-004
64 | 1.2851e-004 | -1.1295e+000 | 1.0421e+000 | 4.5684e-004 | -1.9980e-004
128 | 3.1416e-005 | -1.0741e+000 | 1.0310e+000 | 1.1397e-004 | -5.1140e-005
512 | 7.7655e-006 | -1.0470e+000 | 1.0256e+000 | 2.8464e-005 | -1.2933e-005

1024 | 1.9303e-006 | -1.0336e+000 | 1.0229e+000 | 7.1123e-006 | -3.2516e-006

Example 6.2. We still consider f(t) = 1 + 2cos(t) + 2cos(2t),c = —n,c + 2n = n. For s = —n/2, and

g(s) = 5.026548245744136¢ + 001, we use s = ty,a) + (r + 1)h/2 with T = 0 to compute s = —n/2.
For s = 0 and g(s) = —7.539822368615504¢ + 01, we also use s =t + (t+ Dh/2 witht = 0 to

compute s = 0.

In Tables 4 and 6, we present the error of the middle rectangle rule as 42, h*, h®, and h®, respectively.
In Tables 5 and 7, the convergence rates h?, h*, and hS also agree with the theoretic analysis of

Theorem 4.2.
Table 4. Error estimate of the mid-rectangle rule s = —r/2.

0 h*—extra h®—extra h®—extra
8 5.0106e+000
16 | 1.2820e+000 | 1.9666 | 3.9121e-002
32 | 3.2236e-001 | 1.9917 | 2.4790e-003 | 3.9801 | 3.6167e-005
64 8.0707e-002 | 1.9979 | 1.5547e-004 | 3.9950 | 5.6990e-007 | 5.9878 | 4.8600e-009
128 | 2.0184e-002 | 1.9995 | 9.7253e-006 | 3.9988 | 8.9188e-009 | 5.9977 | 1.4339e-011 | 8.4156
256 | 5.0464e-003 | 1.9999 | 6.0796e-007 | 3.9997 | 1.3873e-010 | 6.0088 | -6.3238e-013 | 4.0491

Table 5. A posteriori estimate of the mid-rectangle rule s = —n/2.

0 h*—extra h®—extra h®—extra
8
16 | 1.2429e+000
32 | 3.1988e-001 | 1.9581 | 2.4428e-003
64 8.0551e-002 | 1.9896 | 1.5490e-004 | 3.9791 | 5.6504e-007
128 | 2.0174e-002 | 1.9974 | 9.7164e-006 | 3.9948 | 8.9044e-009 | 5.9877 | 1.9003e-011
256 | 5.0458e-003 | 1.9993 | 6.0782e-007 | 3.9987 | 1.3937e-010 | 5.9976 | 5.8710e-014 | 8.3268
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Table 6. Error estimate estimate of the mid-rectangle rule s = 0.

0 h*—extra h®—extra h®—extra
8 -5.6517e+00
16 | -1.4432e+00 | 1.9694 | -4.0361e-02
32 | -3.6271e-01 | 1.9924 | -2.5567e-03 | 3.9806 | -3.6452¢e-05
64 | -9.0799e-02 | 1.9981 | -1.6033e-04 | 3.9951 | -5.7436e-07 | 5.9879 | -4.8673e-09
128 | -2.2707e-02 | 1.9995 | -1.0029¢-05 | 3.9988 | -9.0075e-09 | 5.9947 | -3.3666e-11 | 7.1899
256 | -5.6773e-03 | 1.9999 | -6.2699e-07 | 3.9996 | -1.6669¢e-10 | 5.7493 | -2.6361e-11 -
Table 7. A posteriori estimate of the mid-rectangle rule s; = s + (7 + 1)h;/2.
0 h*—extra h®—extra h®—extra
8
16 | -1.4028e+00
32 | -3.6016e-01 | 1.9616 | -2.5203e-03
64 | -9.0638e-02 | 1.9904 | -1.5976e-04 | 3.9796 | -5.6949¢-07
128 | -2.2697e-02 | 1.9976 | -1.0020e-05 | 3.9949 | -8.9738e-09 | 5.9878 | -1.8955e-11
256 | -5.6766e-03 | 1.9994 | -6.2682e-07 | 3.9987 | -1.4033e-10 | 5.9990 | -2.8645e-14 | 9.6078

In Tables 8 and 10, we present the error of the middle rectangle rule as £, h?, h?, and h*, respectively.
In Tables 9 and 11, the convergence rates h, h?, and h* also agree with the theoretic analysis of

Theorem 2.1.
Table 8. Error estimate of the mid-rectangle rule s = —n/2.

0 h*—extra h®—extra h*—extra
32 8.1836e+00
64 3.7710e+00 | 1.1178 | -6.4164e-01
128 | 1.7978e+00 | 1.0687 | -1.7536e-01 | 1.8714 | -1.9940e-02
256 8.7613e-01 | 1.0370 | -4.5544e-02 | 1.9450 | -2.2699e-03 | 3.1350 | 2.5439¢-04
512 | 4.3227e-01 | 1.0192 | -1.1587e-02 | 1.9747 | -2.6881e-04 | 3.0779 | 1.7053e-05 | 3.8989
1024 | 2.1467e-01 | 1.0098 | -2.9214e-03 | 1.9879 | -3.2661e-05 | 3.0410 | 1.0752e-06 | 3.9874

Table 9. A posteriori estimate of the mid-rectangle rule s; = s + (7 + 1)h;/2.

0 h*—extra h®—extra h*—extra
32
64 4.4126e+00
128 | 1.9732e+00 | 1.1611 | -1.5542¢-01
256 9.2167e-01 | 1.0982 | -4.3274e-02 | 1.8447 | -2.5243e-03
512 | 4.4386e-01 | 1.0542 | -1.1319e-02 | 1.9348 | -2.8587e-04 | 3.1425 | 1.5822e-05
1024 | 2.1760e-01 | 1.0284 | -2.8887e-03 | 1.9702 | -3.3736e-05 | 3.0830 | 1.0652e-06 | 3.8927
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Table 10. Error estimate of the mid-rectangle rule s = —.

0 h?—extra h’—extra h*—extra

32 -4.5518e+00
64 -1.9715e+00 | 1.2071 | 6.0874e-01
128 -9.0311e-01 | 1.1263 | 1.6531e-01 | 1.8807 | 1.7498e-02
256 -4.3016e-01 | 1.0700 | 4.2802e-02 | 1.9494 | 1.9665e-03 | 3.1535 | -2.5230e-04
512 -2.0964e-01 | 1.0369 | 1.0874e-02 | 1.9768 | 2.3104e-04 | 3.0894 | -1.6885e-05 | 3.9013
1024 | -1.0345e-01 | 1.0190 | 2.7394e-03 | 1.9889 | 2.7950e-05 | 3.0472 | -1.0634e-06 | 3.9890

Table 11. A posteriori estimate of the mid-rectangle rule s; = s + (7 + 1)h;/2.

0 h?—extra h3—extra h*—extra

32
64 -2.5803e+00
128 | -1.0684e+00 | 1.2720 | 1.4781e-01
256 -4.7296e-01 | 1.1757 | 4.0835e-02 | 1.8559 | 2.2188e-03
512 -2.2051e-01 | 1.1008 | 1.0643e-02 | 1.9400 | 2.4793e-04 | 3.1618 | -1.5694e-05
1024 | -1.0619e-01 | 1.0542 | 2.7115e-03 | 1.9727 | 2.9013e-05 | 3.0951 | -1.0548e-06 | 3.8952

Example 6.3. In this example, we will not only test our method on a hypersingular integral, but also
solve a hypersingular integral equation g(s) = —2cos(2s) — 2sin(2s),c = —nm,¢ + 2n = ©, while the
analysis solution is f(t) = cos(2t) + sin(2t). The good numerical results indicate that our quadrature
is efficient and accurate, which matches the theoretical analysis.

In Table 12, we list the numerical results at s = 1.45122657606971. Numerical results show that
the convergence rate of the hypersingular integral equation has the order O(h?). With extrapolation
methods, the order can reach O(h*), O(h®), and O(h®) in Table12.

Table 12. Error estimate of a hypersingular integral equation.

h’— | h*—extra | h—extra | h¥—extra
16 | 3.70E-02
32 | 9.13E-03 | 1.67E-04
64 | 2.27E-03 | 1.03E-05 | -1.70E-07
128 | 5.68E-04 | 6.39E-07 | -2.61E-09 | 4.19E-11
256 | 1.42E-04 | 3.99E-08 | -4.06E-11 | 1.72E-13

7. Conclusions

The article mainly focuses on a class of hypersingular integral equations in the boundary element
method. A solution centered on the extrapolation algorithm is proposed, which is based on the
asymptotic expansion of the error of the composite rectangle rule. By leveraging the asymptotic
characteristics of the error of the composite rectangle rule, an extrapolation algorithm is constructed,
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providing a new approach to solving hypersingular integral equations. The algorithm is verified
through in-depth theoretical and numerical examples. It is confirmed that the main part of the
error function of the composite rectangle rule has an asymptotic expansion. Numerical experiments
show that special functions significantly affect the convergence rate of the algorithm. This discovery
has important guiding significance for subsequent algorithm optimization and improvement of
computational efficiency. The adoption of this algorithm has two prominent advantages. First, it can
obtain high-precision calculation results, meeting the precision requirements of practical applications;
second, it is convenient for deriving a posteriori error estimates.

Symbol list
jgb— —- —- hypersingular integrals
{a b Cauchy principal integral
I,(f; s) — —- —- quadrature for hypersingular integrals
E,(f; s) — —- —- error functional of the quadrature for 7,(f; s)
v(1) — — —- distance of a singular point to the mesh point
n(y) — —- —- distance of singular point s to the boundary point
w;(s) — —- —- Cote coeflicients of I,(f; s)
¢ (t) — —- —- special function of E,(f; s)
a;(t) — —- —- special function in E,(f; s)
Yon — —- —- the regularization factor
T (hj) — — — extrapolation value
H (1) — —- —- errors of

1)i+! D (5 MiJ}c(t’ s)
h(i+ 1)! k-0’

Hio = f0 - fen- > > C re ),
i=0 k=i
subinterval [z,,, t,,+1].
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