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Abstract: In the present work, we consider the space-time fractional Whitham-Broer-Kaup (FWBK)
equation and then find its analytical solutions under the framework of the Riccati-Bernoulli sub-
ordinary differential equation method along with the Bäcklund transformation. The derived solutions
are described in terms of the hyperbolic rational and trigonometric functions and resolve unique wave
features. A unique feature of this work is the investigation of the impact of the fractional order on
wave steepness in 2D, 3D, and contour plots. Also, it should be pointed that the found relationship
shows that the change of the fractional order parameter really describes the traveling periodic waves,
for example, Stokes waves, with potential importance for the analysis of wave propagation and stability
in the nonlinear fractional structures. This work carries theoretical developments of fractional calculus
and ideas for applications in fluid dynamics and wave mechanics.
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1. Introduction

Nonlinear partial differential equations (NPDEs) have been central in the development of many
branches of applied science for the last few decades [1–3]. These equations are basic for analyzing
complicated nonlinear phenomena in different systems and, therefore, the appearance of a plethora of
nonlinear models [4–6]. As for these equations, a number of approaches have been suggested to derive
numerical, analytical, and semi-analytical solutions. The techniques used include: spline scheme [7],
finite difference method [8], Hirota bilinear method [9], variational iteration method [10], expansion
methods [11], sine cosine expansions [12], Riccati differential equation method [13], residual power
series method [14], and the modified simple equation method (SEM) [15]. Nonlinear dynamic systems,
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and travelling waves in particular, have attracted much attention in the past few years due to their
important applications in optics, fluid mechanics, and material science [16, 17]. In addition, there are
models and simulations of physical field phenomena, such as wave electro rotating magnetic field fluid
dynamics vibrations, and many others have often relied on generalized systems algebraic equations
constrains and non linear fractional order models [18].

Recently, fractional partial differential equations (FPDEs) have been generalized or created since
these equations have large application in the reorganization of the pattern, control theory, image
processing, signal processing, and system identification. These equations offer better description and
modeling of these complicated dynamic systems than conventional ones that exhaust free energies
of particles where memory effects and long-range interactions exist. Many engineering problems are
nonlinear in nature, and this makes it difficult to get solutions, whether numerical or analytical [19–21].
A wide range of PDEs are used in the description of the dynamics of various systems, and a great
deal of emphasis has been placed on the efforts aimed at the identification of the effective and fast
converging approximations for these equations. To obtain analytical soliton solutions for FPDEs, more
complicated techniques, including Lie symmetry analysis [22], the Jacobi elliptic function method [23],
the Khater method [24], and the (ψ–ϕ)-expansion method [35], have been used. These techniques
provide exact soliton solutions and provide significant information regarding the dynamics of system
involving fractional integers [25–29].

For a better understanding of a much broader variety of phenomena in areas of physics, such as
hydrodynamics, acoustics, and various branches of engineering, it becomes crucial to consider different
forms of solutions, specifically in relation to traveling waves [30–34]. The traveling wave solutions
involve fractional derivatives giving rise to the theory of nonlinear fractional partial differential
equations (NFPDEs). These solutions are stationary in phase, and their form and speed remain intact
while traveling, thereby offering organization where unexpected motion prevails. Therefore, they are
of crucial importance in the theoretical analysis and in practical complex application contexts [36,37].
Travelling waves are basic signal delivery system bearers of essential details in other network functions
or environments. For the discovery of new traveling wave solutions, various advanced techniques and
strategies are established to study and control such competitive systems [38–40].

The Riccati-Bernoulli sub-ordinary differential equation (sub-ODE) method used in conjunction
with Bäcklund transformations has been identified as an efficient and competent approach for obtaining
new solutions of NLFDEs [41–43]. This makes it possible to easily model and explore analytical
solutions of a number of NLFDEs involving fractional derivatives. However, to the authors knowledge,
an application of the Riccati-Bernoulli sub-ODE method has not been used for solving the space-time
FWBK equation. Space-time FWBK equation is a much considerable mathematical model for studying
wave phenomenon in nonlinear and dispersive media with memory. The fractional derivative implies a
new approach to describe the considered system and its response to certain anomalous and nonlocality,
which is impossible in the framework of an integer-order model. All these characteristics are important
in defining various physical processes in fluid dynamics, nonlinear optics, and many other processes.
This study seeks to fill that gap by developing a wider range of closed form traveling wave solutions
for this model. Using the Bäcklund transformation procedure we obtain a set of solutions of the kind
which are expressed by means of trigonometrical, hyperbolic, and rational functions. Furthermore, by
means of 3D, 2D, and contours representation, the physical aspects of the solutions are also provided
in terms of amplitude, propagation characteristics, and structural responses. It is apparent that these
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results may have important applications in wave mechanics, fluid dynamics, and other fields of science
and engineering. In addition, the conformable fractional derivative (CFD) is much simpler and more
practically useful than the other fractional derivatives for describing initial and boundary conditions.
Different from the other fractional derivatives like Riemann-Liouville or Caputo where many of them
have some complicated expressions and nonlocality, the CFD offers a coherent and simple format that
is reminiscent of calculus. This compatibility is important to the analytical handling of the FDEs while
at the same time retaining properties such as the chain rule and Leibniz rule. While the CFD may lack
flexibility in some of the more sophisticated modeling applications, the flexibility that it does offer,
combined with the ease with which calculations can be performed and the physical interpretation of
the results, makes it far more suitable for the goals of this paper. These features allow for a clear and
efficient investigation of the fractional space-time dynamics of FWBK, thus providing the foundation
for the analysis of wave behavior in nonlinear and dispersive systems. The CFD has been proposed
by Khalil et al. [44] in 2014 with the following definitions in order to give a more accurate and
efficient approach to fractional order system modeling due to its closer resemblance with the Newtonian
derivative.

Tα( f )(x) = lim
ε→0

f (x + εx1−α) − f (x)
ε

, 0 < α ≤ 1. (1.1)

Tα(a f + bg) = aTα( f ) + bTα(g).
Tα( f g)(x) = f (x)Tα(g)(x) + g(x)Tα( f )(x).

Tα

(
f
g

)
(x) =

g(x)Tα( f )(x) − f (x)Tα(g)(x)
g(x)2 .

Tα( f (g(x))) = f ′(g(x))Tα(g)(x).

(1.2)



Tα(xn) = nxn−α, n ∈ R, x > 0.
Tα(ekx) = kx1−αekx, k ∈ R.

Tα(sin(kx)) = kx1−α cos(kx).
Tα(cos(kx)) = −kx1−α sin(kx).
Tα(C) = 0, C ∈ R.

(1.3)



Iα[ f (x)] =

∫ x

a
τα−1 f (τ) dτ, 0 < α ≤ 1.

Iα[a f (x) + bg(x)] = aIα[ f (x)] + bIα[g(x)].
Tα(Iα[ f (x)]

)
= f (x).∫ b

a
τα−1 f (τ)Tα[g(τ)] dτ =

[
τα−1 f (τ)g(τ)

]b
a −

∫ b

a
g(τ)Tα[ f (τ)] dτ.

Iα[xn] =
xn+α

n + α
, n + α , 0.

(1.4)

This method removes a number of shortcomings observed in previous definitions of fractional
derivative making the former suitable for solving NFPDEs. In my study, the CFD is used to derive
the traveling wave solutions of space-time FWBK equation in terms of trigonometric, hyperbolic, and
rational functions. With the use of Riccati-Bernoulli sub-ODE method plus Bäcklund transformations,
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I derived solutions that provide more understanding on the wave phenomenon especially on the effect
of fractional order variables. Due to the CFD solution adopted in this paper, the waves amplitude,
and propagation, as well as the responses of the structures, are described with higher precision and
plotted in 3D, 2D, and contour views. However, these findings go far beyond theoretical results with
applying the theoretical advancement to engineering and technology sectors, such as fluid dynamics,
waves physics, and engineering.

2. Methodology

In this section, we provide a brief overview of the pertinent theoretical foundation of the Riccati-
Bernoulli sub-ODE method: the general approach. Let us consider the general form of a fractional
partial differential equation (FPDE), given as:

Z
(
z,Dα

t z,Dα
x z,D2α

t z,D2α
x z, . . .

)
= 0. (2.1)

For convenience in the integration process Eq (2.1) is transformed into the form of a nonlinear ordinary
differential equation, with help of the transformation, G(ψ) = g(t, x1, x2, x3, . . . , xn).

F
(

f ,
d f
dψ

,
d2 f
dψ2 ,

d3 f
dψ3 , . . .

)
= 0. (2.2)

The variable ψ = ψ(t, x1, x2, x3, . . . , xn), can be parameterized into different forms depending with the
specifications of the problem. We assume the formal solution form for Eq (2.2):

F(x, t) = f (ψ) =

n∑
j=−n

a jH(ζ) j, (2.3)

where constants (ai) are decided with an , 0 or a−n , 0 and H(ζ) is derived from a Bäcklund
transformation:

H(ζ) =
−Wk2 + k1S (ζ)

k1 + k2S (ζ)
, (2.4)

where W, k1, and k2 are constants with (k2 , 0) and H(ζ) satisfies the Riccati equation:

dφ
dξ

= S + φ(ζ)2. (2.5)

The balance parameter (n) in Eq (2.3) is determined from the highest-order derivative and the leading
nonlinear term, from Eq (2.2). This minimizes any prejudice developed in the growth of one part of
the equation while creating a perfect balance of the linear and nonlinear aspects. If Eq (2.3) is put
into Eq (2.2) or into its integral equivalent, a string of terms containing φ(ζ) to the various powers
arises. Comparing the coefficients of these terms we get the system of algebraic equations with respect
to (ai) and other parameters. The obtained equation can be compared to that of an ideal behaviour
for the constant coefficients of a stable system to achieve an ideal constant coefficients. Analyzing
the situation, we employ a computational assistant, such as Maple, to determine the actual values of
the unknown coefficients and parameters in the system. By replacing (ai) and the other parameters in
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Eq (2.3) and putting the general solution φ(ζ) of Eq (2.3) into the original FPDE Eq (2.1), travelling
wave solutions are derived. The emerging families of travelling wave solutions are listed below [45]:

φ(ζ) =

−
√
−W tanh(

√
−Wζ), as W < 0,

−
√
−W coth(

√
−Wζ), as W < 0,

φ(ζ) = −
1
ζ
, as W = 0,

φ(ζ) =


√
ζ tan(

√
Wζ), as W > 0,

−
√

W cot(
√

Wζ), as W > 0.

(2.6)

The generalize trigonometric and hyperbolic functions are expressed as:

tanhuv(ζ) =
ueζ − ve−ζ

ueζ + ve−ζ
,

cothuv(ζ) =
ueζ + ve−ζ

ueζ − ve−ζ
,

tanuv(ζ) = −i
ueiζ − ve−iζ

ueiζ + ve−iζ ,

cotuv(ζ) = i
ueiζ + ve−iζ

ueiζ − ve−iζ ,

where u and v are positive constants.

3. Execution of the problem

Fractional calculus and notably the FPDEs are fundamental for describing real-life processes, which
provide the capability of observing a small change in flow within different systems. Sun et al. [46]
discuss the importance of FPDEs and the areas to which they can be applied, including biology, signal
processing, electrical engineering, and control systems. In fact, the analysis of these applications often
yields analytical solutions that provide quantitative descriptions of qualitative aspects of the processes
involved. The Riccati-Bernoulli sub-ODE along with Bäcklund transformation method is an effective
procedure to search for analytical solutions for FPDEs and a lot of equations has been studied in this
context. In our current study, we get closed form solutions for one of the basic fractional system
connected with water wave motion. More precisely, we consider the space-time FWBK equations first
defined by Whitham [47] and later slightly modified by Broer [48] and Kaup [49], presented in the
following form:

Dα
t F + Dα

xG + FDα
x F + µD2α

x F = 0, 0 ≤ α < 1,
Dα

t G + Dα
x (FG) + λD3α

x F − µD2α
x G = 0.

(3.1)

The values that α, µ and λ define in the space-time FWBK equation also define the nature of the
waves. The fractional order parameter α controls the extent of non-locality and memory effects in
both time and space, smaller values of α correspond to strong memory effects and can consequently
affect steepness, stability, and wave propagation of the wave. The parameter µ defines the degree of the
second order spatial dispersion, which defines the behavior of the wave, its spread, and smoothening;
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thus, the higher value of µ, the stronger the dispersion is the bigger the influence on the wave structure
is. Finally, λ is related to third-order spatial dispersion, which characterizes the impact of other high-
order wave interactions and plays a role in wave breaking, instabilities, and nonlinearity of the system.
All these parameters allow the model to capture more detailed wave dynamics in the presence of
fractional effects. Indeed, by adopting the traveling wave transformation F(x, t) = f (ψ), where ψ = xα

α
−

ωtα
α

, the governing Eq (3.1) is reformulated as it follows, and it is possible to go to a less reformulated
form of the whole system.

−ω
d f
dψ

+
dg
dψ

+ f
d f
dψ

+ µ
d2 f
dψ2 = 0.

−ω
dg
dψ

+
d ( f .g)

dψ
+ λ

d3 f
dψ3 − µ

d2g
dψ2 = 0.

(3.2)

The operation carried out to Eq (3.2) leads to a nonlinear ordinary differential equation as shown above.
When this equation has been integrated with respect to (ψ) taking the constant of integration as zero
the following form is found with reference to (ψ).

g = ω f −
1
2

( f )2
− µ

d f
dψ

= 0.

−ωg + ( f .g) + λ
d2 f
dψ2 − µ

dg
dψ

= 0.
(3.3)

By substituting the first part of Eq (3.3), we get the following result:

− ω2 f +
3
2
ω ( f )2

−
1
2

( f )3 +
(
µ + λ2

) d2 f
dψ2 = 0. (3.4)

To find the value of the balance number (n), we use the homogeneous balance method

D
[
dq f
dζq

]
= n + q

and

D
[

f p

(
dq f
dζq

)s]
= np + s(q + n)

for Eq (3.4) and obtain the value (n = 1). By applying the solution procedure discussed above, we
derive the corresponding algebraic system.

φ0 : 4 µ2a−1k2
6W2 + 4 λ a−1k2

6W2 − a−1
3k2

6 = 0,
φ1 : −3ω a−1

2k2
6W + 3 a−1

2k2
6a0W = 0,

φ2 : −3 a−1
2k2

6a1W2 + 4 µ2a−1k2
6W3 + 4 λ a−1k2

6W3

− 2ω2a−1k2
6W2 − 3 a−1k2

6a0
2W2 + 6ω a−1k2

6a0W2 = 0,
φ3 : 6 a−1k2

6a0a1W3 − 6ω a−1k2
6a1W3 + a0

3W3k2
6
− 3ω a0

2W3k2
6 + 2ω2a0W3k2

6 = 0,
φ4 : 4 µ2a1k2

6W5 + 4 λ a1k2
6W5 − 3 a−1k2

6a1
2W4

+ 6ω a0a1W4k2
6
− 2ω2a1W4k2

6
− 3 a0

2a1W4k2
6 = 0,

φ5 : −3ω a1
2W5k2

6 + 3 a0a1
2W5k2

6 = 0,
φ6 : 4 λ a1k2

6W6 + 4 µ2a1k2
6W6 − a1

3W6k2
6 = 0.

(3.5)
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The equations resulted throughout this process form a system of algebraic equations, and they can
be solved using computational assistance, such as Maple, Mathematica, MATLAB or any other
comparable software assistance. This allows for the identification of several distinct solution cases,
which are presented as follows:

Case 1.

a1 = 2
√
µ2 + λ, ω = a0, a0 = a0, a−1 = 1/4

a0
2√

µ2 + λ
,W = 1/8

a0
2

µ2 + λ
. (3.6)

Case 2.

a1 = 0, a0 = −i 4
√

4 a−1
2µ2 + 4 a−1

2λ, a−1 = a−1,

ω = −i 4
√

4 a−1
2µ2 + 4 a−1

2λ,W = 1/2

√
a−1

2µ2 + a−1
2λ

µ2 + λ
.

(3.7)

The two cases developed from the algebraic system offer conceptualization for recognizing and
categorizing diverse sets of solutions relative to (W). The observed behaviors reveal the temporal
evolution of the system and the corresponding physical dynamics depending on fractional order
parameter. In addition, these families include all interactions in the system and show how (W)
influences travelling behavior and stability. This analysis provides important information regarding
the dynamics of the flow and the resulting waves, with important consequences for the behavior of
nonlinear systems.

Family 1. The following travelling wave solutions are obtained for Case 1 and M < 0.

F1(x, t) = 1/4
a0

2
(
k1 − 1/4 k2

√
−2 a02

µ2+λ
tanh

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα

α

)))
1√
µ2+λ

(
−1/8 a02k2

µ2+λ
− 1/4 k1

√
−2 a02

µ2+λ
tanh

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα
α

))) + a0

+

2
√
µ2 + λ

(
−1/8 a0

2k2
µ2+λ
− 1/4 k1

√
−2 a02

µ2+λ
tanh

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα

α

)))
(
k1 − 1/4 k2

√
−2 a02

µ2+λ
tanh

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα
α

)))
(3.8)

or

F2(x, t) = 1/4
a0

2
(
k1 − 1/4 k2

√
−2 a02

µ2+λ
coth

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα

α

)))
1√
µ2+λ

(
−1/8 a02k2

µ2+λ
− 1/4 k1

√
−2 a02

µ2+λ
coth

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα
α

))) + a0

+

2
√
µ2 + λ

(
−1/8 a0

2k2
µ2+λ
− 1/4 k1

√
−2 a02

µ2+λ
coth

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα

α

)))
(
k1 − 1/4 k2

√
−2 a02

µ2+λ
coth

(
1/4

√
−2 a02

µ2+λ

(
xα
α
−

a0tα
α

))) .

(3.9)
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Family 2. The following travelling wave solutions are obtained for Case 1 and M > 0.

F3(x, t) = 1/4
a0

2
(
k1 + 1/4 k2

√
2
√

a02

µ2+λ
tan

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα

α

)))
1√
µ2+λ

(
−1/8 a02k2

µ2+λ
+ 1/4 k1

√
2
√

a02

µ2+λ
tan

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα
α

))) + a0

+

2
√
µ2 + λ

(
−1/8 a0

2k2
µ2+λ

+ 1/4 k1
√

2
√

a02

µ2+λ
tan

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα

α

)))
(
k1 + 1/4 k2

√
2
√

a02

µ2+λ
tan

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα
α

)))
(3.10)

or

F4(x, t) = 1/4
a0

2
(
k1 − 1/4 k2

√
2
√

a02

µ2+λ
cot

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα

α

)))
1√
µ2+λ

(
−1/8 a02k2

µ2+λ
− 1/4 k1

√
2
√

a02

µ2+λ
cot

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα
α

))) + a0

+

2
√
µ2 + λ

(
−1/8 a0

2k2
µ2+λ
− 1/4 k1

√
2
√

a02

µ2+λ
cot

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα

α

)))
(
k1 − 1/4 k2

√
2
√

a02

µ2+λ
cot

(
1/4
√

2
√

a02

µ2+λ

(
xα
α
−

a0tα
α

))) .

(3.11)

Family 3. The following travelling wave solutions are obtained for Case 1 and M = 0.

F5(x, y, t) = 1/4
a0

2
(
k1 − k2

(
xα
α
−

a0tα

α

)−1
)

1√
µ2+λ

(
−1/8 a02k2

µ2+λ
− k1

(
xα
α
−

a0tα
α

)−1
)

+ a0 +

2
√
µ2 + λ

(
−1/8 a0

2k2
µ2+λ
− k1

(
xα
α
−

a0tα

α

)−1
)

(
k1 − k2

(
xα
α
−

a0tα
α

)−1
) .

(3.12)

Family 4. The following travelling wave solutions are obtained for Case 2, M < 0 and

ψ =
xα

α
+

i 4
√

4 a−1
2µ2 + 4 a−1

2λtα

α
.

F6(x, t) =

a−1

k1 − 1/2 k2

√
−2
√

a−12µ2+a−12λ

µ2+λ
tanh

1/2
√
−2
√

a−12µ2+a−12λ

µ2+λ
ψ

−1/2
√

a−12µ2+a−12λk2

µ2+λ
− 1/2 k1

√
−2
√

a−12µ2+a−12λ

µ2+λ
tanh

1/2
√
−2
√

a−12µ2+a−12λ

µ2+λ
ψ


− i 4

√
4 a−1

2µ2 + 4 a−1
2λ (3.13)
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or

F7(x, t) =

a−1

k1 − 1/2 k2

√
−2
√

a−12µ2+a−12λ

µ2+λ
coth

1/2
√
−2
√

a−12µ2+a−12λ

µ2+λ
ψ

−1/2
√

a−12µ2+a−12λk2

µ2+λ
− 1/2 k1

√
−2
√

a−12µ2+a−12λ

µ2+λ
coth

1/2
√
−2
√

a−12µ2+a−12λ

µ2+λ
ψ


− i 4

√
4 a−1

2µ2 + 4 a−1
2λ. (3.14)

Family 5. The following travelling wave solutions are obtained for Case 2 and M > 0.

F8(x, t) =

a−1

k1 + 1/2 k2
√

2

√ √
a−12µ2+a−12λ

µ2+λ
tan

1/2 √2

√ √
a−12µ2+a−12λ

µ2+λ
ψ

−1/2
√

a−12µ2+a−12λk2

µ2+λ
+ 1/2 k1

√
2

√ √
a−12µ2+a−12λ

µ2+λ
tan

1/2 √2

√ √
a−12µ2+a−12λ

µ2+λ
ψ


− i 4

√
4 a−1

2µ2 + 4 a−1
2λ (3.15)

or

F9(x, t) =

a−1

k1 − 1/2 k2
√

2

√ √
a−12µ2+a−12λ

µ2+λ
cot

1/2 √2

√ √
a−12µ2+a−12λ

µ2+λ
ψ

−1/2
√

a−12µ2+a−12λk2

µ2+λ
− 1/2 k1

√
2

√ √
a−12µ2+a−12λ

µ2+λ
cot

1/2 √2

√ √
a−12µ2+a−12λ

µ2+λ
ψ


− i 4

√
4 a−1

2µ2 + 4 a−1
2λ. (3.16)

Family 6: The following travelling wave solutions are obtained for Case 2 and (M = 0).

F10(x, t) =
a−1

(
k1 −

k2
ψ

)
(
−1/2

√
a−12µ2+a−12λk2

µ2+λ
−

k1
ψ

) − i 4
√

4 a−1
2µ2 + 4 a−1

2λ. (3.17)

4. Results and discussion

This work proposes a new approach to study the space-time FWBK equation, which plays an
important role in wave dynamics and stability in fluid dynamics and wave mechanics. By applying
the Riccati-Bernoulli sub-ODE approach in combination with the Bäcklund transformation, the study
finds the analytical solutions in terms of hyperbolic, rational, and trigonometric functions which
characterizes different types of waves. The solutions are given in the form of traveling waves
where temporal and spatial behavior can be seen periodically implemented in 3D, contour, and 2D
plots to explain the involvement of fractional parameters. The outcome shows that adjusting the
fractional order parameter raises the wave steepness cut-off even more, which gives the wave profile a
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sharper fragmentation and fractality in contour diagrams. Besides, this research improves the general
theoretical knowledge of wave mechanics by using a fractional calculus approach and sheds light
on the behaviour of periodic travelling waves that are important in analyzing various aspects in ocean
engineering, hydrodynamics, and nonlinear optics. The developed insights help to realize the capability
of waves in fractional systems and their application in intricate conditions.

As observed from Table 1, the present method based on Riccati-Bernoulli sub-ODE and Bäcklund
transformation has better efficiency than the SEM in solving FWBK equation. In particular, the Riccati-
Bernoulli method produces a rich set of solutions in hyperbolic, rational, and trigonometric forms to
describe the oscillation of the fractional systems for W < 0, W > 0, and W = 0, respectively. However,
SEM provides primarily only hyperbolic-type solutions and utilizes the balance principle; therefore, it
cannot be applied to more complex parameters. In addition, the envisaged Riccati-Bernoulli method
is more sensitive to the values of fractional-order parameters to offered deeper understanding of the
wave steepness and stability. This has made the Riccati-Bernoulli approach more reliable and fit to be
applied on different nonlinear fractional system, as observed in the comparative study. The analytical
solution of the space-time FWBK equation for the case of the traveling wave is given in 3D, 2D,
and contour plots with a peak in Figure 1. The integer-order wave structure is illustrative of a stable,
perfect symmetry as manifested in the 3D plot. Also, it is clear from the 2D plots that as the fractional
order parameter (α) increases, the steepness of the wave and its localization increases, signifying its
bright wave nature. Besides, the contour plot shows the detailed patterns of the solution with the
curve fractal patterns. These dynamics make the solution highly relevant for use in ocean engineering,
hydrodynamics, nonlinear optics, meteorology, and biomedical engineering especially in terms of steep
localized and fractal wave behavior.

Table 1. Comparison of the space-time FWBK equation with the alternative approach,
specifically the SEM [15].

Case Riccati-Bernoulli sub-ODE along with
the Bäcklund transformation

SEM

Case I: W < 0 F6 =

a−1

k1−1/2 k2

√
−2

√
a−1

2µ2+a−1
2λ

µ2+λ
tanh

1/2
√
−2

√
a−1

2µ2+a−1
2λ

µ2+λ
ψ


−1/2

√
a−1

2µ2+a−1
2λk2

µ2+λ
−1/2 k1

√
−2

√
a−1

2µ2+a−1
2λ

µ2+λ
tanh

1/2
√
−2

√
a−1

2µ2+a−1
2λ

µ2+λ
ψ




−i 4
√

4 a−1
2µ2 + 4 a−1

2λ,

uW1 = 2
√
γ + β2

c
c√
γ+β2

c1e
c√
γ+β2

ξ

c0+c1e
c√
γ+β2

ξ

= 2cc1e
c√
γ+β2

(x−ct)

c0+c1e
c√
γ+β2

(x−ct) .

Case II: W > 0 F9 =

a−1

k1−1/2 k2
√

2

√√
a−1

2µ2+a−1
2λ

µ2+λ
cot

1/2 √2
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a−1

2µ2+a−1
2λ

µ2+λ
ψ


−1/2

√
a−1
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2λk2
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−1/2 k1

√
2

√√
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2λ
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1/2 √2

√√
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2λ
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−i 4
√

4 a−1
2µ2 + 4 a−1

2λ,

uW2 = 2cc0
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−c√
γ+β2

(x−ct) .

Case III: W = 0 F10 =
a−1

(
k1−

k2
ψ

)
−1/2

√
a−1

2µ2+a−1
2λk2

µ2+λ
−

k1
ψ


− i 4

√
4 a−1

2µ2 + 4 a−1
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c√
γ+β2
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Figure 2 shows the traveling wave solution of the space-time FWBK equation in the form of 3D,
2D, and contour plots, as well which is a periodic solution with two peaks. The 3D plot (α = 1)
depicts central symmetric wave form with clear two peak structures signifying stable periodicity. Upon
increasing the fractional order parameter (α) in the 2D plot, the extension of the corresponding peaks
towards the base plane is obvious in addition to the steepness and localization of the waveform that
appears to become sharper and denser. The contour plot represents diverse patterns that are again
self-similar, representing the wave pattern they have. Such dual hump kinetics are useful in ocean
engineering for simulating multi-crested waves, hydrodynamic systems, nonlinear optics, meteorology,
and biomedical engineering, and also prove the efficiency of fractional models in analyzing erratic
localized and fractal wave forms.

The periodical travelling wave solution of the FWBK equation in 3D, 2D, and contour plots with
single peak is presented in Figure 3. The 3D plot of the solitary wave with an integer order indicates
that the wave has stability with one major hump at the middle of the parabolic curve. As it can be
noted in the 2D plot, the wave tightens and steepens as α rises with the focus on the sharp change
in values. Similar to the contour plot also exhibit fractal like behavior and can be used to identify the
complexities of the solution. Single-peak dynamics are useful for problems in solitary wave simulation,
fluid dynamics, optics and photonics, meteorology, and biomedical engineering in order to demonstrate
applicability of the fractional models for steep, narrow, and fractal wave motion analysis.

The periodic traveling wave solution of the space-time FWBK equation, in 3D, 2D, and contour
plots with two peaks is shown in Figure 4. The integer-order 3D plot presents a stable profile with two
characteristic maxima and it corresponds to a perpetual wave configuration. It is observed from the
2D plot that as the value of fractional order parameter (α) increases, both the peaks become steeper
and are more localized, showing the transition in the wave profile is faster. The contour plot also
shows more fractal shapes where there are many small patterns, giving the appearance of complexity
in the solution, and self-similarity. Since these two-peak dynamics can be used the modeling of multi-
crest waves, hydrodynamics, steep, and localized waves with fractal characteristics, in the area of ocean
engineering, nonlinear optics, meteorology, and biomedical engineering, the presented fractional-order
model can be of interest.

These results are not only theoretical but also hold enormous implication in many fields of
engineering and technology. For example, the results can be used for fluid waves in turbulent flows,
in oceanography for current and wave pattern analysis, and for investigating waves breaking. In wave
physics, they help in explaining the non linear wave phenomena associated with optical fibers, water
surface waves, and shock wave front. Furthermore, the results can be used in engineering to design
efficient energy systems, to anticipate the wave patterns in seacoast constructions, and to improve
the analysis of substances under dynamic loads. These applications demonstrate how the proposed
theoretical developments will be helpful and applicable in tackling various problems.
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(a) (b) (c)

Figure 1. Figure showing 3D, contour, and 2D fractional–order variations of the function
F1(x, t).

(a) (b) (c)

Figure 2. Figure showing 3D, contour, and 2D fractional–order variations of the function
F3(x, t).

(a) (b) (c)

Figure 3. Figure showing 3D, contour, and 2D fractional–order variations of the function
F6(x, t).
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(a) (b) (c)

Figure 4. Figure showing 3D, contour, and 2D fractional–order variations of the function
F9(x, t).

5. Conclusions

Finally, this work also presents a new approach to solve the space-time FWBK equation using the
Riccati-Bernoulli sub-ODE method and Bäcklund transformation. The obtained solutions in terms
of hyperbolic, rational, and trigonometric functions clearly indicate how the fractional order control
parameter affects the steepness of oscillating travelling waves. Eventually, the contour plots highlight
the fractal appearance which appears as a result of the high fractional order parameter.

The results of this work contribute to the understanding of wave characteristics in nonlinear
fractional systems and can be beneficial for the application in the area of ocean engineering,
hydrodynamic, and nonlinear optics. The study not only helps to improve the existing knowledge
regarding wave behaviors in the fractional systems but also points to the directions for further
application.

Further work should be dedicated to expanding such an approach towards the closed systems with
multiple nonlinear equations, studying bifurcation of solutions depending from the change of the
fractional indices, as well as future investigations into the higher-order fractional differential equations.
Moreover, this framework can be used to investigate multi-phase flow, wave breaking and shock wave
propagation in fractional systems, which could be instrumental in material science and biomedical
engineering applications.

Author contributions

H.G.: Conceptualization, Visualization, Funding, Data curation, Resources, Writing-review &
editing; A.A.H.A.: Formal analysis, Project administration, Data curation, validation; A.H.H.:
Investigation, Validation, Resources, Software. All authors have read and agreed to the published
version of the manuscript.

Use of Generative-AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

AIMS Mathematics Volume 10, Issue 2, 2492–2508.



2505

Acknowledgments

The authors gratefully acknowledge the funding of the Deanship of Graduate Studies and Scientific
Research, Jazan University, Saudi Arabia, through project number: RG24-L04.

Conflict of interest

The authors declare that they have no conflicts of interest.

References

1. W. Gao, H. Rezazadeh, Z. Pinar, H. M. Baskonus, S. Sarwar, G. Yel, Novel explicit solutions for
the nonlinear Zoomeron equation by using newly extended direct algebraic technique, Opt. Quant.
Electron., 52 (2020), 52. https://doi.org/10.1007/s11082-019-2162-8

2. C. Zhu, M. Al-Dossari, S. Rezapour, B. Gunay, On the exact soliton solutions and different wave
structures to the (2 + 1)-dimensional Chaffee-Infante equation, Results Phys., 57 (2024), 107431.
https://doi.org/10.1016/j.rinp.2024.107431

3. M. N. Rafiq, M. H. Rafiq, H. Alsaud, Chaotic response, multistability and new wave
structures for the generalized coupled Whitham-Broer-Kaup-Boussinesq-Kupershmidt
system with a novel methodology, Chaos Soliton. Fract., 190 (2025), 115755.
https://doi.org/10.1016/j.chaos.2024.115755

4. X. H. Zhao, Multi-solitons and integrability for a (2 + 1)-dimensional variable coefficients
Date-Jimbo-Kashiwara-Miwa equation, Appl. Math. Lett., 149 (2024), 108895.
https://doi.org/10.1016/j.aml.2023.108895

5. Z. Z. Lan, Semirational rogue waves of the three coupled higher-order nonlinear Schrödinger
equations, Appl. Math. Lett., 147 (2024), 108845. https://doi.org/10.1016/j.aml.2023.108845

6. Z. Z. Lan, Multi-soliton solutions, breather-like and bound-state solitons for complex
modified Korteweg-de Vries equation in optical fibers, Chinese Phys. B, 33 (2024), 060201.
https://doi.org/10.1088/1674-1056/ad39d7

7. M. Ghasemi, High order approximations using spline-based differential quadrature method:
implementation to the multi-dimensional PDEs, Appl. Math. Model., 46 (2017), 63–80.
https://doi.org/10.1016/j.apm.2017.01.052

8. N. Perrone, R. Kao, A general finite difference method for arbitrary meshes, Comput. Struct., 5
(1975), 45–57. https://doi.org/10.1016/0045-7949(75)90018-8

9. M. N. Rafiq, H. Chen, Multiple interaction solutions, parameter analysis, chaotic phenomena and
modulation instability for a (3+1)-dimensional Kudryashov-Sinelshchikov equation in ideal liquid
with gas bubbles, Nonlinear Dyn., 2024. https://doi.org/10.1007/s11071-024-10164-2

10. S. Mahmood, R. Shah, H. Khan, M. Arif, Laplace Adomian Decomposition method for
multidimensional time fractional model of Navier-Stokes equation, Symmetry, 11 (2019), 149.
https://doi.org/10.3390/sym11020149

AIMS Mathematics Volume 10, Issue 2, 2492–2508.

https://dx.doi.org/https://doi.org/10.1007/s11082-019-2162-8
https://dx.doi.org/https://doi.org/10.1016/j.rinp.2024.107431
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2024.115755
https://dx.doi.org/https://doi.org/10.1016/j.aml.2023.108895
https://dx.doi.org/https://doi.org/10.1016/j.aml.2023.108845
https://dx.doi.org/https://doi.org/10.1088/1674-1056/ad39d7
https://dx.doi.org/https://doi.org/10.1016/j.apm.2017.01.052
https://dx.doi.org/https://doi.org/10.1016/0045-7949(75)90018-8
https://dx.doi.org/https://doi.org/10.1007/s11071-024-10164-2
https://dx.doi.org/https://doi.org/10.3390/sym11020149


2506

11. M. A. Abdou, A. A. Soliman, New applications of variational iteration method, Phys. D, 211
(2005), 1–8. https://doi.org/10.1016/j.physd.2005.08.002

12. E. Yusufoglu, A. Bekir, Solitons and periodic solutions of coupled nonlinear evolution
equations by using the sine-cosine method, Int. J. Comput. Math., 83 (2006), 915–924.
https://doi.org/10.1080/00207160601138756

13. E. Az-Zo’bi, L. Akinyemi, A. O. Alleddawi, Construction of optical solitons for
conformable generalized model in nonlinear media, Mod. Phys. Lett. B, 35 (2021), 2150409.
https://doi.org/10.1142/S0217984921504091

14. E. A. Az-Zo’bi, Exact analytic solutions for nonlinear diffusion equations via generalized residual
power series method, Int. J. Math. Comput. Sci., 14 (2019), 69–78.

15. C. K. Kuo, New solitary solutions of the Gardner equation and Whitham-Broer-Kaup
equations by the modified simplest equation method, Optik, 147 (2017), 128–135.
https://doi.org/10.1016/j.ijleo.2017.08.048

16. S. Meng, F. Meng, F. Zhang, Q. Li, Y. Zhang, A. Zemouche, Observer design method for
nonlinear generalized systems with nonlinear algebraic constraints with applications, Automatica,
162 (2024), 111512. https://doi.org/10.1016/j.automatica.2024.111512

17. M. Lei, H. Liao, S. Wang, H. Zhou, J. Zhu, H. Wan, et al., Electro-sorting creates
heterogeneity: constructing a multifunctional Janus film with integrated compositional and
microstructural gradients for guided bone regeneration, Adv. Sci., 11 (2024), 2307606.
https://doi.org/10.1002/advs.202307606

18. R. Ali, M. M. Alam, S. Barak, Exploring chaotic behavior of optical solitons in complex structured
conformable perturbed Radhakrishnan-Kundu-Lakshmanan model, Phys. Scr., 99 (2024), 095209.
https://doi.org/10.1088/1402-4896/ad67b1

19. A. Secer, S. Altun, A new operational matrix of fractional derivatives to solve systems
of fractional differential equations via Legendre wavelets, Mathematics, 6 (2018), 238.
https://doi.org/10.3390/math6110238

20. H. R. Ghehsareh, A. Majlesi, A. Zaghian, Lie symmetry analysis and conservation laws for
time fractional coupled Whitham-Broer-Kaup equations, UPB Sci. Bull. A: Appl. Math. Phys.,
80 (2018), 153–168.

21. S. M. El-Sayed, D. Kaya Exact and numerical traveling wave solutions of
Whitham-Broer-Kaup equations, Appl. Math. Comput., 167 (2005), 1339–1349.
https://doi.org/10.1016/j.amc.2004.08.012

22. S. Kumar, K. S. Nisar, M. Niwas, On the dynamics of exact solutions to a (3+1)-dimensional YTSF
equation emerging in shallow sea waves: Lie symmetry analysis and generalized Kudryashov
method, Results Phys., 48 (2023), 106432. https://doi.org/10.1016/j.rinp.2023.106432

23. A. Irshad, N. Ahmed, A. Nazir, U. Khan, S. T. Mohyud-Din, Novel exact double periodic
soliton solutions to strain wave equation in micro structured solids, Phys. A, 550 (2020), 124077.
https://doi.org/10.1016/j.physa.2019.124077

AIMS Mathematics Volume 10, Issue 2, 2492–2508.

https://dx.doi.org/https://doi.org/10.1016/j.physd.2005.08.002
https://dx.doi.org/https://doi.org/10.1080/00207160601138756
https://dx.doi.org/https://doi.org/10.1142/S0217984921504091
https://dx.doi.org/https://doi.org/10.1016/j.ijleo.2017.08.048
https://dx.doi.org/https://doi.org/10.1016/j.automatica.2024.111512
https://dx.doi.org/https://doi.org/10.1002/advs.202307606
https://dx.doi.org/https://doi.org/10.1088/1402-4896/ad67b1
https://dx.doi.org/https://doi.org/10.3390/math6110238
https://dx.doi.org/https://doi.org/10.1016/j.amc.2004.08.012
https://dx.doi.org/https://doi.org/10.1016/j.rinp.2023.106432
https://dx.doi.org/https://doi.org/10.1016/j.physa.2019.124077


2507

24. S. Bibi, S. T. Mohyud-Din, U. Khan, N. Ahmed, Khater method for nonlinear Sharma-
Tasso-Olever (STO) equation of fractional order, Results Phys., 7 (2017), 4440–4450.
https://doi.org/10.1016/j.rinp.2017.11.008

25. S. Meng, F. Meng, F. Zhang, Q. Li, Y. Zhang, A. Zemouche, Observer design method for
nonlinear generalized systems with nonlinear algebraic constraints with applications, Automatica,
162 (2024), 111512. https://doi.org/10.1016/j.automatica.2024.111512

26. F. Meng, A. Pang, X. Dong, C. Han, X. Sha, H∞ optimal performance design of
an unstable plant under bode integral constraint, Complexity, 2018 (2018), 4942906.
https://doi.org/10.1155/2018/4942906

27. S. Meng, F. Meng, F. Zhang, Q. Li, Y. Zhang, A. Zemouche, Observer design method for
nonlinear generalized systems with nonlinear algebraic constraints with applications, Automatica,
162 (2024), 111512. https://doi.org/10.1016/j.automatica.2024.111512

28. Y. Hu, Y. Sugiyama, Well-posedness of the initial-boundary value problem for 1D
degenerate quasilinear wave equations, Adv. Differ. Equations, 30 (2025), 177–206.
https://doi.org/10.57262/ade030-0304-177

29. L. Zheng, Y. Zhu, Y. Zhou, Meta-transfer learning-based method for multi-fault
analysis and assessment in power system, Appl. Intell., 54 (2024), 12112–12127.
https://doi.org/10.1007/s10489-024-05772-9

30. Y. Zhu, Y. Zhou, L. Yan, Z. Li, H. Xin, W. Wei, Scaling graph neural networks for large-scale
power systems analysis: empirical laws for emergent abilities, IEEE Trans. Power Syst., 39 (2024),
7445–7448. https://doi.org/10.1109/TPWRS.2024.3437651

31. C. Yang, K. Meng, L. Yang, W. Guo, P. Xu, S. Zhou, Transfer learning-based crashworthiness
prediction for the composite structure of a subway vehicle, Int. J. Mech. Sci., 248 (2023), 108244.
https://doi.org/10.1016/j.ijmecsci.2023.108244

32. Z. Cheng, Y. Chen, H. Huang, Identification and validation of a novel prognostic
signature based on ferroptosis-related genes in ovarian cancer, Vaccine, 11 (2023), 205.
https://doi.org/10.3390/vaccines11020205

33. Y. Yang, L. Zhang, C. Xiao, Z. Huang, F. Zhao, J. Yin, Highly efficient upconversion photodynamic
performance of rare-earth-coupled dual-photosensitizers: ultrafast experiments and excited-state
calculations, Nanophotonics, 13 (2024), 443–455. https://doi.org/10.1515/nanoph-2023-0772

34. B. Zhuang, Y. Yang, K. Huang, J. Yin, Plasmon-enhanced NIR-II photoluminescence of rare-earth
oxide nanoprobes for high-sensitivity optical temperature sensing, Opt. Lett., 49 (2024), 6489–
6492. https://doi.org/10.1364/OL.540944

35. M. N. Alam, An analytical method for finding exact solutions of a nonlinear partial
differential equation arising in electrical engineering, Open J. Math. Sci., 7 (2023), 10–18.
https://doi.org/10.30538/oms2023.0195

36. Y. Gu, X. Zhang, Z. Huang, L. Peng, Y. Lai, N. Aminakbari, Soliton and lump and travelling wave
solutions of the (3+1) dimensional KPB like equation with analysis of chaotic behaviors, Sci. Rep.,
14 (2024), 20966. https://doi.org/10.1038/s41598-024-71821-5

AIMS Mathematics Volume 10, Issue 2, 2492–2508.

https://dx.doi.org/https://doi.org/10.1016/j.rinp.2017.11.008
https://dx.doi.org/https://doi.org/10.1016/j.automatica.2024.111512
https://dx.doi.org/https://doi.org/10.1155/2018/4942906
https://dx.doi.org/https://doi.org/10.1016/j.automatica.2024.111512
https://dx.doi.org/https://doi.org/10.57262/ade030-0304-177
https://dx.doi.org/https://doi.org/10.1007/s10489-024-05772-9
https://dx.doi.org/https://doi.org/10.1109/TPWRS.2024.3437651
https://dx.doi.org/https://doi.org/10.1016/j.ijmecsci.2023.108244
https://dx.doi.org/https://doi.org/10.3390/vaccines11020205
https://dx.doi.org/https://doi.org/10.1515/nanoph-2023-0772
https://dx.doi.org/https://doi.org/10.1364/OL.540944
https://dx.doi.org/https://doi.org/10.30538/oms2023.0195
https://dx.doi.org/https://doi.org/10.1038/s41598-024-71821-5


2508
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