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1. Introduction

As a parabolic equation, the transport-diffusion equation was treated in many studies and well-
consolidated methods are known [7]. Concerning the behavior of the solution of the transport-diffusion
equation when the diffusion coefficient tends to zero, results have been obtained using the stochastic
representation of the solution of a parabolic equation [4]. However, these results are expressed in the
language of probability theory, and it might not be straightforward to translate them into the language
of mathematical analysis. Furthermore, in this framework, the treatment of non-linear terms is not
easy, see [9-11].

In recent years, a method inspired by the idea of the stochastic representation of the solution but
formulated in the language of mathematical analysis without using probability concepts has been
proposed. First, the convergence of approximate solutions constructed by the heat kernel at each


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025111

2393

discrete time step toward the solution of the transport-diffusion equation in RY with a constant
diffusion coefficient was demonstrated [12, 13]. Then, this result was generalized to the case of the
equation considered in the half-space with homogeneous Dirichlet boundary condition [2, 5] and with
homogeneous Neumann boundary condition [6]. Furthermore, using the approximate solutions of this
type, the convergence of the solution of the transport-diffusion equation in R? toward that of the
transport equation were shown [1, 3]. On the other hand, in [8], approximate solutions for the
transport-diffusion equation in R? and their limit function are considered, and it was proved that the
limit function belongs to the Holder space corresponding to the regularity of the given functions and
satisfies the equation.

In this paper, we consider the transport-diffusion equation in R¢ where the diffusion is represented
by the Laplace operator multiplied by a function «(¢). More precisely, we consider the equation

ou(t, x) + v(t, x) - Vu(t, x) = k(t)Au(t, x) + f(t, x, u(t, x)).

Here and throughout, v-V = ¢, v;d,, and A= 37, 8%,
Let us recall that in [12] and [13], the family of approximate solutions was defined on the discretized

time family ("} ,n=1,2,---,

_ nl _ 0] [n] _ In] nl _ 79-n
0=t <t < <t <t <, - =k2™,

using the heat kernel, i.e., the fundamental solution of the heat equation

2
X 1
exp(— |x] ) Gm o=l

O,(x) = o > &t

(4rkS,)4/2

over each interval [t,E’i]l, t,E"]] of the time discretization. The specific property ©,(x) = (0,41 %0,,1)(x) of

Gaussian functions was the technical basis in the demonstration of the convergence of the approximate
solutions. But, if « varies with the time ¢, this technique cannot be applied directly.

To overcome this difficulty arising from the non-constancy of the coefficient k(¢), we transform the
equation using the inverse function of the function s(¢) = fot k(t)dt'. This allows us to construct a
family of approximate solutions similarly to the research in [12, 13]. However, to demonstrate their
convergence, it is essential to examine carefully the inequalities used, in which the consequences of the
transformation of the equation also step in. In what follows, we aim to identify a reasonably large class
of functions «(#) for which we can obtain the convergence of the approximate solutions to the solution
of the transport-diffusion equation.

2. General result with x = «(r)

Let us consider the equation for the unknown function u(t, x) : R, xR - R
Auu(t, x) + v(t, x) - Vu(t, x) = k() Au(t, x) + (¢, x,u(t,x)), >0, xeRY 2.1)

where x(f) : R, = R,, v(t,x) : R, xR - R? and f(t, x,u) : R, x RY x R — R are given functions.
Eq (2.1) will be envisaged with the initial condition

u(0, x) = up(x) x € RY. (2.2)
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For the function «(¢), we assume that

k() >0 a.e.inR,, (2.3)
and for any sequence {[a,, b,[ } ", of disjoint intervals contained in R, we have
[ee) bn [ee)
Ve >0 35 >0 such that, if Z f k(f)dt < & then Z(bn —a,) <&, (2.4)
n=1 v dn n=1
() € L (R}). (2.5)

The conditions (2.3) and (2.5) imply that the function

s(2) = f k(®)dt (2.6)
0

is invertible. We also note that the condition (2.4) implies that the inverse function of s(¢), denoted
by #(s), is absolutely continuous. As for the conditions on the functions v(z, x) and f(¢, x, u), we will
specify them in the statement of the theorem.

Next, we will consider a family of approximate solutions for Eq (2.1). For their definition, we will
use the notation

0,=2", n=12---, 2.7)
and for each n, the function
0,(x) = ——— exp(—%), xeRY (2.8)
(4rS,)4/2 46,

We also introduce the class of functions

A ={¢: D — R, continuous, Z Aen(p) < 00, Y7 >0}, (2.9)

n=1
where D = R, x RY or D = R, xR xR and
Aen(@) = supf lo(r, x) — p(r, x)| : ri,rn €[0,7], x € Rd, [ — 1l < 0,} (2.10)
it D=R, xR9, and
/lr,n(‘P) = sup{ |‘P(r1,x, l/l) - ¢(r25x’ u)l LI, € [097]9 X € Rda ue Ra |r1 - r2| < 6’1} (211)

if D=R, xR¢xR.
In this paper, we use the notations

J

aIVI QIVI
D; = v Vg ;M = v V, >
oxt---0x¢ ’ Oxt -+ Ox 4 0uva
1 d 1 d
where
d
M=> v, if v=(,-,v)eN,
-1
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d+1
=) v i v=(,e Ve van) € N
=1
Furthermore, we denote by C,(D) the class of continuous and bounded functions defined on the
domain D.

The general result of the present work is the following theorem.

Theorem 1. Suppose that the function k(t) satisfies conditions (2.3)—(2.5), and the functions v(t, x) and
f(t, x, u) (with the function k(t)) satisfy the conditions:

3va(t x) € Cp([0, 7] xRY)) Vv eN? |y <3, Vr>0, (2.12)
1
Dv(t(s),x) e A Vv eN <2, (2.13)
k(#(s))
1 D, f(t,x,u
L Druf 6 xuw) € Cp([0, 7] xRYxR) Vv e N |y <3, V>0, (2.14)
k(@) 1+ u|
1
D’ f(t(s),x,uye A YveN"* <2, (2.15)
k(#(s))
D’ug(x) € C,(RY) Vv e N, |y < 3. (2.16)

(In (2.13) and (2.15), the functions are considered as functions of (s, x) and (s, x, u), respectively.)
If we define
s =ks,, M=), n=12,..., k=0,1,2,..., (2.17)

then, for any T > 0, the functions u"\(, x) defined by

u™ (@, x) = uo(x), (2.18)
U@, x) = f e,mu" @, x -3, vt x) - y)dy (2.19)
d K(ZIE"])
[n] f(t[n] X, u[n](t][:i]la X)), k = 19 2a Y
sl[cn] s(1) ] s(1) — sl[cn—]l ] ] (1]
u"(t, x) = ——u"@" , x) + 6—u[”](t LX) forg" <t<t] (2.20)

(with s(t) and s,[(”] defined by (2.6) and (2.17)), and their first and second derivatives with respect to
x € R, converge uniformly on [0, 7] X R? toward a function u(t, x) and its first and second derivatives
with respect to x € R%, and the limit function u(t, x) satisfy Eq (2.1) and the initial condition (2.2) in
the sense of integral equality:

- fm u(t, x)a%go(t)dt — up(x)p(0) + fm v(t, x) - Vu(t, x)e(t)dt (2.21)
0 0
= f (k(DAu(t, x) + f(t, x, u))p(t)dt
0
for any ¢(+) € C'(R,) such that o(t) = 0 for t > | with t; > 0.
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3. Case of functions given with Holder continuity

Since the conditions (2.13) and (2.15) are formulated through the inverse function #(s), to have a
more concrete idea, we mention a class of functions (k(7),v(t, x), f(t,x,u)) that satisfies the
conditions (2.13) and (2.15).

Lemma 2. Suppose that the function k(t) satisfies the conditions (2.3) and (2.5), and for each T > 0,
there exists a number a = a(7), 0 < a < 1, and a constant C, = C(7) such that

53 @
HL-—1t <C (f K(t)dt) Vi, €10,7], 1 < to. (3.1
n

Furthermore, suppose that for each t > 0, there exist numbers B = (1) and v = (1) such that
0 <pB < 1and0 <y <1, and the functions v(t, x) and f(t, x, u) satisfy the relations:

Dv(ty, x) — D’v(ty, x
sup |Dv(t2, x) — DYv(t )|<  VyeNd p<2, 32)
05t1<12§‘r,xERd (tz - tl)ﬁ
D}, f(t2, x,u) — D, f(t2, x, u)|
sup uf (1 UG <o, WyeN™ <2 (3.3)
0<ti <ty <t,xeR9 ueR (t, — 1)

Then the functions v(t(s), x) and f(t(s), x,u) (with the function k(t(s))) satisfy the conditions (2.13)
and (2.15).

Proof. Fix T > 0. From (3.1) and (3.2), we deduce that there exists a constant C, = C,(7) such that

Div(i(), )) sup I — 0l < G,

0<t1<t2ST» s(t2)—s(t1)<0p

( K(1(+))
Similarly, from (3.1) and (3.3), we deduce that there exists a constant C3 = C3(7) such that

1
. (K(t(, A -)) <C s -0l < GCE)

0<t1<ta<7, 5(12)—s(t1)<0y

Since 0 < Ba < 1 and 0 < ya < 1, it follows that

(o9

o (ol ))<C2Cﬂz(5)ﬂa<°°

n=

[

1 v Y @
; /l‘r,n (me’uf(l'(')’ K )) < C3C1 Z(én)y < 0o,

n=1
which means that the functions v(#(s),x) and f(#(s),x,u) (with the function «(#(s))) satisfy
conditions (2.13) and (2.15). The lemma is proved. O

With Lemma 2 proved, under the assumption of the validity of Theorem 1, we can state the
following result, which immediately follows from Theorem 1 and Lemma 2.

Corollary 3. Suppose that the functions k(t), v(t, x), f(t,x,u), and uy(x) satisfy the conditions (2.3)—
(2.5), (2.12), (2.14), (2.16), and (3.1)—(3.3). Then, for any Tt > 0, the functions u™(t, x) defined by
(2.18)—(2.20) (with s(t) and s,E"] defined by (2.6) and (2.17)) and their first and second derivatives
with respect to x € R? converge uniformly in [0, 7] X R to a function u(t, x) and its first and second
derivatives with respect to x € RY, and the limit function u(t, x) satisfies equation (2.1) and the initial
condition (2.2) in the sense of integral equality (2.21).
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4. Theorem for the equation with the x constant

We will prove Theorem 1 by transforming Eq (2.1) into an equation with the diffusion coefficient
k = 1. Theorem 1 will result from the theorem for the equation with the constant diffusion coefficient
k, which we will prove subsequently.

Consider the equation

ou(t, x) + v(t, x) - Vu(t, x) = Au(t, x) + f(t, x, u(t, x)), >0, xeRY, 4.1

and the initial condition
u(0, x) = ug(x), x e RY (4.2)

The first term on the right-hand side of (4.1) can be kAu(t, x) instead of Au(t, x), but this generalization
is almost immediate. Therefore, here we consider the equation in the form of (4.1). For this problem,
we have the following theorem.

Theorem 4. Suppose that

D'wv(t, x) € Cp([0, 7] x RY)) Vv e N, |y <3, V>0, (4.3)
Dvit,x)e A YveN, v <2, (4.4)

%tl:'”) € Cp([0, 7] xRY) Vv e N**!' |y <3, Vr>0, (4.5)
D, f(t,x,uye A YveN™ <2, (4.6)

D’ug(x) € C,(RY) Vv e N, |v| <3, 4.7)

where A is the function class defined by (2.9). Let us also define
A" =ks,, 8, =27" (4.8)
Then, for any T > 0, the functions u"\(t, x) defined by

UM %) = up(x), (4.9)

ul( " ) = f 1 O, u" @™ x - 5, x) - y)dy
Rt

+0, fE o u™ (A X)), k=1,2,-- (4.10)
u(t, x) = 5—u[n](f,[<n_]l, x) + 5—_u[”](t["], x) for t,[("_]l <t< t,E"], (4.11)
n n

and their first and second derivatives with respect to x € R, converge uniformly in [0,7] X R? to a
function u(t, x) and its first and second derivatives with respect to x € R%, and the limit function u(t, x)
satisfies Eq (4.1) and the initial condition in the sense of the integral equality

00

- f ) u(t, x)%go(t)dt—uo(x)go(OH f ) v(t, x) - Vu(t, x)e(t)dt = f (Au(t, x) + f(t, x,u))p()dt (4.12)
0 0 0
for every ¢(+) € C'(R,) such that (t) = 0 for t > 7, witha v > 0.
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The proof of Theorem 4 follows the scheme developed in [12, 13]. The demonstration of the
estimates of the approximate solutions and their derivatives with respect to x € R? does not differ
from that presented in [12, 13] only for simple modifications. However, to prove the convergence of
the approximate solutions, we need to specify the consequence of the conditions (4.4) and (4.6),
which was not explicitly exposed in [12, 13]. Therefore, before we begin the essential part of the
proof of Theorem 4, let us revisit the estimates of the approximate solutions.

Lemma 5. Assume that the hypotheses of Theorem 4 hold. Let u\(t,x) be the functions defined
by (2.18)—(2.20). Then, there exist functions Dy(t), (1), ,(t), and D5(¢t) that are continuous on R,
increasing, independent of n, and such that we have

sup [ul"l(z, x)] < Do (2), (4.13)
xeRd
> sup D, x)‘ < @), (4.14)
| | IXGRd
> sup [Drd, x)‘ < D,(1), (4.15)
|V| szRd
sup |DV )¢, x)‘ < Dy(1) (4.16)
|V| 3x€Rd

forallt > 0 and for all n € N\{0}.

Proof. The existence of ®y(r) satisfying (4.13) can be established similarly to Lemma 5 in [5] and
Lemma 1 in [2]. We note that if we fix 7 > 0, according to condition (4.5), the function D}, f(z, x, u)
with |v| < 3 is continuous and bounded in [0, 7] X R?. Hence, the lemma can be demonstrated in a
manner entirely analogous to [12] and [13]. O

5. Proof of Theorem 4

Having recalled the necessary estimates of the approximate solutions and their derivatives, we now
proceed with the proof of Theorem 4.

Proof. We will demonstrate it in stages: Step 1 —Convergence of the approximate solutions.
Step 2 — Convergence of their first derivative. Step 3 —Convergence of their second derivatives.
Step 4 —Passage to the limit.

To simplify the presentation, we introduce the fellowing notations:

Arn(v) = max 4

DV
m<2 ((()) (()))

‘rn(f) Dyf(t("')»"')),

( 1
(t(---))
71T’n = max(A.,(v), A-,,(f))
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(for the symbol A, ,(-), see (2.10) and (2.11)). Moreover, in different inequalities, we simply denote C
(or C’) as constants that may depend on 7 but do not depend on n, when it is not necessary to specify
them.

Step 1 —Convergence of the approximate solutions: We will prove that, for any 7 > 0, the functions
u™l(z, x) converge uniformly to a function u(t, x) on [0, 7] X R? as n — oo.

Let us first examine the difference between u["“](tg,’:”, x) and u" (@™, x) forn = 1,2, and k =
0,1,--- (recalling that ") = A" (see (4.8))). Applying the definition (4.10) twice and using the
notation

&6, y) = x = 6,v(@l ), x) - y (5.1)

fork =k+1(or2k+1or2k+2)andn’ =n (orn+ 1), we have

) = 14 4 0 52
where
I = f : f y Ot ()Gt (U™ M, £ (1, y2))dyrdyo, (5.3)
R4 JR

EWy2) = E N y1) = Gt &M N (x y1)) = v,

T = 6 f 0,10)
R

X f 1, E e, ), A gt x, y)))dy, (5.4)
Tt = Sun fA X, Uy + U, (5.5)

U, = f O, O I 41 )y,
R4
Uz = St (A0 2 ™ 1, ).
Therefore, recalling once again the definition (4.10) and the relation 6,, = 26,1, we have

u[n+1](t['l+1] x) — u[n](t[n]

2Ut2 110 %) = D) + Dy + Dy, (5.6)

where

Do) = Iy - f @@, £ ().
R
D = JBZCH - 5n+1f(t/[<n]’ X, u[n](t[n], X)),

I
Dy = J},’f;(] — St S, x, (A, x)).

To estimate D, we note that, thanks to the well-known property of Gaussian functions, we have

f ,, ©,@u (A", &M (x,2))dz = f } f ) @1 (V1)@ )™ (A™, £ (x, 31 + y2))dy1dys
R R R
and thus

D) = f ) f d @1 (7)1 (02) X (@™ A £ (yy, 32)) — ul @, £ (x, 31 + y2)))dyidys.
R R
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Now, based on the definition of A.,.;(+), we have

Wty ) = vt O = ey, &) = v + 6,01, O < A (9),
and recalling the expression for £*(y;, y») and é:k ~1(x,y1 + y2), we obtain

€01 y2) = & (1 + 9l = SV, €553 y) = vl o)

< 6n+1(/1‘r,n+1(v) + sup |VV|(5n+1 sup |V| + |)’1|))

Note that we simply write sup |[Vv| instead of  sup  |Vv(¢, x)| , wherever this abbreviated notation

(t,y)€[0,7]xR4
does not cause ambiguity. It follows that
1
" g E G y)) = u @ € ey +32)| (5.7)
< sup [ (e, y) = @ )|+ sup [V (61 A (V)
yeRd

+ Ops1 SUP |VV|(641 sup V| + [y11)).

On
Therefore, considering Lemma 5 and the relation f O 1 O)yildy = il , we deduce that there

Rd \r

exists a constant K; such that

1Dyl < sup ™ A y) — @ )] + K181 (A1 (V) + 672 sup [Vul™ ). (5.8)
yeR4

Regarding D), using the inequality
b, &0 e ), u S, e y))) = f@, x u @, )
< (sup|V.f1+ sup ,.f1 sup Ve 1)(8,1 sup ] + 1Y)
+ sup |8, 1 1" (A, ) — u (@, ),

we easily obtain

1Dl < Ka(6%,, + 6272) + KaSpur [l (A, x) — u (@, )| (5.9)

n+l1

with a constant K, independent of n.
As for D, recalling the expression of U; and U, and considering the relation

LA e u I, ) — A dm A X)) < At (F) (see(2.11)),

we have
1
PGS, Ur + U = F, w6, )

< sup |9, f1 sup [Vu" |(81 sup vl + D) + Gt P11 + A1 ()
+ sup |9, /1 1" a5, 20 — w2l
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We deduce that there exists a constant K3 independent of n such that

1Dyl < K3(6%,, + 8t (Aeps1 () + 6.2)) + K36 ™ (A1, x) — (A", x)]. (5.10)

n+1

Finally, from the relations (5.2), (5.6), and (5.8)—(5.10), we deduce that there exists a constant K,
independent of n such that

I ) — @ 0l < (1 + Ky sup ™ @AY y) — @ )]+ Ky (pir + 6102

2k+2 2 k+1° i)
yeRd
Therefore, if we set
Yy = sup [u™ M@ x) — ul @, ), (5.11)
xeR4
we have
Yirr S (1 + KiSui))Ye + Kabpot (Aepsr + 6,13, (5.12)
where, considering the relation Y, = 0, we obtain
Yi < 6pat (e + 6, 2)Ky Z(l + Kubpi)) ™ < (et +6,,7)e™, (5.13)
j=0
or
sup [u™ (e, x) — u™(t, x)| < A1 +612)e™s for 0<t <. (5.14)

x€Rd

As under the assumptions (4.4) and (4.6) (also refer to (2.9)), we have
Z(Z‘nrﬁl + 6,]1_/,_21) < 00,

and considering also the independence of K4 from n, it is evident that the inequality (5.14) and the
definition (2.20) imply that the sequence u!"!(z, x) converges uniformly on [0, 7] X R¢ as n — 0.

Step 2 —Convergence of the first derivatives of the approximate solutions —We will demonstrate that,
for any 7 > 0, the functions 8, u"(z,x), i = 1,--- ,d, converge to d,.u(t, x) (where u(t, x) is the limit
function obtained in Step 1) uniformly on [0, 7] X R as n — oo.

We put
[1n](x) [n](t[n],x) i=1,---.,d, (5.15)
xz
and we will examine w“ZZ:QI](x) - wl“kf]l (x). To simplify the notation, let us introduce abbreviated
notations: ]
af™, x,u)
[n] — [l ln] ’ [n] ¢ 4ln] _ i
u, (x) =u"(t", x), S u™ (T, x) = ——— ,
k ( ) ( ) f;,k( ( )) axi u=u["](t,[€"],x)

and similarly for f/ k(x ul (t["], x)). Additionally, denote by f ](x, y) the j-th component of the vector

v (%) (see (5.1).
By taking the derivative of both sides of equation (4.10) with respect to x;, we obtain

d [n]
wi () = fR QMW Ewy) =6, )~ ’( . o Wi €, ) |dy (5.16)

J=1
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1
t Oy (e (@ WS () + 8, f oy G ™ (1, ).

On the other hand, by deriving with respect to x; the right-hand side of (5.2), which corresponds to the
terms given in (5.3)—(5.5), we get

d
Wisia () = f f Ot 0Ot D[ Wis E) = 61 D W N EN @y 1) (5.17)
j=1

R4 R4

d
+ By L £ e, y )AL (e y) |dyidy)
=1

d
+ O f Ot (1) D [ Fae @i ey, by N e, y1)
R4 J=t
+ @Gy N E N ey ER Y (e y) |0 £ (e v dy

1 1 1
+ 6n+1f,{2k+1(x’ u[Z’,:l](x)) + 0nt1 L:,2k+1(x’ ug,il] (x))WEg;Jr]] (X),

where £ = £°(y1, y2) (see (5.3)).
From (5.16) and (5.17), it follows that

7
Wil - wiii = > 7, (5.18)
p=1

where
z = f f 1010011 2) X (W E) — W@ oy, + y))dyidys,  (5.19)

R4 R4

d

2=t [ [ 0010081102 Y, 2w 3y, (5.20)
R Rd J=1

856, y1,2) = =0y (a5 WS TED) + A, oWl EN Oy + ),

d

2=t [ [ 0010081102 Y, e iy, (5.21)
Rd RI il

d

_ [n+1] g[n+1] [n+1] [1,n+1] / &%

G5 Y132) = = ) Ot € e )A€ (e yowl s e
=1

L
+0, v W ER, (e 1+ 32)),

d
Zu= vt [ @000 Y a0 = b f ), (5.22)
=1

R4

La,j (6 1) = [iop(Es ey, N ERT I e, y)))D by (6, y1),

AIMS Mathematics Volume 10, Issue 2, 2392-2412.
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d
Zs = Spui f Ot (01) ) &1 y1)dy1 = Sy f1,(5, 1 (O ), (5.23)
j=1

R4

L5, j (6 y1) = S €5y ey, by NI Ce y0)) x wlle @R o, y))a 50 (e ),

Zs = St (ff gy e, b (0)) = £, ul (), (5.24)
Z1 = Spat (f oy (6, g VWIS G0) = £ (e e)wl " (). (5.25)

As
g =M 6,y +32) = S (A, x) = v € y)),

similarly to (5.7), we have

Wi €D = Wi ER ey + )l < sup i) = wi )l + sup (Vw5 (5.26)
yeR4

X (C5n+1/1‘r,n+l(v) + 5n+1 sup |VV|(6n+1 sup |V| + |)’1|))

Recall that according to Lemma 5, IVW[1 "+”| is bounded by a constant independent of n. Thus, similarly
to obtaining (5.8), we get

1Z1] < sup W5 0) = WO + €6t (Aepn (v) + 6,/%). (5.27)
yeR4
Let us introduce the notation
d
v =Y sup i oo - wi o, (5.28)
i=1 xeR4

Recalling that tg,’:rlz] = t,E’fl and using the inequality (5.26), which, written with j instead of i, is valid

for all j € {1,---,d}, we obtain
1Z5] < 6,1 CYM + €8t (Arps (0) + 61/2)). (5.29)

n+l

Regarding {3 j(x, y1,y>) that appears under the integration sign in (5.21), considering the relation

Ox &y (X, y1) = 61t = Spa1 O vy X), (5.30)

where ¢;; is the Kronecker symbol, we have

£3,(x,31,32) = mzax,v](rg';:?, s (1 YD iltys w5 € (531)

1 1 1 1,n+1
+ (@,v,(t,{’fl,fﬁ’iiz](x Y1) = vty €5 e yOW (€

1 1,n+1 *
+ @it 0) = vy E G y )W)

AIMS Mathematics Volume 10, Issue 2, 2392-2412.
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1,n+1 1,n+1 *
+ 0,y (0 DO NEN ey + 32)) = Wl @)

+ 0y (s DO E Gy + 32)) = Wi @ (v + y0))).

10,v(120 ) = v L Ol < Ao () (€ €RY,
10,V (B %) = v () €575 (e, yO) < 5up [VAv1 (81 sup M + Iy,
given (5.26) and the values uniformly bounded by the hypotheses and Lemma 5, we have

1Z5] < CEpit (A1 (V) + 6,13 + 6,1 CY, . (5.32)

Regarding Z,, Zs, Zs, and Z;, recalling the notation convention f f2k(x, u) = ’ . (x,u) and taking into
account the relation

|fjk(x(1)’ M(l)) _ f:k(xa)a M(Z))l < C(lx(l) _ x(2)| + |u(1) _ M(2)|)
and relations (4.6) and (5.30), we have

\Zs + Zs + Zs + Z3] < COpat(Arpar (f) + 6)10) + 651 C(Yy + Y1), (5.33)

n+1

where Y} is defined in (5.11).
By summing up the inequalities (5.27), (5.29), (5.32), and (5.33), we have

[Ln+1]

7
1
Wisksa () = W[kz]l(x)l < Z \Z,|

< sup w1 o) - wlk "](y)| + COpt (Aeper +6,.3) + 6, C(Ye + VD,

n+1
yERd

As this inequality holds for any x € R¢, summing up this inequality fori = 1,--- ,d, we get

YU <Y 4 €81 (et +617) + 6, C(Yi + YD), (5.34)
If we set
Y=y, + 1Y, (5.35)

then, by adding (5.34) and (5.12), we obtain
YU < VU 4 €601 Rapir +612) + 6,11 C'YL (5.36)

Therefore, similarly to the derivation of (5.13) (and thus (5.14)), we obtain

Y < Qs + 6150 (5.37)
As, due to (2.9), (4.4), and (4.6), we have ) ](Znﬂ + 51/ 2) < oo, from inequality (5.37) and
definition (2.20), we conclude that the sequence w“’”(t Xx) = [”](t x) converges uniformly on
[0, 7] x R,
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Step 3 —Convergence of second derivatives of approximate solutions —We will demonstrate that, for

any 7 > 0, the functions 5>— a u["](t x),i,j=1,---,d, converge to 5=— u(t x) (u(t, x) being the limiting

function obtained in Step 1) unlformly on [0,7] X R? as n — oo.
Let us define

62
[2 n] [1 ) — ul™ t["] 5.38
Wik ) = Xj () = 6xj(9xl (50 (5.38)
and initially estimate
7
WA — il (0 = ) 8.2, (5.39)

where Z,, p = 1,---,7, are the terms defined in (5.19)—(5.25).
Recalling that for the /-th component & of £* = £*(y1, y2) (see (5.3)), we have

axj§7 = 6jl - n+16xjvl(tg/:_12]’ ) - 6n+laxjvl(tg/l(:ll]9 fgli:lz](x, }’1)) (540)

2 1 1 1
+ 0,4 Z 5xqu(fé7;1]’ gll:rz] (x, yl))axj'vq(tggz]’ x)

(see (5.30)), whereas for the [-th component fk .l (X, y1 + y2) of f/[!i (x,y1 +y2), we have

Ox & (X, 31+ 2) = 8 = 28,410, Vi1, ). (5.41)

Using relations (5.40) and (5.41) and the hypotheses on the regularity of v(¢, x), reasoning similarly to
obtain (5.27), we get

105,211 < (1 + C8yr) sup W25 (3) = WG] + C8at (A (v) + 6)13). (5.42)

ijk n+1
yeRd

Notice that for p = 2 and p = 3, we have

d
0,2, = 5n+1ff®n+1071)®n+1(}’2) Z 0x;8pa(x, y1,y2)dy1dys

Rd Rd =1

and for p = 2, we decompose {,; as

Lo = Oxwi(t, )W EM Gy yr +32)) = wibi E (1 + 32)))
+ D vt W5 N ER (e + y2)) = wisEn).

Recall that a similar decomposition of {3; was made in (5.31). By examining the terms in which ¢,
and {3; decompose and deriving each term with respect to x;, we can notice, particularly with the help
of (5.30) and (5.40), that the absolute value of the derivative of each term is bounded by

5n+1C

or
/l‘r,n+l (V)C
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or
C(0ps1 + Iy1l)
or
cy!l
or
cr?,

where Y,E” is the function defined by (5.28), while Y,EZ] is defined by

d

YE = D sup w00 — wi ol (5:43)
l,j=1 xeR4

Using the properties of the integral of ©,,; over R¢, we deduce that

10,22 + 03,231 < Cpit (A1 (V) +6,1) + 8,01 CX + 1,7, (5.44)

n+l
Regarding 6ijp, p =4,---,7, applying the considerations used earlier to each term found in the
expression of d,,Z,, we readily obtain the inequality

10,(Zs + Zs + Zs + Z3)| < COpt(Aepr () + 6,1 + 6,1 C(Yi + Y + Y2, (5.45)

where Y} is the function defined by (5.11).
However, we can proceed similarly to the final part of the demonstration in Step 2. That is, by
combining the inequalities (5.42), (5.44), and (5.45), considering that the inequality obtained is valid

for |wl[122"k+ +12](x) wl[2 ,ﬂl(x)l for all x € R, and summing up the inequality obtained fori = 1,--- ,d, we
obtain
YR <Y 4 C(62,1 + 6nii (Aopst +622)) + 8,1 C(Ye + Y + Y1), (5.46)
If we set
Y=y + v+ v (5.47)

then, by combining (5.12), (5.34), and (5.46), we obtain

Y2 <Y+ OB, + Gt (Aopsr +62)) + 6, C'YP (5.48)
Therefore, we obtain . 3
Y < (A + 51/2 e’ (5.49)

from which we deduce that the sequence wl[jl.’”](t, X) = ul™(t, x) converges uniformly on [0, 7] X R,

6x 0x;

Step 4 —Convergence to the limit —

First, let us demonstrate that, given 7 > 0, for t&"] < t,E"]

< 1, we have

u[n](tlEn]’ x) — ylm (t[ﬂ] x)

5 = —v(t,x) - Va" @™ ) + Au (@0 + @ u @l L x) + R (5.50)

with
IR| < (62 +6}/3)C. (5.51)
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Indeed, according to Taylor’s formula, we have

U@ x = 8,v(t, x) +y) = u @ x) = 5,0, x) - V(A x) +y - V@Y x) (5.52)
Pul (@™, x)
2 k=17
+ = ,,21[5 (Y1) = 28,0, 30y, + Yy
63u["](t[" , X)
+ = i ’
Z Ktk b bx, O0x;0x;0x),
l]/’l 1
where y; = —6,v; —y; (and similarly for x; and 1), while X is a point between x and x — s.v(™, x) - y.

However, since

f O.(y)y;jdy =0, f O,()yiy;jdy =0 if i # j, f ©,(y)y; dy = 26,,
R4 R4 R4

we have
f 0,00y - V(i v)dy = 0,
Rd

u" (1, )

f © (y) 1] 1(52Vl(t X)Vj(t X) 2 VI(I X)y, " yyj) aXia-Xj ]dy
d 2. [n] 4]
,1 ou (-, x)
_ [n](4ln] . . 7 Nk
= 0,Au (tk ,X) + (5,12 lj:1 vi(t, x)v](l’ X) Ox iaxj

On the other hand, since we have |u;| < 6,|v| + |yl and similarly for x; and uj, there exists a constant C

such that o .
FPul”(t 1, X) Fu"(@M | x)
l 2 < e + )| e
‘ Z Mkt o, | = COMH D= o,

i,j,h=1

Since, according to Lemma 5, the third derivatives of u["! are uniformly bounded, we have

63u["](t,[:i]l ,X)

dy| < (63 + 83’
0x,0x;0x), Y < 0+ 0,7)

@ (y)— Z Hik i

thl

We deduce that

U@, x) — uM @ x) = —6,v(t, x) - VU @ x) + Sk Au™ @M x) + 6, F (A"

g X u["](t,[:i]l , X)) + R

where
IR'| < (5, +6,/*)C;

therefore, dividing both sides of this equality by ¢,,, we obtain (5.50) with (5.51).
From (5.50), it follows that there exists a constant L independent of # such that

"™ (21, x) — u™ (12, x)| < L|ty — 2] V11,1 € [0,7 = 1], Vx € RY, (5.53)
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lu(ty, x) — u(ty, x)| < Lty — to|  Vt1,1, € [0,7 — 1], Vx € RY, (5.54)

where u(t, x) is the limit function of the sequence ul"(¢, x).
Indeed, according to Lemma 5 and the obvious relation 6, < d;, the absolute value of the right-hand
side of (5.50) is bounded by a constant L that does not depend on n. Therefore, the inequality (5.53)
follows from the definition (2.20). Furthermore, inequality (5.54) results from (5.53) and the uniform
convergence of ul"l(z, x) to u(t, x).
Now we are ready to conclude the proof of Theorem 4. Consider the function
[n] [n]4[n] [n]4[n]
L —t,u™E, x) = uME T, x)
[n] _ k+1 k+1 k
l/’ (t’ x) - 6n ( 6n )
t— t,E"] (u[”](t][{'i]z, X) — u[”](tlE'fr]l, x))
5’1 5’1 ’

(5.55)

[n] [n]
for 1" <t<t.,,

k=0,1,--- .

It is immediately evident that y!"(z,x) is continuous concerning ¢, and according to the
definition (2.20), we have

(t][:_:]] _ t) au[”l](l" x) N (t — t][:l]) au[n](t + 5115 -x)

[n] —
R On ot Oy ot ’

[n] [n]
for 1" <t<t.,.

Furthermore, according to relations (5.50) along with (5.51) and definition in (2.20), we have
Y, x) = —v(t, x) - Va2, x) + Au™ (2, x) + £, x, u"™ (2, X)) + R (5.56)

where
IR| < (62 + 6/H)C.

Consider now a function ¢(-) € C*([0, oo[) such that ¢(f) = O for ¢ > 7, with 7; > 0. By multiplying
both sides of (5.56) by the function ¢(7) and integrating with respect to ¢, we obtain

f " Wt X)p(t)dt = f oo(—v(t, x) - V", x) + Aul™ (2, x) + (2, x, u™(t, x)) + R)p(t)dt.  (5.57)
0 0

By virtue of (5.51) (also refer to (5.56)) and what we have proved in Steps 1, 2, and 3, the right-hand
side of equality (5.57) tends to

foo(—v(t, x) - Vu(t, x) + Au(t, x) + f(t, x, u(t, x)))p(t)dt.
0

On the other hand, if we set

1 !
Y, x) = E(u[”](t["],x)+u[”](t["],x))+ f Yy, x)dr
0

by performing integration by parts, the first term of (5.57) transforms into

o0 1
_ f W, ) (0dt = S5, ) + a1, 0)e0) = 1
0
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Now, by explicit calculation, we observe that

[n]

1l L i [ ] LG5 =07\
W) = S @)+ u ) o) - (5 - T )l )

k+1° 2652
[n] 2 [n]\2 [n]y2
G (%Vﬁ)_a_ﬁ))mkm )+O_%)[Wﬁ])
2 262 262 et 262 k2
for t["] <t< t["]l and k = 0,1,2,---. From this expression of W!"I(z, x), the uniform convergence of

u[”](t x) to u(t, x) (Step 1), and the relation (5.53), we can conclude that

Pt x) = u(t,x) uniformly on [0,7] XR? asn — oo

[n]

for any T > 0. Furthermore, as ul"/(t.", x) = uo(x) for all n and for all x € R?, considering (5.53), we

have

1
E(u[”](t([)"], x) + u™(@™ X)) = up(x) uniformly on R asn — .
Therefore, I tends toward
- f u(t, x)¢’ (t)dt — uo(x)p(0),
0

which gives us (4.12). The proof of Theorem 4 is complete. m|
6. Proof of Theorem 1

Proof. As t(s) is the inverse function of s(¢), by virtue of (2.6), we have

diis) 11

ds@t) — :
ds > k(1)

We thus obtain
o,u(t(s), x) = —ﬁ,u(t X),

k(1)
allowing us to transform Eq (2.1) into
o,u(t(s), x) + K(tzs))v(t(s), x) - Vu(t(s), x) = Au(t(s), x) + T ))f(t(s) x, u(t(s), x)). (6.1)
If we set
(s, x) = v(1(s), x), S(s,x,u) = Sf(@(s), x, ),

(t( ) (t( )

according to hypotheses (2.12)—(2.15), the functions v(s, x) and f (s, x, u) satisfy the conditions (4.3)—
(4.6) by replacing ¢ with s. Therefore, following Theorem 4, the functions u!(s, x) defined by (4.9)—
(4.11), where s substitutes ¢, converge uniformly on [0, 7] x R? for any 7 > 0, with their first and second
derivatives, to a function u(s, x). The limit function u(s, x) satisfies equation (4.1) (with s replacing f)
and the initial condition (2.2) in terms of integral equality

- foo u(s, x)%@(s)ds — up(x)p(0) + foo v(s, x) - Vu(s, x)@(s)ds (6.2)
0 0
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- fm(Au(s, X) + ]T(S, x, u))p(s)ds
0

for any @(-) € C'([0, oo[) such that g(s) = 0 for s > 7, ; with 71, > 0.
Now, let us consider a function ¢(-) € C!([0, oo[) with supp(¢(-)) C [0,7;,] and its composition
@ ot = ¢(t(-)) with the function #(s). Then we have

d di(s) d

dt(P(t) 1=1(s) ' ds - ESD(I) 1=1(s) . K(t(s))‘

d
25 Ps) =

Since #(s) is continuous and %cp(t) is also continuous by assumption, the function %‘P(I)th(g) is
continuous in s. On the other hand, according to condition (2.4), the function #(s) is absolutely

continuous, so that % belongs to LIIOC([O, oo[). Consequently,

d
d—QD(f(S)) € L'(10, s(ry,) + 1D).
N

Hence, there exists a sequence of functions {¢,,}>_, such that

@m € C'(Ry), supp(n) C [0, s(T1) + 11 ¥m € N\{0}, (6.3)

and that
12 () = €N y1 1009010 = O Bn(8) = @(O)] = 0. form — co. (6.4)

According to (6.3), we can substitute @(s) = @,,(s) into (6.2). Since u € L*([0, 7] X R?) for any
7 > 0, considering (6.4), we have

0 d_ 0 d . d
f(; u(s, x)atpm(s)ds — f(; u(s, x)ago(t(s))ds = f(; u(t, x)ago(t)dt

as m — oo. Moreover, it can be easily seen that

fooT/'(s, x) - Vu(s, x)p,(s)ds — f‘x’ ! v(t(s), x) - Vu(t(s), x)e(s)ds = f‘x’ v(t, x) - Vu(t, x)e(t)dt,
. 0 KI(S) 0

f ) Au(s, X)p(s)ds — f ) Au(t(s), x)p(s)ds = f ) k() Au(t, x)p(t)dt,
0 0 0

(o) — _ (o) 1 00
f S8, x, W) pn(s)ds — f S@(s), x, W)p(s)ds = f S (@, x, wyp(t)dt
0 o Kk(t(s)) 0

as m — oo. Hence, it follows that for any function ¢(f) € C'(R,) such that there exists a positive
number 7, satisfying ¢(#) = O for all # > 7, ,, it satisfies the relation (2.21). The theorem is proved. O
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