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Abstract: The eardrum is one of the most important organs in the body, and disorders such as infection
or injury may affect the proper functioning of the eardrum and lead to hearing problems. In this paper,
based on a real-world phenomena, we study some mathematical aspects of an abstract fractional [p, q]-
difference equation with initial conditions. Our initial value problem tries to model a vibrating eardrum
by using the newly defined fractional Caputo-type [p, q]-derivatives in two nonlinear single-valued and
set-valued structures. We obtain a general form of the solutions in the framework of a [p, q]-integral
equation, and then we investigate the existence and uniqueness properties with the help of fixed points
and the end-points of some special [3-a-contractions and compact mappings. Finally, we simulate this
version of the vibrating eardrum model by giving two numerical examples to validate the established
theorems.
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1. Introduction

As a widely appreciated and exciting field of mathematics, fractional calculus including fractional
and nonfractional differential equations has developed in recent years. Different types of boundary
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value problems (BVPs) can be studied with the help of these differential equations and simulated
dynamical behaviors of real phenomena in the world. All these actions and developments in the
field of differential equations have been possible due to some important mathematical features of the
derivation and integration operators. In other words, in recent years, various mathematicians have
tried to define various nonlocal operators with singular or nonsingular kernels, which can be used in
modeling engineering phenomena, chemical interactions, physical events, economic issues related to
banking and insurance, the spread of deadly viruses in medical science, and other health and hygiene
problems, etc. Among the most widely used operators (and some studies conducted with them), we can
mention the use of the Reimann-Liouville derivative in [1], the Caputo derivative in [1], the Hadamard
derivative in [1], the Katugampola derivative in [2], the Hilfer derivative in [3], the Caputo-Fabrizio
derivative in [4], and the Atangana-Baleanu derivative in [5] and other forms of the integer order
derivatives [6].

Quantum calculus, which is referred to as g-calculus in the world of mathematics, created a
revolution in the definition of the new concepts of derivative and integral operators without relying on
the concept of limits, which today, can be used on discrete spaces or finite sets. This calculus provides
the corresponding quantum concepts for most of the previously defined mathematical concepts in
which there is no trace of the concept of limits. In the 18th century, Euler defined some g-formulas
in this field, but the main spark of these concepts, which were systematically and precisely struck in
the field of mathematics, is related to the works presented by Jackson in 1910 [7]. Since then, others
have tried to expand this new g-calculus and define new g-analog operators of fractional orders, among
whom mathematicians such as Al-Salam [8], Agarwal [9], and Annaby [10] can be mentioned.

In 2013, Tariboon and Ntouyas [11] introduced an g-shifting operator and used it to define a
generalized version of the g-derivative (defined by Jackson) on finite intervals. They applied their
g-derivative operator for modeling an impulsive difference equation to show its efficiency. Later, we
can see that various papers have been published in this field, in which g-derivative operators have
been used to check the existence and uniqueness of the solutions of g-difference BVPs many times,
like [12-17].

Along with the completion and development of g-calculus, Chakrabarti and Jagannathan [18] used
the idea of defining derivative and integral operators without the limit notion, and this time, they got
help from two parameters to define new operators. In fact, the new calculus that they founded is known
as post-quantum calculus or [p, q]-calculus. With the assumption of 0 < q < p < 1, they were able to
introduce [p, q]-analogs of the above operators. If we pay attention to the basic definitions of [p, q]-
calculus, we find that g-calculus is a special case of [p, q]-calculus when the parameter p is equal to
one. Bézier surfaces and curves [19], [p, q]-approximation methods [20,21], and [p, q]-hypergeometric
series [22] are a small part of the applications of [p, q]-calculus in various mathematical theories.
Moreover, in 2020, Soontharanon and Sitthiwirattham [23] conducted research on fractional [p, q]-
calculus and defined the fractional [p, q]-operators of the two Reimann-Liouville and Caputo types.
From this paper on, other researchers wanted to continue their studies on mathematical modeling and
existence theory based on the existing operators in fractional [p, q]-calculus (see [24-27]).

In 2020, Soontharanon et al. [28] considered the [p, q]-Robin boundary conditions for a Riemann-
Liouville type I-th order [p, q]-integro-difference equation, given as
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"D 2(t) = E(t,2(0, ", ((f2) (0" D, g 2(0), L heO.1], teIf . e (1,2],
Giz(a) + QRDY z(a) = hy(z(v), 5 € (0,11, {1, G € RY,
L. . L
012(=) + 8°D)) 2(2) = ha(z(1)), 81,0, €R*, 0<gq<p<1,
p ’ p
. . . . C\'L L .
and they proved some existence theorems for this (p, g)-problem in which a € J . - {0, 5} with
¢
S[Lp’q] = {%L A No} U {0}. If A = R?, then the nonlinear function E : S[Lp’q] XA — Ris
continuous, and &y, A, : C(S[Lp’q],R) — Rand f € C(i‘sfp’q] X S[Lp’q], [0, o)). Moreover, RD%;’Q] denotes

the [*-th order [p, q]-derivative with [* = [;(i = 0, 2, 3) (of the Riemann-Liouville type).

In 2022, Neang et al. [29] introduced a function E € C([0, L] X R, R) with a simplified domain, and
for proving the existence results, they defined an /-th order [p, q]-difference boundary problem of the
Caputo type as

[¢ Z)l

2D = E(p't,z(p't)), 1€(1,2], 0<t<L,

1z(0) + (D, q12(0) = C3, 1, G, (3 €R,

C4Z(L) + CSD[p,q]Z(pL) = C69 C4a C57 C6 € R’ O < q < p S 1'

In 2024, Etemad et al. [30] extended the standard Navier problem to two sequential [p, g]-Navier
difference and inclusion problems, given by

<D LD 2)(t) = E(t, 2(t), “Dp ,z(1)), tedk . =00,£], p.ae 1),
Az(0) = Bz(1) = y*Dp, ,z(0) = 5D z(1) = 0,

and
<D (DL 20 € E(t. z(t), “Dp,  z(1)), tedk  =00,£], p.ae (01,
Az(0) = Bz(1) = y*Dp, z(0) = <D z(1) = 0,

where [} € (1,2], , € (1,2] and A, B,y,5 € R*. <D0
Caputo type.

The main advantage of [p, q]-calculus over g-calculus lies in its flexibility in different applications,
allowing for a more generalized framework that captures a wider range of mathematical behaviors.
More precisely, while g-calculus focuses solely on the quantum parameter q to define sequences and
functions, [p, q]-calculus introduces two parameters, p and q [31]. This duality enables more complex
interactions between variables, leading to richer results in certain mathematical contexts. The presence
of both parameters allows for symmetric treatments of different types of problems. For example, one
can explore the relationships between series or special functions that may not be evident when only

shows the fractional [p, q]-derivative of the
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using a single parameter. The versatility provided by [p, q]-calculations makes [p, q]-operators suitable
for diverse fields such as combinatorics, number theory, quantum calculus, and even areas like physics,
where two-variable generalizations might model phenomena better than single-variable approaches.
By considering these points, we decided start this study by introducing these capabilities for the next
models in the context of [p, g]-derivatives.

According to the analysis method used in the [p, q]-difference problems above, and motivated by
some real-world phenomena and the aforementioned advantages, in this paper, we aimed to study a
Caputo-type [p, q]-based difference initial value problem (taken from the standard model of a vibrating
eardrum, which will be completely explained in Section 5), given by

(CD}, 2)(0) = T(t, 2(0), Dy, 12(v),  (teIf =105, 0<a<p<1),

(1.1)
2Oy =N Dpgz(t),_, =1,
and a Caputo-type [p, q]-based inclusion problem, given by
(“Dp, 1 2)(0) € F,(t, 2(1), “Dy, ,2(1)),
(1.2)

Z(t)|t=0 = A, D[p"ﬂz(t)|t=0 =1,

where L > 0, v € (1,2], w € (0, 1], A, € R, and the given [p, q]-derivatives of the Caputo type are
denoted by the symbol CZ)([;’Q]. Moreover §, : [0, %] xR*> - Rand &, : [0, %] x R? — P(R) are two
arbitrary nonlinear continuous single-valued and set-valued functions, respectively, along with some
related properties. As we know, in traditional calculus, derivatives measure rates of change concerning
time or space using standard definitions based on limits. In this model, the [p, q]-based derivative
generalizes this idea by introducing two parameters which influence how we interpret these rates of
change under varying conditions or scales.

The main contribution of this study is that we try to establish the existence theorems under a
special group of contractions like (3-admissible 3-x-contractions in two single-valued and set-valued
structures for the given nonlinear functions. This method not only shows the applicability of such
contractions in fixed point theory but also helps us to establish some related results on the existence
of solutions of the given Caputo-type [p, q]-based initial value problems in (1.1) and (1.2). Another
aspect of the novelty of this paper is related to the model of a vibrating eardrum using the newly defined
[p, q]-based operators for the first time. In fact, we can mention that this model is new and our results
give new directions for future studies in relation to the effectiveness of the [p, q]-based operators in the
modeling theory.

On the other hand, the use of [p,q]-based operators, particularly in the context of modeling
phenomena such as the behavior of eardrums, allows for a more flexible approach to capturing
complex behaviors that traditional calculus may not adequately represent. In fact, the parameters p
and q are control parameters and they can be adjusted to model different sensitivities or responses
at varying frequencies or amplitudes of incoming sound waves. This adaptability can help create
more accurate simulations that reflect the physiological variations in human hearing. By utilizing both
parameters p and g, researchers can modify the boundary conditions dynamically on the basis of the
characteristics. Evidently, while direct literature specifically addressing improvements in traditional
eardrum models via [p, q]-based derivatives is limited at this stage (and remains largely conceptual),
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these points illustrate potential directions where this advanced mathematical framework may enhance
existing modeling techniques used in biophysics or auditory research fields when applied thoroughly.

We outline the structure of the paper as follows. Section 2 gives some preliminaries about [p, q]-
calculus and g-calculus. Section 3 studies the theoretical properties of the solutions of the Caputo-type
[p, q]-based initial value problem in (1.1). To do this, we use the [3-admissible [3-x-contractions along
with Krasnoselskii’s fixed point theorem. Section 4 continues this approach for set-valued functions
this time, in relation to the Caputo-type [p, q]-based inclusion problem in (1.2). Section 5 gives an
application to an [p, q]-based model of a vibrating eardum along with two numerical examples. Finally,
Section 6 completes this research by giving the conclusions.

2. [p, q]-Calculus and g-calculus: preliminaries

In this section, we start by recalling several definitions and theorems in the context of [p, q]-calculus
and its special version, i.e., q-calculus. In fact, it is notable that all definitions and existing properties
given in this section are transformable into the similar ones in g-calculus if we set p = 1. From this
point forward, we let q € (0, 1) and 0 < q < p < 1 until the end.

The [p, q]-analog for a power function like (r;—r,)", which is named as a [p, q]-power function [23],

is formulated by (r; — rz)fg?qj =1and

m—1

(r) - rg)g?q] = n(rlpb -1,9°), (r1,12 €R, meN). (2.1)
b=0

It is natural that the g-version for a power function is obtained easily from the relations above by
assuming thatp = 1 [32], (r; - rz)% =1, and

m—1
(rr - = | @i - rad®). (2.2)
b=0

In (2.1) and (2.2), by assuming m = [ € R, the general fractional forms are obtained as

> 1 1-E)E)P
(rl—rz)ﬁ,),qfr’lﬁ (—1 > ),

w1 — (T2)(9)+b
L I pi\1— @)@+

and

© 1 ()
(rl_r2)E2]:rlll_[ —

— (22)gltb’
bo 1~ (A

1
for ry # 0, respectively. Note that if r, = 0, then (r))! = arg [23] and (r))", = r! [32].

p.al — lal —
Now, the [p, q]-number [r], 4 and its g-analog [r]q), along with the [p, q]-Gamma function I'jp 4;(+)
and its g-analog I'j¢)(-) are defined by
r r —_ gD
p*—q (P~ Dy q

[0]ip.q1 = 0, [Flpg =0 '[r]s = o Tpal) = ;
[p,al [p.al » p-q [p.al (- q)l‘l
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and (-1
] l-q (- Dy
_ _ ~r-1 _ _ q

Ol =0, [Flg=a"'+ -+q+1= —q (r+0), TIgO-= -

forr € Rand / € R\Z<°.
For two types of Gamma functions [23,32], we have

Fpa+ 1) = Upalpa) and g+ 1) = [iglq®).

Definition 2.1. /23, 33] The [p, q]-derivative and its q-analog, i.e., the q-derivative, for a function z

are given as

Dipqz(t) = M

(P-at
and d 2(t) - 2(qt)
Dyqz(t) = [E][qlz(t) = W,
respectively.

Definition 2.2. /23, 33] The [p, q]-integral and its q-analog, i.e., the q-integral, for z € C([0, L], R)
are given as

t s qb qb
Lipa2(t) = f zWdpqu = (-t Z b+1 Z[ b+1 t]’
0 oo P p
and
Tiqz(t) = f z(wdigu = (1 — )t Z a°z[q"t],
b=0
respectively.

Definition 2.3. [23, 34] The Ith order [p, ql-integral and its q-analog, of the Riemann-Liouville type,
for the function z € C([0, L],R) are defined as

O e A = P LR
1 = p.q

z(t), [=0,

R]'l

[p.a

and

t
f (t - qu) "z digu, >0,
Rplz(t) = { T Jo

z(v), [=0,
respectively, if both integrals converge.

Definition 2.4. [23,34] Lety = [I] + 1. The Ith order [p, q]-derivative and its q-analog, of the Caputo
type, for z € CY([0, L], R) are defined as

1 t u
D z(t) = IOV (1) = - f (t—qu DYzl ——|dpqu,
[p,a] [p,a1™ [p.a] Ty (v — l)p(yz N Jo [p,a] [p.al [pv—l—l] [p.al
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and

1 t
[ _ l _ (y-I-1
“Dlgz(v) =75 Dgat) = t——— fo (t—aqw( DY z(w digu,

1] (al [a]
respectively, if both integrals converge.
Some properties are given in the sequel, which are taken from [23].
Lemma 2.5. [23] Let 1,1 > 0. Then

(A1) R[l [ijq]z(t)] - Rffp al [ijp q]z(t)] R[ﬁ;lq]z(t)'

(Bp.a1) CZ)[p,q][ pa2(O] = 2(0).
Lemma 2.6. [23] Let 1,1 > 0 and z(t) = t’. Then

2(t) = T+ 1)
[p-a] Tpa+1+1)

TpaU+1) -, =
P Dz = p 00Dty 7,y
(Dip.q) “Dip qy2(1) T —1+1)

t ~ ~ ~
(Ep.a) fo (t — qu)jy u'dppqu = BT+ 1Dt

Theorem 2.7. [23] Lety =[l]+ 1. Then

tl+l.

(C[p q]) T

1
S D20
 Tpaq(b + 1pl)

R]‘l b

[p.al

[€Df, z(D)] = z(t) -

In another form, we have

R 71 [ _ * % % v-1
I[pq][ D[p,q]z(t)] - z(t)+C0+C1t+"'+Cy_1t ,

where c; € R; b=0,1,...,y - 1.
3. On solutions of the [p, g]-based problem in (1.1)

Here, first, we start by introducing a space K, = {z(t) : z(t), “D}

[p.al
the real-valued functions on TS[L . It is a Banach space with the norm

z(t) € Cx(3 )} including all

te‘slp al te‘slp al

for all z € K... According to the existing properties in this Banach space, we can begin our analysis on
the solutions of the Caputo-type [p, q]-based initial value problem in (1.1).

In the following, a lemma is established to give us an equivalent form of the [p, q]-based integral
solutions corresponding to the solutions of the Caputo-type [p, q]-based initial value problem (1.1).

Lemma 3.1. Let F € Cr(3, 1), v € (1,2], and A,n € R". Then z" is a solution to the Caputo-type
linear [p, ql-based initial value problem

(DL 2)® =Ft),  (tedh =[0.L], 0<q<p<1.L>0),

[p qal

3.1
Z(t)|t:0 = A, D[p,qlz(t)L:O =1,
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if and only if z* satisfies the [p, q]-based integral equation

z(t):7\+nt+W f (t— qu)gq}>F[p - dipaiu (3.2)

[pq

Proof. Suppose that z* is a solution of the Caputo-type linear [p, q]-based initial value problem in (3.1),
i.e.,
(D}, 2')(1) = F(v). (3.3)

We know that v € (1,2]. In this case, if the vth order [p, q]-based integral of the Riemann-Liouville
type acts on (3.3), then, by Theorem 2.7, we have

1 T
z(t) = ———— f (t-qu) q}>F[ | dipgu + ¢ + cit,
F[p,q] (V)p(Z) 0 p

for each cj, c] € R. The first condition, i.e., z(t)| _. = A, gives a straightforward output as c; = A.
t=0 0
Therefore,

1 t 1
O O f (t - qui o 'F dpqu+ A +cjt. (3.4)
I'p q](V)p( 0 [p.al [p ] [p.al

On the other hand,

1 t )
D[ , ]Z*(t) = — f (t _ qu)(v )F d[ u+ o (35)
- Fipai(v - Hp(2) Jo [p.al [p ] p.d 1

According to (3.5) and the second condition, i.e., Z)[p,q]z(t)|t:0 =m, we get c] =M. As aresult, (3.4)
becomes

: I ‘ y
Z'(t) = A+t + —— f (t—quy q})F[ ]d[p o U. (3.6)
p.al(V)p'2) Jo
We see that z* satisfies the [p, q]-based integral equation (3.2). The converse is established by direct

calculations and it completes the proof. O

According to the above lemma and in view of the main Caputo-type [p, q]-based initial value
problem in (1.1), an operator G : K, — K, can be defined as

1 t v— u u C W u
(Gz)(t) = A+t + W fo (t- qu)Ep,qi)fz[pv_l ) (p =), “Dp, q]Z(F)] pp,q1U-
p.q

With this definition, it is known that z*, which is the solution of the Caputo-type [p, q]-based initial
value problem in (1.1), will be a fixed point of the operator G.
For simplicity, we can keep the following notation in mind:
OF (L)

A=—2 A= . (3.7)
" Mpq(v+ 1) T Tpg(v—w+ 1)

We want to use a category of contractions to prove the first existence theorem in relation to the solutions
of the Caputo-type [p, q]-based initial value problem in (1.1). These contractions are [3-x-contractions
in which we say that a function f : K, — K, is an (3-a-contraction [35] if

B(Zl’ ZZ)d(le’ TZZ) < “(d(zl’ ZZ))7 v Z),23 € K*’

AIMS Mathematics Volume 10, Issue 2, 2321-2346.
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so that 3 : K2 — Ry and also if « : [0, c0) — [0, o0) satisfies

Z ol(1) < o0, a(t) < t, forallt > 0.
b=1

Note that we use the symbol V for denoting the family of all such increasing mappings « : [0, c0) —
[0, 00).

Moreover, in the proof of our first existence theorem, (3-admissible mappings are another group of
the functions that play an important role [35]. These functions are defined by the following conditional
proposition:

if f(z1,z,)>1, then B(zi,fzy) > 1.

By considering the definitions above, we will get help from the following theorem for the conclusion
of our first existence theorem.

Theorem 3.2. [35] Let (K., d) be a complete metric space, p : K, XK, —» R, and o« € V. Let
f: K, - K, be an 3-x-contraction. Assume that

(1) Tis p-admissible on K,

(2) there is zy € K, such that 3(z,Tzo) > 1;

(3) For every sequence {z;} in K, with z; — z, if 3(z;,2i11) = 1 foralli > 1, then p(z;,z) > 1 for
eachi > 1.

Then T has a fixed point.
Now, everything is ready to prove the theorem.

Theorem 3.3. Assume that i, € C([0, %] xK2K,), 0:R2xR?> - R, eV, and
(L1) forall zy,z,,%1,%, € K, and all t € [0, %],
IF.(t, z1, x1) = F2(t, 22, %2)| < A (|21 — za| + |%1 — Xal),

and
O((z1(1), x1(1)), (z2(1), X2(1))) 2 0,

with A =

A+ AQ.
(L2) there is some z( € K, so that for all t € [0, %],
O((z0(1), “Dp 4120(1)), (GZo(1), “Dyy, 1(G2Zo(1)))) 2 0.
Moreover,
@((ZI(t), CD‘EVp’q]Zl(t))’ (ZZ(t)7 Cz)‘fqp,q] ZZ(t))) Z 0’

gives
®((GZ 1 (t)’ CDW

[p.a

1(Gz1(1))), (Gz(1), “Dyy 1(G2Z,(1)))) = 0,

forevery z,,z, € K, and t € [0, %].

AIMS Mathematics Volume 10, Issue 2, 2321-2346.
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(L3) the inequality
®((zi(t), CD‘Fp,q]Zi(t))a (Zi+1(t), CD‘Fp,q]ziH(t))) 2 0,

vields
O((zi(), “Dp, 12i(D)), (2(1), “Dp, 2(V) 20,  Vix1,Vtelo, g],
where {z;};>1 C K, is a sequence converging to z.
Then the Caputo-type [p, ql-based initial value problem in (1.1) has a solution on [0, %].

Proof. Consider two elements z;, z, € K, so that
O((z1(1), “Dpy, y21(1), (22(1), Dy 1 22(1))) 2 0,

for all t € [0, %]. For the sake of simplicity in the calculations, assume

N t t . t L
Z,t,p(z) = TZI:F’ Z(F)’ C'Z)[p,qu F)], (t € [O’ 5])5
(3.8)
V,W — t t CZ)W t O L
F2ep(2) = Tz[pv—w—l ’ Z(pv—w—l ) [p,q]Z(W)]’ (t €10, 5])'
The hypotheses of the theorem imply that
v v t t C W t
Y ep(Z) = e p(22)] = fz[F, 21 D[p,q]zl(lw)]
t t o t
- fz[lﬁ» 225, D[p,q]ZZ(F)]‘
A t t cqyw t Cqyw t
<A O‘(‘Zl(pv—l) - Z2(pv—1)‘ + z)[p.qlzl(rﬁ) - D[p,q]ZZ(F)‘)
< Au(llz) = zallg,). (3.9)

Therefore, (3.9) yields

|Gz1(t) - Gza(v)]

1 ft (v=1)
S ) t-aw frup(Z1) = T up(Z2)| dpqu
Iﬂ[p,q](V)P(z) 0 [p.al | zup Z,u,p | p.a

Az - zalle) [* -1
< o f (t - qu) ' dpqu
L'ipq(V)p'2 0

Lyv

o 4 _
oo+ D (|21 = Z»llk,)

= AA llz) ~ 2all.)-
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Moreover,

|CDr, GZ)(1) — (CDY, ,Gzo)(2)|

[p.al [p.al

! f ’ (v—w-1)
= " t-qu foue(Z1) = Fip(z2)| dpqu
1—‘[p,q](\/ — W)p( ") 0 ( q )[P,Cl] | Z,u,p( 1) z,u,p( 2)| p.al

Az - zallx) (T —w-1)
S (v—w) f (t - qu)E;)/’q] d[pﬂ.]u
Ipq(v—wpt 2/ Jo

Lyv-w
p

B F[p’q](v —w+1)

Ao(llz) ~ 2allg,)

= AAyal|z) - Zal,)-

By these estimates, we get [|Gz; — Gzollx, < (A + A2)A o(||z) — Zllx.) = «(||z; — Z2|lx.). We define
B : K. xK, — [0, 00) by

1, if O((z1(1), "Dy, yz1(1)), (z2(1), Dy, 22(1))) 2 0,

0, otherwise,

B(z1,22) :{

for all z;, z, € K,. Then, for the same elements z;, z, € K., we have
B(z1,22)d(Gz1,Gzy) £ (d(z1, 22)).

That is, G is a 3-a-contraction. In the following, one can easily prove that G is 3-admissible and
that 3(zg, Gzy) > 1. Lastly, a sequence {z;};>; C K. is to be assumed that converges to z, and we let
3(z;, zi+1) = 1 for every i. Accordingly, the definition of the non-negative function 3 implies that

O((zi(t), “Dp, 2i(1)), (Zi1 (1), “Df, g Zi+1(1))) = 0.

As a result,
O((zi(1), "D, 2i(D)), (z(1), “Dp, 12(1))) = 0.

Thus, 3(z;, z) > 1 for all i. Note that all hypotheses of Theorem 3.2 now hold; therefore G(z*) = z** €
K.. This means that z** is a solution of the Caputo-type [p, q]-based initial value problem in (1.1). O

For the second existence theorem, the standard contractions and compact operators are used in the
framework of the hypotheses of Krasnoselskii’s fixed point theorem.

Theorem 3.4. [36] Let Y C K, be a nonempty bounded, closed, convex set, and let T, and §, be defined
on Y so that

(1) 1121 +Tazp €Y, forallz,,z, € Y,
(2) the continuous function f, is compact;
(3) T2 is contraction.

Then there is z € Y such that z = f,z + »2.
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Theorem 3.5. Assume that T, € C(]0, %] x K2,K,) and
(84) there isk € C([0, %], R) such that for all t € [0, %] and 21, 25, X1, %, € K,,
[F2(t, 21, X1) = T2(T, 22, %) S k(t)(|Z1 — Z2] + [x1 — X2);

(L5) there are g € C(]0, %],R*) and a non-decreasing function «x € C(R*,R") such that for all t €
[0, %] and each z,,z, € K,,

IF-(t, 21, z2)l < g(B)ol|zy] + |22]).
Then the Caputo-type [p, q]-based initial value problem in (1.1) has a solution if
A =kl|(A; +Ay) < 1, (3.10)

so that Ay, A, are considered in (3.7) and k|| = sup. ¢y k(t)].

Proof. To begin the proof, we select an approximate value ¢ > 0 and let [|g|| = sup.( ; [a(t)| such that
’p

e 2 x + a(llzlle)lIgll(Ar + A), (3.11)
where A and A, are given in (3.7),
L _mp"'L p
X=A+N= 4 ()",
F[p,q](2 - W) L

We also define the bounded, closed and convex set K, = {z € K, : [|z|[x, < ¢} in K.. On this set K¢, the
operators G| and G, are formulated as follows:

(Giz)(t) =A+nt, VYtelo, g],

and
@2 1 f (t—qu DR @ dpan, Ve [0, 5]
z = — —qu Y (z U L
: Iﬂ[p,q](\’)p(Z) 0 [p.q] 'zup [p.al >

Let & = sup, o(||zllx,). For every element z;, z; € K., the following estimates can be obtained

1 T
Gz +Grz)(D)| < A + t+—ft )b
|( 121 222)( )| IAl+ | X )pG) ; (t—q )[p’q]

P up(22)| dp gt

1 ’ 1 u u
- |N+|n|t+—”f (t — Q) s a(Zo(— ) + FDE. - z(—))) dpqu
F[p,q](v)p(Z) 0 [Pl ( 2(pv_1) (p.al 2(pv—l)) [p.al

Lyv

<IN+ it + &ngn["—]
F[p,q](v + 1)

L
=A +n5 + &llgllA+,
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2333

and
|(C‘Z)[pq]Glzl + @[pq]Gzzz)(t)|
mip” 1— f (v=u-1)
- t ! v-w (t - qu) Zu (22) d[ ]u
r[p,q](z - W) F[p’q](y _ W)p( 5N 0 [p.al .p | p.q
np Lyv—w
< () ol |
1—‘[D Cl](2 -W) p F[p’q](\/ —w+1)
w—1
np" L
—( )"+ &lgllA
1H[pql(z_ w) L .

As a result,
G121 + Gazollx. < X + &llgll(A] + Ar) < g,

and
(G112 + G225) € K.

Note that for every z € K, and all t € [0, %], (G1z)(t) = A + nt is a linear function with respect to t,
and this fact implies that G, is continuous. Furthermore, G(K;) is contained in a compact set.
For the final step, we prove that G, is a contraction. Thus, for every z;, z, € K., we have

(Ga21)(1) = (Gaz)(1)|

(v=1)

1 ft
S—— | (t—qu
I'pal v)p®) Jo [p.al

1 ft (V_l)
S—— | (t-aq
Iﬂ[p,q](\/)li)(Z) 0 [p.a]

fzup(zl) fz,u,p(22)| d[p,(ﬂu

u C W u C W u
X k(u)(‘zl(pv—l + [p,q]zl(F) - [p,q]zz(F)‘) d[p,Q]u
L
< ——2——|ikllllz) — zall.
Fpa(v+1)

= |kllAsl|z) = z>llk.
and

|(C [pq]Gzzl)(t) (¢ [pq]Gzzz)(t)|

(v-u-1)

S Y—w (t - qu) fzu (Zl) _ f;ﬁ:’: (22) d 7 u
Fipai(v W)p( ") Jo [p.al | P up | [p.ql

(v-u-1)

1 ft
S V- (t — qu)
Fipg(v - W)p( 2 Jo [p.al
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u

cqyw u
Xk(u)(lzl( pY- 1) — 2 (pv —W— l)| +| z)[];)q]zl(pv—w—l) D[PQ]ZZ(W)D d[p’q]u

Lyv—w
p

<
r[p’q](\/ - W+ 1)

= [kllA2llz) - zolk. .

llllz1 — z2llx.

Thus,
G221 = Gazo|, < IIKI(AL + Ad)llz1 — Zalle, = Allzs = Zall.

so that A < 1 is the Lipschitz constant. Therefore, G, is a contraction on K,. The conclusion of
Theorem 3.4 tells us that the Caputo-type [p, q]-based initial value problem in (1.1) has a solution. O

4. On solutions of the [p, g]-based inclusion problem in (1.2)

Before starting the proofs for the existence theorems in relation to the solutions of the Caputo-
type [p, q]-based inclusion problem in (1.2), we recall some families of sets, like all bounded, closed,
compact, and convex sets in K., which are denoted by Pg(K.), Pse(K.), Pem(K.), and Pex(K,),
respectively. Here, (K., || - ||lx,) is a normed space.

For the Caputo-type [p, q]-based inclusion problem in (1.2), we take z € Cx (3=, K,) as a solution

[p.al’
if the conditions z(t)| = A and Dy, q]z(t)| = 1) are satisfied for such a function z, and there is
also an integrable functlon like F € £! ( ) such that F(t) € §.(t, z(t), “Dp,. q]z(t)) for almost all
te J[p o and

z(t) =A+nt+ Wf (t- qu)gq”F[ ]d[p g, Yte S[Lp,q]'

lp al

Regarding the Caputo-type [p, q]-based inclusion problem in (1.2), for the existing multivalued
function {,, we can define the collection of the selections as

(S)paz = F € L' q) : FO) € Fat, 2(1), D, 2(1), t €I, )
for every z € K,. Moreover, the operator ¥ : K, — P(K,) is given by

F(z) = (F e K.: AF € (S)g,, st. F() =), teILy), 4.1)

&z,

so that
o ), et
) =A+nt+ ———— f (t—qu), . — (p.q]U-
ol (V)p( 0 [p,al 1
Put
G = 11gllAy and G = [8]|A,. (4.2)

In the present position, we apply a specific type of the 3-admissible (3-x-contractive multi-valued
functions [37] for proving the third existence theorem related to the solutions of the Caputo-type [p, q]-
based inclusion problem in (1.2).
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For reminding this type of the generalized contractions, we assume &, : K, — Pgega(K,), B :
K2 — [0, +o0) and « € V. Then &, is B-admissible if for each z; € K, and z, € §,z,,

B(z1,z2) 21 = B(z2,23) 21, Vz3 € F,2.
Moreover, the multivalued function , is an [3-c-contraction if

B(z1, zo)H (221, §222) < d(z1,22)), Y zi,2, € K,.

Here, H, is the Pompeiu-Hausdorff metric [37].
The following theorem will be useful in this regard.

Theorem 4.1. [37] Let (K., d) be a complete metric space, x € V, and  : K, x A, — [0, ) is
increasing in a strict manner. Let §, : K, — Pgog(K,) be a [3-x-contraction, and assume that

1) &, is B-admissible;

2) B(zg,2z1) = 1 for some zy € N, and z, € §,zy;

3) for every sequence {z;} in K, with 3(z;,z;41) = 1 and z; — z for all i € N, there is a subsequence
{z;,} of {zi} so that 3(z;,,z) > 1 for each r € N.

Then &, has a fixed point.
The third main existence theorem is stated in the following.
Theorem 4.2. Let &, : S[Lp a1 X K? — Pen(K.,), and assume the following:

(86) &, is bounded and integrable, and §,(-, 21, 2,) : 3}, ., — Pem is measurable for both arbitrary
elements z,,z, € K,;

(87) thereisa g € C(S[Lp’q], [0, 00)) and o« € V such that

A
”g,”)ocuzl _ 2|+ |2s - ), 4.3)

Ho(®(t, 21, 22), Folt, 21, 52)) < g(t)(

forall t € 3t " and each zy, z,, 71, Z, € K., where SUDest 12O =181l A = and A, A,

[p
are denoted in (3.7);

A+ A,

(88) there is a function ® : R? x R*> — R so that O((z,, 2»), (Z1, 2»)) > O for each z,, z,,Z1, Z, € K,;

(L9) there is a sequence {z;};>; C K. converging to z such that

O((zi(1), DY, ,zi(1)), (241 (1), DY 1 Zi1 (1)) 2 0, Yt eI}, i>1,

[p.al [p.al

gives the existence of a subsequence {z; },> of {z;} with

0((z;,(1), "Dy 12, (1)), (2(1), “Dpp, ,2(1))) = 0,

forallt e 3}, jandr>1;
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(210) there are zy € K, and F € F(z,) so that
O((zo(1), “D}, (1 20(D)), (F (1), “D}, o F(1))) = 0,

forallt €3 where ¥ : K, — P(K.,) has been considered in (4.1);

[p ql’

(211) for every z € K, and F € F(z) such that

O((2(1), “Df, 4 2(V), (F(1), “Df;

[p.al

F(v) 20,
there is some h € F (z) such that

O((F (), Dy,  F (1)), ((t), “D};

[p.al

i(t))) = 0,

forallt €3 [p ol
Then the Caputo-type [p, ql-based inclusion problem in (1.2) has a solution.

Proof. As we saw in the previous section, a fixed point of ¥ : K, — P(K,) is the same solution of the
Caputo-type [p, q]-based inclusion problem in (1.2). Since the closed-valued mapping

t — F(t, 2(), “Dp, 12(1))

is measurable for every z € K,, there is a measurable selection for §,; in other words, (S)z, . # 0.
As (S)g, .. 1S nonempty, we can now show that for each z € K,, ¥(z) € K, is closed. To do this,
consider {z;};>; as a sequence in ¥ (z) with z; — z. For all i, some F; € (S)g, , exists which satisfies

1 t |
z,-(t):7\+nt+—vf (t —qu) 'F; = dip g4,
0 q](V)p( 0 [p.al [ 1]

for almost all t € J [ - But & is compact. As a result, there is a subsequence {F;};>; that approaches
some F € L'(3 b ]) Accordingly, F € (S)z, , can be selected so that

8z,

zi(t) = z(v)

1 t
:)\+T]t+—vf(t_qu)(\/ l)F d "
Iﬂ[p,q](‘\/)p(z) 0 [p.al [ ] [p.al

forallt € 3 q . This means that z € ¥ (z) and ¥ is closed-valued. Again, when &, is compact-valued,
the proof of the boundedness of # (z) will be straightforward for each z € K..

In the following, we prove that 7 is a [3--contraction. We first need a non-negative function like
[} on K, x K,. We define it as

1 if O((z(t), CZ)“[’p 01]z(t)), (Z(v), CZ){’p q]z(t))) > 0;
0 otherwise,

B(z,
foreach z,Zz € K.. Let z,Z € K, and F| € F(2). Select F| € (S)g,  so that it satisfies

u
Flt)=A+nt+ — f (t—qui  'F - dip,q U,
[p qJ(V)p( ) [p.al [ 1 ]
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forallt €3 The inequality (4.3), under condition (£7), gives

Hd(c&Z(t’ Z c@‘fqp q]z)’ 3Z(t Z C’D?p q]Z)) g(t)( )“(lz -2l + | D[pq pq]Z|)

for each z, Z € K,, with
O((z(v), CZ)‘{'p q]z(t)), (Z(v), Ci)v[’p q]z(t))) >0,

for almost all t € Jf: . Some 71 € F,(t, z(t), D},

.q1Z()) exists such that

Joz(0) - 201+ [

12l " Z(t) — D, (E(D)]).

Fi(t) - 7] < g(t)(

Define 9 : S[Lp’q] — P(K.,) as

8t = {he K. Fi0 -l < (t)( )oc(|z(t)—z(t>|+|D[pq]zo:) Dy Z0)),

forallt €3 [ b Since Frand w = g(”g”)oc(lz z| + |CZ){"p aZz~ Dp. q]z|) are measurable, accordingly,
9C) N F2(, z(), Dy, q]z(~)) is measurable too. In this step, select F» € §,(t, z(t), ‘Op,. Cl]z(t)) which
satisfies

Fi(t) - Fz(t)|<g(t)( )cx(|z(t)—z(t>|+|@[pqlzm o Vtedk,,

Consider F, € F(z) to be
u
Fy(t) =A+nt+ —V f (t —qui 'F — dp.qrU,
[pq](V p( [p.al [ 1]

o~ .
forall t € Sl In this case,

F1(t) = Fa(v)]

1 ft (v=1)
S—— (t—qu)y, g
Uipal (v)p(z) 0 .

L ~

> A
||g||(|| H)cx(ﬂz 2l

FZ[ ‘d[pq]u

m
= KAz - Zlke.),

and

L)v—w

oy

|CD‘Fp al 1(t) CD‘FD q]FZ(t)| < [ )‘X(”Z - 2||K*)

p v
||g||( ;
(v — W+ 1>] T
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=AMz - Zllx.),

forallt e J [p a Therefore,
IF1 = Falle. = sup [Fi(t) = Fa(t)l + sup [*Df, o Fi(t) = “Df o Fa(t)|
teSﬁ) a te\x[p gl
<Ay + ADA a(llz - Zll.) = ]|z — Zllx.).
Hence,

B(z, DHHa(F (2) - F(2)) < alllz - ZlIx.),
is fulfilled for each z, Z € K. We thus see that ¥ is an [3-x-contraction.
Consider z € K, and Z € ¥ (z) satisfying w(z, Z) > 1 and

O((z(t), “ D,

[p.a

12(1)), (2(1), "Dy,

[p.a

12(1))) 2 0.
Some 7 € F(Z) exists such that

O((2(t), “Dpp, 2(1)), (A(t), Dy,

[p.al

A(1))) > 0.

Hence, [3(2,71) > 1, and therefore, ¥ is 3-admissible. Now, take z, € K, and Z € ¥ (z() such that

Vtes [p al’ .

O((zo(1), “Dpp gZo()), (2(1), “Dp, 1 Z(1)) = 0.
Evidently, (3(z, Z) > 1. Next, let {z;};>; C K, be a sequence converging to z and consider (3(z;, ;1) >
1 for all ;. In this case,

®((Zi(t) CZ)‘Fp q]Z (t))’ (Zi+1(t) CD‘EIp q]ZH_]('t))) > 0.
The hypothesis in (£9) implies the existence of a subsequence {z; },»; in the sequence {z;} such that

®((Zi,(t) CDW

[p.q

12, (1)), (2(1), “Df, 2(1))) 2 0,

forallt € 3 ‘”[Lp o Hence (3(z;,z) > 1 for all . Finally, the abovementioned conclusions in each part
of the proof show that Theorem 4.1 can be used to indicate the existence of some fixed point for ¥ .
Therefore, there is a solution for the Caputo-type [p, q]-based inclusion problem in (1.2). O

The fourth existence theorem will be proved, via the approximate end-point property, to show the
existence of the end-point [38]. We review these notions here once again.

Let &, : K. — P(K,) be a multivalued function. z € K, is termed an end-point of &, if &,(z) =
{z} [38].

Moreover, we say that the approximate end-point property holds for &, whenever

inf [ sup d(z1,22)] =0

216K 2)€G,(21)

Theorem 4.3. [38] Let (K., d) be a complete metric space, and assume the following:
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1) the upper semi-continuous function « : [0,00) — [0, 00) is such that liminf(t — «x(t)) > 0 and
t—o0

x(t) < tforall t >0y
2) &, : Ko = Peog(K,) is such that Ha(§F, 21, §222) < «&(d(zy, 2,)) for all z;, z, € K..

Then §, has a unique end-point if and only if it has an approximate end-point property.
Now, the last theorem can be established.

Theorem 4.4. Let §, : SL < K? — Pen(K,), and assume the following:

[p al
(L12) thereis « : [0, 00) — [0, 00) such that liminf,_,.(t — x(t)) > 0 and «x(t) < t forall t > 0. Note
that « is nondecreasing and upper semicontinuous;

213) F,: 3 [p q X K? — Py (K,) is integrable and bounded such that §,(-,z1, z,) — Pen(K,)

[p al
is measurable for every z,,z, € K,;
(214) some g € C(IE Sipal’ [0, 00)) exists such that
Ha(F.(t, 21, 22), F2(t, Z1, 22)) < Z(VA,o|z1 — Z1| + |22 — 2o]) 4.4)
which holds for every t € 3 [p al and z,,2y,7,7, € K,, where A, = Cwlrcz and (;, (5 are denoted

in (4.2);
(815) F, introduced by (4.1), has the approximate end-point property.
Then the Caputo-type |p, ql-based inclusion problem in (1.2) has a solution.

Proof. The main purpose in this proof is that ¥ : K, — P(K,) admits an end-point. To achieve this
goal, we should prove that ¥ (z) C K, is closed in the first step for every z € K.. But consider the fact
that the multivalued function t — §,(t, z(t), CZ)}”p Cl]z(t)) is closed-valued and measurable for every
z € K.. Hence, one can find a measurable selection for &, and therefore, (S)z,, # 0. Similar to the
proof of Theorem 4.2, we can easily confirm that 7 (z) is closed-valued. Moreover, ¥ (z) is bounded
for each z € K, because &, is compact-valued.

The establishment of the inequality
Ha(F (2), F (M) < oz - Fille,),

is our next purpose. For this, let z,7 € K,, F; € # (%) and choose F; € (S)g,.s such that
u
Fllt)=A+nt+ —— f (t —qu) F o7 | dmarths
[pq](V p() [p.al [ 1]

for almost all t € I . By the condition in (£14) and by (4.4) in it, we have

[p.al”

Ha(§2(t, 2(1), "D} 2(),(t, (L), "D, (1))

< (VA (|z(t) - (V)| + D

(p.q

12(t) = <Dp LA())),

forall t € \SL |- Now, some fi € F(t, z(t), “Dj;

. . Z2()) exists such that

IFi() = |l < 2OA, x(|2(t) = A()| + Dl 2(t) = “Dfy, AV
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Define o : S[Lp,q] — P(K,) as

o(t) = (L e K. : IFi(t) — |l < 3(DA, x(|z(t) — A(D)] + Dl 4 2() — “Dff L A(D)),

z—- D

forallt € 3 ”[Lp It is known that F; and b, = gA «(|z — Al + |CZ)W b.al

[p.al
Therefore, o(-) ﬂ F2(+ 2(), “D}, ,,2(+)) is measurable.

In the next step, we consider F> € §,(t, z(t), Cpr al

IF1() = Fa(t)] < g(DA,a(|2(t) = (O] + D}, 4 2(1) = “Dp, (1)),

h|) are measurable.

z(t)) s.t.

forall t € [L a- We also consider F, € F(z) such that

u
Fa(t) = A+t + —v f (t —qu)Y PF — dip g Us
[p q](v)p( [p.al [ 1 ]

forallte 3 [ - BY continuing the steps conducted in Theorem 4.2, we get
IF1 = Folle. = sup [Fi(t) = Fa(t)] + sup [*Df, o Fi(t) = “Dfy gy Fa(0)
teoﬁ] al teq[p al
< (G + A allz = Tillk,) = olllz = Tl )-
Therefore,

Ha(F(2), F () < ||z - Allz.),

for every z, i € K,. Finally, note that the hypothesis in (£15) tells us that F has the approximate end-
point property. As a result, the existence of z** € K, is confirmed by Theorem 4.3 s.t. ¥ (z*) = {z**}. In
fact, as we expected, z** will be an end-point for F. Therefore, the Caputo-type [p, q]-based inclusion
problem in (1.2) has a solution like z**. O

5. Application: [p, q]-based model of a vibrating eardrum

One of the most important parts of the human ear is the eardrum, which is a vibrating membrane
and is located inside the ear. When sound waves enter the human ear, these waves vibrate the eardrum
and cause the eardrum to send these vibrations in the form of nerve signals to the brain. The vibrations
produced by the impact of these sound waves create a frequency response that is called the hearing
range of the human ear. Note that in a normal state, the natural range of hearing is between 20 and
20,000 Hz, and with age, this range becomes smaller and smaller. Since the majority of biological
processes or events follow Newton’s second law, the mathematical model of the vibrating eardrum
also follows this law [39]. When the eardrum vibrates, a mechanical system is redesigned in which
the sound wave is introduced as a pressure agent. The causes of a vibrating ear include exposure to
excessive loud noises, infections and other diseases. Exposure to frequently loud noises can damage
the auditory system and lead to hearing loss.

In the form of such a system, it is easy to mathematically model the transmission of different
frequencies of sound waves in a nonlinear way and, in this way, analyze the qualitative and quantitative
behavior of the vibrating eardrum. From a mathematical point of view, the concepts of the existence
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of a solution and its uniqueness for the given system can be checked for such a nonlinear vibration
equation that is created by a driving force. For the first time, we aimed to investigate this system in
the form of new two-parameteric [p, q]-based operators. When modeling how sound wave vibrations
translate into mechanical vibrations across different frequencies or amplitudes, p can relate inversely
with frequency, while q may represent amplitude scaling. Thus, using a derivative operator like Dy, 4
where the responses are characterized via both rate scales helps simulate auditory responses under
varying auditory conditions effectively. In a general manner, the two parameters p and q play a
controlling role in this model, and we can examine different values for these parameters when we
analyze the model numerically. Now, we pay attention to the following examples, in which the
existence of the solutions is studied theoretically, not numerically. We again emphasize that these
examples state the abstract form of a nonlinear vibration equation, and the source nonlinear terms
and coefficients have been chosen arbitrarily to validate the correctness of our theoretical results. For
analyzing the structure of the model and the values of the parameters exactly, we need numerical
algorithms in the context of [p, q]-functions and [p, q]-transforms, although the theory of [p,q]-
calculus is very young and we should extend some basic concepts and tools in future studies.

Example 5.1. We consider the Caputo-type |p, ql-based initial value problem in (1.1) and formulate a
mathematical model of the nonlinear vibrating eardrum as follows:

2t sin(z(t))| _
1000(1 + [sin(z(v)))) ~ (5.1)

z(t)|,_, = 0.075,  Dpso4z(t)],_, = 0.35,

(D} 0.42)(t) — 0.002t (D)2 4y 2)(1) —

where q = 04, p = 0.5, v =15 w = 0.75 A = 0.075, n = 0.35, and L = 0.01 with % = 0.02 and

te 3?6?51;0.4] = [0, 0.02]. A continuous function f, : [0,0.02] x R> — R is given by

. B 2t| sin(z(t))| .
f.(t, z(t), z" (1)) = 1000(1 + [sin(z(D)]) +0.002tz"(t).

For each z,, 2,, 2], 25 € R, we have

f(t, z1(1), z2(1)) — f.- (¢, 2] (1), ZZ(t))| < 0.002t (] sin(z; (t)) — sin(z] ()| + [z2(t) — z5(D)])
< 0.002t(|z1(t) — zj (V)] + |Z2(t) — Z5(D))).

Put k(t) = 0.002t for all t. Then |[k|| = Sup¢o,0.02;10-002t| = 0.00004. In the sequel, we aim to define
an increasing function x : R* — R* by () = ¢ for each ¢ € R*. In this case,

[f2(t. (1), “Dls .4 2(D)] < 0.002t(1z(V)] + | D2 4y2(V)])

= 0.002tx(|z(t)| + [“DYs 4.42(1)]).

Evidently, g : 3354 = [0,0.02] — R* given by g(t) = 0.002t is continuous. By (3.7), calculate the
following constant
(£ 0.0028
Ay = > ~ ~ 0.0009899415,

TV + 1) Tios04(2.5)
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™ 005318
F[p’q](v - W+ 1) F[0_5,0,4](1.75)

By (3.10), we get A = |k||(A; + Ay) =~ 0.00000130444046 < 1. In accordance with the conclusion of

Theorem 3.5, the Caputo-type [p, ql-based initial value problem in (5.1) of a vibrating eardrum has a

: - x0.01
solution in 105,04

Az ~ 0.03162107.

Example 5.2. We consider the Caputo-type [p, ql-based inclusion problem in (1.2), and formulate
an inclusion-based mathematical model of the nonlinear vibrating eardrum. We apply the same
parameters given in Example 5.1, i.e., q = 04, p = 0.5, v = 1.5, w = 0.75, A = 0.075, n = 0.35,
and L = 0.01 with % =0.02and t € 3?695];0.4] = [0, 0.02]. According to these data, we formulate

(CZ)[I(’)%’()A]Z)(t) c [O 0.02t|tan(z(t))| + 4 tsin ((CD?(')?SS,OA]Z)(t))]’

"5(1 + [tan(z(t))]) 1000 (5.2)

Z(t)|t:0 = 0.075, @[0.5,0.4]Z(t)|t:0 = 0.35.

Therefore, the set-valued function &, : 3?6951,0. 4 = 10,0.02] x R? — P(R) is given by

0.02t| tan(z,(1))|

O 30+ fantz @) T 1000

F2(t, z1(1), zo(1)) =

tsin (Zz(t))],

forall t €10,0.02]. Now, ¢ € C([0,0.02], [0, 00)) is selected such that g(t) = f—ofor each t € [0,0.02].
Thus, |1gll = sup.cio0.0 75! = % = 0.002. Also, define « : [0, 00) — [0, 00) as o(t) = b= for almost
all t > 0; o is clearly increasing and upper semicontinuous. In this case, liminf,_,(t — «(t)) > 0
and x(t) < t forall t > 0. Now, (3.7) and (4.2) give

&y 0.0028
A = P ~— ~ 0.0009899415,
! Iﬂ[p,q](V + 1) Iﬂ[o.s,o.4](2-5)
(&) 0.05318
A, P ~ 0.03162107.

T Tpg(v-—w+1) Ts04(1.75)

and
C1 =IgllA; = 0.000001979883 and (; = ||gllA; ~ 0.00006324214.

For every z,,z,,7,,Z, € R, we get
t 4

Ha(F-(t, z1(t), z2(1)), F(t, Z1(1), Z2(1))) < 10°100

(1z1(t) = Zi (O] + |z2(1) — Z2(D)])

= %a(lzl(t) = Z1(O)] + [22(t) = Z(V)])

Svtoczt—it+zt—z”t[ ]
g(Oa(|z1(t) — Z1 (V)] + [z2(1) — Z2(V)]) Y2
In the following, the set-valued function ¥ : K, — P(K.,) is defined by

F(z) = {F € K. : IF € (S)y, so that F(t) = h(t), ¥ t € 4, = [0.0.02]},
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such that

1 t u
A(t) = 0.075 + 0.35t + t—04u) 2Vl —|q .
® T05.04(1.5)0.5(5) j(: ( Wiosos [0.515‘1] 05,0414

Lastly, in accordance with the conclusion of Theorem 4.4, the Caputo-type [p,ql-based inclusion
problem in (5.2) of a vibrating eardrum has a solution.

6. Conclusions

Two nonlinear single-valued and set-valued mappings were used, in this paper, to model the
behaviour of a vibrating eardrum in the framework of a Caputo-type [p, q]-based initial value problem
in (1.1) and the Caputo-type [p, q]-based inclusion problem in (1.2). In fact, for the first time, we used
the [p, q]-derivatives for modeling it. To prove the theoretical aspects of this study, we used some fixed
point theorems and end-point theorems under some special contractions and compact mappings. In
this study, (3-a-contractions played an important role, we could establish the existence property for
the solutions of two given [p, q]-based dynamic systems. Note that if we take p = 1 and if p = 1
and q — 1, then our given models reduce to the Caputo-type g-based model and the standard Caputo-
type model of the vibrating eardrum, respectively. For subsequent studies, it is necessary to find some
numerical [p, q]-based algorithms to obtain the approximate solutions for such nonlinear [p, g]-based
initial value problems. In this direction, one can study other dynamical behaviors of solutions more
accurately.
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