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Abstract: In this paper, we derive the asymptotic formulas B∗r,s,t(n) such that

lim
n→∞


 ∞∑

k=n

1
kr(k + t)s

−1

− B∗r,s,t(n)

 = 0,

where Re(r + s) > 1 and t ∈ C. It is evident that the asymptotic formulas for the inverses of the tails
of both the Riemann zeta function and the Hurwitz zeta function on the half-plane Re(s) > 1 are its
corollaries. Subsequently we provide the asymptotic formulas for the Riemann zeta function and the
Hurwitz zeta function on the half-plane Re(s) < 0. Finally, we study the asymptotic formulas of the
inverse of the tails of the Dirichlet L-function for Re(s) > 1 and Re(s) < 0.

Keywords: Riemann zeta function; Hurwitz zeta function; reciprocal sums; asymptotic formulas;
Dirichlet L-function
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1. Introduction

The Riemann zeta function ζ(s) and the Hurwitz zeta function ζ(s, a) are two important functions in
the analytic number theory. The Riemann zeta function has an intimate connection with the distribution
of primes, and the Hurwitz zeta function plays an important role in studying the properties of the
Dirichlet L-function. The properties of ζ(s) and ζ(s, a) have attracted considerable attention from
mathematicians.

In the past ten years, many mathematicians have been working on the tails of various zeta functions.
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For example, Xin [1] gives the asymptotic formulas of the Riemann zeta function with s = 2 and s = 3,
 ∞∑

k=n

1
k2

−1 = n − 1,
 ∞∑

k=n

1
k3

−1 = 2n(n − 1).

(1.1)

Kim and Song [2] studied the inverses of the tails of the Riemann zeta function and derived results for
s in the critical strip 0 < s < 1,

 ∞∑
k=n

1
ks

−1 ∼
2(1 − 21−s)(n − 1

2 )s, if n is even;
−2(1 − 21−s)(n − 1

2 )s, if n is odd.
(1.2)

Lee and Park [3] dealt with the inverses of the tails of the Hurwitz zeta function when s ≥2, s ∈ N, and
0 ≤ a < 1, and derived  ∞∑

k=n

1
(k + a)s

−1

∼

s−1∑
j=0

A∗j(n + a) j, (1.3)

where

A∗s−1 = s − 1, As
l = −

s−l−1∑
j=1

xs
jA

s
l+ j, xs

j =

(
s − 2 + j

j

)
B j,

and B j is the Bernoulli numbers.
Ohtsuka and Nakamura [4] derived the asymptotic formulas for the tails of the Fibonacci zeta

function with s=1 and s=2,
 ∞∑

k=n

1
Fk

−1 =
Fn−2, if n is even, n ≥ 2;

Fn−2 − 1, if n is odd, n ≥ 1;
(1.4)


 ∞∑

k=n

1
F2

k

−1 =
Fn−1Fn − 1, if n is even, n ≥ 2;

Fn−1Fn, if n is odd, n ≥ 1.
(1.5)

More results associated with the asymptotic formulas can be found in [5–12], where Hwang and
Song [5] and Xu [6] study the tails related to the Riemann zeta function, Choi and Choo [7],
Komatsu [8], Lee and Park [9, 10] and Marques and Trojovsky [11] study the tails of the Fibonacci
zeta function, and Xu and Wang [12] studied the tails of Pell zeta function.

The above results reveal the relations between zeta functions and polynomials. From other
perspectives, these sums are the First Newton’s identity of an infinite polynomial with roots k−s or F−s

k
for k ≥ n; therefore, they also reflect the importance of Newton’s identities, which are elaborately
introduced in [13].

In general, the consideration is limited to cases where s ∈ N+ or s ∈ (0, 1). Due to the application
of the estimate of the tails of the Riemann zeta function in various other problems, such as the upper of
the Dirthlet L-function, the average of many well-known arithmetical functions, and so on, we hope to
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generalize the results to the complex plane. For this proposal, in this paper, the generalized Riemann
zeta function R(r, s, t) and its n-th tail Rn(r, s, t) are defined for Re(r + s) > 1, t ∈ C by series

R(r, s, t) =
∞∑

k=1

1
kr(k + t)s and Rn(r, s, t) =

∞∑
k=n

1
kr(k + t)s ,

and then we study the asymptotic formulas of Rn(r, s, t) for r, s in the half-plane Re(r + s) > 1 and
t ∈ C. In addition, inspired by the expressions of ζ(s) with 0 < s < 1 in [2], we can similarly estimate
the inverses of the tails of ζ(s) for Re(s) < 0. Similarly, we can derive the asymptotic formulas for the
inverses of the tails of the Hurwitz zeta function and the Dirichlet L-function L(1, χ) for Re(s) > 1 and
Re(s) < 0. It is worth noting that the inverses of the Hurwitz zeta function and the Dirichlet L-function
possess new characteristics, and we obtain their dominant terms.

2. Preliminaries

Theorem 1. Let the function R(r, s, t) and the n-th tail Rn(r, s, t) be as above, for any r, s, t ∈ C. If

Re(r + s) − 1 > 0,

we have
(Rn(r, s, t))−1 = B∗r,s,t(n) + o(1),

where
B∗r,s,t(n) = b∗r+s−1nr+s−1 + b∗r+s−2nr+s−2 + · · · + b∗{r+s}n

{r+s}

and the coefficients
b∗j ∈ C ( j = r + s − 1, r + s − 2, · · · , {r + s})

are constants determined by r, s, t as follows:

b∗r+s−1 = r + s − 1;
b∗r+s−1−k =∑

k1+k2=k
k1≥0,k2≥1

r+s−1∑
i=r+s−1−k1

i≥{r+s−1}

b∗i ( i
i−r−s+2+k1

)( s
k2

)tk2−
∑

k1+k2=k
k1 ,k2≥1

r+s−1∑
i=r+s−1−k1

i≥{r+s−1}

b∗i ( i
i−r−s+1+k1

)b∗r+s−1−k2

r+s−1+k +

r+s−1∑
i=r+s−k

i≥{r+s−1}

b∗i [( i
i−r−s+2+k)−(r+s−1)( i

i−r−s+1+k)]

r+s−1+k ,

for [r + s − 1] ≥ k ≥ 1;

(2.1)

where [x] denotes the integer part of the real part of x, and {x} = x − [x].

Theorem 2. Let

ζn(s) =
∞∑

k=n

1
ks

be the n-th tail of the Riemann zeta function, then for all Re(s) < 0, we have

(ζn(s))−1 = πs− 1
2
Γ( 1−s

2 )
Γ( s

2 )
B∗0,1−s,0(n) + o(1),
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where
B∗0,1−s,0(n) = b∗−sn

−s + b∗−s−1n−s−1 + · · · + b∗{−s}n
{−s}

and the coefficients
b∗j ∈ C ( j = −s,−s − 1, · · · , {−s})

are constants determined by s as follows:
b∗−s = −s;

b∗
−s−k =

∑
k1+k2=k

k1≥0,k2≥1

−s∑
i=−s−k1

i≥{−s}

b∗i ( i
i+s+1+k1

)( s
k2

)tk2−
∑

k1+k2=k
k1 ,k2≥1

−s∑
i=−s−k1

i≥{−s}

b∗i ( i
i+s+k1

)b∗
−s−k2

−s+k +

−s∑
i=1−s−k
i≥{−s}

b∗i [( i
i+s+1+k)−(−s)( i

i+s+k)]

−s+k ,

for [−s] ≥ k ≥ 1;

(2.2)

and [x] denotes the integer part of the real part of x, and {x} = x − [x].

Corollary 1. Let

ζn(s) =
∞∑

k=n

1
ks

be the n-th tail of the Riemann zeta function, then for Re(s) > 1, we have

ζn(s) =
∞∑

k=n

1
ks = B∗0,s,0(n) + o(1), (2.3)

where
B∗0,s,0(n) = b∗s−1ns−1 + b∗s−2ns−2 + · · · + b∗{s−1}n

{s−1}

and 
b∗s−1 = s − 1;

b∗s−1−k =

s−1∑
i=s−k

i≥{s−1}

b∗i [( i
i−s+2+k)−(s−1)( i

i−s+1+k)]

s−1+k −

∑
k1+k2=k
k1 ,k2≥1

s−1∑
i=s−1−k1

i≥{s−1}

b∗i ( i
i−s+1+k1

)b∗s−1−k2

s−1+k , for [s − 1] ≥ k ≥ 1.

(2.4)

Corollary 2. If r = 0, 0 < t = a ≤ 1, and |s| > 1, we have

ζn(s, a) =
∞∑

k=n

1
(k + a)s = B∗0,s,a(n) + o(1), (2.5)

where
B∗0,s,a(n) = b∗s−1,ans−1 + b∗s−2,ans−2 + · · · + b∗{s−1},an{s−1}

and
b∗s−1 = s − 1;

b∗s−1−k =

∑
k1+k2=k

k1≥0,k2≥1

s−1∑
i=s−1−k1

i≥{s−1}

b∗i ( i
i−s+2+k1

)( s
k2

)ak2−
∑

k1+k2=k
k1 ,k2≥1

s−1∑
i=s−1−k1

i≥{s−1}

b∗i ( i
i−s+1+k1

)b∗s−1−k2

s−1+k +

s−1∑
i=s−k

i≥{s−1}

b∗i [( i
i−s+2+k)−(s−1)( i

i−s+1+k)]

s−1+k ;
for [s − 1] ≥ k ≥ 1.

(2.6)
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Now we start considering the asymptotic formulas for inverses of the tails of the Hurwitz zeta
function ζ(s, a) for Re(s) < 0 and a = p

q ∈ Q, p, q ∈ N, (p, q) = 1.
In combination with the following functional equation related to the Hurwitz zeta function [14]:

ζ

(
1 − s,

p
q

)
=

2Γ(s)
(2πq)s

q∑
m=1

cos
(
πs
2
−

2πmp
q

)
ζ

(
s,

m
q

)
. (2.7)

For any positive integer n, write
n = q(l − 1) + r

for some q ≥ r ≥ 1 and l, r ∈ N+. The n-th tails of the Hurwitz zeta function for Re(s) < 0 are defined
by

ζn

(
s,

p
q

)
=

2Γ(1 − s)
(2πq)1−s

 r−1∑
m=1

amζl+1

(
1 − s,

m
q

)
+

q∑
m=r

amζl

(
1 − s,

m
q

)  ,
where

am = cos
(
π(1 − s)

2
−

2πmp
q

)
for m = 1, 2, · · · , q.

When
n = q(l − 1) + 1,

rewrite above n-th tails of the Hurwitz zeta function for Re(s) < 0 as

ζn

(
s,

p
q

)
=

2Γ(1 − s)
(2πq)1−s

q∑
m=1

amζl

(
1 − s,

m
q

)
.

Theorem 3. Let function ζ(s, p
q ) and the n-th tail ζn(s, p

q ) be as above for Re(s) < 0 and p, q ∈ N+,
(p, q) = 1.
(i) Let n = q(l − 1) + 1 for some l ∈ N+, if

q∑
m=1

mam , 0

holds, we have (
ζn

(
s,

p
q

) )−1

=
−πq2

(2qπ)s Γ(1 − s)
q∑

m=1
mam

l1−s + Os,q
(
l−s) ,

where

am = cos
(
π(1 − s)

2
−

2πmp
q

)
for m = 1, 2, · · · , q.

(ii) Let
n = q(l − 1) + r
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for some q ≥ r ≥ 1 and l, r ∈ N+, if
q∑

m=1

mam , 0 and
q∑

m=1

mam − q
q∑

m=r

am , 0

hold, we have (
ζn

(
s,

p
q

) )−1

=
−πq2

(2πq)sΓ(1 − s)
(

q∑
m=1

mam − q
q∑

m=r
am

) l1−s + Os,q(l−s),

where

am = cos
(
π(1 − s)

2
−

2πmp
q

)
for m = 1, 2, · · · , q.

Remark 1. Since
∑q

m=1 am = 0 (see the proof of Theorem 3 in this paper), we observe that the result
(i) of Theorem 3 follows (ii) when r = 1.

Similarly, according to the following functional equation related to the Dirichlet L-function [14]:

L(s, χ) = k−s
k∑

j=1

χ( j)ζ
(
s,

j
k

)
, (2.8)

where χ is a character module k.
The asymptotic formula of the inverse of the Dirichlet L-function L(s, χ) is trivial when χ = χ1

is the principal character module k. Therefore, we only consider the case for χ , χ1. Similar to the
Hurwitz zeta function, the n-th tail of L(s, χ) could be defined for Re(s) > 1 by

Ln(s, χ) = k−s

 r−1∑
j=1

χ( j)ζl+1

(
s,

j
k

)
+

k∑
j=r

χ( j)ζl
(
s,

j
k

)  ,
where

n = k(l − 1) + r

for some k ≥ r ≥ 1 and l, r ∈ N+.
When r = 1, we have

Ln(s, χ) = k−s

 k∑
j=1

χ( j)ζl
(
s,

j
k

)  .
In combination with (2.7) and (2.8), for Re(s) < 0, we have

L(s, χ) = k−s
k∑

j=1

χ( j)ζ
(
s,

j
k

)
= k−s

k∑
j=1

χ( j)
2Γ(1 − s)
(2πk)1−s

k∑
m=1

cos
(
π(1 − s)

2
−

2πm j
k

)
ζ
(
1 − s,

m
k

)
=
Γ(1 − s)
2−sπ1−sk

k∑
j=1

k∑
m=1

χ( j)a j,mζ
(
1 − s,

m
k

)
,

(2.9)
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where

a j,m = cos
(
π(1 − s)

2
−

2πm j
k

)
for j = 1, 2, · · · , k and m = 1, 2, · · · , k.

The n-th tail of L(s, χ) could be defined for Re(s) < 0 by

Ln(s, χ) =
Γ(1 − s)
2−sπ1−sk




u−1∑
j=1

k∑
m=1

+

r−1∑
m=1
j=u

 χ( j)a j,mζl+1

(
1 − s,

m
k

)
+


k∑

m=r
j=u

+

k∑
j=u+1

k∑
m=1

 χ( j)a j,mζl

(
1 − s,

m
k

) ,
where

n = k2(l − 1) + k(u − 1) + r

for some k ≥ u ≥ 1, k ≥ r ≥ 1, and l, u, r ∈ N+.
When r = 1, we have

Lk2+1(s, χ) =
Γ(1 − s)
2−sπ1−sk

k∑
j=1

k∑
m=1

χ( j)a j,mζl

(
1 − s,

m
k

)
.

Theorem 4. Let the function L(s, χ) and the n-th tail Ln(s, χ) be as above for χ , χ1 is the nonprincipal
character module k.
(i) When Re(s) > 1, let n = k(l − 1) + 1 for some l ∈ N+, if

k∑
j=1

jχ( j) , 0

holds, we have

(Ln (s, χ) )−1 =
−ks+1

k∑
j=1

jχ( j)
ls + Os,k

(
ls−1

)
.

(ii) When Re(s) > 1, let n = k(l − 1) + r for some k ≥ r ≥ 1, and l, r ∈ N+, if

k∑
j=1

jχ( j) − k
k∑

j=r

χ( j) , 0 and
k∑

j=1

jχ( j) , 0

hold, we have

(Ln (s, χ) )−1 =
−k1+s

k∑
j=1

jχ( j) − k
k∑

j=r
χ( j)

ls + Os,k(ls−1).

(iii) When Re(s) < 0, let n = k2(l − 1) + 1 for some l ∈ N+, if

k∑
j=1

k∑
m=1

mχ( j)a j,m , 0

AIMS Mathematics Volume 9, Issue 6, 16564–16585.
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holds, we have

(Ln (s, χ) )−1 =
−πk2

(2π)sΓ(1 − s)
k∑

j=1

k∑
m=1

mχ( j)a j,m

l1−s + Os,k(l−s),

where

a j,m = cos
(
π(1 − s)

2
−

2πm j
k

)
for j = 1, 2, · · · , k and m = 1, 2, · · · , k.
(iv) When Re(s) < 0, let

n = k2(l − 1) + k(u − 1) + r

for some k ≥ u ≥ 1, k ≥ r ≥ 1 and l, u, r ∈ N+, if

k∑
j=1

k∑
m=1

mχ( j)a j,m − k


k∑

m=r
j=u

+

k∑
j=u+1

k∑
m=1

 χ( j)a j,m , 0 and
k∑

j=1

k∑
m=1

mχ( j)a j,m , 0

hold, we have

(Ln (s, χ) )−1 =
−πk2

(2π)sΓ(1 − s)

 k∑
j=1

k∑
m=1

mχ( j)a j,m − k

 k∑
m=r
j=u

+
k∑

j=u+1

k∑
m=1

 χ( j)a j,m


l1−s + Os,k(l−s),

where

a j,m = cos
(
π(1 − s)

2
−

2πm j
k

)
for j = 1, 2, · · · , k and m = 1, 2, · · · , k.

3. The proof of Theorem 1

Before our proof, we first propose several lemmas.

Lemma 1. For all s, t ∈ C and n ∈ N, if n > |t|, we have

(n + t)s =

∞∑
k=0

(
s
k

)
ns−ktk.

Proof. Let

f (s) = (n + t)s = ns(1 +
t
n

)s = ns
∞∑

k=0

(
s
k

)
(

t
n

)k =

∞∑
k=0

(
s
k

)
ns−ktk, (3.1)

and the third equation holds for | tn | < 1. □

AIMS Mathematics Volume 9, Issue 6, 16564–16585.



16572

Lemma 2. For all r, s, t ∈ C and Re(r + s) > 1, there exists a unique generalized complex coefficient
polynomial

B∗r,s,t(n) = b∗r+s−1nr+s−1 + b∗r+s−2nr+s−2 + · · · + b∗{r+s}n
{r+s},

where
b∗j ∈ C ( j = r + s − 1, r + s − 2, · · · , {l})

is determined by r, s, and t, subject to the real part of its order being greater than 0 and

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s − B∗r,s,t(n + 1)B∗r,s,t(n) = O(nr+s+{r+s}−2).

Proof. First, we assume

B∗r,s,t(n) = b∗l nl + b∗l−1nl−1 + · · · + b∗{l}+1n{l}+1 + b∗{l}n
{l}, Re(l) > 0

satisfies

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s − B∗r,s,t(n + 1)B∗r,s,t(n) = O(nr+s+{r+s}−2). (3.2)

Since the absolute value of the order of [B∗r,s,t(n+1)−B∗r,s,t(n) ] nr(n+t)s is greater than |r+s+{r+s}−2|,
then we have the necessary condition (1): The order of [B∗r,s,t(n+ 1)− B∗r,s,t(n) ] nr(n+ t)s is equal to the
order of B∗r,s,t(n + 1)B∗r,s,t(n).

In other words, we have l − 1 + r + s = 2l, which implies

l = r + s − 1. (3.3)

Then we rewrite

B∗r,s,t(n) = b∗r+s−1nr+s−1 + b∗r+s−2nr+s−2 + · · · + b∗{l}+1n + b∗{r+s−1}

with b∗r+s−1 , 0, by Lemma 1, we have

(n + t)s =

∞∑
k=0

(
s
k

)
ns−ktk for n > |t|.

Let n > 1, we have

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s =

 r+s−1∑
i={r+s−1}

b∗i (n + 1)i −

r+s−1∑
i={r+s−1}

b∗i ni

 nr
∞∑
j=0

(
s
j

)
ns− jt j

=

r+s−1∑
i={r+s−1}

b∗i
∞∑

k=1

(
i
k

)
ni−knr

∞∑
j=0

(
s
j

)
t jns− j (3.4)

=

∞∑
k=0

r+s−1∑
i=r+s−1−k
i≥{r+s−1}

b∗i

(
i

i − (r + s − 2 − k)

)
nr+s−2−k

∞∑
j=0

(
s
j

)
t jns+r− j

=

∞∑
k=0

∑
k1+k2=k
k1,k2≥0

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i

(
i

i − r − s + 2 + k1

)(
s
k2

)
tk2n2r+2s−2−k
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and

B∗r,s,t(n + 1)B∗r,s,t(n) =
r+s−1∑

i={r+s−1}

b∗i
∞∑

k=0

(
i
k

)
ni−k

r+s−1∑
j={r+s−1}

b∗jn
j

=

∞∑
k=0

∞∑
i=r+s−1−k
i≥{r+s−1}

b∗i

(
i

i − (r + s − 1 − k)

)
nr+s−1−k

[r+s−1]∑
j=0

b∗r+s−1− jn
r+s−1− j

=

∞∑
k=0


∑

k1+k2=k
k1,k2≥0

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i

(
i

i − (r + s − 1 − k1)

)
b∗r+s−1−k2

 n2r+2s−2−k,

(3.5)

where [x] denotes the integer part of the real part of x.
Now we derive the necessary condition (2): The following system of equations has at least one

solution,∑
k1+k2=k
k1,k2≥0

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i

(
i

i − r − s + 2 + k1

)(
s
k2

)
tk2 =

∑
k1+k2=k
k1,k2≥0

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i

(
i

i − r − s + 1 + k1

)
b∗r+s−1−k2

, (3.6)

where k = 0, 1, 2, · · · , [r + s − 2] and [r + s − 1].
By calculation, the system of Eq (3.6) is equivalent with

(r + s − 1)b∗r+s−1 = [b∗r+s−1]2 for k = 0,

and

(r + s − 1 − k)b∗r+s−1−k +
∑

k1+k2=k
k1≥0,k2≥1

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i

(
i

i − r − s + 2 + k1

)(
s
k2

)
tk2 +

r+s−1∑
i=r+s−k

i≥{r+s−1}

b∗i

(
i

i − r − s + 2 + k

)

= (2r + 2s − 2)b∗r+s−1−k +
∑

k1+k2=k
k1,k2≥1

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i

(
i

i − r − s + 1 + k1

)
b∗r+s−1−k2

+

r+s−1∑
i=r+s−k

i≥{r+s−1}

b∗i

(
i

i − r − s + 1 + k

)
b∗r+s−1

(3.7)

for k = 1, 2, · · · , [r + s − 1]. Combining with Re(r + s − 1) > 0, we can then derive the unique solution
of the system of Eq (3.6) as follows:

b∗r+s−1 = (r + s − 1) , 0

and

b∗r+s−1−k =

∑
k1+k2=k

k1≥0,k2≥1

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i
(

i
i−r−s+2+k1

)(
s

k2

)
tk2 −

∑
k1+k2=k
k1,k2≥1

r+s−1∑
i=r+s−1−k1
i≥{r+s−1}

b∗i
(

i
i−r−s+1+k1

)
b∗r+s−1−k2

r + s − 1 + k

+

r+s−1∑
i=r+s−k

i≥{r+s−1}

b∗i
[(

i
i−r−s+2+k

)
− (r + s − 1)

(
i

i−r−s+1+k

)]
r + s − 1 + k

,

(3.8)
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where k = 1, 2, · · · , [r + s − 1].
So we derive the necessary condition of (3.2):

B∗r,s,t(n) = b∗r+s−1nr+s−1 + b∗r+s−2nr+s−2 + · · · + b∗{r+s}n
{r+s} (3.9)

with

b∗r+s−1 = r + s − 1;
b∗r+s−1−k =∑

k1+k2=k
k1≥0,k2≥1

r+s−1∑
i=r+s−1−k1

i≥{r+s−1}

b∗i ( i
i−r−s+2+k1

)( s
k2

)tk2−
∑

k1+k2=k
k1 ,k2≥1

r+s−1∑
i=r+s−1−k1

i≥{r+s−1}

b∗i ( i
i−r−s+1+k1

)b∗r+s−1−k2

r+s−1+k +

r+s−1∑
i=r+s−k

i≥{r+s−1}

b∗i [( i
i−r−s+2+k)−(r+s−1)( i

i−r−s+1+k)]

r+s−1+k ;
for [r + s − 1] ≥ k ≥ 1,

(3.10)
where [x] denotes the integer part of the real part of x, {x} = x − [x].

Now we show that (3.9) and (3.10) are also sufficient conditions. If Eq (3.10) holds, the functions
[B∗(n + 1, r, s, t) − B∗(n, r, s, t)] nr(n + t)s and B∗(n + 1, r, s, t)B∗(n, r, s, t) are analytic functions of n,
which means the series of k in formulas (3.4) and (3.5) are their Taylor expansion.

Then consider the following function

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s − B∗r,s,t(n + 1)B∗r,s,t(n),

the coefficients of the first [r+s] terms are equal to zero, and the tail term is convergent, which proves
the Eq (3.2). □

Lemma 3. If for all r, s, t ∈ C and Re(r + s) > 1, there exists a generalized complex coefficient
polynomial

B∗r,s,t(n) = b∗r+s−1nr+s−1 + b∗r+s−2nr+s−2 + · · · + b∗{l}+1n + b∗{l},

where

b∗j ( j = r + s − 1, r + s − 2, · · · , {l}) ∈ C

subjects to the real part of its order is greater than 0, and

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s − B∗r,s,t(n + 1)B∗r,s,t(n) = O(nr+s+{r+s}−2).

Then, we have  ∞∑
k=n

1
kr(k + t)s

−1

= B∗r,s,t(n) + o(1).

Proof. Using the equation

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s − B∗r,s,t(n + 1)B∗r,s,t(n) = O(nr+s+{r+s}−2). (3.11)
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Then, we have

1
B∗r,s,t(n)

−

∞∑
k=n

1
kr(k + t)s =

∞∑
k=n

[
1

B∗r,s,t(k)
−

1
B∗r,s,t(k + 1)

−
1

kr(k + t)s

]
=

∞∑
k=n

[B∗r,s,t(k + 1) − B∗r,s,t(k)]kr(k + t)s − B∗r,s,t(k + 1)B∗r,s,t(k)
B∗r,s,t(k)B∗r,s,t(k + 1)kr(k + t)s

=

∞∑
k=n

O(kr+s+{r+s}−2)
k3r+3s−2 + O(k3r+3s−3)

=O

 1
n[r+s]

∞∑
k=n

1
kr+s


=O(

1
n[r+s] ).

(3.12)

Hence, we have

1
B∗r,s,t(n)

=

∞∑
k=n

1
kr(k + t)s = O(

1
nr+s−1 ),

and then

lim
n→∞

∣∣∣∣∣∣∣
 ∞∑

k=n

1
kr(k + t)s

−1

− B∗r,s,t(n)

∣∣∣∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣∣∣∣∣∣
1

∞∑
k=n

1
kr(k+t)s

−
1
1

B∗r,s,t(n)

∣∣∣∣∣∣∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣∣∣∣∣∣∣
1

B∗r,s,t(n) −
∞∑

k=n

1
kr(k+t)s

1
B∗r,s,t(n)

∞∑
k=n

1
kr(k+t)s

∣∣∣∣∣∣∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣∣∣O
 1

n[r+s]

1
nr+s−1


∣∣∣∣∣∣∣

= lim
n→∞

∣∣∣∣∣∣O
(

1
n1−{r+s}

)∣∣∣∣∣∣
=0,

which is equivalent with  ∞∑
k=n

1
kr(k + t)s

−1

= B∗r,s,t(n) + o(1). (3.13)

This completes the proof. □

Proof of Theorem 1. Since Re(r + s) > 1 and series

∞∑
k=n

1
kr(k + t)s
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absolutely converges and is analytic in the half-plane Re(r + s) > 1. Then we have
∞∑

k=n

1
kr(k + t)s → 0 as n→ ∞,

Let n > |t|, by Lemmas 1 and 2, these are unique generalized complex coefficient polynomials

B∗r,s,t(n) = b∗r+s−1nr+s−1 + b∗r+s−2nr+s−2 + · · · + b∗{r+s}n
{r+s},

where
b∗j ∈ C ( j = r + s − 1, r + s − 2, · · · , {l})

is determined by r, s, t and

b∗r+s−1 = r + s − 1;
b∗r+s−1−k =∑

k1+k2=k
k1≥0,k2≥1

r+s−1∑
i=r+s−1−k1

i≥{r+s−1}

b∗i ( i
i−r−s+2+k1

)( s
k2

)tk2−
∑

k1+k2=k
k1 ,k2≥1

r+s−1∑
i=r+s−1−k1

i≥{r+s−1}

b∗i ( i
i−r−s+1+k1

)b∗r+s−1−k2

r+s−1+k +

r+s−1∑
i=r+s−k

i≥{r+s−1}

b∗i [( i
i−r−s+2+k)−(r+s−1)( i

i−r−s+1+k)]

r+s−1+k ,

for [r + s − 1] ≥ k ≥ 1;

(3.14)

subject to the real part of its order being greater than 0, and

[B∗r,s,t(n + 1) − B∗r,s,t(n) ] nr(n + t)s − B∗r,s,t(n + 1)B∗r,s,t(n) = O(nr+s+{r+s}−2).

Then, in combination with Lemma 3, we have ∞∑
k=n

1
kr(k + t)s

−1

= B∗r,s,t(n) + o(1).

This completes thhe proof. □

4. Proof of Corollaries 1 and 2 and Theorem 2

Proof of Corollary 1. If r = 0 and t = 0, we have

R(r, s, t)|r=0,t=0 = R(0, s, 0) = ζ(s) and Rn(r, s, t)|r=0,t=0 = Rn(0, s, 0) = ζn(s).

By Theorem 1, we have

ζn(s) =
∞∑

k=n

1
ks = B∗0,s,0(n) + o(1),

where
B∗0,s,0(n) = b∗s−1ns−1 + b∗s−2ns−2 + · · · + b∗{s−1}n

{s−1}

and 
b∗s−1 = s − 1;

b∗s−1−k =

s−1∑
i=s−k

i≥{s−1}

b∗i [( i
i−s+2+k)−(s−1)( i

i−s+1+k)]

s−1+k −

∑
k1+k2=k
k1 ,k2≥1

s−1∑
i=s−1−k1

i≥{s−1}

b∗i ( i
i−s+1+k1

)b∗s−1−k2

s−1+k , for [s − 1] ≥ k ≥ 1.

(4.1)

□
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Proof of Corollary 2. The proof of Corollary 2 follows from Corollary 1. □

Before the proof of Theorem 2, we introduce some basic preliminary properties that could be found
in [15].

Proposition 5. The Riemann zeta function ζ(s) satisfies

π−
s
2Γ(

s
2

)ζ(s) = π−
1−s

2 Γ(
1 − s

2
)ζ(1 − s). (4.2)

Proposition 6. (1) The function 1
Γ(s) is entire and only possesses zeros at s = 0,−1,−2, · · · .

(2) The function Γ(s) is holomorphic for s ∈ C except poles at s = 0,−1,−2, · · · and Γ(s) possesses no
zero.

Proof of Theorem 2. By Proposition 5, we have

ζ(s) = πs− 1
2Γ(

1 − s
2

)
1
Γ( s

2 )
ζ(1 − s)

= πs− 1
2Γ(

1 − s
2

)
1
Γ( s

2 )

∞∑
k=1

1
k1−s .

By Proposition 6, we have ζ(s) is entire in half-plane Re(s) < 0. Hence, for Re(s) < 0, we have

ζn(s) = πs− 1
2Γ(

1 − s
2

)
1
Γ( s

2 )
ζn(1 − s)

= πs− 1
2Γ(

1 − s
2

)
1
Γ( s

2 )

∞∑
k=n

1
k1−s .

By Theorem 1, we derive

ζn(s) = πs− 1
2
Γ( 1−s

2 )
Γ( s

2 )
B∗0,1−s,0(n) + o(1),

which completes the proof. □

5. Proof of Theorems 3 and 4

Proof of Theorem 3. (i) We first prove

a1 + a2 + · · · + aq = 0, (5.1)

where

am = cos
(
π(1 − s)

2
−

2πmp
q

)
for m = 1, 2, · · · , q.

For any complex variable s = σ + it, we have

cos s =
eis + e−is

2
,
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and then

a1 + a2 + · · · + aq =

q∑
m=1

cos
(
π(1 − s)

2
−

2πmp
q

)
=

1
2

q∑
m=1

(
e
π
2 (t+i(1−σ))− 2πmpi

q + e−
π
2 (t+i(1−σ))+ 2πmpi

q

)
=

1
2

e
π
2 (t+i(1−σ))

q∑
m=1

e−
2πmpi

q +
1
2

e−
π
2 (t+i(1−σ))

q∑
m=1

e
2πmpi

q

= 0.

(5.2)

Since
1

1 ± O(ε)
= 1 ± O(ε),

Lemma 1 and Theorem 1, let n = q(l − 1) + 1, then for any sufficiently large positive integer l ≥ 1 and
Re(s) < 0, if

q∑
m=1

mam , 0

holds, we have(
ζn

(
s,

p
q

) )−1

=
(2πq)1−s

2Γ(1 − s)

 q∑
m=1

amζl

(
1 − s,

m
q

)−1

=
(2πq)1−s

2Γ(1 − s)

 q∑
m=1

am

∞∑
k=l

1
(k + m

q )1−s

−1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l

 a1

(k + 1
q )1−s

+
a2

(k + 2
q )1−s

+ · · · +
aq

(k + 1)1−s

 −1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l

1
k1−s

 a1

(1 + 1
qk )1−s

+
a2

(1 + 2
qk )1−s

+ · · · +
aq

(1 + 1
k )1−s

 −1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l

1
k1−s

 q∑
m=1

am

∞∑
l1=0

(
s − 1

l1

) (
m
qk

)l1


−1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l

1
k1−s

a1 + a2 + · · · + aq +
s − 1
qk

q∑
m=1

mam + Oq,s

(
1
k2

)  −1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l

1
k2−s

 s − 1
q

q∑
m=1

mam + Oq,s

(
1
k

)  −1

=
(2πq)1−s

2Γ(1 − s)
×

 ∞∑
k=l

1
k2−s

−1  s − 1
q

q∑
m=1

mam

−1 (
1 + Os,q

(
1
n

))
=

(2πq)1−s

2Γ(1 − s)
q

(s − 1)
q∑

m=1
mam

× (1 − s)l1−s + O(l−s)

=
−πq2

(2qπ)s Γ(1 − s)
q∑

m=1
mam

l1−s + Os,q
(
l−s) .

(5.3)
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(ii) Let n = q(l − 1) + r for some q ≥ r ≥ 1 and l, r ∈ N+, if
q∑

m=1

mam , 0

and
q∑

m=1

mam − q
q∑

m=r

am , 0

hold, we have(
ζn

(
s,

p
q

) )−1

=
(2πq)1−s

2Γ(1 − s)

 r−1∑
m=1

amζl+1

(
1 − s,

m
q

)
+

q∑
m=r

amζl

(
1 − s,

m
q

) −1

=
(2πq)1−s

2Γ(1 − s)


q∑

m=1

amζl+1

(
1 − s,

m
q

)
+

ar(
l + r

q

)1−s +
ar+1(

l + r+1
q

)1−s + · · · +
aq

(l + 1)1−s


−1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l+1

q∑
m=1

am

(k + m
q )1−s +

ar(
l + r

q

)1−s +
ar+1(

l + r+1
q

)1−s + · · · +
aq

(l + 1)1−s


−1

=
(2πq)1−s

2Γ(1 − s)

 ∞∑
k=l+1

q∑
m=1

am

(k + m
q )1−s

−1

1 +
q∑

m=r

am(
l+m

q

)1−s

∞∑
k=l+1

q∑
m=1

am
(k+m

q )1−s


−1

=
(2πq)1−s

2Γ(1 − s)

 −q
q∑

m=1
mam

l1−s + Os,q(l−s)


1 +

 −q
q∑

m=1
mam

l1−s + Os,q(l−s)

 ls−1
q∑

m=r

am(
1 + m

ql

)1−s


−1

=
(2πq)1−s

2Γ(1 − s)

 −q
q∑

m=1
mam

l1−s + Os,q(l−s)


1 +

 −q
q∑

m=1
mam

+ Os,q(l−1)


 q∑

m=r

am + Oq,s

(
l−1

)

−1

=
(2πq)1−s

2Γ(1 − s)

 −q
q∑

m=1
mam

l1−s + Os,q(l−s)


1 −

q
q∑

m=r
am

q∑
m=1

mam

+ O(l−1)


−1

=
(2πq)1−s

2Γ(1 − s)

 −q
q∑

m=1
mam

l1−s + Os,q(l−s)


q∑

m=1
mam

q∑
m=1

mam − q
q∑

m=r
am

(
1 + O(l−1)

)

=
(2πq)1−s

2Γ(1 − s)
−q

q∑
m=1

mam − q
q∑

m=r
am

l1−s + O(l−s)

=
−πq2

(2πq)sΓ(1 − s)
(

q∑
m=1

mam − q
q∑

m=r
am

) l1−s + O(l−s).

(5.4)

□
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Proof of Theorem 4. (i) First of all, since χ is a nonprincipal character mod k, we have

χ(1) + χ(2) + · · · + χ(k) = 0.

Let
n = k(l − 1) + 1,

if
k∑

j=1

jχ( j) , 0

holds, and the asymptotic formula of the inverse of the n-th tail of the L-function L(s, χ) for Re(s) > 1
is as follows:

( Ln(s, χ) )−1 = ks

 k∑
j=1

χ( j)ζn
(
s,

j
k

)
−1

= ks

 k∑
j=1

χ( j)
∞∑
i=l

1

(i + j
k )s


−1

= ks

 ∞∑
i=l

 χ(1)
(i + 1

k )s
+
χ(2)

(i + 2
k )s
+ · · · +

χ(k)
(i + 1)s

 −1

= ks

 ∞∑
i=l

1
is

 χ(1)
(1 + 1

ki )
s
+
χ(2)

(1 + 2
ki )

s
+ · · · +

χ(k)
(1 + 1

i )s

 −1

= ks

 ∞∑
i=l

1
is

χ(1) + χ(2) + · · · + χ(k) −
s
ki

k∑
j=1

jχ( j) + Os,k

(
1
i2

) 

−1

(5.5)

= ks

 ∞∑
i=l

1
is+1

−1 − s
k

k∑
j=1

jχ( j) + Os,k

(
1
l

)
−1

= ks ×
k
(
sls + O

(
ls−1

))
−s

k∑
j=1

jχ( j)

(
1 + Os,k

(
1
l

))

=
−ks+1

k∑
j=1

jχ( j)
ls + Os,k

(
ls−1

)
.

(ii) Let
n = k(l − 1) + r

for some k ≥ r ≥ 1 and l, r ∈ N+, if

k∑
j=1

jχ( j) − k
k∑

j=r

χ( j) , 0

AIMS Mathematics Volume 9, Issue 6, 16564–16585.
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and
k∑

j=1

jχ( j) , 0

hold, we have

(Ln(s, χ))−1 =

k−s

 r−1∑
j=1

χ( j)ζl+1

(
s,

j
k

)
+

k∑
j=r

χ( j)ζl
(
s,

j
k

) 

−1

= ks

 r−1∑
j=1

χ( j)
∞∑

i=l+1

1

(i + j
k )s
+

k∑
j=r

χ( j)
∞∑
i=l

1

(i + j
k )s


−1

= ks

 ∞∑
i=l+1

k∑
j=1

χ( j)

(i + j
k )s
+

 χ(r)
(l + r

k )s +
χ(r + 1)
(l + r+1

k )s
+ · · · +

χ(k)
(l + 1)s

 
−1

= ks


∞∑

i=l+1

k∑
j=1

χ( j)

(i + j
k )s

1 +
k∑

j=r

χ( j)(
l+ j

k

)s

∞∑
i=l+1

k∑
j=1

χ( j)
(i+ j

k )s



−1

= ks


−k

k∑
j=1

jχ( j)
ls + Os,k

(
ls−1

)
1 +


−k

k∑
j=1

jχ( j)
ls + Os,k

(
ls−1

)
 k∑

j=r

χ( j)(
1 + j

kl

)s



−1

= ks


−k

k∑
j=1

jχ( j)
ls + Os,k

(
ls−1

)
1 −

k
k∑

j=r
χ( j)

k∑
j=1

jχ( j)
+ Os,k

(
l−1

)
−1

= ks ×
−k

k∑
j=1

jχ( j) − k
k∑

j=r
χ( j)

ls + Os,k(ls−1)

=
−k1+s

k∑
j=1

jχ( j) − k
k∑

j=r
χ( j)

ls + Os,k(ls−1).

(5.6)

(iii) Let
n = k2(l − 1) + 1

for some l ∈ N+, if
k∑

j=1

k∑
m=1

mχ( j)a j,m , 0

holds, in combination with

a j,m = cos
(
π(1 − s)

2
−

2πm j
k

)
,

AIMS Mathematics Volume 9, Issue 6, 16564–16585.
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we obtain
k∑

j=1

k∑
m=1

χ( j)a j,m =

k−1∑
j=1

k∑
m=1

χ( j)a j,m = 0.

Then, we have

(Ln(s, χ))−1 =

Γ(1 − s)
2−sπ1−sk

k∑
j=1

k∑
m=1

χ( j)a j,mζl

(
1 − s,

m
k

)
−1

=
2−sπ1−sk
Γ(1 − s)

 ∞∑
i=l

 k∑
j=1

k∑
m=1

χ( j)a j,m

 1(
i + m

k

)1−s


−1

=
2−sπ1−sk
Γ(1 − s)

 ∞∑
i=l

1
i1−s

 k∑
j=1

k∑
m=1

χ( j)a j,m(
1 + m

ki

)1−s



−1

=
2−sπ1−sk
Γ(1 − s)

 ∞∑
i=l

1
i1−s

 k∑
j=1

k∑
m=1

χ( j)a j,m +
(s − 1)

ki

k∑
j=1

k∑
m=1

mχ( j)a j,m + Os,k

(
1
i2

)

−1

=
2−sπ1−sk
Γ(1 − s)

 ∞∑
i=l

1
i2−s

 (s − 1)
k

k∑
j=1

k∑
m=1

mχ( j)a j,m + Os,k

(
1
i

)

−1

=
2−sπ1−sk
Γ(1 − s)

 ∞∑
i=l

1
i2−s

−1  (s − 1)
k

k∑
j=1

k∑
m=1

mχ( j)a j,m


−1 (

1 + Os,k(l−1)
)

=
2−sπ1−sk
Γ(1 − s)

×
(
(1 − s)l1−s + O(l−s)

) k

(s − 1)
k∑

j=1

k∑
m=1

mχ( j)a j,m

(
1 + Os,k(l−1)

)

=
−πk2

(2π)sΓ(1 − s)
k∑

j=1

k∑
m=1

mχ( j)a j,m

l1−s + Os,k(l−s).

(5.7)

(iv) Let
n = k2(l − 1) + k(u − 1) + r

for some k ≥ u ≥ 1, k ≥ r ≥ 1, and l, u, r ∈ N+, if

k∑
j=1

k∑
m=1

mχ( j)a j,m , 0

and
k∑

j=1

k∑
m=1

mχ( j)a j,m − k


k∑

m=r
j=u

+

k∑
j=u+1

k∑
m=1

 χ( j)a j,m , 0
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hold, we have

(Ln(s, χ))−1 =

Γ(1 − s)
2−sπ1−sk




u−1∑
j=1

k∑
m=1

+

r−1∑
m=1
j=u

 χ( j)a j,mζl+1

(
1 − s,

m
k

)
+


k∑

m=r
j=u

+

k∑
j=u+1

k∑
m=1

 χ( j)a j,mζl

(
1 − s,

m
k

)

−1

=
2−sπ1−sk
Γ(1 − s)


k∑

j=1

k∑
m=1

χ( j)a j,mζl+1

(
1 − s,

m
k

)
+


k∑

m=r
j=u

+

k∑
j=u+1

k∑
m=1

 χ( j)a j,m(
l + m

k

)1−s


−1

=
2−sπ1−sk
Γ(1 − s)

 k∑
j=1

k∑
m=1

χ( j)a j,mζl+1

(
1 − s,

m
k

)
−1


1 +

 k∑
m=r
j=u

+
k∑

j=u+1

k∑
m=1

 χ( j)a j,m

(l+m
k )1−s

k∑
j=1

k∑
m=1
χ( j)a j,mζl+1

(
1 − s, m

k

)


−1

=
2−sπ1−sk
Γ(1 − s)


−k

k∑
j=1

k∑
m=1

mχ( j)a j,m

l1−s + Os,k(l−s)




1 −

k

 k∑
m=r
j=u

+
k∑

j=u+1

k∑
m=1

 χ( j)a j,m

k∑
j=1

k∑
m=1

mχ( j)a j,m

+ Os,k

(
1
l

)


−1

=
2−sπ1−sk
Γ(1 − s)

×
−k

k∑
j=1

k∑
m=1

mχ( j)a j,m − k

 k∑
m=r
j=u

+
k∑

j=u+1

k∑
m=1

 χ( j)a j,m

l1−s + Os,k(l−s)

=
−πk2

(2π)sΓ(1 − s)

 k∑
j=1

k∑
m=1

mχ( j)a j,m − k

 k∑
m=r
j=u

+
k∑

j=u+1

k∑
m=1

 χ( j)a j,m


l1−s + Os,k(l−s).

(5.8)

□

6. Conclusions

In this paper, we derive the asymptotic formulas for the reciprocal sums of the Riemann zeta
function, the Hurwitz zeta function, and the Dirchlet L-function for Re(s) > 1 and Re(s) < 0.
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