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Abstract: In this paper, we investigated the Hyers—Ulam stability of the coefficient multipliers on
the Hardy space H? and the Dirichlet space 9. We also investigated the Hyers—Ulam stability
of the coefficient multipliers between Dirichlet and Hardy spaces. We provided the necessary and
sufficient conditions for the coefficient multipliers to have Hyers—Ulam stability on Hardy space H?,
on Dirichlet space £?, and between Dirichlet and Hardy spaces. We also showed that the best constant
of Hyers—Ulam stability exists under different circumstances. Moreover, some illustrative examples
were discussed.
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1. Introduction

In analytic function theory, it is an important question to describe the coeflicient multipliers between
various spaces of analytic functions. The coefficient multipliers allow to obtain information on the
Taylor coefficients of analytic functions in certain function spaces or make it possible to tell whether
a given function is in a particular space of functions by observing the Taylor coefficients. In the
research of operator theory, the coefficient multipliers also play an important role. Through the actions
and behaviors of the coefficient multipliers on function spaces, we can get the element information
of the specific function spaces, reveal the structure of some function spaces, and find correlations
among different function spaces. This facilitates the study of the properties of other operators related
to coefficient multipliers. The operator equations of the coefficient multipliers are often discussed in
relation to problems within operator theory. Usually, the exact solutions for operator equations are not
easy to obtain. In view of this, it is necessary to investigate the approximate solutions, and we may
ask whether these lie near the exact solutions. This relates to the question of Hyers—Ulam stability.
Generally, we say that an operator equation has Hyers—Ulam stability if, for every solution of the
perturbed equation, there is an exact solution that is close to it. In other words, if a specific operator
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equation is replaced by an operator inequality, when can one assert that solutions of the latter lie near
the exact solution of the operator equation?

In view of the importance of this issue and the relevant research works that have been done, our
research work was carried out.

Let A, B be normed spaces and consider a mapping 7 : A — B. We say that T has Hyers—Ulam
stability property (briefly, 7' is HU-stable) if there exists a constant K > 0 such that for any g € T'(A),
e>0and f € Awith ||Tf —g|| < &, there exists an f, € A with T fy = g and ||f — foll < Ke (see [5,17]).
The number K is called a Hyers—Ulam stability constant (briefly, HUS-constant) and the infimum of
all HUS constants of T is denoted by K7. Generally, K7 is not a HUS constant of T (see [4]).

The first important result, which we now call the Hyers—Ulam stability, is due to Hyers [6], who
gave an answer to a question posed by Ulam [18] concerning group homomorphisms: let G; be a
group and let G, be a metric group with a metric d(-,-). Given any € > 0, is there a 6 > 0 such that,
if a function h : G; — G, satisfies the inequality d(h(xy), h(x)h(y)) < ¢ for all x,y € Gy, then there
is a homomorphism H : G; — G, with d(h(x), H(x)) < € for all x € G? Rassias [16] generalized
the result of Hyers in 1978. Since then, the stability of many differential, integral, operator, functional
equations have been extensively investigated.

Hyers—Ulam stability is widely used in many fields. For example, Hyers—Ulam stability analysis
plays a significant role in the research of fractional order differential equations and systems. In 2023,
Luo, Wang, Caraballo, and Zhu investigated Hyers—Ulam stability of Caputo-type fractional fuzzy
stochastic differential equations with delay by the monotone iterative technique combined with the
method of upper and lower solutions in [10]. In 2022, Luo, Abdeljawad, and Luo studied Ulam-—
Hyers stability results for a novel nonlinear nabla Caputo fractional variable-order difference system
by applying Krasnoselskii’s fixed point theorem in [8]. In 2020, Luo and Luo gave some existence
and Hyers—Ulam stability results for a class of fractional-order delay differential equations with
non-instantaneous impulses by Krasnoselskii’s fixed point theorem and the generalized Gronwall’s
inequality in [9]. In 2022, Wang, Luo, and Zhu investigated Ulam—Hyers stability of Caputo-type fuzzy
fractional differential equations with time-delays in [22]. In 2022, Eidinejad, Saadati, Allahviranloo,
Kiani, Noeiaghdam, and Gamiz gave some results concerning the existence of a unique solution and
the Hyers—Ulam—H-Fox stability of the conformable fractional differential equation by matrix-valued
fuzzy controllers in [2].

In recent years, the Hyers—Ulam stability of operators on the different function spaces and operator
algebras have been addressed by several researchers. In 2024, Keshavarz, Heydari, and Anderson
investigated the Hyers—Ulam stability for mth differential operators on weighted Hardy spaces Hé
in [7]. In [20,21], Wang and Xu discussed the Hyers—Ulam stability of differential operators on Hilbert
spaces of entire functions and the reproducing kernel function spaces and gave several sufficient and
necessary conditions for the differential operator to be stable on these spaces. In [14], the authors
studied the stability of multipliers on Banach algebras. In [13], Miura, Hirasawa, and Takahasi
investigated Hyers—Ulam stability of linear differential operators 7}, (h € H(C)) on the entire function
space H(C) and gave a sufficient and necessary condition for the T}, to be stable on H(C). In [17], the
authors gave a characterization for the weighed composition operators to have Hyers—Ulam stability
on Banach space C(X) and obtained a sufficient and necessary condition. In [15], Popa and Rasa
investigated the stability of some classical operators from approximation theory.

Let A, B be two spaces of analytic functions on the unit disc D in the complex plane. Given a
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complex sequence A = {4,}.7 , we define the operator T, as follows. For f € A with f(z) = }\;2, a,Z" ,
let (T)f)(2) = Yoo Ananz". If Ty : A — B, then the sequence {A,,} is said to be a coefficient multiplier
from A into B. This concept can be simply written as {1,} € (A, B) (see [1]).

For the completeness of the description, we briefly introduce some early work on the study of
coefficient multipliers. Hardy and Littlewood [3] showed that the fractional integration is a multiplier
of H? into HY under certain conditions. Duren [1] investigated the work of Hardy and Littlewood and
then gave some simplified sufficient conditions such that the sequence {4, } is a multiplier of H” into HY.
Vukotic [19] investigated the coefficient multipliers of Bergman spaces and obtained some sufficient
conditions and some necessary conditions for the coefficient multipliers. In particular, the coeflicient
multipliers from A' into A% were studied, and a necessary and sufficient condition was obtained. Wu
and Yang [23] studied the multipliers between Dirichlet spaces and provided some interesting results.
Since then, the coefficient multipliers of various function spaces have been extensively investigated,
and some new results on the coefficient multipliers on Hardy, Bergman, Bloch, BMOA, Lipschitz, and
Besov spaces have been obtained (see [11, 12] and the references therein).

Motivated by the above work, we investigate the Hyers—Ulam stability of the coefficient multipliers
T, on Hardy spaces H? and Dirichlet spaces D?. We also investigate the Hyers—Ulam stability of the
coeflicient multipliers between Dirichlet and Hardy spaces, and some illustrative examples are also
discussed.

The organization of the paper is as follows: Section 2 is devoted to the fundamental definitions of the
Hardy space and Dirichlet space and a review of some basic properties of these spaces. Additionally,
we review some existing results concerning the coefficient multipliers 7; on Hardy space H? and
give a sufficient condition concerning the coefficient multipliers on Dirichlet space D?. In Section 3,
a necessary and sufficient condition for the coefficient multipliers on Dirichlet space 9? to have
Hyers—Ulam stability is obtained, and the best constant of Hyers—Ulam stability is also discussed.
In Section 4, a necessary and sufficient condition for the coefficient multipliers on Hardy space H>
to be Hyers—Ulam stable is obtained, and the best constant of Hyers—Ulam stability is also discussed.
In Sections 5 and 6, we focus our attention on the investigation of the Hyers—Ulam stability of the
coeflicient multipliers between Dirichlet and Hardy spaces. We give some necessary and sufficient
conditions for the coefficient multipliers to have Hyers—Ulam stability between Dirichlet and Hardy
spaces, and the best constant of Hyers—Ulam stability is also discussed under different circumstances.
In Section 7, we summarize the main results and ideas of this paper.

Throughout this paper, let C denote the complex plane and let D denote the unit open disc over
complex plane.

2. The coefficient multipliers on Hardy space H* and Dirichlet space D?

In this section, we recall Hardy space H? and Dirichlet space D? and the fundamental properties
of them, we recall some sufficient conditions, for which a complex sequence 4 = {4,},, can be the
coefficient multiplier on Hardy space H?, and we give a sufficient condition concerning the coefficient
multipliers on Dirichlet space D? .

First, we recall Hardy space H? and Dirichlet space 9? and the fundamental properties of them.

Let H(D) denote the space of all holomorphic functions on D. For 0 < p < coand 0 < r < 1, for a
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holomorphic function f defined on D, we set

1

1 27 ' »
M,(f, r>=(§ fo |f<re'9>|pd9) .

We define the Hardy space H” = H”(D) as

HP = {feH(D): sup M,(f,r) < 00},

O<r<1

and for f € H?, we set
”f”HP(]D) = Sup Mp(f, r).

O<r<1
Furthermore, we define H* as the space of holomorphic functions that are bounded on the unit disc,
endowed with the sup-norm.
The particular importance of H is due to the fact that H? is a Hilbert space. If f is holomorphic on

D, then it admits power series expansion f(z) = ), a,Z". It is easy to show that

n=0
1

) 2
S l2y = sup Ma(f,r) = la,*|
fH(D) . p My(f ;

<r<1

thatis, f € H? if and only if 3 |a,|? is finite. The norm || -|| w2y can be simply written as || - || ;2 without
n=0
causing confusion.

It is well known that for 0 < p < oo, each function in H? can be approximated in norm by
polynomials. Thus, H? is also characterized as the closure of polynomials in the space L. It is
also said that the polynomials are dense in H”.

In what follows, dA(z) = }rdxdy = %rdrd@ is the normalized area measure on the unit disc D. The
Dirichlet space D? consists of all analytic functions f on D such that the Dirichlet integral

D(f)=f|f’(z)|2dA(z)<oo_
D

For convenience, we define the norm on the Dirichlet space D? as follows

Ifllp: = IfIE,. + D), f € D,

where the norm ||f]|;2 is the norm in which f is the vector in Hardy space H>.

For f(2) = Y a,7", g(z) = Y, b,7" € D7, the inner product concerning the above norm is

n=0 n=0

(f,8) = ) (n+ Dayb,,
n=0
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where b, is the complex conjugation of the complex number b,. For every f(z) = > ant € D, by

an easy calculation, we obtain
1fllp2 = {Z(n + 1>|an|2} :
n=0

It is well known that the sequence

(il

is an orthonormal basis of 9? and the polynomials are dense in D~
In [1], Duren gave sufficient conditions for a complex sequence 4 = {4,},", to be the coefficient
multiplier on Hardy space H>.

Theorem 2.1. ([1] ) If0<p<2<g<oo,a= % — é, and 4, = O(n™), then {4,} is a multiplier of
H? into H?. The same is true if 0 < p < 1 and g = oo, but not if 1 < p < g = co. The number « is best:
for each a < a, there is a sequence {4,} with 4, = O(n™") that is not a multiplier of H” into HY.

By Theorem 2.1, it is easy to obtain the following result.
Corollary 2.2. If a sequence {A,} satisfies A, = O(1), then {1,} € (H?, H?).
Next, we give a sufficient condition concerning the coefficient multipliers on Dirichlet space D?.

Theorem 2.3. If a sequence {4, } satisfies 1, = O(1), then {1,} € (D?, D?).

Proof. Suppose that f = 3 a,z" € D?, then f is a analytic function on the unit disc D and satisfies that
n=0

lim ]a,| <1 and

n—o00

I fllpe = {Z(ﬂ + l)lanlz} < 0.
n=0

Here, for the convenience of calculating the norm of the function in the space D?, each related function
is expressed as a linear combination of orthonormal basis in the space. It is easy to get

[ee] (o] Zn
f(2) = a,7" = Vn + la, .
; ; Vn+1

We have

n+l.

Tf@) =Y dad = Y Ay Vit la,—
n=0 n=0
Suppose that |1,| < C,C > 0, let g(z) = T, f(z) = X, A,a,7". We can obtain that
n=0

lim V|, < lim v/Cla,| = lim VC - lim V|a,| < 1,
n—o0 n—00 n—00 n—oo

so the function g is also an analytic function on the unit disc D. It is easy to get

1@N5e = ITaf @I = D IAPla(r+ 1) < € ) - (n+ i, < oo.
n=0 n=0
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Thus, we get that g € D?. Therefore, the sequence {4,} is a multiplier from D? to D?. The proof is
complete. O

In order to study the Hyers—Ulam stability of the coefficient multipliers on Hardy space H* and
Dirichlet space D?, throughout this paper, we suppose that the sequence {4}, 1s bounded.

3. Hyers-Ulam stability of the coefficient multipliers 7, on Dirichlet space D’

In this section, we investigate the Hyers—Ulam stability of the coefficient multipliers on Dirichlet
space D? and we give a necessary and sufficient condition for the coefficient multipliers to have Hyers—
Ulam stability. We also show that the best constant of Hyers—Ulam stability exists.

Theorem 3.1. Suppose that A = {4,,} satisfies 4, = O(1), then the following conditions are equivalent:
(a) the sequence {%} is bounded,;
(b) the multiplier T, is Hyers—Ulam stable on Dirichlet space D?.

Proof. (b)=(a). Suppose that T, is stable with Hyers—Ulam stability constant K on Dirichlet space
D?. Forany € > 0, f,g € D* and f, g satisfy || T,f — g |lp2< &, then exists fy € OD? and K > 0 such

that T, fo = g and ||fo — fllpr < Ke. If f = - f/m for any nonnegative integer n, g = 0, = 1, we
have || Tof — g llp2= ‘ \/im - < 1 = &. Then, exists fy € D? such that T fy = 0 and ||fy — fllp2 =

< K -1 = K. Thus, we have ||f|lp2 — |[follpz < K. We obtain that || f||p2 < [|follp2 + K.

ﬁqmw+memmmﬂﬂ<MMHK

__z

”16 Ay Vn+1 || 2

Therefore, ‘i'
n

(a)=(b). Suppose that the sequence {%} is bounded, and let M = sup{‘i' n> 0}. Since the
polynomials are dense in D?, we just need to show that T, is Hyers—Ulam stable on the polynomials
dense subspace . Take any two polynomials p(z) = zr] a,7" € P and q(z) = i b,7" € P, where r, s

n=0 n=0
are all nonnegative integers.

When r > s, we have

T,p—q = 2 Aa,7" — 2 b,7"

n=0 n=0
Zs: Aa,7" + Zrl Aa,7" — 2 b,7"
n=0

n=s+1 n=0

N

Z(/lnan —b)" + 2 Antty?"

n=0 n=s+1

Z(/lnan_bn)'vn+l- < +Z/l,,an-\/n+l- £
n=0

(3.1)

For any € > 0, if p, g satisfy that [|T,p — qll,» < &, by (3.1), we obtain
ITap = 4l
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= [ D+ Dlda, = b +
n=0

n=s+1

We take py € P C D? to be the function defined by

N

po@) =)

n=0

n_n

b
3,
it is easy to show that
Tapo@) = ) ba?" = 4(2).
n=0

Thus, we obtain

P—Po =

By (3.2) and (3.3),

[ s

2

n=0

r

> |

n=s+1 n

2

1 2
m (n + D|A,a, — b,)* +

Il = pollp2

N

D M+ Didyay = by +
L n=0

n=s+1

n=s+1

< M-e&.

When r = s, we have
Top—q =

r S
St 3he
n=0 n=0

AIMS Mathematics

Z n+ D,a, | <e.

1 n
/l—-/l,,an- Vo +1- <

2
(n+ 1)|/lnan|2}

1
2

(3.2)

. 3.3
Vn+1 G:3)

1

1

r 2
D> M+ 1)|/lnan|2}

1

K r 3
M [Z(n + DI, = b+ ) (n+ 1>mnan|2]
n=0
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) S
St - S
n=0 n=0

Zs:(ﬂnan = bn)?"
n=0

(= by N+ 1 —
n=0

Vn+1'

For any & > 0, if p, g satisfy that ||T,p — gll,» < &, by (3.4) we get

ITp =gl = | D [+ Dldua, —b,L| <e.
n=0

1
2

Take py € P C D? to be the function defined by

it is easy to show that

Thus, we have

By (3.5) and (3.6), we obtain

N bn
pO(Z) = Z A_Zna
n=0 "

Tapo@) = ) ba?" = 4(2).
n=0

lp = pollp2

AIMS Mathematics

N b,
n=0 - n=0 A”Z
(o)

n=0 tA ’

S Auln = by,

n=0 A ’

 Aa, — b, 7"

2
(l’l + 1)|/lnan - bnlzl

3

1
Ay

1
2

N

M[ (n+ D|A,a, — b,ﬁ}
n=0

(3.4)

(3.5)

(3.6)
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When r < s, we have

Top—q =

2 Ana,7" — 2 b,7"
n=0 n=0
- ZAanz —anz - Z b2

n=r+1

= Z(/lan b,)7" —anz

n=r+1

Zs:bn-\/n+l- <

n

= (Anay = by) - Y +1 ) (3.7)
Z \/n +1 55 Vn+1
For any € > 0, if p, g satisfy that ||T,p — gll,» < &, by (3.7) we get
WTp = qllye = Z(n + Dlda, — byl* + Z (n+ Db,*| <e. (3.8)
n=r+1
Take py € P C D? to be the function defined by
K bn .
Po(@) = Z(; Pl
it is easy to show that
Tapo(@) = D bu?" = 4(2).
n=0
Thus, we get
r N bn
p—po = anz”—zﬂ—nz”
n=0 n=0
r . r bn . N bn .
= a7 — —< — -—<
n=0 n=0 /l” n=r+1 °"
r bn) . s bn .
= a,— — |z — —z
n=0 n n=r+1 /ln
~ A,a, — b, 1
- n LT 2
n=0 n n=r+1 ° "
- (/lnan bn) \/— 7" . bn "
= -Vn+1- - — - Vn+1- . (3.9
A i+l A Vn+1

AIMS Mathematics
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By (3.8) and (3.9), we obtain

lp = Pollp2
[ r 1 2 N 2 %
= |2 || e D =i+ ) || 1)|bn|2]
L n=0 n=r+1
1
< ZMz(n+1)|/1 ay — by + Z M2(n + )lb,| ]
n=r+1
L
= {Z(n+1)|/l ay — bl + Z(n+1)|b |}
n=r+1
< M-e.
Therefore, the coefficient multiplier 7' is Hyers—Ulam stable on D?. The proof is complete. O

Next, we will show that the best constant of Hyers—Ulam stability of the coefficient multiplier 7',
exists.

Theorem 3.2. Suppose that 1 = {A,}, and the coefficient multiplier T, is Hyers—Ulam stable on D?,
then K7, = sup {'—' } and K7, is a HUS constant of T),.

Proof. Since the coefficient multiplier T, is Hyers—Ulam stable on D?, then for any & > 0, f, g € D?
and f, g satlsfy T f —gllp < &, then exists fy € D* and K > 0 such that T, fy = g and || fo — f||Dz < Ke.
For f = -

where n is any nonnegative integer, g = 0, € = 1, we have ||T,f — gllp2 = H =

/ln \/ﬁ’ \/r? D2
| < & then exists K > 0, fy = 0 € D such that Ty = 0 = g and ||fy — fllpe = Ho- |

Zn

Vn+l
K. From the proof of Theorem 3.1, we know that M = sup { /11"

1
A

_— |ﬂi‘ < Ke = K -1 = K. Thus, we have 'ﬂi‘ < K, and we obtain that sup{‘z' n > 0} <

n> O} is a HUS constant. Therefore,

Kr, = sup {'H inz 0} . We obtain that K, is a HUS constant of 7T,. m]

Next, several examples are given to illustrate the results of the above two theorems.

Example 3.3. A trivial example is the coefficient multiplier 7,;, where the sequence A = {1,,}, 4, = c €
C,c # 0. By Theorems 3.1 and 3.2, it is easy to show that 7, is Hyers—Ulam stable on D2, and the best
HUS constant of T, is Il_l
Example 3.4. We consider the sequence 4 = {4,}, where 4, = ”:g 2", i is the imaginary unit and n
is nonnegative integer It is evident that the sequence satisfies 4, = 0(1) by Theorem 2.3, we have

(1.} € (D, D?). By L 1 (1 + n+5) =7, We obtain that { } is bounded. By Theorems 3 1 and 3.2, it is
easy to show that T is Hyers—Ulam stable on £?, and the best HUS constant of T is 5.

Example 3.5. Take the sequence A = {4,}, where 4, C(f;‘” + ‘fn(f;' D and n is nonnegative integer.

We obtain that the sequence satisfies |4,| < < Vi11. By Theorem 2.3, we have {1,} € (D* D?). By

AIMS Mathematics Volume 9, Issue 5, 12550-12569.
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L= fgj)) Ic((::j))z we obtain that { } is bounded and |—‘ \F By Theorem 3.1 and 3.2, the

multiplier T is Hyers—Ulam stable on 9?, and the best HUS constant of T, is 2 ‘F.

Example 3.6. We consider the sequence A = {/1 1, Where A, = 2% and n is nonnegative integer. It

( +5)3 ’
is evident that the sequence satisfies |4,| = " +5)3 < 25, by Theorem 2.3, we have {4,} € (D%, D?). By
1 (n+5)

1 = 15> We obtain that { } is unbounded. By Theorem 3.1, the multiplier 7', is not Hyers—Ulam

stable on 1)2.

4. Hyers-Ulam stability of the coefficient multipliers 7, on Hardy space H>

In this section, we investigate the Hyers—Ulam stability of the coefficient multipliers on Hardy space
H? and we give a necessary and sufficient condition for the coefficient multipliers to have Hyers—Ulam
stability. We also show that the best constant of Hyers—Ulam stability exists by using the same method
of Section 3. We omit the proofs of the following main results.

Theorem 4.1. Suppose that A = {4,} satisfies 4, = O(1), then the following conditions are equivalent:
(a) the multiplier T, is Hyers—Ulam stable on Hardy space H?;
(b) the sequence { } is bounded.

Theorem 4.2. Suppose that 1 = {A,} and the coefficient multiplier T, is Hyers—Ulam stable on H>,
then K7, = sup {‘—’ } and K7, is a HUS constant of T',.

Next, several examples are given to illustrate the results of the above two theorems.

Example 4.3. A trivial example is the coefficient multiplier 7', where the sequence A = {1,}, 4, = c €
C,c # 0. By Theorem 4.1 and 4.2, it is easy to show that T, is Hyers—Ulam stable on H?, and the best
HUS constant of T, is ﬁ

Example 4.4. We consider the sequence 4 = {4,}, where 4, = 5 + {", i is the imaginary unit and
n is nonnegative integer. It is evident that the sequence satisfies 4, = O(1); by Corollary 2.2, we
have {1,} € (H*, H*. By 1 = =, we obtain that { } is bounded. By Theorem 4.1 and 4.2, T, is

Hyers—Ulam stable on H 2, and the best HUS constant of T, is —.

Example 4.5. We consider the sequence 4 = {A,}, where 4, = ‘/@ + \/\/:l and 7 is nonnegative

integer. We get that the sequence satisfies |1, < V2. By Corollary 2.2, we have {1,} € (H?, H*). By

AL” = 2\7% 2\7\/1; we obtain that { } 18 bounded and '—‘ \/g By Theorem 4.1 and 4.2, the
2

coefficient multiplier T, is Hyers—Ulam stable on H>, and the best HUS constant of T, is \/; .

Example 4.6. Take the sequence A = {1,}, where A4, (7:%’4, and » is nonnegative integer. We get that
the sequence satisfies |2,] = 113 W . By Corollary 2.2, we have {1,} € (H*, H?). By 1 = (2

(n+2)* S 7+8i °
we obtain that { } is unbounded. By Theorem 4.1, the coefficient multiplier 7, is not Hyers—Ulam
stable on H>.

AIMS Mathematics Volume 9, Issue 5, 12550-12569.
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5. The coefficient multipliers from Hardy space to Dirichlet space with Hyers—Ulam stability

In this section, we focus our attention on the investigation of the Hyers—Ulam stability of the
coefficient multipliers from H? to D

Theorem 5.1. If a sequence {4, } satisfies 4, Vn + 1 = O(1), then {4,} € (H?, D?).

Proof. Suppose that f € H*> and f = Y a,z", we have
n=0

1l = {Z |an|2} < oo,

n=0

Suppose that the sequence {xln Vn + 1} satisfies |4, Vn + 1| < C, where C > 0. By

(THRD = ). had,

n=0
we obtain " . o
Do+ Dia,l? = Y L0+ Dia,P < C? )l < o.
n=0 n=0 n=0
Thus T, f € D. So {1,} € (H%, D). O

Next, some examples are given to illustrate the result of the theorem.
Example 5.2. We consider the sequence 4 = {4,}, where 4, = \/;'T, n is nonnegative integer. It is

n+1
evident that the sequence {A,,} satisfies A, Vn + 1 = O(1); by Theorem 5.1, we have {1,} € (H?, D?).

Example 5.3. Take the sequence A = {4,,}, where A, = %, i is the imaginary unit and n is nonnegative

integer. We get that the sequence {/ln Vn + 1} is bounded. By Theorem 5.1, we have {4,} € (H?, D?).
Next, we prove the main results of this section.

Theorem 5.4. Suppose that 4 = {4,} satisfies 4, Vn + 1 = O(1), then the coefficient multiplier 7' :

H? — D? is Hyers—Ulam stable if and only if the sequence {A .

PRVt 1s bounded.

. 1 . _ L.
Proof. Sufficiency. Suppose that the sequence {An m} is bounded, and let M = sup{ T m’ n> O}.

Since the polynomials are dense in H* and 9?, we just need to show that T, is Hyers—Ulam stable on

the polynomials dense subspace P of H? and 9?. Take any two polynomials p(z) = Y a,z" € P C H?

n=0

N
and g(z) = Y b,7" € P C D?, where r, s are all nonnegative integers.
n=0
When r = s, we have

Tip—-q = 2 AnZ" = 2 by
n=0 n=0
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) S
n=0 n=0

= Zs:(ﬂnan - b,)7"
n=0

= Y (tu—by) Vn+ 1 —
n=0

Vn+1'

For any € > 0, if p, g satisfy that ||T,p — gll,» < &, by (5.1) we get

1
s

2
ITap =gl = | ) 1utn =S+ 1| <&

n=0

Take py € P C H? to be the function defined by

=3 2,

n=0 /1,1
it is easy to show that

Tapo(d) = ) b = q(2),
n=0

where g € P ¢ D?. Thus, we have

n=0 n=0 7"
s
b,\ ,
— a, — /l_ z
n=0 n
s
/lnan - bn n
= 1 z.
n=0 n

By (5.2) and (5.3), we obtain

. -
A,a, — b,
Ip = polle = Z; - }
K 1 2
= ————| a, = b (n+ 1)
= 14, Vn+1
1
S 2
< M|\ A,a, — b,[*(n + 1)}
n=0

(5.1

(5.2)

(5.3)

1
2
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1

M| uay = by + 1)
n=0

< M-e.

When r < s, we have

Iip—-q = i/lnanzn_ibnzn
n=0 n=0
= Z/l a,?" —anz - Z b,7"

n=r+1

= Z(/lan b,)7" —anz

n=r+1

= Z(/lan by, - Vn+1

b,- VNn+1 .
\/n+ nZH;I Vn+1

For any € > 0, if p, g satisfy that [|T,p — qll,» < &, by (5.4) we get

(5.4)

l

ITp - dllye = lelan bl(n+1)+Zlb|(n+1) <e. (5.5)

n=r+1

Take po € P C H? to be the function defined by

N

@ =y 22,

n=0

it is easy to obtain that

Tapo(z) = Z ba?" = q(2),
n=0

where g € P ¢ D?*. Thus, we get

P—Dpo = ianzn—ii—zzn

= RN Z —b,7". (5.6)
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By (5.5) and (5.6), we obtain

lp = pollye

[ r

A.a, — b,
- Z .

L n=0

2 s
+

n=r+1

b 2

D=

2 s
Mty = b+ D+ )

n=r+1

2
|bal*(n + 1)

1
A, Vn+1

1

. 1
B »nzz(; A, Vn+1

N

ZMZI/lan—bl(n+1)+ Z M2|b,P(n + 1)

n=r+1

[Zl/lan b+ 1) + Z b+ 1|

n=r+1

< M-e.

When r > s, we have

Tap—q

2 a7 — Zsl b,7"
n=0 n=0
Z/l a,?" + Z A,a,7" anz

n=s+1

Z(/la,, b,)7" +Z/lanz

n=s+1

Z(/l a,—b,)- Yn+1

b4
+ Aan - Nn+1- . (5.7)
Vn+1 nzsl‘l Vn+1

For any & > 0, if p, g satisfy that ||T,p — gll,» < &, by (5.7), we obtain

Tap — q||g)2
%

Dy = b+ 1)+ Y Ml 1| <e. (5.8)

n=0 n=s+1

Take po € P C H? to be the function defined by

po(2) = Z —Z ,

it is easy to get that

Tapo(d) = ) b = q(2),
n=0
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where g € P ¢ D?. Thus, we obtain

p—po = ianz’“— %z"

i 1
- Dnfn ~ Tnon Z — a7 (5.9)

By (5.8) and (5.9), we get

[ Aqa, — b, Lan 2|’
lp=plle = | )7 + 20 [5 ]
L n=0 n n=s+1 n
s 2 r 2 3
= Z; |a, — bol*(n + 1) + _ | Luan*(n + 1)
=0 1A, Ve + 1 e A, Ve + 1

1

— s r 5
> Ma, = b+ 1)+ D M da,P(n+ 1)}
L n=0

n=s+1

N

1
2

M [Z Mty = P+ D+ > A Pn + 1)
n=0

n=s+1

< M-e&.

Therefore, the coefficient multiplier 7, : H*> — 97 is Hyers—Ulam stable.
Necessity. Suppose that T, : H> — D? is stable with Hyers—Ulam stability constant K. For any
e>0,f e H?* ge D*and f,g satisfy || T)f — g |lp2< &, then exists fy € H> and K > 0 such

that T, fy = g and ||fo — fllgze < Ke. If f = - f/"rm for any nonnegative integer n, g = 0, = 1, we
have || T,f — g |lp2= ' \/Z? o < 1 = & Then exists fy € H* such that T, fy = 0 and ||fy — fllm2 =

< K -1 = K. Thus, we have ||fllz2 — llfollzz < K. We obtain that || f]|z2 < ||follzz + K.

o~ w3
07 A, Vil

H?
1 . 1 . . .
Therefore, 'm‘ 12"z < Il follg2 + K. We obtain that |/ln | < |l follz2 + K. Since n is any nonnegative
integer, we get that the sequence - \}m} is bounded. The proof is complete. O

Next, we show that the best constant of Hyers—Ulam stability of the coefficient multiplier T, : H*> —
92 exists.
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Theorem 5.5. Suppose that A = {4,}, the coefficient multiplier 7, : H> — ©? is Hyers—Ulam stable,
then K7, = sup{ ] n> 0} and Kr, is a HUS constant of T),.

Proof. Since the coefficient multiplier 7, : H> — ©D? is Hyers—Ulam stable, then for any & > 0,
f e H? g € O and f,g satisfy | T,f — g |l;2< &, then exists fy € H?> and K > 0 such that
Trfo = gand ||fo — fllgz < Ke. For f = #’? g = 0,& = 1, where n is any nonnegative integer,

. = 1< g thenexists K >0,y =0¢€ H>suchthat T, =0 =g

Z)l

vm
and IIfy = flle = [0~ 5],

we have || 7.f - g llp»= |

_ 1
Il = |

—ﬂn\/’? < Ke = K-1 = K. Thus, we have
‘An «}nT]' < K and we obtain that sup {'/1 m| n> 0} < K. From the proof of Theorem 5.4, we know
that M = sup{ T F } is a HUS constant. Therefore, K7, = sup{ < \}m n> O}. We obtain
that K7, is a HUS constant of 7). O

Next, several examples are given to illustrate the results of the above two theorems.

2!
Vn+

T F} is bounded. By Theorem 5.4, we obtain that T; : H> — D7 is
Hyers—Ulam stable. By Theorem 5.5, the best HUS constant of 7', is —.

Example 5.6. We consider the sequence A4 = {4,}, where A, = , n is nonnegative integer. We

obtain that the sequence {

Example 5.7. Take the sequence 4 = {4,}, where 4, = i, n is nonnegative integer. It

= F —+ F
A\}rm} is bounded; by Theorem 5.4, we obtain that 7, : H?* > D?is

Hyers—Ulam stable. By Theorem 5.5, the best HUS constant of 7' is

is evident that the sequence {
1

REN

6. The coefficient multipliers from Dirichlet space to Hardy space with Hyers—Ulam stability

In this section, by a duality argument, we have the following main results concerning the coefficient
multipliers from Dirichlet space 9? to Hardy space H>. We omit the proofs of them. Several examples
are given to illustrate the results of the following main results.

= O(1), then {4,} € (D?, H?).

Theorem 6.1. If a sequence {4,} satisfies F

Theorem 6.2. Suppose that 4 = {A,,} satisfies = O(1), then the coefficient multiplier 7 : D* —

An
Vi1
H? is Hyers—Ulam stable if and only if the sequence { \T} is bounded.

Theorem 6.3. Suppose that A = {A4,}, the coefficient multiplier 7, : ©* — H? is Hyers—Ulam stable,
then K7, = sup{ 0} and K7, is a HUS constant of 7.

Next, several examples are given to illustrate the results of the above theorems.

Example 6.4. Take the sequence 1 = {1,}, where 1, = —2Z=, n is nonnegative integer. We obtain

Vi1’
\/nT} is bounded. By Theorem 6.1, we have { ﬁ} L€ (D?, H?). Since { F} is
unbounded, by Theorem 6.2, we obtain that T, : ©* — H? is not Hyers—Ulam stable.

that the sequence {
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Example 6.5. We consider the sequence 4 = {4,}, where 4, = Vn+ 5, n is nonnegative integer. It

is evident that the sequence { \#} is bounded; by Theorem 6.1, we have { Vn + 5} € (D%, H).

Since {F} is bounded, by Theorem 6.2 we obtain that T, : ©* — H? is Hyers—Ulam stable. By
Theorem 6.3, the best HUS constant of T, is ?\F

Example 6.6. Take the sequence A = {1,}, where 1, = 5Vn + 1 + 12i Vn + 1, n is nonnegative integer.
We get that the sequence { ﬁ} is bounded. By Theorem 6.1, we have {1,} € (D?, H?). Since {\/Z‘—?}

is bounded, by Theorem 6.2 we obtain that T : D> — H? is Hyers—Ulam stable. By Theorem 6.3, the
best HUS constant of T, is %

Example 6.7. We consider the sequence A = {1,}, where A, = Vn + 1, n is nonnegative integer. It is
evident that the sequence { WT} is bounded; by Theorem 6.1, we have {Vn + } o€ (D?*, H?). Since

{ ‘T} is unbounded, by Theorem 6.2 we obtain that T : ©* — H? is not Hyers—Ulam stable.

Example 6.8. We consider the sequence 4 = {4,}, where 4, = Vn+1+iVn+1,nis nonnegative

integer. It is evident that the sequence {«/i_*} is bounded; by Theorem 6.1, we have {4,} € (D?, H?).
Since { F} is unbounded, by Theorem 6.2 we obtain that T; : D> — H? is not Hyers—Ulam stable.

7. Conclusions

In our work, we investigate the Hyers—Ulam stability of the coefficient multipliers on Hardy
space H? and Dirichlet space D?. We also investigate the Hyers—Ulam stability of the coefficient
multipliers between Dirichlet and Hardy spaces. These results show that the Hyers—Ulam stability of
the coefficient multipliers 7, on Hilbert spaces of analytic functions depends on the boundedness of
a particular sequence associated with the sequence 4 = {1,}. When T, is Hyers—Ulam stable, these
results also show that the best constant of Hyers—Ulam stability of the coefficient multiplier 7', exists
under different circumstances.
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