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1. Introduction

The uncertainty principle is one of the most famous theories of quantum mechanics. Gabor’s
work [10] is considered to be the foundation for the study of uncertainty principle in the area of signal
analysis. Since then, rich forms of the uncertainty principle have appeared in mathematical forms.
In [1-4,6,7,16,17], the uncertainty principle for signal functions defined on the real line, on the circle,
on the Euclidean space, and on the sphere, etc., were intensively studied. In [4], the so called phase
and amplitude derivatives of signal function are defined in the sense of the Fourier transform, so it
provides us a method for studying the uncertainty principle based on the Fourier transform of signal
functions. In [5, 13], the theory of uncertainty principle is generalized from the complex domain to the
hypercomplex domain using quaternion algebras, associated with the quaternion Fourier transform.
The algorithm in [5] provides us a method to estimate the probability by the data and predict whether
the missing signals can be recovered. In [8, 15], the uncertainty principle for doubly periodic signal
functions was studied. A doubly periodic signal function is regarded as a function of L?>(R?). The
uncertainty principle for signal functions belonging to L*(R") was studied in [11], and the result is the
following theorem:
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Theorem 1.1. [11] Let h € L*(R") and let h be the Fourier transformation of h. Then for any
X0, fo e R”

2

( fR e~ &P 1hE)Pde) fR - xol2lh(x)Pdx) > —

> T—lIhl. (1.1

The equality holds if and only if h(x) = ce*™ % e=a=F12 ywhere ¢ > 0 and ¢ € C.

Here, fl, the Fourier transform of 4, is given by
h(w) := f h(t)e > dt. (1.2)
Rn

Lett = (t1,12,--- ,1,) € R", and let f; € L*(R"), j=1,...,m. Denote by f = (f1,:-, fin) a vector-
valued function from R” to R”. Thus, f € L*(R",R™), and the norm of f can be written as

AP = If(t)lzdtzz f |fi(0)*dt.
R7 = R

Since each entry f; of fisin L*(R"), the Fourier transform of fj1s well defined. As a consequence, the
Fourier transform of f is denoted by

f:: (flafZ"” ’fm),

where f j are given by (1.2). In the following definition, we define several concepts which are frequently
used in the rest of this paper.

Definition 1.2. Let f € L*(R",R™). The mean of time t and of Fourier frequency w is defined by

=0, f nifiordr, Y f blfiOrdt, -, ) f LIf0Pdr),
j=1 VR j=1 VR j=1 VI

and by

(= () f wilfiw)Pdw, )’ fR wlfi@Pdw, -, > fR Wl fi(@)Pdw).
n 21 Js. 24 ).,

j=1 VR j=1

Let (t) = Yy [, tlfiOPdt and let (wiy = T, [, wilfi(w)Pdw for k = 1,2,- -+ ,n. The variance of
t and of w is defined by

o= f lte = <tPIf (O,
- R

and by

2= f i — )P w)Pdw.
k=1 j=1 VR
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In Theorem 1.1, inequality (1.1) is the uncertainty principle for f € L2(R",R™) with the special case
when n > 2 and m = 1. In our notations, it can be represented as

2 2
oo, 2

e 2||f||z (1.3)
When m = 1, the definitions of the means and the variances about time and about frequency of the
signal function f(f) = p(t)e® € L*(R") can be found in [14]. Meanwhile, the following theorem
proposes a stronger form of the uncertainty principle for f € L>(R") when n > 2.

Theorem 1.3. [14] Let f(t) = p(t)e¥*? € L*(R") with ||f|l» = 1. Suppose that the gradients Vp, Vo,
and V f all exist and that g_}),:’ tf € L*R™) fork =1,2,--- ,n. Then

n

2 1
ootz ot ool ) [ - A - dntanl o] (14

¢ len? Ant g

If g—;: are continuous and p(t) # 0 almost everywhere, then the equality of (1.4) holds if and only if f is
in one of the following 2" forms

F(1) = dye I OP2hd SO G er2min@) o Z ] o L

where 11 > 0, A, > 0, {; € N,, and d,, A, satisfy the equation d” \// 1.

In this paper, we propose a form of uncertainty principle for f € L>(R", R™) with n, m > 2:

0p;
0ro% z o 4 o ZZ f (5= (G = 2r(@lpj (] (15)

k=1 j=1

It is straightforward to verify that (1.5) reduces to (1.4) if m = 1. Hence, (1.5) can be regarded as an
appropriate generalization of (1.4) into the case of vector-valued functions.

In Theorem 1.3, it is required that Vp, Vg, and V£ all exist. However, general signal functions do
not have such good properties. We establish Fourier partial derivatives of f and prove a form of the
uncertainty principle, which is

2 1 n
0Tl Tt Z[Z f (= <D Dusp(t) = 2m(wrVlp* ()], (1.6)

where Dy (1) are properly defined in our proof. Easy verification shows that (1.6) reduces to (1.4) if
Vo, Vg, and V£ all exist. Therefore, (1.6) can be regard as a generalization of (1.4).

This paper is organized as follows. In Section 2, we prove a form of uncertainty principle for
vector-valued signal functions f € L*(R",R™) with conditions that the classical first order partial
derivatives of f;, p;, and ¢; exist at all points, and that df;/0t., t,.f; € L*(R") for j = 1,...,m and
k = 1,...,n. This result generalizes the uncertainty principle obtained in [14]. In Section 3, we
assume that 7 f(7), w; f (w) € L*(R"), j = 1,...,n for signal functions f € L>(R"). The Fourier phase
and amplitude derivatives V z¢(f) and V zp(t) are properly defined. We prove a form of the uncertainty
principle based on these Fourier transform derivatives, which also generalizes the result in [14].
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2. Uncertainty principle for vector-valued functions

In this section, we study uncertainty principle for functions f € L?>(R",R™). Each entry of f =
(fi» f2,+ -+, fw) can be written as f;(r) = pj(t)ei‘Pf(’), j =1,...,m. We assume that the classical first
order partial derivatives of f;, p;, and ¢; exist at all points, and that 0f;/ 0%, 1, f; € L*R™) for j=1,...,m

and k = 1,...,n. The main theorem of this section is Theorem 2.3. We will use the relation
p, _ 2
Z Wpigdt = =3 | lpiofds @.1)
R £ 2

in the proof of the main theorem. Equality (2.1) holds because of

C o; dp;
LnZtkp, a0 = sz tkpfa ”kpfa]dt
k=1

a(tkpj) (9 P
Z( N

k — R

_ lzf [6(tkpj) Ip; B p,dt
k=1 VR

2 oty 0

n 2
=—= () dt.
5 | i
Here, we have used the fact that if f; € L*(R"), then p;j =1fjl = 0 when [f| — oo.

Lemma 2.1. Let f = (fi, /. -+, fn) € L*R",R™) and write fi@® = pj(t)e“"f(’), j =12, ,m
Suppose that {w) = 0 and that Vp(t), Vy,(t), and V f;(t) all exist and ag% e >R for j=1,2,---,m,
k=1,2,---,n. Then,

1 v v 0p(t) 1 v 690()
":HZIT rZZf ()

Proof. By the definition of 02, and by the assumption of (w) = 0, it follows that

ol = | |wllf(w)ldw

Rn

lwl| fi(w)Pdw

1 YR

J

Ms nMs ﬁ‘ —

f IV fi(w)dw

.
I
—_

f IV fi(n)Pdt

C ﬁfj(t)

- %
L I

N
3
[\)
~.
[N
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7T2 =1 k= R? atk
1 v v Op;(1)\2 p,(1)
‘HZ Rn( ity ) +piof 9 Jd
j=1 k=1
L iy 1m"fzam>
=— dt+ — () d
This completes the proof. O

The following lemma proves a form of uncertainty for f € L?>(R",R™) with the extra assumption
that (#) = 0 and (w) = 0. The main result of Theorem 2.3 can be derived easily from the following
lemma.

Lemma 2.2. Let f = (fi, fo, , fu) € L*R",R™) with ||fll. = 1, and write fi( = pj(t)e‘/’f(t),
J=1,2,---,m. Suppose that (t) = 0, (w) = 0, Vp;(t), Vo), and V[fi(t) all exist, and that
Uy £ € LARY), j=1,2,--- ,m, k=1,2,--- ,n. Then

ot

2 nm
2 2 n 1 Z 0pj oo 20
> + — te—=\f;"dt]".
g,0; 2 1672 472 [ jl;n £ | k 6tk ”fjl ] (22)

=1
If L are continuous and p; # 0 almost everywhere, then the equality of (2.2) holds if and only if
fi(t) — dje—/hlt|2/2€%/12 ZZ=1(—1)M§ + C, ] — 1’ ..M. (23)

Here, A, ;,, and {d; } L, are positive real numbers, while {{;};_, are positive integers.

Proof. By Lemma 2.1, it follows that

2
e 5 [ [ 5 Soucupa
J= 1 k=1 ] k=1
— dt tlP1filPdr.
W;ﬂﬁ (50 L;Hmm

So, in order to prove (2.2), we could prove two separate inequalities. The first inequality can be proved

as follows:
op;
2« j 2
i f Z t"pf‘”' z(f ,, Z 'atk”t"lp i)
2
10 fn Z dt fRn § a1 f;(O)Pdt.

(2.4)

Equality (2.1) shows that

1)
fZl‘ka ’dt——§f|p,|2dr
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Thus,

6p, f 2112
|7l 71 f51"dt
f kZ] (9fk Rn kZJ:
@|——Z lojl *dt|*

( If Pdr)®

162

I’l2

T

The second inequality holds because of

690 m n
w0 s Lo |3 e
J=1 k= j=1 k=1

S Z|—||tk|p,dr>
—( f Z|—tk| ey
s

By (2.5) and (2.6), inequality (2.2) follows.

(2.5)

(2.6)

Next, we discuss the conditions such that the equality of (2.2) holds. The second inequality of (2.4)

is going to be an equality if and only if there exists 4; € R with 4; > 0 such that

Opj .
|a—]|— Altdej, k=1,...,n, j=1,...,m,
I

for all t € R". The first inequality of (2.4) is going to be an equality if and only if either

O j :
6_1/‘,(:/11tkpj(t)’ k=1,...,n, ]:1,...,m
or
00 ;
Bl o Ao ) k=1,.m, j=1,....m
oty

is true. If the first one is true, it follows that
pi0) =d;i e j =1, m.

Obviously, the function p;(f) = d;e"""/? is not in L*(R"). Therefore, we must have

dp; B .
— =-Ainp(®), k=1,...,n, j=1,....m
oty
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and then

—1d%/2
2

pit) =dje j=1,...,m.

Here, d; are positive real numbers.
The equality of (2.6) holds if and only if there exists 4, € R with 4, > 0 such that

3%‘ )
pj|a_|:/12|tk|pjakzl,"'?”v J:17'-',m’
Ik

for all r € R". Since p;(f) # 0 almost everywhere and since O, are continuous for k£ = 1,...,n,

o
j=1,...,m, we have

Op;
— | =, k=1,...,n, j=1,...,m.
lﬁtk 2|8l n, j m

When k£ = 1, we have

0p;

— =+t

ar, 2t
Thus,

1,
@i(t) = iiﬂztl +Ci. 2.7)

When k = 2, we have

Oy,

—= =+ . 2.8

o 2t (2.8)

Plugging (2.7) into (2.8) implies that
15
C, = ii/btl + C,,
and then
1o, 1.5,
QOJ(I) = ii/lztl + E/lzlz + C,.

Continue this process, when k = n, we have
@) = (=D %/lzt% + (—1)52%@% +oeee (—1)@%@5 +C,
where ¢, ..., ¢, are positive integers. Combining the formulas of p; we have obtained, then
Fit) = pi(0)e¥1 = djem M Rer e T L 0 =1 m,

Therefore, the equality of (2.2) holds if and only if every f;(¢) is in one of the forms of (2.3). This
completes the proof. O

AIMS Mathematics Volume 9, Issue 5, 12494-12510.



12501

By Lemma 2.2, we can prove a form of uncertainty principle for f € L*(R",R™) without the
assumption that () = 0 and (w) = 0, which is the main result of this section. In the proof of the
following theorem, the notations p%, ¢%, (1), (W), o, and o7, represent the corresponding notation
with respect to the function g.

Theorem 2.3. Let f = (fi, f. -+, fu) € LR, R™) with ||fll, = 1, and write fi(t) = pj(t)e*?,

J=1,2,--- ,m. Suppose that Vp;(t), Vo,(t), and V fi(t) all exist and g’t(t), tefi(t) € L*R"), j=1,2,-+-- ,m
k=1,2,---,n. Then

2

ﬁd2£ﬁ+ AZfWrmm——MMWWW] (2.9)

2
4 o

If L are continuous and p; # 0 almost everywhere, then the equality of (2.9) holds if and only if

Fi(t) = i@ g gml- OF2p3 b B CD* G 4 ) f=1,.. . m

Here, A, 4;,, and {d; } L | are positive real numbers, while {{,}]_, are positive integers.

Proof. Now the quantities (#) and (w) are not 0. Let
—2nil “{w it
gj(t) —e 2mi(t+(t)) )f‘j(t + (Z)) - pf(t)e Qﬂj(f)’

for j=1,2,--- ,m. Then g = (g1, ...,8n) € L>*(R",R™). The mean of time ¢ of the signal g is

W=, [ ulgofa
- R~

f wlfit + )Pdt
-

Il
M T

j=1

}lfm%mmmWr

:ZLﬁWW“WZLﬁWm

J=1 J=1

3

3

=0.
Also, it is straightforward to obtain that

gi(w) = O fi(w + (w)),

and then
(i) = 0.
Therefore, the vector-valued function g satisfies the conditions of Lemma 2.2. Then we have
2 nom
g 2
L) = 165+ f,ZZ'fk ot ”gf al .10)

J=

AIMS Mathematics Volume 9, Issue 5, 12494-12510.
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Because of

fR ,1 tPlg (OPdt = f e~ (tPIf(OPdt

R

and
f w18 (w)Pdw = f i = (W FHw)Pdw,
Rn Rn
we have (0%)? = 02 and (0%,)* = o2 Also, since

gl = llfll2 =1

and

n

L Og(n) dp;
fR gl = f D1t = )G = 2mwlpj (.

k=1 R %=1

we obtain (2.9), which is

n
n? 1

[

0_20_2 >

+_
e = 16n2  4n?

2 | = G = 2naei ot

=1 j=1 Y}

The equality of (2.9) holds if and only if the equality of (2.10) holds. By Lemma 2.2, the equality
of (2.10) holds if and only if

gt = dje_ﬂ‘mz/ze%ﬂ2 T 4
By the relationship between f and g, i.e.,
fiD) = g (1 — (1),
the equality of (2.9) holds if and only if
£i(t) = @ g o= MI=OF 230 B, VRGP ¢
This completes the proof. O
3. Fourier gradient and uncertainty principle

In this section, we go back to the situation of m = 1. The so called Fourier phase and amplitude
derivatives of f € L?>(R") are defined. Because, in general, the signal functions may not have ideal
smoothness conditions, such as that Vp, Vg, and V£ all exist, which are assumed in Theorem 1.3.
Lemma 3.1 guarantees that the Fourier transform derivative of f € L*(R) is valid once ¢£(f), w f (w) €
L*(R). This lemma is also fundamental for Definition 3.2.

AIMS Mathematics Volume 9, Issue 5, 12494-12510.
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Lemma 3.1. [4] Assume that (1), tf(t), and wf(w) € L*(R). Then f € L'(R), and f(¢) is almost
everywhere equal to a function in Co(R). Moreover, there exists the Fourier transform derivative
(Df)(®) € LAR) of f such that (Df)Nw) = iwf(w) € LA(R) and

lim I:O la™ (f(t + @) = f() = (DAYOPdt = 0.
Therefore,
lim inf la”™! (f(t + @) = () = (D)D) = 0
holds almost everywhere on R. If, in particular, f has classical derivatives f” almost everywhere on R,

then (Df)(t) = f" almost everywhere on R.

It is worth noting that the definition of the Fourier transform in [4] is slightly different from our
definition. They define the Fourier transform of f to be

A

flw) = \/%7 I : f(He ™“dt.

However, we define the Fourier transform by (1.2). Under our definition, f’(w) = 2miw f (w), and then
the definition of Fourier derivative should be slightly changed. It should be a function (Df)(¢) € L*(R)
such that (Df)"(w) = 2riw f (w). Now we can introduce our definition of the Fourier partial derivative.

Definition 3.2. Let f € L*R"). If t;f(t), w;f(w) € L*R"), j = 1,....n, and denote
gj(w) =2riw; fw), j = 1,...,n. Then the Fourier transform partial derivative of f with respect
to t; is defined by

D;f(1) := F~(g))0).
Here, # 7! is the inverse Fourier transform operator.

Call Vg := (D4, D,,-- -, D,) the Fourier gradient operator, and we have
Vﬁ‘"f = (le’DZf"" ’an)'

Definition 3.3. Lez f(t) € L*(R"). Suppose that w;f(w) € L*(R"), j = 1,...,n. Rewrite f(t) = p(t)e*?.
The Fourier transform phase and amplitude derivatives are defined to be

(Djp)(®) = p(HRe (D}ﬁm’ if f(t)y #0,
0, if £(1) = 0,

and

(Djp)(t) := Im (Df?g(t)’ if (1) #0,
] 0, if £(t) = 0.

Here, j=1,...,n.

AIMS Mathematics Volume 9, Issue 5, 12494-12510.
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The following lemma proves that f(¢) is identical with an absolutely continuous function almost
everywhere. It is crucial in one proof, which concerns the uncertainty principle studied by the Fourier
transform of [4].

Lemma 3.4. [4] Assume that 1 < py <2, 1 < p, <2, f(t) € L""(R), and h(w) = iwf(a)) e LP2(R).
Let

g(t)=f(Df)(u)du+f(a),

where a is a Lebesgue point of f. Then f(t) is identical almost everywhere with the absolutely
continuous function g(t), and

(Df)(t) = g'(¢) for almost all t € R.

The following lemma generalizes Lemma 3.4 to a higher dimensional case.

Lemma 3.5. Assume that f(t) € L*(R"), and hj(w) = iw;f(w) € L*(R"), j=1,...,n. Let
n £
s =>" f DifNar.....uj.....a)du; + f(a),
j=1 Yai
where a is a Lebesgue point of f. Then f(t) is identical almost everywhere with g(t), and
og n .
(D)) = g(t)for almostallt e R" and j=1,...,n.

J

Moreover, g is absolutely continuous in each argument.

Proof. Leta = (ay,...,a,) be a Lebesgue point of f. It can be observed that

glai,....tj,...,a,) = f.',(Djf)(al,...,uj,...,an)duj+f(a).

By Lemma 3.4, f(ay,...,tj,...,a,) is identical almost everywhere with the absolutely continuous
function g(ay, ..., tj,...,a,), and
dg
(Djf)ai,... tj,...,a,) = E(al,...,tj,...,an) for almost all #; € R.
J

Then we have g(a) = f(a) and
_ 9 .
(D;f)a) = atj(a), ji=1....n

Since the points of R” are almost everywhere Lebesgue points of f, we conclude that g(r) = f(7)
almost everywhere; meanwhile,

B
(D, f)(0) = a—g(r) for almostall 7 € R” and j = 1,...,n.

J

This completes the proof. O

AIMS Mathematics Volume 9, Issue 5, 12494-12510.
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In the following lemma, the variance of w, which is o2, of a signal function is represented by its
Fourier phase and amplitude derivatives.

Lemma 3.6. Assume that f(t) € L>(R"), and hj(w) = ia)jf(a)) e L*(R"), j=1,...,n Then

1 1
0= | WapP+ 5 | IVre) - 2n()Pp(rydt.
4n? Jgn 4n? Jgn

Proof. Since f(¢) € L*(R") and w,f(w) € L*(R"), j=1,...,n, o2 is well defined. By the definition of
o2, we know that
DY f o = (Ol fw)Pdw.
k=1 YR
For each fixed k, we obtain that
i = (w1 f ()P dw

R)‘l

_ fR (@ = W f(@)wi — () flwidw

= f [2_—’<Dkf>(t) — (W O = (D)D) — () f(Ddt
pn 2T 2r

The last equality follows from the Plancherel theorem, which states that || f llz2 = |[fllz2, see [12, p.156]
for details. Also,

f [ (DL ) = @0 FI (D)~ o)
jn 2T 2r

(D YDt + — | (wdDif)fdr — — f (W) fDrfdt + f (wlfd
§

:4_7'[2 R~ 27'[ R” 271' R®

1 D w _
- Iif|2|f|2dr—ﬂ f Im[(D )1+ | (I fPdr,
4n RN\E f T R~ RY

where E := {t € R" : f(t) = 0}. Then we have

A 1 D _
o — (woPlf@Pdw = — [ [2LPyppar - 2 f Im[(Df)fdr + f (Pl
RO\E f T R? R?

R” 4r 2

1 Dkfz 2
waw'_l \fPdi

1 2 (D)) ) 1 f (Dkf)(t) )
4,,2 o e [——— ) f@ldr + 3 . m?[— 0 WF Pt

1
G | PwrDdi+ o5 | (DepyOlf @ dr

Because of

AIMS Mathematics Volume 9, Issue 5, 12494-12510.
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and

(@) f ml(Df)f1de = 2 f (D) OIf (P
T R% R%
It follows that

|lwi — (WP f(w)Pdw

Rn

"1 ). (ka)de > (D @)’|fPdt ~ o f (Dip)| fPdt + f (wi)’|fPPdr
TT 4 T R? R®
1 1

=12 Rn(DkP)zdt"‘ v (Dkgo)—2n<wk>]2| fidt.

Therefore we obtain that

ol = f lwi — (w1 f(w)Pdw
k=1 YR"

1 n
=@Z f (DkP)ZdH—Z f [(Drg) — 2w | fPdt
k=1 VR "

1
—i [ 1RO+ o5 [ PO 00 - 2P
4 R” A R?

Then, we have finished the proof. O

Theorem 3.7. Let f € L2(R") with ||fll, = 1. Suppose that t;f(1), w;f(w) € L*R"), j=1,...,n. Write
f(@) = p(1)e?, then

2 n
2 2 n 1 2 2
ol 2 et 4ﬂ2[; fR It = <) (Dup(t) = 2 Dl* (D] (3.1)
Under the extra assumptions that f(f) = p(£)e'*® has the classical partial derivatives 2L az , gf, gg for

j=1,...,n, where g are continuous and p is non-zero almost everywhere, then the equality of (3.1)

is attamed if and only if f(t) has one of the following 2" forms:

F(1) = dye IR 50 T DR erdmin) 1 [ 2 .. g

where 1; > 0, 1, > 0, {; € N, and d,, A, satisfy equation d” \/i 1.

Proof. By Definition 1.2, the variance of time is

?=; f e = PP dr = fR It = @Ppted.

Here, in our considering section, m = 1. Lemma 3.6 provides that
1 1
o0 =15 f V2pP(0) + — f POV 7(0) - 2n(w) dr.
471- Rn 47T Rn

AIMS Mathematics Volume 9, Issue 5, 12494-12510.
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In order to prove inequality (3.1), it suffices to prove two separate inequalities. The first one is

2 N2 1 2 n’
(MwmmmmwgwmmmMzmﬂ 3.2)
and the second one is
1
( f |t — <t>|2/0(t)2dt)(4—2 f POV z¢(t) - 2r(w)[dt)
R 7/ R
1 & ) 3.3)
ZR[; N |(# — BN (D) = 27N> (Ddt]”.
It is obvious that (3.2) is equivalent to (3.4)
2
(| lt=@Fp@)y’dr) f IV zpl(t)dr) > nz, (3.4)
er Rn
and that (3.3) is equivalent to (3.5)
([ lt- <t>|2p(t)2dl)(f P (DIV (1) — 2m(w)|*dr)
R R”
3.5)

213 | = @Dy - 2o’ ]’
k=1

Now, we prove (3.4). By Lemma 3.5, we may assume that g(¢) is a function that is equal to f(¢)
almost everywhere and is absolutely continuous in each argument. Let M,, and N, be two particular
sequences of numbers tending to infinity as n — co. In the following computation, let (¢', #;) represents
the tuple (¢4, ..., t, ..., ;). Then we have

n’ _n 52
y _[E N |f(0)I"dt]
=[

n
2
n Mo
41f1MJ1@mmWwﬁ
2 Ro-1 M=o
1 n My 5 5
={5 f limf le(', t)|"dtdt’}
2 ; Rn-1 M—® —Ny,
M ag

1 ¢ , , , _ ) ,
=2, fR  lim = g, 0 = Tim | = )5 020 + g5 @drdr )

lg(t)Pdr)’
Rn

~N, k

= l Y ) - % 0 a_g N2
= 2, fR | - wen + 3 onanar)

0 0
(1 — <rk>)[a—i<r>g<r) + g(l)a—i(f)]df}z

1
:{EZ

n
=1 YR
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1 _ -
(3 3 [ = D00 + SO

k=1 YR”

I ¢ L (DD DD,
=(= - S0
{2](:1 fR n\E(tk ENFOIT 0 + I 1dt}

¢ D
= (1 = DI OIFD Re LD g2

(1 — DI OIDep)0)dr)

0 ‘[R”\E @
J

={ f (t =IO (Vzp)(D)dt)?
R

< | = np@Pde | IVzpl0dr,

- RV! R}l
where E = {t e R" : f(¢) = 0}.
By Holder’s inequality of vector-valued functions [9], it implies that

> fR Ite = EMIDep(t) = 2N ()t
k=1 YR
<[ f O i = O IDwp(t) = 2x(eo D))o (et
R k=1 k=1

< f Dl = <e)Pp* ()t f D IDep(t) = 2m(i))Pp (D)t
R =1 R k=1

= fR n It — ()P p(t)dt f npz(t)lvysa(t)—27r<w>|2dt.

Thus we proved (3.5). Therefore, inequality (3.1) holds.
It is not hard to verify that the 2" types of functions in the statement of the theorem make (3.1)
equalities. When we consider the necessity of the 2" types, we assumed that the classical partial

. of do & . . P . .
derivatives a—{, =2, 2 for j = 1,...,n all exist, 3£ are continuous, and p is almost everywhere non-
J J J J

zero. In this case,
Vze(t) = V(1) and V zp = Vp.

The same proof as in that of Theorem 1.3 is valid. O
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