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1. Introduction

Fixed point (FP) theory has been applied in many domains of science, including approximation
theory, biology, chemistry, dynamic systems, economics, engineering, fractals, game theory, logic
programming, optimization problems, and physics. Undoubtedly, the FP theory is an active area in
mathematics and beautifully combines analysis, topology, and geometry. In the past few decades,
it has been clear that the FP theory is a very effective and significant instrument for investigating
nonlinear processes. Its application relies on the existence of solutions to mathematical problems
that are based on the contraction principle. After Banach [1] presented his principle, the FP theory
approaches became more successful and appealing to scientists, see [2–10].

Now, let’s start with the definition of FP and the Banach contraction principle.
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Let (W,D) be a metric space. A point ζ ∈ W is called a FP of a mapping S : W → W, if

S (ζ) = ζ.

Theorem 1. (Banach contraction principle) Let S be a self-mapping on a complete metric
space (W,D). If there exists a constant θ ∈ [0, 1) such that

D(S (ζ), S (ξ)) ≤ θD(ζ, ξ) (1.1)

for all ζ, ξ ∈ W, then S has a unique FP.

The term “nonexpansive mapping” refers to a mapping S satisfying the condition (1.1) for θ = 1.
Nonexpansive mappings emerged as a direct extension of the concept of contraction mappings initially
introduced by Banach [1]. In 1965, Browder [11] and Göhde [12] established an FP theorem for
nonexpansive mappings within uniformly convex Banach spaces.

In 1975, Zhang [13] introduced the broader category of mean nonexpansive mappings,
encompassing nonexpansive mappings, and demonstrated the existence and uniqueness of FPs for
this class of mappings within Banach spaces exhibiting normal structural properties.

Definition 1. [13] Let (W,D) be a metric space. A mapping S : W → W is called mean nonexpansive
if there exist α, β ≥ 0 with α + β ≤ 1 such that

D(S (ζ), S (ξ)) ≤ αD(ζ, ξ) + βD(ζ, S (ξ)), ∀ζ, ξ ∈ W. (1.2)

In a recent development, Mebawondu et al. [14] introduced the notion of T -mean nonexpansive
mapping within the framework of metric spaces. Subsequently, they provided rigorous proof
establishing the existence of a unique FP for this particular mapping.

Definition 2. [14] Let T, S be self-mappings on a metric space (W,D). S is said to be a T-mean
nonexpansive mapping if there exist α, β ≥ 0 with α + β ≤ 1 such that

D(T (S (ζ)),T (S (ξ))) ≤ αD(T (ζ),T (ξ)) + βD(T (ζ),T (S (ξ)), ∀ζ, ξ ∈ W. (1.3)

Remark 1. If we take T = I, where I is the identity function, in (1.3), then we obtain that S is a mean
nonexpansive mapping defined by (1.2).

Also, Mebawondu et al. [14] presented the following example with T -mean nonexpansive mapping
but not mean nonexpansive mapping in metric spaces.

Example 1. [14, Examples 2.1 and 2.2] (i) Let W = [1,∞) and D(ζ, ξ) = |ζ − ξ| for all ζ, ξ ∈ W. Let
T, S : W → W be defined by T (ζ) = 1 + ln ζ and

S (ζ) =

{
10
√
ζ, if ζ , 2,

1, if ζ = 2.

(ii) Let W = [0, 2] and D be as in (i). Let T, S : W → W be defined by

T (ζ) =

{
1 − ζ, if ζ ∈ [0, 1],
2 − ζ, if ζ ∈ (1, 2],
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and

S (ζ) =

{
1, if ζ ∈ [0, 1),
2, if ζ ∈ [1, 2].

Then, in the above examples, S is T-mean nonexpansive, but not mean nonexpansive.

The oldest known iteration method is the Picard iteration, which is used in the Banach
contraction principle. In 2009, Morales and Rojas [15] offered a novel iteration scheme called the
T -Picard iteration, which is defined as follows.

Definition 3. [15] Let T, S be self-mappings on a metric space (W,D) and ζ0 ∈ W. The sequence
{T (ζn)} ⊂ W defined by

T (ζn+1) = T (S (ζn)) = T (S n(ζ0)), n ∈ N0 = N ∪ {0} (1.4)

is called the T-Picard iteration associated with S .

Remark 2. If we take T = I in (1.4), then we obtain the Picard iteration.

Another domain where FP theory can be extended pertains to spatial considerations. Recently,
significant advancements have been made in this direction, particularly within the realm of metric
spaces. The concept of b-metric space was introduced by Bakhtin [16] and Czerwik [17] in different
periods. In a different line of development, Matthews [18] introduced the notion of partial metric space
and adapted the Banach contraction principle for applications in program verification.

In 2012, Amini-Harandi [19] introduced the concept of metric-like space, wherein a point’s self-
distance need not be equal to zero. Within these novel spaces, Amini-Harandi [19] presented various
FP theorems that extended and enhanced existing results in both partial metric and b-metric spaces.
Subsequently, in the following year, Alghamdi et al. [20] introduced the notion of b-metric-like space,
thereby generalizing the concepts of b-metric and metric-like spaces, and established various associated
FP results. Since then, numerous outcomes related to FPs of mappings under specific contractive
conditions within these spaces have been obtained, as exemplified by works such as [21–24].

Motivated by these seminal results, we investigated the existence and uniqueness of FPs for T -mean
nonexpansive mappings and provided a stability theorem for T -Picard iteration within the framework
of b-metric-like spaces. Furthermore, we explored the existence and uniqueness of solutions to the
Fredholm-Hammerstein integral equations on time scales as an application of our primary theorem.
Finally, we presented two illustrative numerical examples from different time scales. It is noteworthy
that our results were significant as they generalized the corresponding findings within b-metric and
metric-like spaces, both of which are special instances of b-metric-like spaces.

2. Preliminaries

2.1. Some basic definitions in b-metric-like spaces

In this subsection, several well-known definitions and two lemmas in b-metric-like spaces are listed.

Definition 4. [20, Definition 2.4] Let W be a nonempty set and k ≥ 1 be a given real number. A
function Dbl : W ×W → R+ is b-metric-like (in brief, bl) if the following conditions are satisfied:

(Dbl1) Dbl(ζ, ξ) = 0 =⇒ ζ = ξ (indistancy implies equality);
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(Dbl2) Dbl(ζ, ξ) = Dbl(ξ, ζ) (symmetry);
(Dbl3) Dbl(ζ, ξ) ≤ k[Dbl(ζ, η) + Dbl(η, ξ)] (weakened triangularity)

for all ζ, ξ, η ∈ W. The pair (W,Dbl) is called a bl space.

In a bl space (W,Dbl), if ζ, ξ ∈ W and Dbl(ζ, ξ) = 0, then ζ = ξ; but the converse may not be true
since Dbl(ζ, ζ) may be positive for some ζ ∈ W.

Remark 3. As it is excepted, each bl space forms a metric-like space by letting k = 1. On the other
hand, every b-metric space is a bl space with the same parameter k. Hence, the class of bl spaces is
bigger than the class of metric-like spaces (see [19]) or b-metric spaces (see [17, 25–27]). However,
the inverse implications are not true in general.

Example 2. [20, Examples 2.5 and 2.6] Let W = [0,∞). Define a function Dbl : W2 → [0,∞) by
Dbl(ζ, ξ) = (ζ + ξ)2 or Dbl(ζ, ξ) = (max {ζ, ξ})2. Then (W,Dbl) is a bl space with the parameter k = 2.
Clearly, (W,Dbl) is not a b-metric space or metric-like space.

Definition 5. [20, Definition 2.9] Let (W,Dbl) be a bl space, {ζn} be a sequence in W, and ζ ∈ W. We
say that

(i) {ζn} is said to be a convergent sequence if limn→∞ Dbl(ζn, ζ) = Dbl(ζ, ζ) and a Cauchy sequence
if limn,m→∞ Dbl(ζn, ζm) exists and is finite;

(ii) (W,Dbl) is called complete if, for every Cauchy sequence {ζn} in W, there exists ζ ∈ W such that
limn,m→∞ Dbl(ζn, ζm) = Dbl(ζ, ζ) = limn→∞ Dbl(ζn, ζ).

Remark 4. In a bl space, the limit for a convergent sequence is not unique in general. However, if {ζn}

is a Cauchy sequence with limn,m→∞ Dbl(ζn, ζm) = 0 in the complete bl space (W,Dbl), then the limit of
such a sequence is unique. Indeed, in such a case, if ζn → ζ (Dbl(ζn, ζ) → Dbl(ζ, ζ)) as n → ∞ we get
that Dbl(ζ, ζ) = 0.

In 2009, Beiranvand et al. [28] defined the concept of sequentially convergent mapping in metric
spaces. Following this, many researchers have worked on this concept (see [14, 29–32]). Inspired by
these results, we provide the following definition in bl spaces.

Definition 6. Let (W,Dbl) be a bl space. A mapping T : W → W is said to be sequentially convergent
if we have, for every sequence {ξn} , if {T (ξn)} is convergent then {ξn} is also convergent.

Lemma 1. [33, Lemma 1.10] Let T be a self-mapping on a bl space (W,Dbl). If T is continuous at
u ∈ W then, for every sequence {ζn} in W such that ζn → u, we have T (ζn)→ T (u), that is,

lim
n→∞

Dbl(T (ζn),T (u)) = Dbl(T (u),T (u)).

In 2023, Calderón et al. [34] studied the concept of (T, S )-stability in metric spaces. Now, we define
this concept in the setting of bl spaces as follows.

Definition 7. Let T, S be self-mappings on a bl space (W,Dbl) and ζ∗ be the FP of S . Let {T (ζn)} be a
sequence generated by an iteration scheme, that is,

T (ζn+1) = h(T, S , ζn), n ∈ N0, (2.1)
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where ζ0 ∈ W is the initial point and h is a function. Assume that {T (ζn)} converges to T (ζ∗). Let
{T (ξn)} ⊂ W be an arbitrary sequence, and set ρn = Dbl(T (ξn+1), h(T, S , ξn)), n ∈ N0. Then, the
iteration scheme (2.1) is said to be (T, S )-stable if and only if

lim
n→∞

ρn = 0⇐⇒ lim
n→∞

T (ξn) = T (ζ∗).

If we take T = I in Definition 7, it is reduced to the concept of the stability of an iteration scheme,
which was defined by Harder and Hicks [35].

Lemma 2. [36, p. 14] Let {ξn}, {ρn} be sequences of non-negative numbers and 0 ≤ θ < 1, so that

ξn+1 ≤ θξn + ρn,

for all n ∈ N. If limn→∞ ρn = 0, then limn→∞ ξn = 0.

2.2. Basic information on time scales

In 1988, Hilger [37] introduced the theory of time scales, which has recently garnered a lot of
attention, in his Ph. D. thesis to unify continuous and discrete analysis. In this subsection, we will go
over several fundamental concepts related to time scales.

Definition 8. [38] A time scale TS is an arbitrary, nonempty, and closed subset of the real numbers R.

The forward and backward jump operators are defined by ω(t) = inf{s ∈ TS : s > t}, and τ(t) =

sup{s ∈ TS : s < t}, respectively, where inf ∅ = supTS and inf TS = sup ∅. The graininess function
µ : TS → [0,+∞) is defined by µ(t) = ω(t) − t.

The classification of points on the time scale TS is possible with the jump operators.

Definition 9. [38, Definition 1.1] A point t ∈ TS is said to be right-dense if ω(t) = t, right-scattered
if ω(t) > t, left-dense if τ(t) = t, left-scattered if τ(t) < t, isolated if τ(t) < t < ω(t), and dense if
τ(t) = t = ω(t).

In the following definition, the set TκS that will be needed in the delta derivative is given.

Definition 10. [38] The set TκS is defined as follows:

TκS =

{
TS\(τ(supTS), supTS], if supTS < ∞,

TS, if supTS = ∞.

Definition 11. [38, Definition 1.10] Assume f : TS → R is a function and fix t ∈ TκS. The delta
derivative (also Hilger derivative) f ∆(t) exists if, for every ε > 0, there exists a neighbourhood U =

(t − δ, t + δ) ∩ TS for some δ > 0 such that∣∣∣[ f (ω(t)) − f (s)] − f ∆(t)[ω(t) − s]
∣∣∣ ≤ ε |ω(t) − s| for all s ∈ U.

Proposition 1. [38] Let f : TS → R be a function and t ∈ TκS. If f is continuous at t and t is
right-scattered, then f is differentiable at t with

f ∆ (t) =
f (ω(t)) − f (t)

µ(t)
.
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Remark 5. [38] (i) If TS = R, then f ∆(t) = f ′(t) is the derivative used in the standard calculus.
(ii) If TS = Z, then f ∆(t) = f (t + 1) − f (t) = ∆ f (t) is the forward difference operator used in

difference equations.

Definition 12. [38, Definition 1.1] A function f : TS → R is called rd-continuous if it is continuous at
all right-dense points in TS and its left-sided limits exist (finite) at all left-dense points in TS.

If f is rd-continuous, then there exists a function F such that F∆(t) = f (t) (see [38, Theorem 1.74]).
In this case, the (Cauchy) delta integral of f is defined by∫ e

d
f (t) ∆t = F(e) − F(d) for all d, e ∈ TS.

Remark 6. [38] (i) If TS = R, then ∫ e

d
f (t) ∆t =

∫ e

d
f (t) dt

is the Riemann integral used in the standard calculus.
(ii) If TS = Z, then

∫ e

d
f (t) ∆t =

e−1∑
t=d

f (t) for all d, e ∈ Z with d < e.

Lemma 3. [39] (Cauchy-Schwarz inequality) Let f , g : TS → R be two rd-continuous mappings. For
all d, e ∈ TS with d ≤ e, we have

∫ e

d
| f (t)g(t)| ∆t ≤

√{∫ e

d
| f (t)|2 ∆t

}
.

{∫ e

d
|g(t)|2 ∆t

}
.

Proposition 2. [40] Let d and e be arbitrary points in TS.
(i) Every constant function f (t) = c (t ∈ TS) is ∆-integrable from d to e and

∫ e

d
c ∆t = c(e − d).

(ii) If f and g are ∆-integrable on [d, e) and f (t) ≤ g(t) for all t ∈ [d, e), then∫ e

d
f (t) ∆t ≤

∫ e

d
g(t) ∆t.

(iii) If f is ∆-integrable on [d, e), then | f | is ∆-integrable on [d, e) and∣∣∣∣∣∫ e

d
f (t) ∆t

∣∣∣∣∣ ≤ ∫ e

d
| f (t)| ∆t.

(iv) If f and g are ∆-integrable on [d, e), then their product f .g is ∆-integrable on [d, e).

We recommend the reader to [38,41–43] for more information on time scales and their applications.
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3. Some FP and stability results for T-mean nonexpansive mappings

Let’s start this section with an example of T -mean nonexpansive mapping, which doesn’t mean
nonexpansive in a bl space with the same constants.

Example 3. Let W = [0, 1] and Dbl(ζ, ξ) = (max {ζ, ξ})2 for all ζ, ξ ∈ W. Then (W,Dbl) is a bl space
with the parameter k = 2. Let T, S : W → W be defined by

T (ζ) =

{ 3ζ
8 , if ζ ∈ [0, 1),

0, if ζ = 1,

and

S (ζ) =

{
1, if ζ ∈ [0, 1),
0, if ζ = 1.

Let α = 0 and β = 1. Then, we get

Dbl(T (S (ζ)),T (S (ξ))) = 0 ≤ αDbl(T (ζ),T (ξ)) + βDbl(T (ζ),T (S (ξ)))

for all ζ, ξ ∈ W. As a result, S is T-mean nonexpansive. To demonstrate that S does not mean
nonexpansive, we assume that ζ = 0 and ξ = 1. In this case, we have

Dbl(S (ζ), S (ξ)) = 1 > 0 = 0.1 + 1.0 = αDbl(ζ, ξ) + βDbl(ζ, S (ξ)).

Hence, S does not mean nonexpansive.

Now, let’s give the FP result of the paper.

Theorem 2. Let (W,Dbl) be a complete bl space and T : W → W be a continuous, one-to-one,
and sequentially convergent mapping. If S : W → W is a T-mean nonexpansive mapping such that
k (α + 2βk) < 1, then S has a unique FP. Morever, the sequence {T (ζn)} defined by (1.4) converges
strongly to T (ζ∗), where ζ∗ is the FP of S .

Proof. Using (1.3), (1.4), and (Dbl3), we get

Dbl(T (ζn+1),T (ζn)) = Dbl(T (S (ζn)),T (S (ζn−1)))
≤ αDbl(T (ζn),T (ζn−1)) + βDbl(T (ζn),T (S (ζn−1)))
= αDbl(T (ζn),T (ζn−1)) + βDbl(T (ζn),T (ζn))
≤ αDbl(T (ζn),T (ζn−1)) + βk[Dbl(T (ζn),T (ζn−1)) + Dbl(T (ζn−1),T (ζn))]
= (α + 2βk)Dbl(T (ζn),T (ζn−1)). (3.1)

Also, we obtain

Dbl(T (ζn),T (ζn−1)) = Dbl(T (S (ζn−1)),T (S (ζn−2)))
≤ αDbl(T (ζn−1),T (ζn−2)) + βDbl(T (ζn−1),T (S (ζn−2)))
= αDbl(T (ζn−1),T (ζn−2)) + βDbl(T (ζn−1),T (ζn−1))
≤ αDbl(T (ζn−1),T (ζn−2)) + βk[Dbl(T (ζn−1),T (ζn−2)) + Dbl(T (ζn−2),T (ζn−1))]
= (α + 2βk)Dbl(T (ζn−1),T (ζn−2)). (3.2)
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Substituting (3.2) into (3.1), we have

Dbl(T (ζn+1),T (ζn)) ≤ (α + 2βk)2Dbl(T (ζn−1),T (ζn−2)),

and inductively, we get

Dbl(T (ζn+1),T (ζn)) ≤ (α + 2βk)n−1Dbl(T (ζ2),T (ζ1)). (3.3)

Furthermore, for n > m, we have

Dbl(T (ζm),T (ζn)) ≤ k
[
Dbl(T (ζm),T (ζm+1)) + Dbl(T (ζm+1),T (ζn))

]
≤ kDbl(T (ζm),T (ζm+1)) + k2 [

Dbl(T (ζm+1),T (ζm+2)) + Dbl(T (ζm+2),T (ζn))
]

...

≤ kDbl(T (ζm),T (ζm+1)) + k2Dbl(T (ζm+1),T (ζm+2))
+... + kn−m−1Dbl(T (ζn−2),T (ζn−1)) + kn−mDbl(T (ζn−1),T (ζn)). (3.4)

Now, (3.3) and (3.4) imply that

Dbl(T (ζm),T (ζn)) ≤ [k (α + 2βk)m−1 + k2 (α + 2βk)m + k3 (α + 2βk)m+1

+... + kn−m (α + 2βk)n−2]Dbl(T (ζ2),T (ζ1))
= k (α + 2βk)m−1 [1 + k (α + 2βk) + (k (α + 2βk))2

+... + (k (α + 2βk))n−m−1]Dbl(T (ζ2),T (ζ1))

≤
k (α + 2βk)m−1

1 − k (α + 2βk)
Dbl(T (ζ2),T (ζ1)).

It follows that {T (ζn)} is a Cauchy sequence with limn,m→∞ Dbl(T (ζn),T (ζm)) = 0 and since (W,Dbl) is a
complete bl space, there exists ξ0 ∈ W such that

lim
n→∞

Dbl(T (ζn), ξ0) = Dbl(ξ0, ξ0) = 0. (3.5)

Since the mapping T is sequentially convergent and the sequence {T (ζn)} is convergent, then the
sequence {ζn} is convergent. So, there exists ζ∗ ∈ W such that

lim
n→∞

Dbl(ζn, ζ
∗) = Dbl(ζ∗, ζ∗). (3.6)

Because T is continuous, by Lemma 1 and (3.6), we have

lim
n→∞

Dbl(T (ζn),T (ζ∗)) = Dbl(T (ζ∗),T (ζ∗)). (3.7)

From (3.5) and (3.7), we obtain ξ0 = T (ζ∗). So

Dbl(T (S (ζ∗)),T (ζ∗)) ≤ k
[
Dbl(T (S (ζ∗)),T (S (ζn))) + Dbl(T (S (ζn)),T (ζ∗))

]
≤ k[αDbl(T (ζ∗),T (ζn)) + βDbl(T (ζ∗),T (S (ζn)))] + kDbl(T (S (ζn),T (ζ∗))
= kαDbl(T (ζ∗),T (ζn)) + k(β + 1)Dbl(T (ζ∗),T (ζn+1))
→ 0 as n→ ∞.
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Therefore, Dbl(T (S ζ∗),T (ζ∗)) = 0, which implies that T (S (ζ∗)) = T (ζ∗). Since T is one-to-one, we
have that

S (ζ∗) = ζ∗.

Hence, ζ∗ is an FP of S . To show that ζ∗ is a unique FP of S , we suppose on the contrary that there
exists another FP, say ξ∗, such that ζ∗ , ξ∗. That is, S (ζ∗) = ζ∗ and S (ξ∗) = ξ∗. Thus, we get

Dbl(T (ζ∗),T (ξ∗)) = Dbl(T (S (ζ∗)),T (S (ξ∗)))
≤ αDbl(T (ζ∗),T (ξ∗)) + βDbl(T (ζ∗),T (S (ξ∗)))
= (α + β)Dbl(T (ζ∗),T (ξ∗)),

which implies that
(1 − (α + β))Dbl(T (ζ∗),T (ξ∗)) ≤ 0.

Since k (α + 2βk) < 1 and k ≥ 1, we have α + β < 1. That is, we obtain

Dbl(T (ζ∗),T (ξ∗)) = 0,

which implies that T (ζ∗) = T (ξ∗). Since T is one-to-one, we get ζ∗ = ξ∗. �

Remark 7. Theorem 2 can be regarded as an extension of Theorem 2.3 in [14] from a metric space to
a bl space.

If we choose T = I in Theorem 2, we obtain the below result, which is new in the literature.

Corollary 8. Let (W,Dbl) be a complete bl space and S : W → W be a mean nonexpansive mapping
with k (α + 2βk) < 1. Then S has a unique FP.

We obtain the following stability result using Definition 7.

Theorem 3. Under the hypotheses of Theorem 2, the sequence {Tζn} defined by (1.4) is (T, S )-stable.

Proof. Suppose that {T (ξn)} is an arbitrary sequence in W and ρn = Dbl(T (ξn+1),T (S (ξn))). Let
limn→∞ ρn = 0. Then, by (1.3) and (Dbl3), we obtain

Dbl(T (ξn+1),T (ζ∗)) ≤ k[Dbl(T (ξn+1),T (S (ξn))) + Dbl(T (S (ξn)),T (ζ∗))]
= k[Dbl(T (ξn+1),T (S (ξn))) + Dbl(T (S (ξn)),T (S (ζ∗)))]
≤ kρn + k(α + β)Dbl(T (ξn),T (ζ∗)).

By the assumption limn→∞ ρn = 0, it follows from Lemma 2 that limn→∞ T (ξn) = T (ζ∗).
Conversely, limn→∞ Dbl(T (ξn+1),T (ζ∗)) = 0. Then, using Lemma 2, we have

ρn = Dbl(T (ξn+1),T (S (ξn)))
≤ k[Dbl(T (ξn+1),T (ζ∗)) + Dbl(T (ζ∗),T (S (ξn)))]
= k[Dbl(T (ξn+1),T (ζ∗)) + Dbl(T (S (ξn)),T (S (ζ∗)))]
≤ kDbl(T (ξn+1),T (ζ∗)) + k(α + β)Dbl(T (ξn),T (ζ∗))
→ 0 as n→ ∞.

Therefore, {T (ζn)} defined by (1.4) is (T, S )-stable. �
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4. An application to the Fredholm-Hammerstein integral equations on time scales

The study of the existence and uniqueness of differential and integral equation solutions is essential
in exploring various types of nonlinear analysis and engineering mathematics. One of the most
important tools developed in this field is the FP method. Using the FP result in the previous part,
we investigated the existence and uniqueness of solutions for the Fredholm-Hammerstein integral
equations on time scales in this section.

First, let’s give the definition of the Fredholm-Hammerstein integral equation.

Definition 13. [44] A Fredholm-Hammerstein integral equation of the second kind is defined as

ζ(t) = f (t) + λ

∫ e

d
K(t, s)u (s, ζ(s)) ds, d ≤ t, s ≤ e, d, e ∈ R, (4.1)

where the kernel function K(t, s) and the function f (t) are given, the unknown function ζ(t) must be
determined, λ ∈ R is a non-zero constant, and the known function u is continuous and nonlinear respect
to the variable ζ. It is called homogeneous if f (t) = 0 for all t ∈ [d, e] in the Eq (4.1).

Now, we provide the homogeneous Fredholm-Hammerstein integral equation of the second kind on
the time scale as follows.

Definition 14. Let TS be a time scale with the delta derivative operator ∆, and let d, e ∈ TS. A
homogeneous Fredholm-Hammerstein integral equation of the second kind on the time scale TS is
defined as

ζ(t) = λ

∫ e

d
K(t, s)u (s, ζ(s)) ∆s, t, s ∈ [d, e]TS = [d, e] ∩ TS, (4.2)

where u : [d, e]TS × R → R and K : [d, e]TS × [d, e]TS → R are given functions, ζ : [d, e]TS → R is an
unknown function, and λ ∈ R − {0} is a parameter.

Let W = C
(
[d, e]TS

)
be the set of all real continuous functions defined on [d, e]TS . We endowed W

with the Dbl

Dbl(ζ, ξ) = sup
t∈[d,e]TS

(|ζ(t)| + |ξ(t)|)2 , ∀ζ, ξ ∈ W.

It was shown in [20, p. 21] that (W,Dbl) is a complete bl space with the parameter k = 2.
In the following theorem, we proved the existence and uniqueness of the integral Eq (4.2) on the

complete bl space C
(
[d, e]TS

)
.

Theorem 4. Consider the Fredholm-Hammerstein integral Eq (4.2) such that the functions K and u
are ∆-integrable on [d, e]TS . Assume that

(|u(t, ζ(t))| + |u(t, ξ(t))|)2
≤ (|ζ(t)| + |ξ(t)|)2 (4.3)

for all ζ, ξ ∈ C
(
[d, e]TS

)
and

sup
t∈[d,e]TS

(∫ e

d
K2(t, s) ∆s

)
≤ L, (4.4)

where L ∈
(
0, 1

2λ2(e−d)

)
is a constant. Then the Eq (4.2) has a unique solution in C

(
[d, e]TS

)
.
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Proof. We define the mappings T and S as follows:

T (ζ(t)) =
2
3
ζ(t)

and

S (ζ(t)) = λ

∫ e

d
K(t, s)u (s, ζ(s)) ∆s, t ∈ [d, e]TS .

Since the functions K and u are ∆-integrable, then, clearly S is a self-mapping on C
(
[d, e]TS

)
, that

is, S : C
(
[d, e]TS

)
→ C

(
[d, e]TS

)
. By the Cauchy-Schwarz inequality in Lemma 3, Proposition 2,

and (4.3), for all ζ, ξ ∈ C
(
[d, e]TS

)
, we obtain

(|T (S (ζ(t)))| + |T (S (ξ(t)))|)2 =

(∣∣∣∣∣2λ3
∫ e

d
K(t, s)u (s, ζ(s)) ∆s

∣∣∣∣∣ +

∣∣∣∣∣2λ3
∫ e

d
K(t, s)u (s, ξ(s)) ∆s

∣∣∣∣∣)2

≤
4λ2

9

(∫ e

d
|K(t, s)| . |u (s, ζ(s))| ∆s +

∫ e

d
|K(t, s)| . |u (s, ξ(s))| ∆s

)2

=
4λ2

9

(∫ e

d
|K(t, s)| .(|u (s, ζ(s))| + |u (s, ξ(s))|) ∆s

)2

≤
4λ2

9

(∫ e

d
K2(t, s) ∆s

) (∫ e

d
(|u (s, ζ(s))| + |u (s, ξ(s))|)2 ∆s

)
≤

4λ2

9

(∫ e

d
K2(t, s) ∆s

) (∫ e

d
(|ζ(s)| + |ξ(s)|)2 ∆s

)
≤

4λ2

9
sup

t∈[d,e]TS

(∫ e

d
K2(t, s) ∆s

)
(e − d) sup

t∈[d,e]TS

(|ζ(t)| + |ξ(t)|)2 ,

which implies that

sup
t∈[d,e]TS

(|T (S (ζ(t)))| + |T (S (ξ(t)))|)2
≤

4λ2

9
sup

t∈[d,e]TS

(∫ e

d
K2(t, s)∆s

)
(e − d) sup

t∈[d,e]TS

(|ζ(t)| + |ξ(t)|)2 .

Taking the advantage of (4.4), we have

sup
t∈[d,e]TS

(|T (S (ζ(t)))| + |T (S (ξ(t)))|)2
≤

4λ2

9
L(e − d)Dbl(ζ, ξ).

Thus, if we say λ2L(e − d) = α, we obtain

Dbl(T (S (ζ)),T (S (ξ))) ≤ αDbl(T (ζ),T (ξ)) ≤ αDbl(T (ζ),T (ξ)) + βDbl(T (ζ),T (S (ξ))).

Since L < 1
2λ2(e−d) , then we have α < 1

2 . Then S is a T -mean nonexpansive mapping on C
(
[d, e]TS

)
with

α < 1
2 and β = 0 implying that 2(α + 4β) < 1. Then it is clear that T is a continuous, one-to-one, and

sequentially convergent mapping. Therefore, all conditions of Theorem 2 are satisfied, and so S has a
unique FP that is a unique solution of the integral Eq (4.2) for |λ| < 1

√
2L(e−d)

.
The following examples illustrate the result of Theorem 4.
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Example 4. Let TS = 2N0 = {1, 2, 4, ...}. For all t ∈ 2N0 , ω(t) = 2t. Consider the following integral
equation

ζ(t) = λ

∫ 4

1

ζ(s)
s2 ∆s, ∀t ∈ [1, 4]TS .

Here, K(t, s) = s−2 and u (t, ζ(t)) = ζ(t) for all ζ ∈ C([1, 4]TS). Thus, by Proposition 1, we obtain∫ 4

1
K2(t, s) ∆s =

∫ 4

1

(
s−2

)2
∆s

=

∫ 4

1
s−4 ∆s

=

∫ 4

1

(
−

8
7

s−3
)∆

∆s

= −
8
7

(s−3)|s=4
s=1

=
9
8
.

Therefore, the condition (4.4) holds with L = 9
8 . Clearly, we get

(|u(t, ζ(t))| + |u(t, ξ(t))|)2 = (|ζ(t)| + |ξ(t)|)2 .

Thus, the condition (4.3) is provided. By Theorem 4, the given integral equation has a unique solution
for L < 1

6λ2 , that is, |λ| < 2
3
√

3
. Consequently, we conclude that this integral equation has a unique

solution, which is the trivial solution ζ(t) ≡ 0.
In fact, it can be shown that the equation has only the solution ζ(t) ≡ 0 for |λ| < 2

3
√

3
by using direct

computation. Let

c =

∫ 4

1

ζ(s)
s2 ∆s.

Then we have ζ(t) = cλ, and so,

c =

∫ 4

1

cλ
s2 ∆s

= cλ
∫ 4

1

1
s2 ∆s

=
3
2

cλ.

This equation can be written as

c
(
1 −

3
2
λ

)
= 0,

that is, for λ , 2
3 , there is only one solution, which is c = 0.Hence, we obtain that this integral equation

has a unique solution when λ , 2
3 .
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Example 5. Let TS = Z. Consider the following integral equation

ζ(t) = λ

∫ 4

0
(s + ω(s))

ζ(s)
1 + (ζ(s))2 ∆s, ∀t ∈ [0, 4]TS . (4.5)

Here, K(t, s) = s + ω(s), u(t, ζ(t)) =
ζ(t)

1+(ζ(t))2 for all ζ ∈ C([0, 4]TS) and ω(t) = t + 1 for all t ∈ Z. By
Remark 6 (ii), we obtain ∫ 4

0
K2(t, s) ∆s =

∫ 4

0
(2s + 1)2 ∆s

=

∫ 4

0

(
4s2 + 4s + 1

)
∆s

=

3∑
s=0

(
4s2 + 4s + 1

)
= 84.

Therefore, the condition (4.4) holds with L = 84. Also, we get

(|u(t, ζ(t))| + |u(t, ξ(t))|)2 =

(∣∣∣∣∣ ζ(t)
1 + (ζ(t))2

∣∣∣∣∣ +

∣∣∣∣∣ ξ(t)
1 + (ξ(t))2

∣∣∣∣∣)2

≤ (|ζ(t)| + |ξ(t)|)2 ,

that is, the condition (4.3) is satisfied. By Theorem 4, the integral Eq (4.5) has a unique solution for
L < 1

8λ2 . Therefore, we have |λ| < 1
4
√

42
. We deduce that the given integral equation has a unique

solution, which is the trivial solution ζ(t) ≡ 0.
In fact, by using direct computation, it can be shown that the equation has a unique solution ζ(t) ≡ 0.

Let

c =

∫ 4

0
(s + ω(s))

ζ(s)
1 + (ζ(s))2 ∆s. (4.6)

Thus, we can write
ζ(t) = cλ. (4.7)

By substituting the value of ζ(t) given by (4.7) into (4.6), we obtain

c =

∫ 4

0
(s + s + 1)

cλ
1 + (cλ)2 ∆s

=
cλ

1 + (cλ)2

∫ 4

0
(2s + 1) ∆s

= 16
cλ

1 + (cλ)2 ,

and from here, we get
c3λ2 + c(1 − 16λ) = 0.

For λ < 1
16 , there is only one solution, which is c = 0. Hence, the integral Eq (4.5) has a unique

solution when λ < 1
16 .

In the above examples, Theorem 4 provides a small interval for λ. However, on this interval, we
can guarantee the existence and uniqueness of the solution without computing it.
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5. Conclusions

We have demonstrated the existence and uniqueness of the FPs of T -mean nonexpansive mappings
and provided the stability result for the T -Picard iteration in bl spaces. Additionally, we presented
an application of the Fredholm-Hammerstein integral equations and two numerical examples on time
scales. Using similar approaches in our results, the integral type of T -mean nonexpansive mappings
described in [14] can be studied in bl spaces. Also, the types of T -mean nonexpansive mappings can
be studied in different spaces, such as hyperbolic metric spaces defined by Kohlenbach [45].
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29. M. Öztürk, M. Başarır, On some common fixed point theorems for f -contraction mappings in cone
metric spaces, Int. J. Math. Anal., 5 (2011), 119–127. https://doi.org/10.1186/1687-1812-2011-93

30. C. T. Aage, P. G. Golhare, On fixed point theorems in dislocated quasi b-metric spaces, Int. J. Adv.
Math., 2016 (2016), 55–70. https://doi.org/10.1186/s13663-016-0565-9

31. K. Zoto, P. S. Kumari, Fixed point theorems for s-α contractions in dislocated and b-dislocated
metric spaces, Thai J. Math., 17 (2019), 263–276.

32. A. M. Zaki, A. O. Ismail, A note on cone metric spaces, Curr. Sci. Int., 11 (2022), 319–328.

33. H. Aydi, A. Felhi, S. Sahmim, On common fixed points for α − ψ contractions and generalized
cyclic contractions in b-metric-like spaces and consequences, J. Nonlinear Sci. Appl., 9 (2016),
2492–2510. https://doi.org/10.22436/jnsa.009.05.48

34. K. Calderón, A. Padcharoen, J. M. Moreno, Some stability and strong convergence results for the
algorithm with perturbations for a T -Ciric quasicontraction in CAT(0) spaces, J. Inequal. Appl.,
2023 (2023). https://doi.org/10.1186/s13660-022-02911-z

35. A. M. Harder, T. L. Hicks, Some stability results for fixed point iteration procedures, Math. Japon.,
33 (1988), 693–706.

36. V. Berinde, Iterative approximation of fixed points, Berlin: Springer-Verlag, 2007.
https://doi.org/10.1109/SYNASC.2007.49

37. S. Hilger, Analysis on measure chains a unified approach to continuous and discrete calculus,
Results Math., 18 (1990), 18–56. https://doi.org/10.1007/BF03323153

38. M. Bohner, A. Peterson, Dynamic equations on time scales, Boston/Berlin: Birkhauser, 2001.
https://doi.org/10.1007/978-1-4612-0201-1

39. R. Agarwal, M. Bohner, A. Peterson, Inequalities on time scales: A survey, Math. Inequal. Appl.,
4 (2001), 535–557. https://doi.org/10.7153/mia-04-48

40. G. S. Guseinov, Integration on time scales, J. Math. Anal. Appl., 285 (2003), 107–127.
https://doi.org/10.1016/S0022-247X(03)00361-5

41. S. Georgiev, Integral equations on time scales, Paris: Atlantis Press, 2016.
https://doi.org/10.2991/978-94-6239-228-1
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