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various functions defined on time scales. Our approach involves the application of Jensen’s and
Holder’s inequalities on time scales. Our results encompass the continuous inequalities established
by Benaissa as special cases when the time scale T corresponds to the real numbers (when T = R).
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1. Introduction

In 1889, Holder [1] proved that

(& 4
Zyz) : (1.1)
k=1
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where {xk}i=1 and {yk}";::1 are positive sequences and p > 1 and 1/p + 1/g = 1. The inequality (1.1) is
reversed if p < 0 or g < 0. The integral form of (1.1) is

f AOWEE < [ f ﬂy(f)df]y [ f W(E)de|

wheree,ce R,y > 1, 1/y+1/v=1,and 4, w € C([a,b],R).If 0 <y < 1, then (1.2) is reversed. For
more informations about the applications of Holder’s inequality, see [2—8].

In particular, Minkowski’s inequality is considered as an application of Holder’s inequality, which
states that, for § > 1, if G, ‘W are nonnegative continuous functions on [¢, @] such that

(1.2)

0< f G’(1)dt < coand 0 < f Wo(t)dt < 0,

( f (G(T) + W(T))° dr)6 < ( f i Q‘S(T)dr)é + ( f (W‘S(T)dr)6. (1.3)

Sulaiman [9] introduced the following outcome pertaining to the reversed Minkowski inequality: If
G, W>0,6>1,and

then

0 _,

1<B
“PEwo =

for all £ € [¢, a], then

L+1( :
il( f (g@)—(wq))‘id{)

( f gé({)d{) + ( f W({)d()

B+1 ;
< B+ ( f GO -WQ) d{) (1.4)

IA

Sroysang [10] showed that, if 6 > 1 and G, W > 0 with

G«

*wg =*

O<E<B

for all £ € [¢, a], then

€+1

( f GO - EW Q) d{)

( f a gﬁ({)dg’)é + ( f a W@)dg)é

1
B+ ( f GO - EW Q) d{)

IA

IA
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Benaissa [11] introduced a novel finding concerning the inverse Minkowski inequality, proposing the
following: If G, W > 0, @ > 0, and ¢ > 1 such that

G (0)
O0<E<B ¢,
PEwo S

for all £ € [¢, a], then

{+a

v S %
m(f(ag(f)—Ew(g)) d()

( f gé@d{) + ( f (Wé(@d{)

B+ a

4 S 1
m( f (@G ()~ EW () dg) . (15)

In [12], Benaissa showed that, if @ > 0, 0 < p <n, G, W > 0, U is a weight function, and

O<E<BS(MQ/$;S€ for all € [¢, al, (1.6)
then
¢ 4 ’
tae ( f wzwz) ( f @G ()~ EW ()’ ﬂ(é)dé)
oz(f E) :

< ( f wog"(od{)" + ( f (u(g)(w"@)dg)"

1

(f (aG () - E‘W(é))”(u(()d()ﬂ : (1.7)

B+«
S—
a(B-E)

Also, the author of [12] proved that, if | < p <n,a >0, G, W > 0, and (1.6) holds, then

{+ «a
a(t—-E)

( f (LI(g)g"(g)df)" n ( f UOW' () d()"

B+a
a(B-E)

G-9 f( f (@G () - E(W(Z))P‘Ll(é)d{)”

( f @G () - EW QYU D) d{)" . (1.8)

Time scale calculus is a unification of continuous calculus and discrete calculus. Many authors
have proved inequalities on time scales. For example, in 2001, Bohner and Peterson [13] presented
Holder’s inequality on time scales, stating that if T is a time scale, ¢, a € T, A, w € C([¢, d]t, R*) and
v>1with 1/y +1/v =1, then

‘faxl‘Y(T)AT]7 [fa W’ (T)AT V
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The inequality (1.9) is reversed for 0 < v < 1 or ¥ < 0. In addition the authors of [13] presented
Minkowski’s inequality (1.3) on time scales, stating thatifa, b € T, ¢, w € C,; ([a,b]r,R") and @ > 1,
then

a

( fa b [¥(©) + @ @] Af)

b 3 b :
s( f (w@))“Ag) +( f (W(f))“Af) . (1.10)

The inequality (1.10) is reversed with the reversed sign when @ < 0 or 0 < @ < 1. In [14], Liitfi proved
thatif g,h : I — R are A-integrable functionsonl = [a,b] € Twith1 </ < g’, i’ <L <ococand p > 1,

then 1 1 1
b > b 5 b >
( f lg©N” Af) + ( f (&) Aé") <2(L/D'P ( f lg(¢) + h(&)IP Aé") :

Here, we aim to extend the inequality (1.7) and rectify (1.8) in time scale calculus which is defined
in Section 2. Also, we can get some new inequalities in (continuous, discrete, and quantum) calculus.

2. Preliminaries and basic lemmas

In 2001, Bohner and Peterson introduced the backward jump and forward jump operators, denoted
by 0({) := inffo € T : 0 > {} and p({) := sup{o € T : o < }, respectively [13]. For any function
G : T — R, the notations G?({) and G*({) denote G(0({)) and G(p({)), respectively. The time scale
interval [¢,a]r is denoted by [¢,a] N T. For more information about dynamic inequalities, see for
instance [15-35].

Theorem 2.1. [13] Let G, W : T — R be A-differentiable at T € T. Then we have the following at t:
(1) The sum G+ W : T — R is differentiable with
(G + W) (1) = G*(1) + WA().
(2) aG : T — R is differentiable for any constant a with
(@@ (1) = aG*(v).
(3) The product GW : T — R is differentiable and the product rule is defined by

G OW@) + Go(0) W (1)
GOWA D) + G (D) W(o (7).

(GW) (@)

(4) If G(1)G(o (1)) # 0, then 1/G : T — R is differentiable and

(l)A N i
G GG ()

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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(5) If W(t)W(o (1)) # 0, then the quotient G/W : T — R is differentiable and the quotient rule is
defined as

( g )A (r) = SOWE - GOW@)
w) T WoWer)

Definition 2.1. [13] A function F : T — R is said to an antiderivative of G : T — R if
FA(t) =G(t), VreT.

In this case, the Cauchy integral of G is defined as

fo(T)AT =F(x)-F(r), VYr, xeT.

Definition 2.2. [13] A function f : T — R is called rd-continuous provided that it is continuous
at right-dense points in T and its left-sided limits exist (finite) at left-dense points in T. The set of
rd-continuous functions f : T — R is denoted by C,,4(T, R).

Theorem 2.2. [36] Assume that ¢,a € T and G € C,4(T,R). Then the next features satisfy the following

conditions:
f ’ G(D)AT = f ’ G(t)dr.

(1) If T =R, then
(2) If [¢, a] consists of only isolated points, then

f GOAT= ) p(n)G(T).

T€[C,a)

QB)If T =Z, then

Y a-1
[ gmnr=3 6w

4) If T =62, 6 > 0, then

a—¢=9

f ) G(T)AT = Z G(& + x6)6.
¢ x=0

The AM-GM inequality yields that

0 : o
(]_[wi(f)) < w 2.1)
i=1

where ¢; (£),1 =1, 2, ..., 0 are nonnegative functions.

Lemma 2.1. Assume that ¢,a € T,a > ¢,0< p <6, and h, A € C,y([¢, adly, RY). Then,

( f A(g)hf’(g)Ag)p s( f ﬂ(g)Ag)p ( f A(g)hﬁ(cmg) . 22)

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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Proof. Applying (1.9) withy =6/p > 1andv =6/ (6 — p), then

I AOh (9)Ag = f (AS) T (A)F M’ (s)Ag
< ( f ﬂ(g)Ag) ( f ﬂ(g)h‘s(g)Ac) :
Thus, N
( f /l(g)hp(g)Ag) < ( f ﬂ(g)Ag) ( f /l(g)hé(g)Ag) :
which is (2.2). ]

Lemma 2.2. (Jensen’s inequality [36]) Let ¢, a € T with ¢ < a and ¢, d € R. Assuming that ¢ €
Crd([é’ Zl]T? (C’ d))’ x e Crd([é, Zl]Ta R+)
If F € C((c,d),R) is convex, then

As|  f #OF (@A
F[ f HOHS) g]s f HOF@6)As (2.3)
f #(©)As

[ #()As
The inequality (2.3) is reversed if F is concave.
IfF() = ¢*, then

[ fj%(g)¢(§)A§]A 3 [ 298" (9)h¢

, ( o1, 2.4
[ e)as f #6)as N
and y 2 4
[ N %(§)¢(§)A§] S [ #9)¢'6)As 0<1<l (2.5)
Frons )~ frons |

3. Main results

During this study, we assume the existence of the integrals under consideration.

Theorem 3.1. Assume that¢,a € T,a>¢,0<p<d<oo,a>0,and G, W., U, € C (¢, aly,R"),
x=1,2,...,1, with

0<E<p<9:6

< <¢ for x=1,2,..,1. 3.1
w.o = G-1)

Then,

=0

{+a e 1 »
m [j; D (U (6): AQ‘]
x ( [ 11066 - Ew.onf @ Ag)

¢ x=1

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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- (f S U(S) G, (S‘)Ag)‘s . (f“ Y U(S) (Wi(g)Ag)‘s
¢ L & L

_ B+a ( fﬁ P11 (06 (8) = EW. ) U (s) | )5
< sl .

L

Proof. From (3.1), we see that

o<1 1 1 W 1.1
E B E aG.(¢) E ¢

Then,
t _ a6  _ B

f—E B a'gx(g)_E(Wx(g) B B_E
Since 0 < p < 6, we have from (3.3) that

4

L ‘ : l
n [Q’ (f _ E) (agx (5‘) - EWX (g‘))] ((L[x (g))L

x=1

< [Ty i@,
x=1

and

x=1
Integrating (3.4) and (3.5) over ¢ from ¢ to a, we see that

1

4 @ ! » . »
o - E) U [ [t (6) - EW, o) 040! Ag]

: [ f ]_1[ U, ) 6! () Ag) ,

and

a ¢ % B 5 L %
G (U, (s) Ag) < ( f (@G, (§) — EW, ()’ U, (s) Ag) :
2 w2

By applying (2.2) with /() = [1 G (¢) and A(¢) = [ (U (¢))F , we see that
x=1 x=1

( f [T« 6 (g)Ag]

¢ x=1

S( f ﬂ(%(g))ngJ [ f [T g (g)Ag].
¢ 1 ¢ x=1

x=

L B ) .
2. [a B @G- - EW, (g»] U (5) 2 Zl G U).

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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Then, from (3.6), we have

-6
l

) feg(%(g)wg}

(@G, (§) = EW, (D] (U ()7 Ag)

1
P

< ( f (U (&) G () Ag] . (3.8)
¢ x=1
Using (3.1), we deduce that
agx (g) - E(Wx (g)
O<B-FE {-E.
PTEETTW e
Therefore { {
T F (@G () —EW,(5) < W,(¢) < B_E (@G (s) = EW, (). (3.9
Since 0 < p < 6, we have from (3.9) that
1 @ v K
7 F ( fc 1;[ (@G () —EW, () (U, ()" AS‘] (3.10)

s( f ]:[M (g)(fux(g))ng) ,

and

1 1

i ¢ ) 1 g L 1
[ f ;fw;i(gmx(gmg] < 5= E[ f ;mgx(g)—wa<g>)‘5wx<g>Ag] . @I

By applying (2.2) with h(g) = fL[ ’Wi (¢) and A(¢) = fL[ (U, (g‘))% , we have
x=1 x=1

1

[ f ﬂw (©) (U, () Ag]
[ f ]‘[(fu ) Ag] ( f [Tt ) wiens| -
¢ x=1

Thus, (3.10) gives

b

( f ]—[ (W, () Ag) (.12)

Volume 9, Issue 5, 11156-11179.
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x( f | |G () - EW. (o)) (U (o) Ag]
¢ x=1

< [ f ]_1[ U, () W' (g)Ag} .

From (3.8) and (3.12), we deduce that

{+a s 1 "
a(f—E)LH(WX(g))LAg]

x=1

X [ f [ [ 1[G\ (¢) = EW, (o)]F (U, (5))* Ag)

(U, ()" W (g)Ag) (3.13)

-
Il

IA
—
A< 5&(
|~

x=1
1
5

(U, () G (g)Ag] .

+
—
S

|~

x=1

Applying (2.1), we see that

- 1 ¢ ‘_ (L{x 0
[ n!6ic) < 2= L@ G.6)
x=1

and

ﬁ U () W (o) < 2t U © Wi

x=1

L

Thus, (3.13) becomes

p—0

{+a a L 1 ”
m( f ];[(ﬂx(g))tAg]

[ f n[(agx () = EW, ()] (U, (6))¢ Ag)

(fz fu@)gé(g) ) (fz (u<g>‘W‘5<§> ) (3.14)

From (3.7) and (3.11), we have

a 6 % a ) %
(f Zx:l gx (Lg) q/{x (g)Ag) " (f Zx:l (WxL(g) 7/{x (g)Ag)

B+a ( B @6 (6) - EW. @) U (s) | g
= 2(B-E) 5]

(3.15)

L

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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Combining (3.14) and (3.15), we obtain

p— 6

{+a
m[f ﬂ(ﬂ ) Ag]

X [ f [ [1@G.(9) - EW, (eN1* (U (s))* Ag]
¢ x=1

- (f S US)G, (S‘)Ag)é .\ (f“ Y U(S) (ij(g)Ag)‘s
¢ L ¢ L

Bra (%2 @G.() - EW. @) Us(s) ;
=~ 2(B-E) 5]

which is (3.2). O

1

L

Corollary 3.1. Taking T = R and 1 = 1, then we get (1.7).

Corollary 3.2. Taking T=N,¢,a e N,0 < p <6 < o0, @ > 0, and {G.}'
positive sequences such that

x=1> {(WX};:I ) {(L[X};:] are

0<E< BS(Mg/x§3<€, for ¢ € N.
Then, o(¢)=¢c+ 1, u(g)=1,p@ =a-1, and
{+a a-1 L [;6
a(—E) ZH(W;C(S‘))‘
¢=C x=

1

a-1 P
X (Z [ [1eG.(9) - EW on1* (U, (g))i)

¢=¢ x=1

{Z U, <g>gf5 (9)) [Z U, (g)(W(ﬁ(g))

B+a i Y @G (&) — EW, ()Y U ()
T a(B-E) : |

Remark 3.1. f T =g forg > 1, ¢,a € T,0< p <5 <oo,a>0,and {G.}'._,, (W), , (U}, are
positive sequences such that, for ¢ € T,

Then, o (s) = g5, u(s) =0 (s)—s=(q~-1)¢,p(a) = a/q, and

p=o

{+ :
- E)(Z(q—l)g]_[(fu <g>)]

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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1
P

g=¢

x| > @-Ds 1_1[ [(@G. ($) - EW, ()] (U, (g))f]

1 1
a

q

-1 - -1 . b
= (gz UG <g>)] + [Z — [gz U, () w;i@)]]
x=1 x=1

¢=¢

a
q

IA

¢=¢

1
B+a

g g-1( < g
= a(B-E) [; 5 [sz;(agx(c)—EWX(C))é%Ix(g))] :

Example 3.1. In Theorem 3.1, assume that T=R, ¢ =0,a e R,(, p=1,0=2,B=2, E =1, and
a = 1. In addition, if G, W, U € C([¢,dlr,RY) such that U (¢) = ¢, W(s) = ¢, G(s) = 3¢, and

¢ =5, then
{+«a a "
a(C—E) (f (”(g)dg)

X ( f (@G () — EW () U(S) dg)p

< ( f UGG @) dg) +( f w<g)w5(g>dg)

B+«

o 1
A B
< — -E 0 ds| . 3.16
< o (f (06 () - EW () U(S) g) (3.16)
Proof. Using the hypothesis, the left-hand side of (3.16) can be written as follows:

£+ a g
a({,_E)(fé wg)dg)

X ( f (@G (5) - EW ()P U(S) dg)p

C+1( (" N\ [T
= f sdg Bs-¢)¢ds
t-1\J,

=9
po

2 1 1
_ (5)(2)2# _ola. (3.17)

( f U (§)§‘5(§)d§) +( fﬂ (M(g)‘Wﬁ(g)dg)

Volume 9, Issue 5, 11156-11179.
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a4 2 514 2
= - —| =242 3.18
p5) (5] - 519
Furthermore,
B i ;
+a s o
_— -FE
«(B-E) (fc (@G (§) — EW () ‘Ll(g)dg)
a % Zl4 %
=3 (f (26)* gdg) = 6(1) = 3a”. (3.19)
0
From (3.17)-(3.19), we see that the inequality (3.16) holds. The proof is complete. O

Theorem 3.2. Assume that ¢,a € T, a > ¢,0 < 6 < o0, > 0, G,, W,, U, € Cy([¢, dly,R"),
x=1,2,..,t,and (3.1) holds. If p > 1, then

{+a a 1
Q(Z_E)[f];[mx(g)mg)
x[ [ T1es.©-Ew, (g)):;(%(g))zAg]

¢ x=1

< (f 21 Ui (9) gi(g)A§)6 N (f 21 Ui (9) (Wi(r;)Ag)5
¢ L ¢ L

B+a ( f S (@G (6) — EW, ()Y Uy () Ag)é

I-p
5

< @« (B-E) 5 (3.20)
and, if 0 < p < 1, then
{+a faﬁ(w())!A B
a(t—E)|J, LITHS7 5
X f [ [@G. () - EW. () (U (s))' Ag}
¢ x=1
g ff‘ S W () US) Ag]" . [ f S GO U(S) AgT
¢ L ¢ L
. _Bra ( f YL (@G (§) — EW, (6)7 UL(S) Ag) . G2
a(B-E)\J: L

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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Proof. To prove this theorem, we have two cases:
Case 1: p > 1. From (3.1), we deduce that

t __ a6  _ B
(—E " aG.()-EW,(s) ” B-E

Then,
' ? % .
[] [a T @6~ EW, (g))] (U, (6)"
<[16" @@ ).
x=1
and

L L B 0
Zl G U () < ) [a B @G-©) — EW, (g))] U, (S).

x=1
Integrating (3.22) and (3.23) over ¢ from ¢ to @, we see that

P
o

¢
a(t—-E)

( f [ [@G: () - EW (o) (U, () Ag]
¢ x=1

s[ f ]_l[g (g)(fux(g))ng) ,

xX=

and

a L % B a L )
G (o) U, (g)Ag] < [ f (@G, (§) — EW, ()’ U, (S‘)AS‘] .

Applying (2.5) with 1= 1/p < 1, #(s) = n1 (U, ()", and ¢(s) = ng (5), we get

1

F i)t Gions) [ 11676 @) as
x= > x= ‘

[ q (U, ()" As [ n1 (U, ()" As

Then, we have from (3.24) that

¢ e 1
a(f_@[fé D(%(g))ﬂg]

( f [ [@G: () - EW ()7 (U, () Ag}
¢ x=1

1-p

)

(3.22)

(3.23)

(3.24)

(3.25)

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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c

< ( f ]—1[ (U, () Gi©As| . (3.26)

Using (3.1), we deduce that

Gy (§) — EW,(s) <

O0<B-EXL <
W, (s)

{- L.

Therefore,

1 1
7 (@G:(9) —EW.(9)) < Wi (o) < 5= (aG: (5) - EW (9)).

Then, we have that

s

1 .t s ]
7_E ( f 1_[ (@G (§) — EW, ()7 (UL(s))* Ag) (3.27)
¢ x=1

IS

B

s[ f ]jw§ ©) (U ()} Ag] ,

and

a L % 1 a L B
( f ZWﬁ(c)%(g)Ag] < B_E[ f Z(a@(g)—Efwx(g>)5wx(g>Ag) . (628)
¢ ¢ x=1

x=1

Applying (2.5) with 1= 1/p < 1, 9(s) = [T Wi (5), and #(s) = [T (Us (5)", we see that
x=1 x=1
( f H‘Wf” () (ULs)) A§J
¢ x=1
8 [ f | [ Ag) ( f [1wi© @y Ag] .
¢ x=1 ¢ =1

Thus, (3.27) becomes

1 T )
—f—E[ f ]_[((ux@))tAg) (3.29)
¢ x=1

X ( f [ [@G. () - EW.(o)# (U(s))* Ag)
¢ x=1

< [ f Dwﬁ (©) (U(e)! Ag] .

Adding (3.26) and (3.29), we see that

{+a 4 1 %
a({_E)[fé ];[((ux(g»lAg]

AIMS Mathematics Volume 9, Issue 5, 11156-11179.
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IS

(@G () — EW, ()7 (Uy () Ag)

ﬁ
|~

([
( f )t g (g)Ag) (3.30)

W (6) (U (s))! Ag) .

ﬁ

1
5

Applying (2.1) to the terms ( F i (g))fg}i(g)Ag) and ( [ TTW! © (Uen* As| . then (3.30)

x=1

1

becomes

1-p
o

{+a

a(ﬁ_E)U ﬂ(ﬂ ()t Ag]

X [ f H(agx (§) = EW., ()7 (U, ($))' Ag)
¢ x=1

a Ol 9 % a i 4 %
S( f I %L(g)gx(g) Ag) +( f ZFl%(f)Wx(?)Ag) , (3.31)

p

From (3.25) and (3.28), we have

(fZ Q‘S(g)ﬂ (s*) ) (fZ W5(§)W(§)A§)

. _Bro ( “ Y (@G (§) — EW,(6) U, (5) Ag)5 _ (3.32)
a(B-E) L

Combining (3.31) and (3.32), we get

{+a a - 1 %
m[ f ];[mx(g))tAg)
( f ]‘[(agx (§) = EW, () (U, (5)* Ag]

(fZ (U(g)g‘s@) ) (fZ (Ll(g)‘W‘s(g) )

P
é

<

_ B+a ( ! %1 (@G (6) - EW. @) Us ) | );
< Sl >
a(B-E) L

which is (3.20).
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Case 2: 0 < p < 1. Again, by using (3.1), we see that

t < aG, (¢) < B
{—E ™ aG.()-EW.(s) " B-E’

Then,
5 5 , ]
(a({,_ E)) Hl (@G, (§) = EW,(§)" (U (5))"
< [T« gio.
x=1
and

S

L % L B o
Zl Gl QU< ) [a G F (G - EW, (g))] Uy ().

Integrating (3.33) and (3.34), we have for p, 6 > 0, that

x=1

1

( f [ [@G: () - EW () (U (o))" Ag]
¢ x=1

¢
a(t-FE)

P [ f ]_1[ WU, (&) 6 (g)Ag] ,

and

C

Applying (24) with 1= 1/p > 1,1(s) = [T (Us(s))!,and ¢(5) = [1 G (5). we get
( f [T gﬁ(g)Ag)
¢ x=1
= ( f [ | Ag) [ f ﬂg’ (6) (Uy ()7 Ag] .
¢ x=1 ¢ =l

So, the inequality (3.35) can be written as follows

¢ e 1
a({_E)[fé L[(%(g))mg]

X [ f [ [@G. (@) - EW o) (U (o)) Ag]
¢ x=1

s( f ]—l[g (g)(fux(g»ng) .

p-1
B

(3.33)

(3.34)

(3.35)

% L 5 % B a L 5 Fi
Gi (9)U.(s) Ag) < ( f (@G () —EW.(s)r U (s) Ag) . (3.36)
(f ; a(B-E) ¢ XZ::‘

(3.37)
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From (3.1), we deduce that

G (¢) — EW, (5)
O<B-E {—-E.
< =T W -

Thus,

1 1
7 (@G: () — EW:(9)) < Wi (s) < 2= (aG.(6) — EW.(5)).

4
Then, we have for § > O that

1 s : Y
j[ f E[(agx(g)—E(Wx(g))t(‘le(g))tAg) (3.38)

s( f ]:[WE ©) (U(e)* Ag] ,

and

P 4

a ¢ % 5 1 z
( f ;(Wx (g)%(g)Ag] <5 E[ f Z(agx(g) EW,(5)? x(g)Ag) : (3.39)

Applying (2.4) with A = 1/p > 1, ¢(¢) = T_Il Wi (¢), and x () = T_I] (U, (5))" , we get

( f ]_[W (©) (U(s))* Ag)l
(fl—[“” o0 Ac) U l—[W (6) (U, ()" Ag] .

Then, the inequality (3.38) becomes

p-1

%E( [T]awe Ag]6

x=1

(@G, (§) — EW, () (U, ()7 Ag)

P
B

s( f ]:[w;f" (g)(wx<g)>3Ag) . (3.40)

Adding (3.37) and (3.40), we get

{+a @ 1 %1
a({_E)Ué L[(%(g))mg]
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1
5

X [ f [ [ (@G, (6) - EW, (&) (U, (s): Ag)

s

< ( f T w? (o) WUe)! Ac) (3.41)

P
B

+[ f g7 (g)((ux(g))iAg] .

Applying the inequality (2.1) on the right-hand side of (3.41), we have

p-1

{+a % 1 °
a({,_E)(fé ];[(%(g))‘Ag]

X f H(agx(g)—E(wx (N (U, (g))lAg)

f”Z (W”(s*)‘ux(s‘) ] [f Z;lgx(g)ﬂ@ ] (3.42)

From (3.36) and (3.39), we get

( [ >wi (g)%(g)Ag] +( [ Yetou Ag)
¢ x=1 ¢ x=1

B+«

< 2B ( f ;ng(g)—wa(g))pwg)Ag] . (3.43)

IA

Combining (3.42) and (3.43), we see that

p-1

{+a @ 1 B
a({,_E)[fé ]_[(fux@))tAg]

x=1

x fﬂ [ [@6. ) - EW. (o))" U, (g))iAg]
¢ x=1

IA

L

S W () ULS) Ag]“ X [ f S GL () U (S) Ag]‘i
% ¢ L

B+a [ (73, (@G (s)— EW, ()" ULs) Mk
= 2 (B-E) . sl

which is (3.21). O
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Remark 3.2. Assume that T=R; ¢,d € Rwitha > ¢, 0 < 6 < oo, a > 0; and G,,
U, eC([¢,al ,RT) with

X

aGy (s)
O0<E<BZ< <{¢ for x=1,2,.
W, (s)

In addition, if p > 1, then

I-p

{+a B
m[f ]_[w ) dg)

X [ f [ [@G. ) - EW ) . () dg)
¢ x=1

- ( f YU, (g) Go(s) dg)ﬁ .\ ( f S UL W) dg)5
¢ L

¢

B+a ( “ Y (@G (§) — EW,(5))’ U, (§) ) (3.44)

“a(B-E) L

If0 < p <1, then

1

{+a v
— E)(f ]‘[(fu ) dg]

X f H(agx (§) = EW. () (U, (g))idg]

fz w"@)w;) ] [fz gx@fu(g) ]

B+a( Y (@G (§) — EW, ()7 UL) )

L

IA

Remark 33. f T=R, ¢ =1, p > 1, and Ov < 0 < oo, then we obtain the correction and the
generalization of (1.8) by replacing a — ¢ with f; U (s)ds.

Remark 3.4. Suppose that T=N; ¢, d € N,0 < § < co, @ > 0, and {G.}\_,, (W, ).y (U}, are
positive sequences such that

In addition, if p > 1, then

¢ a-1 ] [
p—— [Z U, (g»t]

¢=¢ x=1

a-1 %
X [Z [ ]@G. (o) - EW. (o) (U, @):]

¢=¢ x=1
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[Z i U, (g)gf%g)] [Z U, (g)W(g)]

Bra (§ 5l 06,0 EW.©' U 6))
T a(B-E) o ¢ |

and, if 0 < p < 1, then

¢ a-1
O F [Z [T ot ]

p-1
o

a-1 %
X Z | (@G (§) — EW, (5))' (%(g)ﬁ]

IA

” L L
=t

S W) wo]” . [2 S G (U, <g>]°

§=C

B+a “le;l(agx@ EW, ()" Us) )
T a(B-E) L

Remark 3.5. Assume that T =¢" forg > 1;¢,a € T,0 < § < o0, > 0; and {G.}'_; , {W.}'oy AU
are positive sequences with

0<E<BX< aG. (5) <¢, for ¢eT.
+ (§)
In addition, if p > 1, then p (@) = a/q, o (s) = g5, u(s)

=0(¢)-¢=(¢g—-1)g, and
lp
{+a

- E)[Zw 1>g]_[<fu (g))]

Q'C

x Z(q—l)gﬂ(agx@) EW, ()" (U, (g))]

1

U, LU ()W '
Z<—1> Ty (g)g(g)] [Z< DG (g))

IA

S= ¢

1

B+a 3 (@G () — EW. ()’ U, (s)
Z (g-Ds :

a(B E) L

and, if 0 < p < 1, then

{+«a : 1
-1 U, n
a({,_E)[;«z >g];[( (g))]
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1

X [ (a-Ds | [@G.(9) - EW, () (U, <g>)f]
¢=C x=1

YN

< [Z ((q —Ll) §) Z Wi (5) (ux(g)] + [Z ((" _Ll) g) Z G! (U, (g)]
x=l x=1

g=¢ g=¢

14

B L (- D)< 5 |
+a [Z ((q )g) Z (@G, (§) — EW,(c))r (Ux(S‘)] .
x=1

T a(B-E) L

¢=C
4. Conclusions

In this paper, we have established a novel extensions of the reversed Minkowski’s inequality for
various functions on delta calculus time scales by applying Jensen’s and Holder’s inequalities on time
scales. In addition, we have presented some new inequalities in different cases, like T = N and ¢ for
qg>1.

In the future, we will apply the reversed Minkowski inequality for various functions to diamond-
alpha calculus and conformable calculus time scales.
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