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1. Introduction

Counting the number of integral solutions of a certain Diophantine equation is an interesting project
in number theory. Let Ny (H) be the number of pairs of positive integers x;, x, < H whose product
x1x, is a perfect k-th power. Tolev [1] first established an asymptotic formula for N;(H). The proof
combines Perron’s formula with elementary ideas from the work of Heath-Brown and Moroz [2]. It is
proved that for any integer k > 2,

Ni(H) = ciH*(log H)*™' + O (H**(log H)"?),

where ¢, > 0 is an explicit constant depending on k. De la Breteche et al. [3] improved this result based
on the multiple Dirichlet series theory and complex analysis. They showed that there exists a constant
6, > 0 such that

Ni(H) = H**Q(log H) + O (H**+¢),

where Q is a polynomial of degree k — 1 with leading coefficient ¢;. In fact, they considered a more
general case and counted the number of tuples of n > 2 integers whose product is a perfect k-th power.
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Precisely, they proved that there exists a constant 8, > 0, such that

Nog = (e, o) € [LHP AN 2 xy, -+, x, = 2,2 € N
= H"*Q, (log H) + O ("),

where O, is a polynomial of degree ("*’;_1) - n.

It is natural to consider the analogue of the above results for polynomials. Liu and Niu [4] counted
pairs of polynomials whose product is a cube over finite field and obtained an asymptotic formula
(see [4, Theorem 1.2]) by contour integration. It is indicated that there are some differences and
challenges between polynomials and integers.

Returning to the case of integers, this problem is closely related to the integral points on algebraic
surface

S XXXz = xg.

This is a split toric surface and can also be regarded as the product of three integers forming a perfect
cube. It has been studied by many authors including de la Breteche [5], Fouvry [6], Heath-Brown
and Moroz [2], and Salberger [7]. Denote by Ng(H) the number of primitive integral points (i.e.,
gcd(xo, X1, X2, x3) = 1) on § satisfying xy # 0 and maxo<;<3 |x;| < H. The sharpest unconditional result
is proved by de la Breteche [5], which states

Ns(H) = HP(log H) + 0(H7/8 exp(—c(log H)**)(log log H)_l/s)) ,

where P is a polynomial of degree 6 and c is a positive constant. Now, we look at the corresponding
non-split toric surface

S’ i x(i+y3) =2,
It can be observed that §” and S are isomorphic over Q(i). Denote by Ng.(H) the number of primitive
integral points on S’ satisfying z # 0 and

max {lxl, W+ |Z|} < H.

De la Breteche et al. [8] studied this surface and proved that
Ns(H) = HP'(log H) + O (H*°**),
where P’ is a cubic polynomial. Liu et al. [9] further considered the following case
S, x(r+ys+y3+y)) =2, (1.1)

For ease of presentation, we let

y= ()’1,)’2,)’3,)’4), ||.Y|| = Jy% +y§ +y§ +yia

and denote by N4(H) the number of integral tuples (x, yy, - - - ,ys), satisfying max{|x|, ||y||} < H, which
form nonzero perfect cubes in the way of (1.1) since the variable z is completely determined by x and
y. They showed that

Ny(H) = csH (log H)* + O (H’ log H).
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In fact, they dealt with a more general case that the number of squares is a multiple of 4 (see [9,
Theorem 7.1]). Zhai [10] improved this result by obtaining a power-saving error term that

Ny(H) = HPy(log H) + O (H*~"***),

where P, is a quadratic polynomial. All above results are obtained by studying the corresponding
multiple Dirichlet series. Liu et al. stated in [9] that the same idea can be applied to investigate the
number of integral solutions of some higher-degree Diophantine equation like

M =0r i+, d>4

They obtained an asymptotic formula in [11] for d = 4, and Wen [12] established the asymptotic
formulae for any integer d > 4 with power-saving error terms.

We remark here that the Diophantine equations §, ', and S 4 mentioned above are homogeneous,
so there is an equivalent relation between rational points in projective space and integral points in affine
space up to a scalar multiplication. They are actually related to another project in number theory, which
i1s Manin’s conjecture (see [2,5-9] for more details).

Motivated by the above work, in this paper, we mainly focus on the Diophantine equation

Sﬁ:x(yf+y§+y§+yi):zk (1.2)

for k > 2. Similar to (1.1), we denote by N ff(H ) the number of integral tuples (x, y,--- ,y4) satisfying
max{|x|, |ly|l} < H, which form nonzero perfect k-th powers in the way of (1.2). Recall that the Lindel6f
hypothesis (LH in brief, [13, §11.3.4]) states that

L(1/2 +it) < (Jtf] + 1)°
for any € > 0. Our main result is as follows.

Theorem 1.1. Let k > 4 be any integer. Assuming LH, then for any € > 0, there exists a constant ¥y,
such that
Nzlf( H) = H2+3/k7)(10g H)+0 ( H2+3/k—ﬂk+s) ’
where
2k/3 -1
[2k/3]

and [a] is the integral part of , the implied constant only depends on k and &, P is a polynomial of
degree k—1 given by (3.14) with leading coefficient 166, and 6, is a positive constant given by (3.13).

3
ﬁk:ﬂ(l_ )>O,

Remark 1.2. The assumption of LH is just for simplifying the calculation. We claim that the above
asymptotic formulae still holds for k = 4 unconditionally, since we can apply the fourth moment
estimate of the Riemann zeta function instead of LH as in (4.8).

The case of kK = 3 has been solved in [9, 10] unconditionally as mentioned above. In fact, following
the proof of Theorem 1.1, one can easily obtain an asymptotic formula for k = 3 with a power-saving
error term O(H>~'/>*%). We shall leave that as an example to justify our result. We next give an
unconditional result for k = 2.

Theorem 1.3. Unconditionally, we have
N;(H) = 16H**P(log H) + O (H*"/271/3%¢)

where P is a linear polynomial given by (4.7) and the implied constant only depends on &.
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2. Application of Perron’s formula
We first introduce the bivariate Perron’s formula [10, Lemma 2.2], which plays an important role in
our proof.
Lemma 2.1. Suppose that f(ny,n,) is a bivariate arithmetic function and its Dirichlet series
S(ni,n)
F(SDSZ)_ZZ 51 Sz
ni=1npy=1

is absolutely convergent for R(s;) > o; (j = 1,2) with some o, o5 > 0. Let xy, x5, Ty, T> > 10 be
parameters such that x; ¢ N, and define

bj:O'j-i'l/lOng, j:1,2.

We have

b1 +iT| by+iT) F(Sl,SZ)XSIXSZ
> ey = s [ [ s ds s 067 E),
(271) -iTy Jb 5152

n1<x| np<x; 2=iT2

where

: o)l I
E = ZZZ {1T|1T}

=1 ni=1np= ” ”2
Recalling the definition of Nf{(H ) before, we see that
Ni(H) = |{(x,y,2) € Z° N Sk - max{|xl, |lyll} < H,z # 0}
Let r4(n) be the number of representations of a positive integer n as the sum of four squares
n= Y+ Y3+
with
(1, Y2, y3,y4) € Z*.

It is well known that
nm) =8rm with rKm= > 4, 2.1)

din
d#0 (mod 4)

and rj(n) is a multiplicative arithmetic function. Let 1, denote an indicator function of perfect k-th
power defined by

1, if nis a perfect k-th power,
Li(n) = . (2.2)
0, otherwise.
In view of the above problem, we can write
NiH)=2 " > rm L)
1<m<H 1<n<H? (2.3)

=16 > > rmL»).

1<m<H 1<n<H?
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In order to deal with this double sum, we define the corresponding Dirichlet series

(o8]

Fils,w) = raimn) 2.4)

mn"
mn=1

The following proposition gives the expression and convergence of (s, w), which allows us to
extend the double Dirichlet series to a suitable large region.

Proposition 2.2. Let k > 2. If R(s) > 1/k and R(w) > 1 + 1/k, then

k
Fils,w) = 1—[ {(k = s+ jw— 1) Hi(s,w), (2.5)

J=0

where H,(s,w) is an Euler product given by (2.16), which is absolutely convergent if s and w satisfy
the conditions
min R((k—i)s+iw—-1))>1/2+¢& and R(w) > 1 +e. (2.6)

I<i<k-1

Furthermore, we have
Hi(s,w) < 1 2.7)

in the above region, and the implied constant is absolute.
Proof. Note that r(n) is multiplicative, and (2.1) yields r;(1) = 1 and

1 - v+1

, ifp >3,

A =4 1-p 2.8)

3, if p=2,
for any integer v > 1, then we can rewrite 7 (s, w) in (2.4) as the Euler product

Fitson = [ 3 3 BLEEE D

p pu=0 v>0

(15 3 2 o)

p d>0 O<v<kd

: n Frep(S, ).
P

Here, we let u + v = kd for d > 0, according to the definition of 1, in (2.2). On the other hand, a
simple formal calculation shows

1-— kd+1 1 1-— kd+1 1-— kd+1
2.0 1Z T Zxd( 1y oL 1@1) )
>0 0<v<kd -2 —1 -y -z
SR S U S (0 S N DU U T - 2.10)
I-z\1l-y\1l=-x 1-xy*| 1-yz\l—-x 1-—x(yz)¥
Gi(x,y,2)

T (1= 01— )1 — x(52))
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with
Go(x,v,2) = 1 + xy(1 + 2) + xy°z
and
Gix,y,2) = 1+ xy(1+2) +x)* (1 +2+2) 4+ +xy Uz 4+ + 2
T N L G e R
B A (ol Ry L S + 2y

for k > 3. Similarly, we have

1+Zxd(1+3 Z yv): 11x+1i_y2xd(y—ykd”)

d>1 1<v<kd d>1
IR S Gk . @.11)
L=x  (1=y)(1=x)(1-2x%)
1+ 3xy(1 +y 4+ Y2 4+ 2xF
- (1 =201 = xy5) '
When p > 3, in view of (2.8), we apply (2.10) with
(x,y.2) = (p™, p", p)
to deduce that
1 -1
Frep(s,w) = Ol_lk(l - Im) Hip(s, w), (2.12)
<Jj<
where
1\ 1
_ —ks _—(w—s)
%k,p(s, W) = Gk (P > P ,P)(l - W) n (1 — ]m) . (213)
1<j<k—1
Meanwhile, for p = 2, the formula (2.11) with
(x,y) = (275,2707)
gives us
1 -1
Frals,w) = ol_[k(l - m) Hials, w), (2.14)
<j<
where
3 1 1 1 1\ 1
Hia(s,w) = (1 St (1 HET= 2(k_2)(w_s)) + 2kw_1) X (1 - W) ]_[ (1 - —z(k—j)s+j(w—1))' (2.15)

1<j<k

It can be observed that % ,(s, w)/H; (s, w) will give the Euler product of Riemann zeta functions
in (2.12) and (2.14). Combining (2.9) and (2.12)—(2.15), we get (2.5) with

Hi(s,w) = Hio(s,w) [ | Hep(s, w). (2.16)

p>3
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Next, we shall discuss the convergence. In view of the expression of H; ,(s, w) in (2.13) and (2.15),
when expanding H; ,(s,w) into 1 plus some monomials about p, we see that the power of p in the
denominator of each monomial is great than 1 if

min R((k-i)s+iw-=1)>1/2+& and R(w) > 1+ ¢,

1<igk-1
so we have
Hip(s:w) = 1+ 0(p™' ),
and H, (s, w) is absolutely convergent in this region, which implies (2.7). This completes the proof. O

We next make use of bivariate Perron’s formula. Suppose H ¢ N and let T € [10, H'/?] be a
parameter to be chosen later. The analytic property of F;(s, w) allows us to set

xi=H, 2, =H*, si=s=o0+it, ss,=w=u+1iv, by=1/k+e, bo=1/k+1+¢

in Lemma 2.1, then we get

b +iT br+10iT 7: (S W)Hs+2w 3
e A dwds + O(H>*H(3\(H.T) + 5:(H. 7))

1—iT 10iT
with
o r(n) 1 (mn) 1
Si(H,T) := A T min(l, ——|,
2 |

b1 b2 H
m,n=1 m=n TllOg m

S.(H, T) := Z —rj;(n)ﬂk(mn) min(l, L I)'

b1 b2 H?
oz min T|log7

Noticing that
ry(n) < nt(n),

and following the arguments in [10], one can easily get

S(H, T) < Z Mmin(l ;I)

A (mn)b T log%
HS

< —,
T

and the same result holds for J,(H, T'). It follows that
b1 +iT by +10iT Hs+2w H2+3/k+8
NE(H) = —— f f Fuls, wWH7 W) dwds + 0 ) (2.17)
(27T1) bi—iT  Jby-10iT T

It suffices to evaluate the double integral on the righthand side of (2.17).
3. Proof of the Theorem 1.1

In this section, we shall prove the main theorem. The proof is divided into three steps. We shall first
turn the double integral into some usual single integrals by Cauchy’s residue theorem and then deal

with the single integrals. The final step is choosing the suitable parameters.
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3.1. Application of Cauchy’s residue theorem

In this subsection, we shall apply Cauchy’s residue theorem to evaluate the inner integral over w
in (2.17) and derive the following result.

Lemma 3.1. Let k > 2 and Ni‘(H) be defined as in (2.3). Assuming LH, we have

k
N¥(H) = 16ZIJ(H’ T) + 0(H2+3/k+a/T N H2+2/k+a),

J=1
where

h1+iT
[(H,T) = Res 2E5M) sz, g G.1)
2
JT1 b—iT W=Wi ws

with
wi=0-(k=-7s9/j+1
for1 < j<k

Proof. In terms of the inner integral in (2.17), we consider the domain formed by four points
w=>b, £ 10iT, w=1/2k+ 1+ 10iT.

In this domain, from Proposition 2.2, we easily see that the integrand function (s, w)/(ws) has k
simple poles:
wij= 51— (k=) +1

forl < j<k.
Using the residue theorem for the variable w, we get

Nj(H) = 16 Z I(H.T) + Ry(H.T) + Ry(H.,T) - Ry(H,T) + O (H**¥/***|T), (3.2)
j=1

where I;(H, T) is given by (3.1) and

b1 +iT by +10iT Hs+2w
R(H,T) := f Fls WHTT 44,
(27T1) by—iT +1+10iT ws
b +iT 2k+l+101T Hs+2w
Ry(H,T) = —— f Fuls WHT 445,
(27T1) bi—iT  JL+1-10iT ws
b1 +iT by—10iT Hs+2w
Ry(H.T) := f Fuls WHTY 4 ds.
(27T1) +1-10iT ws

2k

Sets = by +itwith—-T <t < Tandw =u+ 10iT with 1/2k + 1 < u < b,. By Proposition 2.2, one
has H,(s,w) < 1, since the conditions in (2.6) are satisfied clearly. On the other hand, recall that LH
states

(12 + i) < (Jt] + 1)%,

AIMS Mathematics Volume 9, Issue 4, 8732-8748.
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then we deduce from the Phragmén-Lindel6f principle that the subconvexity bound of the Riemann
zeta function under LH satisfies

(3.3)

fo + i) < 1, ifo>1,
g 1
(It + Dmxlz=00+  if ) < o < 1.

This will be used several times below, and it follows that
Fr(by +it,u+ 10iT) < T?

holds uniformly for 1/2k + 1 < u < b,. This implies

T dt by
R(H,T) < f — f T~ e 2y
i+ Jog
2k

< H2+3/k+8/T,
and the same bound holds for R;(H, T). Similarly, for u = 1/2k + 1, we have
Fr(by +it, 12k + 1 +iv) < (Jt] + |v| + 1)%,

and R,(H, T) can be estimated as
107

T
Ry(H,T) < H" 1/ f (Il + 1)~"**dr f (vl + D7 dv
=T

-10T
< H2+2/k+8.

Inserting the upper bounds of R;(H,T) (i = 1,2, 3) into (3.2), we obtain the required formula. O

3.2. Evaluation of 1;(H,T)

In this subsection, we shall evaluate /;(H,T) for 1 < j < k, and our main idea is Cauchy’s residue
theorem.

Lemma 3.2. Let k > 4 and I;(H,T) for 1 < j < k be defined as in (3.1), then we have the following
estimates under LH for each I;,(H,T):
[(H,T) < H* P56+ 4 23T, for 1 < j < 2k/3,
Lys(H,T) = CysH* P + 0 (H2+%+S/T) ,
Ij(H.T) = H*/P(log H) + O (H*" %55 + H* 1 IT),  for 2k/3 < j <k,

2, _k

Ii(H, T) = H***P(log H) + O(H** ¥ 550 T %5 + H**1*°T),

where Csin, Pj(log H) for 2k/3 < j < k and Pi(log H) are defined in (3.6), (3.9), and (3.12),
respectively.
Remark 3.3. In fact, the above result still holds for k = 3 apart from the third formula, since the third

case vanishes if k = 3.
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Proof. Recall the definition of I;(H,T) in (3.1). We deduce from Proposition 2.2 that

Hy(s,w,; t ¢
Reg JE8:W) {c(s w)) g(—. + (1 - —.) kS) = Gj(s).

wew, WS JWisocear N /
%)
It follows that i

b +iT 2 2k ¢
I[,(H,T) = —f G(s)H*" 77077 ds.

2mt Jp, it

The proof of this lemma is divided into four parts based on whether 3 — 2k/j is positive, negative, or
zero. Keep in mind that the letter j is always an integer.
If 1 < j < 2k/3, the condition (2.6) becomes

min R(k—i)s+iw; - 1) >1/2 +¢,

1<i<k-1

which implies
R(s) < k=2 = j)2k(k -1 — ).

So, we shift the line of integration from b, to
R(s)=0;=02k-2—-j)2k(k—1-j)—&.

By Proposition 2.2, the Euler product H; (s, w;) is absolutely convergent in the region b; < R(s) < o,
and we have H,(s,w;) < 1. It follows from this and (3.3) that
0<t<k

g(f_ + (1 - é’,)k(ﬁm)
J J
l#]

< e (& + (=B +in)| el + 17 (3.4)

1/2(k=1-j)-2+&

|Hi (s, Wj)l l—[

Gi(o+iH) < TSN

< (qg+1)

< (|t] + 1)73/%*e

for by < o < 0, since the real part of each zeta function is
RE/j+ A =£]jks)>1/2
forO < ¢ < k—1and ¢ # j. The above bound allows us to extend the integral of /;(H,T) on [-T,T] to

(=00, 00), so we have

1 :
I(HT)= — f Gi(HH "G ds + O (H**2/T),
2mi Joy)

b +ico . . . .
where ;) neans fb:; . Note that there is no pole in the region b; < R(s) < o ;. The residue theorem

tells us that

1 . 3
IHT) = f( _) G (s)H™ 75 ds + O (H>5**/T). (3.5)
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By (3.4), the integral on the righthand side can be estimated as

2+3-(F -3 ” ; 242442 g « dr
H™ 5777 G (o + if)| dt < H** & ma=m

< H2+%+2k(,{%?_”+s‘
Combining this with (3.5), we obtain the first assertion in Lemma 3.2.
If j = 2k/3 is an integer, we find that
b1+iT 2
I(H,T)=— f Gi(s)H*"7ds.
2’7T1 b —iT

Otherwise, this case does not exist. Note that

Goua(s) < (t] + 1)"*

o (1] + 1)27¢

for s = by + 1z, which shows that Gy,3(b; + it, ) has a good convergence as a function in ¢. It follows

that
Ly3(H,T) = ﬁ L]) sz/3(S)H2+% ds + 0(H2+3/k+g/T)
= CZk/3H2+3/k + 0(H2+3/k+5/T) ’
where 1
Coxyz = oy Goi3(s) ds

(z+8)
is an absolute constant. This gives the second assertion.
If 2k/3 < j < k, we shift the line of integration from b, to

R(s) = 0 = (j—2)/2k(j — 1) + &.

(3.6)

It is easy to check that (2.6) is exactly satisfied, so we have H(s, w;) < 1. It follows from (3.3) again

that

|H (s, w)) n

Gi(o+it) <
lw;s|

5+ (1= 5o +in)
J J

0<<k
O]

_ Kk +in)
(If] + 1)
< (ltl + 1)maX{l/2—kO',0}—2+€

< (|t + 1)

for O';. < o < by, which yields

_ 1 2+24+(3-2ys 243+
Ij(H,T)—%L])Gj(s)H AR ds+0(H ; /T).

(3.7

AIMS Mathematics Volume 9, Issue 4, 8732-8748.
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Note that
0<R/j+(=2L]jks) <1
for 0 < £ < j, so there is only a pole s = 1/k of order j given by G (s) in the strip 0; < 0 < b;. The

residue theorem gives us

1 2 2k 3
- 243k 2024(3-2s 2ede
I;(H,T) = E?/Sij(S)H IR o L/‘) Gi(s)H 7777 ds + O(H et /T). (3.8)

We can compute the residue in the main term as

j-1

S T R ¥

=: P;(log H).

s — VYG (s)H
(6= D'GiH) 39)
This is a polynomial of degree j — 1 with leading coefficient

Hi(g ¢ + DGR
(k+ D((j - DN?

The integral in (3.8) can be bounded by

3

00
2 2%y S 452k
H2+/‘+(3_3)(ij |G (o +in)] dt < H**34aED*,
—00

Inserting (3.9) and the above estimate into (3.8), we get the third formula in Lemma 3.2.
Finally, it remains to deal with the case j = k. Now, we shift the line of integration from b, to

R(s) =0y = (k—2)/2k(k—1) + &.

Noticing that w; = 1/k + 1 is no longer dependent on s, it follows from (3.3) that

Gio+1r) = M 1—[ g(g +(1 - g)k(0'+it))

k- wys 0<t<k
| (k(o + 11))|
< T+ D (3.10)
- (It + DRR=1re it o < o < 12k,
(It + 1)1+, if 1/2k < o < by,

since H; (s, wy) is absolutely convergent for o, < R(s) < by according to (2.6). Note that there is only
one pole s = 1/k of order k given by G(s) in the rectangle formed by o +17 and b; +iT. It follows
from the residue theorem that

oy =iT oy +iT by +iT ,
=g e[ [0 [ oo
s= b - .

l—iT k_iT k+iT
— H2+3/kPk(10g H)+ Ki((HT)+ K>;(H,T)+ K3(H, T),

(3.11)
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where K;,(H,T) for i = 1,2,3 corresponds to the above three integrals, respectively, and P; is a
polynomial of degree k — 1 given by
k=1

Pilog ) = o=y Iim, 55

(s = D'Gus)H"F) (3.12)

with leading coefficient

7_{]((%’ % + 1)
T (k+ D((k- D2
This is a positive constant depending on k. By (3.10), using the same method as before, we can estimate
K\(H,T) by

k (3.13)

% fe2/kro b p2+2/k+o
K,(H, T) <<f md0'+ 1 Wda’

O %

< H2+%+%+8/T% n H2+%+8/T’
so does K3(H, T). As for K,(H, T), noting that
Gi(oy +if) < (|t] + 1) FH/2k=De

we get
T
K,(H,T) < H2+§+(rkf (I + 1)7(2k73)/2(k71)+a dt
-T
< HP et T,

The last formula in Lemma 3.2 is obtained followed from the above two estimates and (3.11). This
completes the proof. O

3.3. Completion the proof of Theorem 1.1

Combining Lemmas 3.1 and 3.2, we get

Nk(H) 3 2 3
22 = 16H"(]1j=2k/3czk/3 + Z P;(log H)) + O(HkJ“€ + Hk+‘9/T)
2k )3<j<k
2 Jj=2 3 . _2k=3 2, _k=2 1
+ O( Z Hitm—nte 4 Z Hx G-0+¢ 4 Hk+2k<k-1>+8T2(k-l>)
1<j<2k/3 2k)3< <k

for k > 4. It can be simplified to
Ni(H)/H? = HiP(log H) + O (H1**/T + HE 5000+ 4 H 500 T,
where [a] is the integral part of @ and
P(lOg H) = 16(ﬂj—2k/362k/3 + Z Pj(lOg H)) (3.14)
2%k/3< j<k

This is a polynomial of degree k — 1 with leading coefficient 16%;. It suffices to choose a suitable 7T to

. . 3 4 _2k=3
balance the error terms. It can be observed that the error term is actually dominated by H % *22&31° for
k > 4. Just letting HY'% « T <« H'* one can get the second formula in Theorem 1.1.
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4. Proof of Theorem 1.3

Following the proof of Theorem 1.1, we give a sketch of the proof for k = 2. According to
Proposition 2.2, the corresponding Dirichlet series can be written as

Fals,w) = {29 (s + w = DEQ2w — D) Ho(s, w)

with

1 1 1 1 1\ 1
7‘[2(.8', W) = (1 - 22w—2) 1_[ (1 + ps+w + ps+w—1 + pZW—I)(l - W) (1 - ps+w—1)’

p

which is absolutely convergent and satisfies H,(s, w) < 1 in the region
R(s+w)=3/2+e, Rw)=1+e 4.1)

Applying Perron’s formula, we get

b1 +iT by+10iT 7_— (S W)Hs+2w H2+3/2+£
2 —
N;(H) = (2m)2 fb fb dwds + 0( = ) 4.2)

10iT

forby =1/2+eand b, =3/2 + &.

Following the arguments in Section 3, we still shift the path of integration over w to R(w) = 5/4.
Clearly, (4.1) is satisfied. Applying the residue theorem to evaluate the inner integral in (4.2), we can
get (3.2) for k = 2. Note that the assumption of LH is used to bound #;(s, w) and G;(s) in some region
before. Unconditionally, we have the following well-known estimate for the Riemann zeta function
(see [13, Theorem II.3.8] for example):

1, ifo>1,
Lo +if) < (1 + D7, ifl12<0< 1, (4.3)
(It + D%, if0<o <1/2.

Just replacing (3.3) by (4.3) and using the same method as in §3.1, we can get

N3(H) = 16(1)(H, T) + L,(H, T)) + O (H*3**|T + H***T?) (4.4)
with
b1+iT _
L(HT) = ! f w%(s,z — s)H** ds,
27r1 by—iT 2-2s5)s
b1+1T
L(H.T) = f CRE+ 11D ¢ 32y ds.
27Z'l by—iT 3S

The treatments of I,(H,T) and I,(H,T) are a little different from before. There are only two
Riemann zeta functions involved here, which can be treated more carefully. As for I1(H,T), we shift
the line of integration from b; to oy = 1 — £ due to (4.1). It follows from (4.3) that

{292 = 25)Ho(s5,2 — 5) < |£(2 = 25)| < (] + 1)@=V Bo=9)/6he

AIMS Mathematics Volume 9, Issue 4, 8732-8748.



8746

for s = o+ 1t and b; < o < 0. Noticing that there is no pole for the integrand function in this strip,
similar to (3.5), we deduce from the residue theorem that

1 {2502 = 2s) 4ms 24i4e
h(H.T) = > . W7{2(s,2 — $)H " ds + O(H /T).

For s = 0y + it, the integral above can be bounded by

i §(28 21t) f re
S B (|t|+1>3/28 < H

I(H,T) < H>*® + H*3/>*¢T. 4.5)

It suffices to deal with I,(H,T). In view of (4.1), we shift the path of integration from b; +iT to
€ = 1T. Note that there is a pole s = 1/2 of order 2 in this region. It follows from the residue theorem
that

e+iT b +iT
L(H.T) = H** P(log H) +( f f )“ZS)“S D3 s, (46)
b—iT e+iT

where P is a linear polynomial given by

It follows that

d (1 |
P(log H) = lim — [ =—(s — 1/2)*¢(28)¢(s + 1/2)H(s,3/2)H* 2
s—1/2ds \3s 47
1 1 '
= 5712(1/2, 3/2)log H + (y = 2/3)H>(1/2,3/2) + 57{5(1/2, 3/2)
and y is Euler’s constant. We derive from (4.3) that the first and third integrals in (4.6) can be bounded
by
1/4 2-50 bl 1 1 3 1
f TT—1+8H3+G'dO_ + f T1/2—0'—1+8H3+0'd0_ < H3+8/T§ + H3+Z+8/T1 + H3+§+€/T.
& /4

Recall the fourth moment estimate of the Riemann zeta function (see [14, Theorem 5.1])

T
f (o +in]*dt < Tlog* T
for 1/2 < o < 1 and the functional equation, which states

£(s) = X($){(1 = ) with x(s) ~ (| + 1)'*77

for oo < 1/2. By Holder’s inequality and partial integration, we can estimate the second integral in (4.6)
as follows

T12Qe + 2i0¢(1/2 + € + if)] dr

H3+€
-T |t| +1
T BN 1/4 T N 1/4 T 1/2
< e 1£(2e + 2i7)| » 12(1/2 + & + i7)| » f dt
o +1 r It + 1 o+ 4.8)
1/4
T4 + DY 22 2(1 = 26 — 2ip)
e f |1 + 1)1/2=2e( ) “
r lt + 1

< H3+8T1/2
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Combining all the above, we get
L(H,T) = H*P(logH) + O (H3+8T”2 + HTYAre 3 H3+1/2+€/T). 4.9)
Finally, inserting (4.5) and (4.9) into (4.2), we get
N3(H) = 16H*3 P(log H) + O (H**>**|T + H***T* + H>%**/T%).

Choosing T = H'/3, the error terms are balanced to H>*3/271/3*¢_This gives the required formula in
Theorem 1.3.

5. Conclusions

In this paper, we study the number of integers which form perfect powers in the way of
X0+ ¥+ 53+ =2

and the proof relies on techniques coming from complex analysis. We point out that this problem was
never done before except for the case k = 3. Itis not easy to establish a unified asymptotic formula with
power-saving error terms for large k, so we assume the Lindelof hypothesis for £ > 4. Theorem 1.1
gives an asymptotic formula with a power-saving error term for the number of such integers of bounded
size under LH. This is the novelty of this paper. Moreover, Theorem 1.3 gives an unconditional result
for k = 2.
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