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Abstract: This paper was concerned with the following Kirchhoff type equation involving the
fractional Laplace operator (—A)*

(1+ e [ [(=A)2uPdx) (~A)u + uK (x)u = g(x)ul2u, in R,
u e H'R3),

where @, u > 0, s € [%, 1), 2 < p < 4. By filtration of the Nehari manifold and variational techniques,
we obtained the existence of one and two positive solutions under some conditions imposed on K and g.
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1. Introduction and statement of results
We are concerned with the existence of positive solutions to the fractional Kirchhoff type equation

{(1 +a [, [(-A)iuPdx) (—A)u + pK (xu = g(x)ul2u, in R, (L.D)

u € H'(RY),

where @, u > 0, s € [%, 1), 2 < p < 4, and (-A)*® represents commonly used fractional Laplacian
operators defined (up to normalization factors) as follows (for more detailed information on fractional
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Laplacian operators, please refer to [1] and the references therein)

u U0 u(x) —u(y)

(1.2)
5 |)C y|3+2s e—0 R3\B,(x) |x_y|3+2s

(=A)’u(x) = C3,SP.V.f

for u € S(R?), where Cs; = ( fR3 llzlcffl di )_1, P.V. stands for the Cauchy principle value on the integral,
B.(x) denotes an open ball of radius € centered at x, and S(R?) is the Schwartz space of the rapidly
decaying C* function. The fractional Laplacian operators (—A)* have been widely used to establish
a variety of mathematical models in practical applications such as physics, chemistry, optimization,
finance, fractional quantum mechanics, and so on. When waves propagate in porous spaces or spaces
with non- smooth boundaries, classical models cannot reveal the influence of non-smooth geometric
shapes on wave characteristics and a fractal model must be used. Recently, He’s fractal derivative [2]

has been widely adopted to establish a mathematical model for a very complex physical problem,

which is defined by

0 —xn—Ax f— a ’
Dx xxgada (x = xp)

where I' is the gamma function and Ax is the smallest scale for measuring a porous structure or
an unsmooth medium. The future research frontier might be in the fractal-fractional Kirchhoff-type
equations, where the fractional order is determined by the fractal dimensions.
Throughout the paper, we assume that potential K satisfies the following conditions:
(K1) K € C(R*,R) and K > 0 in R®.
(K>) There exists ¢ > 0 such that K. := {x € R*|K(x) < ¢} is nonempty and has finite measure.
(K3) Q = intK~'(0) in a nonempty open set with locally Liptschitz boundary and Q = K~'(0).
Meanwhile, the weight function g fulfills the following assumptions:
(g1) g € L*(R?) and gomin = inf, 5 g(x) > 0.

v
(82) 8mux < 2 H . where guax = supgs g(X), pi = 2:/(2% — p) (2% = 3%, S ,(Q), and S, are the
¢ p

best constants for the embeddings of H}(Q) in LP(Q) and D**(R?) in L* (R?), respectively.
(g3) There exist Cy, Ry > 0 such that

I TPl g(x) < ColK()] 7",

for all |x| > Rq, where 6 = 2—_2

Conditions (K;)—(K3), first introduced by Bartsch and Wang [3], have attracted attention of several
researchers; see [4—10] and the references therein. To be more precise, in [7], Sun and Wu studied
the existence and concentration of solutions for a class of Kirchhoff type problems with steep
potential well:

{— (a +b fRN IVulzdx) Au+ uK(x)u = f(x,u), inRY, (1.3)
uec H'[RY),

where N > 3, a, b, u > 0 are parameters and f(x,¢) is asymptotically k— linear (k = 1,3,4) with
respect to ¢ at infinity. By applying variational approach, under some suitable conditions, they showed
the existence and the nonexistence of the nontrivial solution to (1.3). Very recently, Zhang and Du [10]
studied (1.3) when N = 3 and f(x,u) = |u|/’~>u with p € (2,4). By combining truncation techniques
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and the parameter dependent compactness lemma, the existence of positive solutions for » small and
u large is obtained. Meanwhile, Sun and Wu [8] considered (1.3) when f(x,u) := g(x)|ul’~>u with
p € (2,4). They introduced a novel constraint method to prove the existence of one or two positive
solutions to (1.3).

In the last decade, considerable attention has focused on the variational problems involving
fractional operators. We point out that, when @ = 0 and f(x, ) instead of g(x)|u|"~%u, problem (1.1) is
equivalent to the fractional Schrédinger equation of the type

(=A)Y’u + uK(x)u = f(x,u), in R3, (1.4)

which has been extensively investigated by many authors; see [11-17]. For instance, Niu and Tang [13]
were concerned with the existence of least energy solutions of (1.4) with f(x,u) = u”~', u > 0. Yang
and Liu [14] proved that such a class of equations with sublinear perturbation possess at least two
nontrivial solutions by using variational methods. Liu, Luo, and Zhang [12] obtained the existence of
nontrivial solutions for (1.4) with nonresonant nonlinearity.

Compared to (1.3) and (1.4), dealing with (1.1) involving fractional and nonlocal operators is more
difficult. As far as we know, there is no existence result of positive solutions for problem (1.1) with
steep potential well. Motivated by the above works, we intend to consider the fractional Kirchhoft type
problem (1.1) with steep potential well and sign-changing weight functions.

We now summarize our main results.

Theorem 1.1. Assume that conditions (K|)—(K3) and (g1)—(g>) hold, then there are u.., a. > 0 such that
Jorany p € (., ), @ € (0, a.), problem (1.1) has at least one positive solution u,, , € H S(R?) satisfying

ZSZ/Z(Q) )1/(10—2)

0< - s Ry < | ——————
Wl (gg,mmm )

and

0<10lu,,) <

2/(p-2
p-2 2511’3/2“2) (r-2)
4P gQ,min(4 - P) ’

where 1, is defined in (2.4).

Theorem 1.2. Assume that conditions (K;)—(K3) and (g,)—(g3) hold, then there are u*, a, > 0
such that for any u € (u*,0), @ € (0,a.), problem (1.1) has at least two positive solutions
ut,, € H'(R®) satisfying

257%(Q)

1/(p-2)
S E— <l s, w3
gQ,min(4 - P)) ATk

0< ||M;,(,||H;K(R3) < [

and

Iﬂ,a(u;ﬂ) <0< Lo(u,,) <

2

2/(p-2
p-2 ZSﬁ/z(Q) [(p=2)
4p gQ,min(4 - P)

and u, , is a ground state solution.
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Remark 1.1. It is worth noting that letting s = 1, our Theorems can improve existing results
in [8, 10]. Theorems 1.1 and 1.2 seem to be the first existence and multiplicity results of positive
solutions to (1.1) respectively.

Remark 1.2. From condition (g,), it’s not difficult to see that the weight function g is sign-changing.
There indeed exist functions K and g, which satisfy conditions (K,)—(K3) and (g1)—(g3). For instance,
let g(x) = Cy > 0 and

0, if |x| < ro,
2] 2-¢4-p)]
—JRr 7 .
KO = (a1 = ), if 7o < || < Ro,
2o 30 ,
|X| 4=p ’ if |X| > RO’

where O < ry < Ry. We can easily see that conditions (K)—(K;) and (g3) hold. Moreover, from [18], by
simple calculations we conclude that

25
3

% (32 RE s
2

where T is the gamma function, B, (0) denotes the ball of radius ry centered at 0, and p} is given in
condition (g,), then, we have the equality in (g,):

sppls

3425 prs/2 30y o
4 sernil2 . (T) ASUN 32
- SPPs Br 0)) = (4 sppy/2 2 :Sfps ,

which implies that there exists ¢ > 0 such that condition (g;) holds.

Remark 1.3. As far as we know, there was no result for problem (1.1) with steep potential and sign-
changing weight function for p € (2,4). We point out that in the process of estimating the energy
functional, we must restrict s € [%, 1). More precisely, we shall prove 1, , is bounded below on N, in
such restriction on s. However, if s € (0, %), the exponent p;, = 2;/(2; — p) given in Lemma 2.2 will not
be well defined due to 27, p € (2,4).

The rest of this article is organized as follows. In Section 2, we introduce some symbols and
technical lemmas. We prove the main results in Section 3.

2. Preliminaries

To prove our main Theorems, we need the following notation and useful results. The Hilbert
space H*(R?) is defined by

H'(R?) := {u € LXRY)| (-=A)iu e LZ(R3)},

endowed with the inner product

(u,v):f(—A)gu(—A)évdx+f uvdx
R3 R3
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and the norm |

2
el sy = (f W’ + I(—A)iulz)dX) :
R3
According to (1.2) and [1, Proposition 3.6], we have

Ju(x) = uy)P
||( A) u”LZ(RN) szXRE |X y|3+2s d dya

where C; is a positive constant that depends on s.
As in [18, Theorem 1.1], let Sy > O be the best constant of the fractional Sobolev embedding
D2 (R?) — L*(R?) defined by

ual;

. Ds2(R3

Sy= inf 200 2.1)
ue@vz(R*)\ el ®)

where D*2(R?) is defined by
DR = {u e LERY)| (=A)iu € LZ(R3)},

endowed with the norm 1

2
||u||DV,2(R3):( f |(—A)‘zu|2dx) .
R3

The best constant for the embedding Hj(€2) — LF(Q) is denoted by

2
”u”DS 2(R3)

S,(Q) = 2.2)

m .
et @01 [l s

Throughout this paper, we define

Hi(RY) = {u € H'R?)| f K(0)|ul*dx < +oo},
R3
which is a Hilbert space equipped with the inner product

(V) = f (=A)2u(=A)2vdx + f K(x)uvdx
R3 R3

and the norm 1
2

2 2
llullzy 3y = (IIMIIDS,z(Rs) + jl; K(x)|ul dX) :

For u > 0, define the next inner product

(MaV>H"K(R3)Zf(—A)gu(—A)gvdx+f,uK(x)uvdx,
K R3 R3

and the norm 1

2
2 2
||u||HsK<Rs>:(nunz)x.z(Rsﬁ f HK()lul dx) .
H R3

AIMS Mathematics Volume 9, Issue 4, 8353-8370.



8358

Obviously, for u > 1, |[ul| Hy®Y) < (|| HS () then, by (K;)—(K>), the Holder inequality, and (2.1), we
derive that

s s N * 5 1
f W + [(=A)2uf)dx < f |(—A)2u|2dx+|7(0|23( f Iulzfdx) +— f uK (x)u*dx
R3 . HC JRIK,

max {1+ 9C1¥S 7 (o)l o
Thus, for u > ¢7'(1 + IVQI%S;l)‘l, there holds

(1+ 153 S Tl

2
||M| |H.V(R’S Hs (R’«S

It is easy to see the embedding H;K(R3) < H*(R?) is continuous. Analogously, for any r € [2, 2%,
there is o = c‘lSsl(Kcl‘% such that for u > g, we have

ul'dx < v | e (ST | <K S, o 23)
R3 R3\7(c 7(( D (R) ( )

We consider the variational functional associated to problem (1.1) defined by
= ot : rd 24
My (l(u) ”M”HS (R3) ZHM”Z}Q(RS) - ; - g(x)lul X. ( . )

We can see 1, € CI(H;K(R3), R), and for any u, ¢ € H;K(R3),

(o). 0) = (1 + allullnza) f (Biu(-A) gdx + f K (ugdx - f gl ugds
R R R
u is a solution to problem (1.1) if u is a critical point of /,, ,. We introduce the following Nehari manifold
Nua = {u € Hy(®R)\ (0} : (I, ,(w), u) = 0},

and the fibering map ¢, : t € R" — [, ,(tu),

#oo at! 1
¢M(Z) ”I/l” s (R3 + ”u”Z)SZ(Rg) - ; f} g(x)lulpdx
R

Thus, we get
’ 2 301,014 -1
$u(0) = tlullZe o) + PNl o) — 17 f g()lul’dx
uK R3

and
620 = Ml o, + 3P ulyzza, = (p = DI f g@lupdx.

Therefore u € N, is equivalent to ¢, (1) = 0. Furthermore, for u € N, ,, we obtain

¢, (1) = ~(p - 2)||u||25 s Tad - ][] [pee. (2.5)
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or
u(1) = 20l o, + (4~ p) f glul’dx. (2.6)
uK R3

As [19], we devide N, into three parts as

Ny = {1 € Nualp, (1) > 0},

Nyo = {1 € Nualt (1) < 0},

N, = {u € Nyalg, (1) = 0}.
In view of [20, Lemma 3.2], we can derive the following lemma immediately.
Lemma 2.1. If u is a minimizer of 1, , on N, such that u ¢ Ngﬂ, then I;W(u) =0in H (R3)

Lemma 2.2. Assume that conditions (K,)—(K,) hold, then for any u, a > 0, the functional 1, is

coercive and bounded below on N, . Moreover, for allu € N, there holds

P 2,
Lo > 2 - ( -1 | msm)

max

Proof. Forue N,

s it follows from (2.3) that
2 2 4 2
0y sy < Ml ey + lilfyoges, = f SO0l < g KIS PNl

Thus, we obtain

2
-2
f gl dx 2 Ml (oo > (gmaxl7<| PvS”/Z) . 2.7)

R3
Combining (2.6) and (2.7) yields

|
Lo (1) = L) = 7 {1, o 0). 1)

L 4-p

2
> P >l
p—2
=4 ( max K7 Sp/z)
Hence, we deduce that /,,, is coercive and bounded below on N ,. m]
Define
ZSP/Z(Q) 2/(p-2)
p
=|— . 2.8
[gQ,min(4 - P)) ( )
For any u € N, , with I, ,(u) < i—;zT, we obtain that
p=2 -2 a4 -p) p=2 . a(4-p)
?T > I a(l/i) —p” ”H‘ ((R3) - THMHDS,Z(R3) > ?HMHH;K(R% - T”M”H;K(R3)'
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Consequently, for a € (0, ﬁ), there exist A;, A, > 0 such that
||M||HI§K(R3) <A; or ||M||H;K(R3) > Ay,
with

[T
5 < A, < VT < A,. (2.9)

Moreover, it follows from (2.8) and (2.9) that A} — oo as p — 47, then, we consider the next two sets

p—2
N8 o= {ur Mo (Z2 il < 1

and
2) ._ p—2
N2 = {0 € Moo (P27 il > 2

Therefore, we obtain

Ny (P4—‘p2T) _ {u € Noallot) < P4;2T} ~ NN,
Forall u € N/EI(), applying (2.9), we deduce that
lillzs ey < Ar < VT (2.10)
Similarly, for all u € Nﬁl, we obtain that
lellzs ) > Az > VT. (2.11)
The lemma below shows that N,ﬁB and N,Ezf), are sub-manifolds of NV, and N ,, respectively.
Lemma 2.3. Assume that a € (0, (4”_ ;jT) and conditions (K,)—(K>), (g1)—(g2) hold, then N,ﬁ‘g C Nu_ o

and N,(f; C Ny, areC ! sub-manifolds. Moreover, every local minimizer of the functional I, in N,%
and Nﬁl is a critical point of 1, in H;K(R3).

Proof. Foru e N\

s

it follows from (2.6), (2.3), condition (g), and (2.10) that

6.(1) = =20l o) + (4= p) f g(lupdx
ukK R3

1
2 F o-p/2
< —2||u||H;K(R3) + (4 = P)max K175 S TP ull? < @)

2 (4 - p)gQ,min p—2

<0,

which implies thatu € N ,.
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For u € N,fg,, it follows from (2.11) that

- —2
pP=2._p

L. 5 4—-p B 2 )
Z||u||HﬁK(R3) - ? \IR; g(-x)lulpdx - I/l,(l’(u) < 4p 4p ||u||H;K(R3)’

which yields that
20ulll, 5 < (4= p) f g()lul" dx.
uK R3

Combining with (2.6), we obtain

Bu(1) = <20l o, + (4= p) f SOl > 0.
HK R3

For u € H;K(R3) \ {0}, let

M0 = ||u||?1;K(R3) & i )_( p ),,le()
T fs g@lulrdx | RV e

Lemma 2.4. Assume that condition (K, ) holds, then for any a > 0 and u € H;K(R3) \ {0} satisfying

(p-2)/2
p P 2&’(4 - p) P
fR 8@luldx> 77— | = el s

there exists t; > t(u) such that

inf [, ,(tu) = inf 1,,(tu) <O0.
>0 H(u)<t<ty

Proof. Fix u € H;K(R3) \ {0} satisfying (2.12) and define ,(f) : R* — R as

o, =4 )
(D = — s - — dx.
(1) 5 lual| S fw g(0)lul”dx

We remark that [, ,(tu) = 0 if, and only if, ,(¢) + Fllull
exists a unique #y > 0 such that

4
Ds,z (R3

vu(ty) =0, lirgl Y, () = o and lim ¢, (1) = 0,
t—0t t—00

(2.12)

(2.13)

y = 0, then, it is easy to show that there

(2.14)

where 1) = (%)ﬁM (u). From (2.13), we can see i,(f) is decreasing when 7 € (0, f(u)) and is increasing

when ¢ € (f(u), ), and

_2
-2

ltgg lpu(t) = wu (f(u)) =

2
2(4-p)

According to (2.12), we can deduce that

: _ 2 _ 4 _ 4

P
”u”i[? (R3)'
4= p) [, g@lulrdx Z

(2.15)
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Together with (2.14), we obtain that there exists 0 < #, < #(u) < t; such that

[04 4 a 4
l//u(tl) + leullz)x,Z(R3) = 0 and lr//u(IZ) + Z”u”z)sl(R3) = O'

Thus, it follows from (2.15) that

) = () |G + | <0

which implies that inf,5( 1, ,(fu) < 0. We recall that

80 = 46 0 + Sl | + P00,

which implies that ¢, (¢) < O for any ¢ € (t,, {(u)) and ¢,(t;) > 0. O
Define .
- 2\
) =—— M(u).
(u) ( 1 p) ()
We note that #(u) < #(u) for 2 < p < 4. The following lemma indicates that N, , and N,/ , are nonempty.

Lemma 2.5. Assume that condition (K;) holds, then for any « > 0 and u € H;K(R3)\{O}
satisfying (2.12), there exists My(u) < t~ =t (u) < f(u) < t* = t*(u) such that t™u € N TTu €
N, and

Lot u) = sup I,,(tu), 1,,(t"u) = gltf L o(tu) = 1tr>1g Lo (tu) < 0.

O<t<t*

Proof. Fix u € H;K(R3) \ {0} satisfying (2.12) and define 4,(f) : R* — R as

h(t) = e oy = 27 f g(Olul"dx.
HK R3

As a consequence, fu € N, if, and only if, h,(1) + a||ul|
can find that

41)&2(]1@) = 0. Similar to (2.14) and (2.15), we

h(Mg(u)) =0, lirgl h,(t) = co lim h,(t) = 0,
t—0* t—o0
h,(t) is decreasing when ¢ € (0, #(1)) and is increasing when ¢ € (#(u), o), and

2 =

p-2(_ MM B .
Ul s 3
4= p) [, glulrdx Hi (7)

inf Ay () = h (i) = -

4-p
s
P 4 4
<=2a ()7l os) < ey

2
-2

noting that (g)” > 1. Therefore, there exists M, (u) <t~ =t (u) < f(u) < t* = t*(u) such that
(1) = =allullyr sy = hl0), (£ >0, (1) <0,
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which yields that *u, r"u € N,. Due to ¢,(1) = £k, (1), we conclude r*u € N, and ru € N,

From ¢;(t) =7 (hu(t) + allull‘z‘w(R_g)), it follows that q’);(t) > (O forallt € (0,t7) U (¢, ) and gb;(t) <0

for all € (#7,¢"). This implies that

Lo (tu) = sup I,,(tw), 1,,(t7u) =inf I, ,(tu).
>t

0<t<t*

Obviously, ,.,(t"u) < I,,(t"u). Applying Lemma 2.4, we obtain that

.
Lot u) = g L o(tu),

which completes the proof. O

Notice the following fractional Schrodinger equation

(=A)’u = |[ulP?u, in Q,
(2.16)

u € Hi(Q),

where 2 < p < 4 and Q is given in condition (K3), admits a ground state solution w satisfying

fl( A)Zwlzdx—flwlpdx— % (Q). (2.17)

Moreover, we have

. 2 12 2
inf J() = J() = 2 2512,

where J is the variational functional associated to problem (2.16) defined by

1
J60) = Sl 0, - f P,

and
Na = {u € H(Q)\(0}(J' (u), uy = 0}.

NOte that f0r w € Hg(Q), ||(,()||Ds,2(R3) = ”(,()”H;K(Ri) Deﬁne

p—2
2(4-p)

(2.18)

* o

L
(4 p)gQ min -
pSHA(Q)

For any «a € (0, @,), by (2.17) and (2.18), we obtain

p=2
_ P (20(4-p)\’
f g)w|”dx > gamin f WP dx = gominS ;P (Nl o > ol o)
R? Q 1K p- 1K

4-p 2
From Lemma 2.5, there exists M (w) <t~ < f(w) < t* such that " w € Ny F'w € Ny, an
Lo(t"w) = sup 1,,(tu), I,W(fra)) =inf 1, ,(tu) = mfI o(tu) <0, (2.19)
>t

O<r<t*
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which implies that r*w € NW( T) Together with Lemma 2.3, we have t*w € Nﬂ Thus, N,Ezo)z is
nonempty. By (2.17), we obtain that

_ (2 ™ 4 -p)e) f
Lio(tw) = ——lwllys gy — ———— (x)|w|Pdx
H 4 H3  (R3) 4p - 8

1 - min ,
<7 [(r ) - %(: )P] IIwIIf,;K(Rg) (2.20)
p-

2 287y Y
4p gQ,min(4 - P)

By using a similar strategy of #*w, we observe that " w € N, ) Therefore, Noua D s nonempty.
3. Proof of Theorems 1.1 and 1.2

In this section, we deal with the existence and multiplicity of solutions to problem (1.1). To begin,
we present the next compactness result.

Lemma 3.1. Assume that conditions (K|)—(K,) and (gl) hold then there exists u, > po such that 1,
satisfies Palais-S male condition in N;(m at the level ¢ < & T for any u € (u., ) and a € (0, a,).

Proof. Let {u,} C Nfllc)k be a (PS). sequence satisfying

Lia() = ¢ and |l ,(u)llg2 @) — 0 as n — oo, 3.1)

JTR%
to a subsequence, there exists u € H; K(R3) such that

It follows from the definition of N'" that {u,} is bounded in H; K(R3). Hence, we may assume that, up

u, » u, ae. inR>
up — u,  weakly in HS (RY), (3.2)
u, — u,  strongly in L1(>C(R3)a 1<r<2.

Meanwhile, there exists D € R such that ||u,||7,,, = D? and ||ull7,,, = < D?. Letus define v, = u,—u,

then, from (K3) and (3.2), we see that

1
2 _ 2 2 e
Vall 23y = fmm v,dx + fq{ vidx < /,LC”vn”H;K(R3) + 0,(1).

Together with the Holder inequality and (2.1), we infer that

1-c 1-o
-5 -5 -2
Valleesy < Vallfz g3, IIVnIILZY(Rﬂ <S5 7 Ivallfes ”Vn”Dg(R3) <85 7% (ue)™! Vallas, ), (3.3)
where o = 1—27 (Z:’Z’) < 1. It follows from Brezis-Lieb Lemma [21] that

f e(lvlPdx = f el Pdx - f e(Oluldx + on(1). (3.4)
R3 R3 R3
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Applying (3.1) and (3.2), we obtain that for any ¢ € Cg"(RS),

(1+eD?) f (=N u(-A) pdx + f uK (x)updx — f g(O)|ul”2ugdx = 0,
R3 R3 R3
which implies that
il o + Dy, = [ sl =0, (3.5)

From (2.3), (2.10), and (3.3)—(3.5), we conclude that

0n(1) = (I, (), )

H: (R)
= el oy + il ogs, = | 8ONual’dx = ull3ye gy — @Dl ey + | 8(0)Iul’dx
2 (®) 2@ 7 ), 2 (R) 2@ "),

2 2 2
= ”v””H;K(R3) + Q’D ||v”||2)5>2(R3) - L? g(x)|Vn|pdx

(r-2)/p 2/p
2
Z ||Vn||H.v (R3) - gmax (f |vn|17dx) (f |Vn|pdx)
MK R3 R3

1o (r=2)/p o1 Y )
> |1 = gmax (l(](clpxssp (2A1)p) SS (ue) ||vn||H;K(R3)’

which implies that there exists p,. > o such that u, — u in H) K(R3) for all u > u.. |
Now, we will give the estimation of the infimum of /,, on the Nfll()l and Nﬁ We define

Cra = 0 uo) = inf L ().
NH»H e

It follows from Lemma 2.2 and (2.20) that

0<c <PZ 2( 2807 22
B 4p | gomin(4 = D)

(3.6)

Proof of Theorem 1.1. By Ekeland’s variational principle [22], there exists a (PS)., sequence {u,} C
Nfllc), satisfying (3.1). From Lemma 3.1 and (3.6), we get that for any u € (u., o) and a € (0, .), there
exists u, , € N, such that

Iﬂﬂ(u;ﬂ) =0, I#,a(u;’a) = Cpor

Furthermore, we note that

2/(p-2)
p—Z( PAYA(®) ] g

Lio(iy ) = €y < Lio(fTw) < 2 | 20mm@—p)

which implies that U, o € N,Elc), By Lemma 2.1, as in [23, Proposition 3.5], we can obtain that Uy g is a
positive solution to (1.1). O
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Define
¢ = 1nf L) = inf 1,,(u)
’ eN ueN; o

and let

= 1/(4-p)
4-p( G ’
M1 = ’

_ > 2.(0-1)/0
p—2\ar2s:

where C, > 0. We observe the following estimate.

Lemma 3.2. Assume that conditions (K,)—(K>), (g1), and (g3) hold, then
(i) There exists py > 0 such that for any p € (w1, ) and a € (0, ), N, is a bounded set.
(ii) There exist B, py > 0 such that for any u € (ua, ) and g € (0, 00), =g < ¢, , < 0.

Proof. (i) For u € N/j »» 1t follows from the Holder inequality, (2.1), condition (g3), Caffarelli-Kohn-

Nirenberg type inequality of fractional order [24], and (2.5) that

fog@lurdx [ gColrdx
+ allull;

 lul? allull;

s (R3 DS Z(RS) DS 2(R3)

24«

\ -
([or, 18O dx + b, |BR, ()5 S 1||u||DQUR3)"( 2||u||DAZ(R3))

< (3.7)
a’”“”@a 2(R3)
1/0
60,2 -1
1 for 01 2dx + gh 1Bry O3 ST B
- 2%(6-1) ”u”(4 25)6+2%
asS;” DW2RY)
- 0 P 2-(4-p)0 1/0
0 u 2 Lo
|G e (k) () " as . Sl Br (OIS
= 2%(0-1) (4-25)0+2% 6(4-p)
[[oe]] foe]]
AT D2R3) D2R3)
- (4-p)o 2-(4-p)d 1/6
9 2 2 u 2 25 o _
|l Kdx) © (g, f5x) g 1B O)FST
= 2%5(0-1) It ”(4 21)0+2% ”u”9(4 D)
WA | DS2(R3) Ds2(R3)
- @-p)o 1/6
~ 2 Lo-
1 |Colfpn KOPdx) gt B, OIS
s lull25 7 lulloyr
aSS 20 i DS2R3) Ds2(R3)
- (4-p)0 P P 1/6
< 1 C Q’(4 - P) : + gmaxlBRo| S
- 25(6-1) 0 /J(p _ 2) || ||3(4 P) ’
QS s 20 Ds2(R3)

where Cy is the constant of Cjj and the constant of Caffarelli-Kohn-Nirenberg type inequality of
fractional order. This implies that for any u > u;, there exists a positive constant d; dependent on

@ such that |Ju||? DRARY) < 61, which yields

@4 - p) a4 - p)
||u||Hs (B3 = ﬁnuuiy,za&z) < ﬁéi
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(i1) From (2.19), we get that ¢} , < 0. For u € N[, arguing similarly as (3.7), we deduce

;1 o
f % g(O)ul’dx
R.
25(6-1) [ 4 Gph 0 |B (O)le_l 1/6
SS I ||u||Z)A 2(R3) CO (zgp:g;) + gmaXH |1|Q6('Z4 P) > ]
L DS 2(R3
_250-1) [ 4 — Tp B (0 ES_I/H
<S 20 ” ” ~1/6 (Y( P) + gmaxl Ro( )l
} e |0 \up =2 T
L DYZ(R3

—p
efad—p)\ T e
:C(l)/e(,u(l? 2)) S 7 ||M||z)sz(R3 +gmax|BRo(0)|wS p/zllu”D”(R@

Thus, we derive that
2 1 p
I/J,a/(u) ||u|| s (R3 ||u||DSZ(R3 - g(x)|u| d-x
P Jr3

« G (ad-p)\7 o B
2 Z_T(IM Ss ||M||D52(Rs -r gmaxlBRo(0)|wS S ||“”z):2(R3

Therefore, taking

4-p
M > U i= (—) M1,
p
we can conclude that there exists 8 > 0 such that 1, ,(u) > —, noting 2 < p < 4. O
Arguing as in Lemma 3.1, we can deduce the next compactness lemma for the functional 1, , in N,EZ()Y

Lemma 3.3. Assume that conditions (K,)—(K3), (g1) and (g3) hold then there exists u3 > max{ug, (1}
such that 1, , satisfies (PS) condition in N,Ea at the level ¢ < p Tfor any u € (uz, ) and a € (0, a.).

Proof of Theorem 1.2. Define u* := max{u., u;, Uz, puz}. It follows from the Ekeland’s variational

principle [22] and Lemma 3.2 that for any ¢ € (4, o) and @ € (0, @.), there exists a bounded (PS).;

sequence {u,} C Nﬁ satisfying (3.1). From Lemma 3.3, we obtain that for any u > ¢* and @ € (0, ..),
there exists u; , € N7, such that

Iﬂ,a(u;’a) =0, Iﬂ,a(u;’a) = c;’a
Furthermore, we note that
I#,a(u;ﬂ) = C'u o < 1a(ttw) <0,

which implies that u;’a € Nﬁ As in [23, Proposition 3.5], we can obtain that u;;’a is a positive
solution to (1.1). Together with Theorem 1.1, we obtain that there are at least two positive solutions
i, € H;K(R3) to (1.1) satisfying

257%(Q)

1/(p-2)
S E— <l s, w3
gQ,min(4 - P)) ATk

0< ||M;,(,||H;K(R3) < [
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and
/2 2/(p-2)
_ p=2( 28V°(Q)
Lo ) <0<, < ,
. H . o 4p gQ,min(4 - P)
and u; , is a ground state solution. m]

4. Conclusions

The main purpose of this paper is to study the existence of positive solutions for the fractional
Kirchhoft type problem (1.1) with steep potential well and sign-changing weight functions. We find
that the standard Nehari manifold method does not work, because the energy functional is not bounded
below on the Nehari manifold. Moreover, the Nehari-Pohozaev manifold and monotonicity trick are
also not applicable to solve this problem, due to the potential K € C' is necessary.

To prove Theorem 1.1, as [8] we introduce the following sub-level set of Nehari manifold

-9 -2
Nia (p4—pT) ) {u € Noalha(w) < T} = N U N

where
p—2
N = {u € Ny (FT) el o) < Al}
and

p—2
N2 = {0 Moo (227 il > )

By some detailed estimates and analysis, we obtain that the energy functional I, satisfies (PS)

condition in N\ at the level ¢ < 22T. Since N\ is bounded, combining Ekeland’s variational

M 4p JTRe
principle [22] and the compactness result, we obtain one critical point. Furthermore, due to the
assumption (g3), we can show that /,, is bounded below on Nﬁ and Nflzc), is a bounded set. Then,

similar to the above, we deserve the second critical point.
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