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Abstract: We construct the Henstock-Kurzweil (HK) integral as an extension of a linear form initially
defined on L', but which is not continuous in this space. This gives us an alternative way to prove
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1. Introduction

It is well known that A is a continuous linear functional on the space of Henstock-Kurzweil
integrable functions on [a, b] if there exists a function ¢ : [a, b] — R of essentially bounded variation
such that

b
Af) = (HK)—f vf, (1.1)

(see [1]). For example, in [2, Theorem 12.7] it is proved that

inf  Var[9;[a, b]] < 2||A]|
=0 a.e
where Var[9; [a, b]] denotes the total variation of ;.
We present a new method to show that the space of essentially bounded variation functions is in fact
isometric to the dual space of Henstock-Kurzweil integrable functions:

inf  Var[9;[a, b]] = || [1] [y, = lI1ll,

9= a.e
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where [¢] is an element of the quotient space, BV,,, of BV with given equivalence relation. It comes
out that
A = BV,

1s an isometric isomorphism. A’ denotes the dual space of the Henstock-Kurzweil integrable functions
normed with the Alexiewicz norm. For details, see Theorem 3 of this article. In fact, Theorem 1 of [3]
shows that the functionals in the space of Henstock-Kurzweil integrable functions are of the form

b
(HK)- f fo

where ¢ is a bounded variation function. Modification of the function ¢} on a null set gives rise to the
same continuous linear functional. So, the correspondence between linear functionals and bounded
variation functions is not a bijection. In this paper we show that the dual space of the Henstock-
Kurzweil integrable functions is isometrically isomorphic to the space of essentially bounded variation
functions seen as a quotient space.

We mention also that this result is related to James’ theorem, (see [4,5]), which assures that in a
non-reflexive space like the one in question not every continuous functional reaches its supremum. But
rather, there must always be values arbitrarily close to the norm of the functional.

Furthermore, in this paper we build the Henstock-Kurzweil integral (abbreviated H K-integral), via
the limit of integrals of functions that are Lebesgue integrable, thanks to the fact that L'[0, 27] is dense
in the space of Henstock-Kurzweil integrable functions. In fact, on C[0, 2] we can define the positive

linear form
2

A(f) = lim | f,(x)dx,
n—oo 0

with the integral in the sense of Riemann and (f,) converging to f in L!-sense. This leads to the Daniell-
Stone integral and the space £'(1) of integrable functions in this sense. It contains the Riemann integral
and coincides with the usual Lebesgue space L'[0, 27], (see [6, Theorem 1.1]).

Following a similar idea we can extend the notion of integration, inheriting naturally the properties
of the previous integration theory on which it is based but adding new features. Our proofs of important
results in this theory as the multiplier Theorem are elementary and easy.

2. Extension of the Lebesgue integral

For a given f € L![0, 27] one can define the positive linear form

27

m(f) := /s

0
fxf|. 2.1)
0

The supremum is known as the Alexiewicz norm of f, denoted as ||f]|.4. The linear space L'[0, 2] with
the Alexiewicz norm is normed but not complete. A basic result is the following:

which easily leads to

| m(f) |< sup

0<x<2rm

Lemma 1. The space (L'[0,2n],|| - ||.4) is a normed space.
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Definition 1. The completion of the space L'[0, 2] under the norm || - |4 is denoted by A.

The map m can be extended over functions out of L![0, 27r]. The extension of the linear form m on
A is denoted by the same symbol.

Definition 2. The Henstock-Kurzweil integral is defined on ‘A by

(HK)- 02” f®dz :=m(f) = lim m(f,),
where f, — f in the A-norm.
The prefix (HK) makes it clear that it is not a Lebesgue integral.
Remark 1. Definition 2 agrees with the classical integral of Henstock-Kurzweil (see [7]).
The following results are well known, (see [8, Theorems 1 and 3] and [9, Theorems 2.5.1 to 2.5.12]).
Theorem 1.
(a) The Henstock-Kurzweil integral contains the Lebesgue integral in the sense that

21 21
)~ f = f o fer'102x).
0

0
(b) For given fi, f> € A, and 5 € R, the equality
21 27

27
(HK)- f (/1 +BSf2) = (HK)- J1 + B(HK)- N
0 0 0

is valid.
(c) If f € Aand (f,) C L'[0,2x] converges to f in A-norm, then

fxoa = 21_{{)10 Jfuxion € A,

and F(t) := (HK)- fot f = (HK)- fOZK fXio. is continuous on [0, 2r].

Definition 3. Let v be a real valued function over R. It is said v is a bounded variation function over

[0, 27] if
Var[v, [0, 2r]] := sup Z [v(x;) — v(x;_1)| < o0

i=1
where the supremum is taken over all partitions on [0, 2nx].

The space of functions that have finite variation on [0, 2n] is denoted by BV[0,2x]. In the space
BV|0, 2n] we introduce a norm by

IVllgy = [v(2n)| + Var|v, [0, 2x]].

Note that this norm is equivalent to the one in [10, Theorems 2.2.1 and 2.2.2]. Thus BV[0, 2x] with the
given norm is a Banach space.
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In order to give a characterization of the dual space (A)’, we use
L'[0,2n] €A = (A) c L'[0,2x] = L™[0,2x].

This allows us to precisely see not only an element of (A)" as an element in L*[0, 2], but also as
an element in the dual space of C[0, 2x]. In fact, C[0, 2]’ is characterized by Borel measures, which
in turn are related to the space of functions of bounded variation BV[0, 2x], (see [11, Theorem 7.1.1]
and [12, Theorem 6.3.3]).

The multiplier theorem for functions on A is well known, but for the convenience of the reader, we
give a new proof in our context.

Theorem 2. If f € A and ¢ € BV|0,2r], then O € A. Its integral is given by
27 271
(HK)- f f9=9Q2n)FQ2nr) - f F dv (2.2)
0 0

where F(t) = (HK)- fot f and the integral on the right side of the equation is in the Riemann-Stieltjes
sense.

Proof. First suppose that £ € L'[0, 27]. Since  is a bounded measurable function, then £ € L'[0, 2x].
Due to [13, Theorem 3.135], for given f € L'[0,2x], we can choose a sequence of functions (f;,) €
C[0, 2] converging to f in L'-norm. If F,(¢) := fot f», then

”Fn _F”oo = sup

0<x<2rm

tfﬂ—fkun<myea (2.3)

The integration by parts formula for the Riemann-Stieltjes integral and [12, Theorem 6.2.8] imply that

21 27
f JdF, exists due to f F,d9¥ existing.
0 0

Therefore, by the fundamental theorem of calculus and [14, Theorem 7.8] we get

21 21 27 27
i = f F9 = f 9dF, = 9Q2n)F,(2n) - f F,d¥. 2.4)
0 0 0 0

From [15, Corollary H.4] we get

27 2
\j\mw—f<mﬂﬂm—mmwwea
0 0

This inequality and (2.3) yield, after taking limits on both sides of formula (2.4),
21 27
f 9 =9Qn)FQnr) - f Fdo (YfeL0,2x)). (2.5)
0

0

On the other hand, we can define for ¢ € BV[0, 2] the multiplication operator
Ty : L'[0,27] = A; To(f) := Of.
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From (2.5) we get that Ty is a bounded operator:

ITs(Hlla < cliflla (¥ f € L'[0,271), (2.6)

where ¢ is a positive constant. It follows from the Bounded Linear Transformation Theorem [16,
Theorem 1.7] that Ty extends uniquely to a bounded operator from the completion of (L'[0, 271, | - |l4)
to (A, | - ||#). Denoting by the same symbol the extension of the operator on A, one has

Tﬁ(f) = ﬁf = fﬂ = ’}1_)1’1; Tﬂ(fn) eA

whenever (f,) converges to f € A. Now, using (2.5) and (2.6) and a sequence L'[0,27] > f, — f in
the A-norm, we get the validity of the formula for all f € A. This proves the theorem. O

3. Duality and non-reflexivity in the space A

In the case of the classical space L'(X; du), with X an arbitrary measure space of positive measure 1,
its dual space is the quotient space L™(X;du) = L (X;du) /W, where L* (X; du) denotes the space
of bounded measurable real functions defined in X and

W={f: X>R:f=0ae}.
The norm is defined on L*(X; du) as:
Ifllo = inf{M >0 : |f| xime) € W}

The map g — F,(f) = fx fedu is an isometric isomorphism of L*(X;du) onto L'(X;du)’ when
(X;du) is o-finite, (see [17, page 375]). We will show an analogous result for the space A. We
introduce the Banach space defined by the quotient space

BV, := BV/Z,

where Z .= {v € BV[0,2n] : v(x) = 0 a.e.}.

Lemma 2. BV,, is a Banach space of equivalence classes [v] := {V' € BV[0,2x] : v—V € Z}, with
the norm given by

Cp— 1 /
Il [v] ||BV,,1 = 522”\/ —V||gy.

Proof. We will show that Z is a closed subspace of BV[0,2r]. Then the statement of the lemma is
implied by a classical result in Functional Analysis [17, Theorem 4.2]. Given a Cauchy sequence
(v,) C Z in the norm of BV|[0, 2] with limit v, we have that for each n € N, there exists a measurable
set T, C [0, 2x] with

Vu | =0, such that y(7T}) = 0.

Tll
Here v is denoting the Lebesgue measure. Therefore, due to convergence in BV([0, 2x] implying in
particular pointwise convergence, we get

V() = 1im v,(x) = 0 (v xe) ‘rm).

meN
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Furthermore,

7( (Nmert L) ) < Z y(Y%) = 0.

This proves that the limit v belongs to Z. O

In [18, page 241] the normalized functions are defined. For our purposes we slightly modify that
concept.

Definition 4. Let v € BV[0,2r]. For x € [0, 21) we define
vi(x) ;= lim v(?),
t—xt
and v*(2rr) = 0. We will say that v* is the normalization in the Alexiewicz sense of the function v. The
set of all such functions will be denoted by N ABYV|0, 2r].
Lemma 3. Let v € BV[0,2x). Then there exists a unique element v* € [v] belonging to NABYVI0, 2nx].

Proof. Letu,w € [v] and x € [0, 2r). By [10, Corollary 2.1.23] the limits u*(x), w*(x) exist. Let € > 0
be given. There exists d,(e) > 0, such that if s € (x, x + d1(€)) , then

lut (x) — u(s)| < g

Also, there exists 0,(€) > 0 such that if s € (x, x + d,(€)), then

w* () — w(s)| < g

On the other hand, there necessarily exists y € (x, x + d,) such that
u(y) = w(y)
where 6, = min{d;(¢), 6,(¢)}. So,
" (x) = W ()] < " (x) — u()] + W (x) —wy)l < €
and since € is arbitrary, we obtain
ut(x) = wh(x) Vx € [0, 2n]. m]
Lemma 4. Given v € BV[0, 2r] its normalization in the Alexiewicz sense v* belongs to BV |0, 2r].

Proof. Let w € [v]. For an arbitrary partition {x j}?:o of [0, 2], let {x;};?zo such that x; < x;. < xj4 for

0<j<n-1andx, = x,. Given € > 0, we choose x;. sufficiently close to x; such that

, €
|V+(Xj) - W(Xj)| < 5

forall j =0,1,...,n — 1. Therefore,

DIV = v Ol £ ) I () = wi)

J=1 J=1
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8256

£ W) = WL+ G = wi)
j=1 j=1

IA

n—1 n
W@+ IV () = Wl + ) () = wix )l

=1 =1

n
) = W)
j=1
n

n—1 n
€ , , €
W@+ ) 55+ D e = w )l + ) 5
J=1 j=1

=

IA

Now, taking the supremum over all partitions on [0, 2] we get
V¥ llsy < 3€ + [Iwllay.
Since € is arbitrary, we conclude
IV llsv < Wllsy (Y w € [V]). m
Corollary 1. Ifv € BVI[0,2n], then || [V] |lzy, = lIV']lsv.
Theorem 3. The spaces (A)’ and BV,, are isometrically isomorphic:

(a) (A) = BV,
(b) For every A € (A)', there exists a unique [v] € BV,, such that

Al = Il V] llv,-

Proof. (a) Let 1 € (A)Y. For given f € L'[0, 2r], we take

Fo(?) = f f € Col0,2n] c C[O, 2n], 3.1
0

where Cy[0, 2r] consists of the continuous functions vanishing at zero. We define
n(Fy) = I(F). (3.2)

It follows that,
M(Fo)l = [(F)l < cllFjlla = cllFolle.

We get a continuous linear functional defined on a subspace of C[0,2x]. From the Hahn-Banach
Theorem there exists an extension on the space C[0, 2] with the same norm. We denote this extension
by the same symbol n. Riesz Theorem [19, Theorem 2.14] assures that there exists a unique finite
signed measure p so that

21
n(Fo) = f FO dp (V F() S CQ[O, 27'(])
0

AIMS Mathematics Volume 9, Issue 4, 8250-8261.
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By the Jordan Decomposition [11, Theorem 5.1.8] each finite signed measure p is the difference of two
measures y; and p,, implying

27 2
n(Fo) = f Fo(t)du: — f Fo(hds.
0 0

Substitution in this equation of the equality (3.1) and application of Fubini’s Theorem yield

27 27 27 27
wr) = [ s [ = [ s [ de

0 s 0 K
27

= ; J() i ([s, 2m] = pa(Ls, 2x]))ds (3.3)
27

= Fs)V (s)ds.
0

Where, v(s) = u([s, 2n]) — ua([s, 2x]) for all s € [0, 27] is a bounded variation function [15, page 104],
and v € NABYVIO0, 2r] is the normalization of v. It yields

27

I(f) = I(Fy) = n(Fy) = ) v, (3.4)

where

Fo(s) = f S f, (¥ f € L'[0, 2n)).
0

For f € A, we can take a sequence (f,) € L![0,2n] such that (f,) converges to f in the A-norm.
Continuity of [ € A’ together with (3.4) give

27 21
I(f) = lim f v f, = (HK)- f v f (Y f e A). (3.5)
=0 Jo 0

Due to v* € BV][0,2x] and Lemma 3, we obtain (A)" C BV,,. The other contention is a consequence
of item (a). In fact, if v € BV[O0, 2], then

27

A(f) = HK)- v
0

defines a continuous functional on A, and is associated with a unique element of the quotient space
BV, by Lemma 3. (b) Let 2 € (A)’, and from (a) we know that there exists v* € [v] representing A.
Corollary 1 and (2.2) imply

Al < IV llsy = 1l V] llv,,- (3.6)
We now prove the reverse inequality. Let {x;};':l be a partition such that

n

3 = ) 1L v —

i=1

AIMS Mathematics Volume 9, Issue 4, 8250-8261.
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We pick up points {x;}", of [0,2n] as follows: Let xp = x, = 0 and x, = x, = 27. Since v* has a
countable number of discontinuities, we can find points x;. < x < x;. .1 such that v* is continuous at
every x;. Moreover, we choose each x; close enough to x;. so that

W (x) — v ()l < 25 fori=1,2,3,...n— 1.

Now we consider the, partition {&}"! = {xi},;?z‘ll U {x;},. Note that & = xo, & = X, & = x1, & = X,
&y =X, 0 601 = X 600 = Xiy v 5 E2n3 = X, E2n2 = Xty E2pm1 = X

Let 6 > O such that 6 < min{|§; — &4|,i = 1,...,2n — 1} and consider Fs;: [0,27] — R, to be a
continuous function defined by

0 if x<x; or x>x, +6

%(x—xi) if X, <x<x;+0
Fsi(x) = . ,

1 if Xito<x<x,,

1 ' . / ,
l=5(x—x,) if X <x<x,,+0
fori=0,1,2,....,n—2. So,
21

A(fs) = HK)- foiv®,
0

where fs5; = F}, € A s defined almost everywhere. Now, it is clear that

27 27
(HK)- vt = - f Fsdv*
0

0

’

X;+0 X,
X — xi i+1

- f ( )a’v+ - f dv*
Xi 6 X;i+0
X, 0 xX—x
(-
X g

i+1

Using continuity in x; and right continuity in x;. of v*, from [10, Corollary 2.3.4, Lemma 5.1.11] it
yields

lim Afs) = =1V () = v* ()]

fori=0,1,..,n—2. Wheni=n -1, we put

0 lf X < X
Fsno1(X) =4 (X —Xum1) if Xuog <X <X +6 .
1 if X1 +0<x<2nm

In any case the previous argument is valid. We can suppose that each v+(x;.) — v"(x;_1) is negative;
otherwise, we change the sign of each Fj; in the corresponding interval, so,

lim A(f5;-1) = V(X)) — v ()l

AIMS Mathematics Volume 9, Issue 4, 8250-8261.
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fori =1, ..., n. On the other hand,

2n—1

Zw (&) — Vv (&l = Zw () = v* (i 1>|+Z|v (x) = v ().

Therefore,
2n-1

n -1
DUVE) -V E DI S Y M) + 225 lim A(f;) + €
i=1 i=1

i=1
where f5 = ., f5si-1- Thus, there exists p > 0 such that

2n—1
A(f)l = Z V(&) —vi(E) - 2e > Zh; (x)—v (xl Dl —2€
2 || [V] llgy, — 3e.

Yielding,
Az - folla = (A = 1l [V] llBvim — 3€.
It is clear that
I folla = 1.
From this and (3.6) we conclude
Al =1l [v] sy, m

The following example shows that A is not a reflexive space. We recall that for given y € A,
y* € BV’ is defined by

21
y'(v) = f yv (¥Yv e BV).
0
A is called reflexive if every element L € BV, obeys L = y* for some y € A.

Example 1. Let L: BV,, — R be defined by
1 1
L(vD = 5( vi(2/3) = v (1/2)) + 5( vi((2/3)7) = vi((1/2)7)).
Similar arguments as given previously show that

IL(vDI < [I V] llsv,,-

So, this proves that L € BV, . We will prove that there is noy € A such that y* = L. Lety € A and

t
Y =(HK)—fy.
0

We note that Y(0) = 0, and suppose that Y(t) is not the identically zero function. Continuity of Y
implies that we can find 0 < ¢; < 2r such that Y(c1) # 0. If 0 < ¢ < %, we consider the function v*
equal to -1 on [0, c;) and 0 otherwise. It follows that

27 21
ey =mp - [w=- [ rav,
0 0
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By [20, Theorems 6.1.1 and 6.1.6] we have
Y ==Y(c1) # 0= L(vD.

In the case 1/2 < ¢ < 2r the proof is similar. We have proved that there is noy € ‘A such that y* = L.
Corollary 2. The space A is not reflexive.

Remark 2. A Banach space X is reflexive if and only if every continuous linear functional on the space
X attains its supremum on the closed unit ball, (see [21,22]). In fact, in the proof of Theorem 3 (b)
we showed that, for a given functional A, there exists a function f such that the absolute value |A(f)| is
arbitrarily close to the norm of the functional, but does not necessarily attain this value.

4. Conclusions

We have presented a new way of constructing the dual space of the space of integrable functions in
HK, which may motivate a discussion about applying this method to similar studies in related spaces.
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